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• What am I doing? 

• Nonperturbative generalization of the Wilsonian RG theoretical framework: 

Given an exact functional renormalization group differential equation, 

I reformulate its solution in a path integral representation.

• Why?

• How?
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Why ➔ To solve unsolved problems
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A weakly coupled UV fixed point: Quasiparticles + perturbations

non-perturbatively RG flow to

A strongly correlated IR fixed point: Absence of  quasiparticles or 

fractionalized quasiparticles + novel multiparticle spectra



Strongly correlated systems
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A weakly coupled UV fixed point: Quasiparticles + perturbations

non-perturbatively RG flow to

A strongly correlated IR fixed point: Absence of  quasiparticles or 

fractionalized (novel) quasiparticles + novel multiparticle spectra

Dynamics of  quasiparticles are correlated with various multiparticle spectra, 

the description of  which needs higher-order quantum corrections.



How ➔ Renormalization group transformation



1950 ~ 1970: Era of symmetries, 

their spontaneous breaking, and 

resulting dynamical effects
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Era of symmetries, their spontaneous breaking, 

and resulting dynamical effects

High energy physics

• 1947 Lamb shift

• 1948 Renormalization of QED (Feynman, 
Tomonaga, Schwinger)

• 1954 Yang-Mills theory (nonabelian gauge 
theory)

• 1961 ~ 1962 Electroweak theory (Glashow-
Weinberg-Salam)

• 1964 Anderson-Higgs mechanism

• 1971 ~ 1972 Renormalization of nonabelian
gauge theories (‘t Hooft & Veltman)

• 1973 Asymptotic freedom

Condensed matter physics

• 1950 Ginzburg-Landau theory

• 1957 Landau’s Fermi liquid theory

• 1957 BCS theory

• 1958 Anderson localization

• 1962 Anderson-Higgs mechanism (Nambu, 
Goldstone, …)

• 1964 Kondo effect

• 1971 ~ 1972 Wilson’s renormalization group 
procedure

• Theory of magnetism, Mott insulators, 
Heavy fermion systems, and etc.
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Kenneth G. Wilson

https://en.wikipedia.org/
wiki/Kenneth_G._Wilson

1982 Nobel Prize in Physics 
for his work on phase 
transitions—illuminating the 
subtle essence of phenomena 
like melting ice and emerging 
magnetism. It was embodied 
in his fundamental work on 
the renormalization group.

https://www.cyber-tec.org/2010/08/25/the-path-integral-formulation-of-your-life/

• RG = A careful way of the path integral for low energy 
physics = A way of re-summation of Feynman diagrams

• RG is to define an effective field theory (EFT) at a given 
scale.

• Wilson’s RG allows us to be free from the concept of UV 
completion.

• Wilson’s RG serves as a nonperturbative way of RG 
transformation. ➔ Numerical RG (NRG) & Functional RG

• Hamiltonian formulation for the RG transformation is 
possible. ➔ NRG & dual holography (QEC)

• Applications in condensed matter physics, statistical 
mechanics, and etc. in addition to particle physics







Nonperturbative generalization of  the Wilsonian RG 

theoretical framework ➔ Path integral reformulation 

of  the exact functional RG differential equation





𝑅𝐺 𝑓𝑙𝑜𝑤 𝑖𝑠 𝑀𝑎𝑟𝑘𝑜𝑣𝑖𝑎𝑛.



𝐶𝑜𝑛𝑠𝑒𝑟𝑣𝑒𝑑 𝑐𝑢𝑟𝑟𝑒𝑛𝑡
𝑓𝑜𝑟 𝑡ℎ𝑒 𝑅𝐺 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛

𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑒𝑛𝑡𝑟𝑜𝑝𝑦 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑎𝑙
= 𝐾𝑢𝑙𝑙𝑏𝑎𝑐𝑘 − 𝐿𝑒𝑖𝑏𝑙𝑒𝑟 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑛𝑐𝑒

= 𝐹𝑖𝑠ℎ𝑒𝑟 𝑖𝑛𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛

𝐺𝑟𝑎𝑑𝑖𝑒𝑛𝑡 𝑓𝑙𝑜𝑤

Conservation law



𝑅𝑒𝑖𝑛𝑡𝑒𝑟𝑝𝑟𝑒𝑡𝑎𝑡𝑖𝑜𝑛 & 𝑔𝑒𝑛𝑒𝑟𝑎𝑙𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑐 − & 𝑎 − 𝑡ℎ𝑒𝑜𝑟𝑒𝑚
𝑓𝑜𝑟 𝑡ℎ𝑒 𝑚𝑜𝑛𝑜𝑡𝑜𝑛𝑖𝑐𝑖𝑡𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑅𝐺 𝑓𝑙𝑜𝑤

𝑖𝑛 𝑡ℎ𝑒 𝑛𝑜𝑛𝑒𝑞𝑢𝑖𝑙𝑖𝑏𝑟𝑖𝑢𝑚 𝑡ℎ𝑒𝑟𝑚𝑜𝑑𝑦𝑛𝑎𝑚𝑖𝑐𝑠 𝑝𝑒𝑟𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑠:
𝑇ℎ𝑒 𝑔𝑟𝑎𝑑𝑖𝑒𝑛𝑡 𝑓𝑙𝑜𝑤 𝑔𝑖𝑣𝑒𝑠 𝑟𝑖𝑠𝑒 𝑡𝑜 𝑡ℎ𝑒 𝑚𝑜𝑛𝑜𝑡𝑜𝑛𝑖𝑐𝑖𝑡𝑦 𝑜𝑓 𝑒𝑛𝑡𝑟𝑜𝑝𝑦.



• The path integral formulation of the functional RG equation gives rise to a non-

perturbative theoretical framework, which can be identified with emergent dual 

holography.

• The fundamental property of the RG flow is governed by unitarity & KMS (Kubo-

Martin-Schwinger) symmetry, which can be translated into N = 2 BRST 

symmetries. In other words, the Ward identities from these symmetries allow us 

to introduce a “c-function” or “relative entropy”, which shows monotonicity. 

• We discuss the monotonicity of the RG flow (c theorem in 2d & a theorem in 4d) 

in the nonequilibrium thermodynamics perspectives, i.e., the Fokker-Planck 

form of the FRG equation.





Brute force derivation



𝜑 𝜙𝛼
2 & 𝑔𝜇𝜈 𝑇𝜇𝜈

𝟏. 𝑰𝒏𝒕𝒓𝒐𝒅𝒖𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝑹𝑮 𝒇𝒍𝒐𝒘𝒔
𝟐.𝑼𝑽 & 𝑰𝑹 𝒃𝒐𝒖𝒏𝒅𝒂𝒓𝒚 𝒄𝒐𝒏𝒅𝒊𝒕𝒊𝒐𝒏𝒔

𝑒−∫ 𝑑
𝐷𝑥 𝑔𝐵

𝑢
2𝑁

𝜙𝛼
2𝜙𝛽

2

= ∫ 𝐷𝜑 𝑒
−∫ 𝑑𝐷𝑥 𝑔𝐵

𝑁
2𝑢

𝜑2 − 𝑖𝜑𝜙𝛼
2



𝜑 → 𝜑(0) + 𝛿𝜑, 𝑔𝜇𝜈 → 𝑔𝜇𝜈
(0)

+ 𝛿𝑔𝜇𝜈 , 𝜙𝛼 → 𝜙𝛼 + 𝛿𝜙𝛼

∫ 𝐷𝛿𝜑 → 𝜙𝛼
2𝜙𝛽

2 → 𝜑 1 , ∫ 𝐷𝛿𝑔𝜇𝜈 → 𝑇𝜇𝜈
2 → 𝑔𝜇𝜈

1
, ∫ 𝐷𝛿𝜙𝛼 → 𝑉𝑒𝑓𝑓[𝜑

0 , 𝑔𝜇𝜈
(0)
]

𝜑(1) → 𝜑(1) + 𝛿𝜑, 𝑔𝜇𝜈
(1)

→ 𝑔𝜇𝜈
(1)

+ 𝛿𝑔𝜇𝜈 , 𝜙𝛼 → 𝜙𝛼 + 𝛿𝜙𝛼

∫ 𝐷𝛿𝜑 → 𝜙𝛼
2𝜙𝛽

2 → 𝜑 2 , ∫ 𝐷𝛿𝑔𝜇𝜈 → 𝑇𝜇𝜈
2 → 𝑔𝜇𝜈

2
, ∫ 𝐷𝛿𝜙𝛼 → 𝑉𝑒𝑓𝑓[𝜑

1 , 𝑔𝜇𝜈
(1)
]

𝐽𝑢𝑠𝑡 𝑑𝑜𝑖𝑛𝑔 𝐺𝑎𝑢𝑠𝑠𝑖𝑎𝑛 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙
𝑖𝑛 𝑡ℎ𝑒 𝑝𝑟𝑒𝑠𝑒𝑛𝑐𝑒 𝑜𝑓 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑏𝑎𝑐𝑘𝑔𝑟𝑜𝑢𝑛𝑑 𝑓𝑖𝑒𝑙𝑑𝑠

𝜑 𝑘−1 & 𝑔𝜇𝜈
(𝑘−1)

𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑅𝐺 𝑠𝑡𝑒𝑝 (𝑘)

𝐻𝑒𝑎𝑡 𝑘𝑒𝑟𝑛𝑒𝑙 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑖𝑜𝑛

𝐻𝑒𝑎𝑡 𝑘𝑒𝑟𝑛𝑒𝑙 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑖𝑜𝑛



𝑹𝑮 − 𝒊𝒎𝒑𝒓𝒐𝒗𝒆𝒅
𝑮𝒊𝒏𝒛𝒃𝒖𝒓𝒈 − 𝑳𝒂𝒏𝒅𝒂𝒖 𝒕𝒉𝒆𝒐𝒓𝒚

𝒐𝒏 𝒆𝒎𝒆𝒓𝒈𝒆𝒏𝒕 𝒄𝒖𝒓𝒗𝒆𝒅 𝒔𝒑𝒂𝒄𝒆𝒕𝒊𝒎𝒆
𝒘𝒊𝒕𝒉 𝒂𝒏 𝒆𝒙𝒕𝒓𝒂𝒅𝒊𝒎𝒆𝒏𝒔𝒊𝒐𝒏

𝜑 𝜙𝛼
2 & 𝑔𝜇𝜈 𝑇𝜇𝜈

𝟏. 𝑰𝒏𝒕𝒓𝒐𝒅𝒖𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝑹𝑮 𝒇𝒍𝒐𝒘𝒔
𝟐.𝑼𝑽 & 𝑰𝑹 𝒃𝒐𝒖𝒏𝒅𝒂𝒓𝒚 𝒄𝒐𝒏𝒅𝒊𝒕𝒊𝒐𝒏𝒔

𝑑𝑧෍

𝑘=1

𝑓
𝑔𝜇𝜈

𝑘
𝑥 − 𝑔𝜇𝜈

𝑘−1
𝑥

𝑑𝑧[𝑘 − (𝑘 − 1)]
→ න

0

𝑧𝑓

𝑑𝑧 𝜕𝑧𝑔𝜇𝜈(𝑥, 𝑧)

𝐻𝑒𝑎𝑡 𝑘𝑒𝑟𝑛𝑒𝑙 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑖𝑜𝑛



𝑍[𝑔 𝑑+1 𝜏, 𝑟, 0 , 𝜑 𝜏, 𝑟, 0 ] =

∫ 𝐷𝑔𝐴𝐵
𝑑+2

𝜏, 𝑟, 𝑧 𝐷𝜑 𝜏, 𝑟, 𝑧 𝑒
−𝑁 ∫0

𝑧𝑓
𝑑𝑧 ∫0

𝛽
𝑑𝜏∫ 𝑑𝑑𝑟 𝑔 𝑑+2 𝜏,𝑟,𝑧

1

2𝜅
𝑅 𝑑+2 𝜏,𝑟,𝑧 −2Λ

× 𝑒
−𝑁 ∫0

𝑧𝑓
𝑑𝑧 ∫0

𝛽
𝑑𝜏∫ 𝑑𝑑𝑟 𝑔 𝑑+2 𝜏,𝑟,𝑧

𝑔 𝑑+2 𝐴𝐵 𝜏,𝑟,𝑧 𝜕𝐴𝜑 𝜏,𝑟,𝑧 𝜕𝐵𝜑 𝜏,𝑟,𝑧

+𝑀2 𝜑 𝜏,𝑟,𝑧 2+𝜉𝑅 𝑑+2 𝜏,𝑟,𝑧 𝜑 𝜏,𝑟,𝑧 2

× ∫ 𝐷𝑔𝜇𝜈
𝑑+1

𝜏, 𝑟, 𝑧𝑓 𝐷𝜑 𝜏, 𝑟, 𝑧𝑓 𝐷𝜙𝛼 𝜏, 𝑟 𝑒
− ∫0

𝛽
𝑑𝜏∫ 𝑑𝑑𝑟 𝑔 𝑑+1 𝜏,𝑟,𝑧𝑓

𝑔 𝑑+1 𝜇𝜈 𝜏,𝑟,𝑧𝑓 𝜕𝜇𝜙𝛼 𝜏,𝑟 𝜕𝜈𝜙𝛼 𝜏,𝑟

+(𝑚2−𝑖𝜑 𝜏,𝑟,𝑧𝑓 ) 𝜙𝛼 𝜏,𝑟 2+𝜉𝑓𝑅
𝑑+1 𝜏,𝑟,𝑧𝑓 𝜙𝛼 𝜏,𝑟 2

𝑍 = ∫ 𝐷𝜙𝛼 𝜏, 𝑟 𝑒
− ∫0

𝛽
𝑑𝜏∫ 𝑑𝑑𝑟 𝜙𝛼 𝜏,𝑟 −𝜕𝜏

2−𝑣2𝜕2+𝑚2 𝜙𝛼 𝜏,𝑟 +
𝑢
2𝑁 𝜙𝛼 𝜏,𝑟 2 𝜙𝛽 𝜏,𝑟

2

𝑍 = ∫ 𝐷𝜙𝛼 𝜏, 𝑟 𝑒
− ∫0

𝛽
𝑑𝜏∫ 𝑑𝑑𝑟 𝜙𝛼 𝜏,𝑟 −𝑍𝜙𝜕𝜏

2−𝑍
𝑣2
𝑣2𝜕2+𝑍

𝑚2𝑚2 𝜙𝛼 𝜏,𝑟 +𝑍𝑢
𝑢
2𝑁 𝜙𝛼 𝜏,𝑟 2 𝜙𝛽 𝜏,𝑟

2

𝐴𝑓𝑡𝑒𝑟 𝑡ℎ𝑒 𝑅𝐺 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛

𝑇ℎ𝑒𝑠𝑒 𝑅𝐺 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠 𝑎𝑟𝑒 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒𝑑 𝑖𝑛 𝑎 𝑛𝑜𝑛𝑝𝑒𝑟𝑡𝑢𝑟𝑏𝑎𝑡𝑖𝑣𝑒 𝑤𝑎𝑦 𝑎𝑠 𝑓𝑜𝑙𝑙𝑜𝑤𝑠:



As a result, the first-order RG flow differential equations at UV are promoted 

to be the second-order ones with UV & IR boundary conditions in the extremized RG 

path, self-consistently determined by the theoretical framework itself.

𝑆𝑜 𝑤ℎ𝑎𝑡?



Claim: Field theoretic O(N), O(1), O(1/N), O(1/N^2), … 

quantum corrections are resumed and reorganized to form a 

holographic dual effective field theory in the large N limit.

𝑁𝑂𝑇 𝑃𝑅𝑂𝑉𝐸𝑁 𝑅𝐼𝐺𝑂𝑅𝑂𝑈𝑆𝐿𝑌 𝑌𝐸𝑇
=

𝐶𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑖𝑛𝑔 𝐹𝑒𝑦𝑛𝑚𝑎𝑛 𝑑𝑖𝑎𝑔𝑟𝑎𝑚𝑠 𝑎𝑟𝑒 𝑛𝑜𝑡 𝑖𝑑𝑒𝑛𝑡𝑖𝑓𝑖𝑒𝑑.





An effective Hamiltonian at UV





𝐿𝑜𝑐𝑎𝑙 𝑚𝑜𝑚𝑒𝑛𝑡 𝑠𝑡𝑎𝑡𝑒
=

𝐴𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐𝑎𝑙𝑦 𝑓𝑟𝑒𝑒

𝐿𝑜𝑐𝑎𝑙 𝐹𝐿 𝑠𝑡𝑎𝑡𝑒
=

𝐶𝑜𝑛𝑓𝑖𝑛𝑒𝑚𝑒𝑛𝑡
𝑇𝐾 = Λ𝑄𝐶𝐷





Is there a general prescription beyond explicit and detailed 

implementations of  the Wilsonian RG transformations? More 

rigorously, can I put the RG transformation into the 

framework of  a topological quantum field theory to manifest 

the mathematical structure of  RG? This construction would

correspond to the path integral formulation of  the Fokker-

Planck type FRG equation.



Key aspects of the derivation or construction

• Local approximation for the Wilsonian effective action and the RG flows

• “One loop” level in every step of the RG transformations (cf. FRG looks 

like one-loop RG transformation. Of course, it’s not.)

• RG flows as a gradient flow of an effective potential (cf. can be 

translated into the WZ consistency condition for the Weyl anomaly in 

the local RG equation)

• Non-perturbative in nature: Resumed in the all-loop order of the action level

• A cohomological type topological field theory construction



A cohomological-type topological field theory 

construction a la Witten



cliché



cliché





Remarkably, it turns out that our cohomological-type topological 

field theory construction for the RG-based emergent dual 

holography is “essentially identical” to Daniel Friedan, A tentative 

theory of  large distance physics, JHEP10(2003)063, where the 

Fokker-Planck-type functional RG equation has been introduced.



cliché





𝑇ℎ𝑒 𝑝𝑎𝑡ℎ 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑙𝑜𝑐𝑎𝑙𝑖𝑧𝑒𝑠 𝑖𝑛𝑡𝑜 𝑡ℎ𝑒 𝐿𝑎𝑛𝑔𝑒𝑣𝑖𝑛 𝑒𝑞.

𝑇ℎ𝑖𝑠 𝑖𝑠 𝑔𝑢𝑎𝑟𝑎𝑛𝑡𝑒𝑒𝑑 𝑏𝑦 𝑁 = 2 𝐵𝑅𝑆𝑇 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑒𝑠.





1 𝐿𝑜𝑐𝑎𝑙𝑖𝑡𝑦 𝑎𝑝𝑝𝑟𝑜𝑥.

2 𝑂𝑛𝑒 − 𝑙𝑜𝑜𝑝 𝑒𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒 𝑎𝑐𝑡𝑖𝑜𝑛

3 𝐺𝑟𝑎𝑑𝑖𝑒𝑛𝑡 𝑅𝐺 𝑓𝑙𝑜𝑤

Wilsonian RG 

transformation



To manifest the renormalization group flow 
in the level of an effective action

𝟏 = ∫ 𝒅𝒙 𝜹 𝒇 𝒙 𝒇′(𝒙)



Almost similar, but not complete



To promote coupling functions to dynamical fields: 

Irrelevant (noise or TT-bar type) deformations



𝑇ℎ𝑖𝑠 𝑐𝑜𝑛𝑠𝑡𝑟𝑢𝑐𝑡𝑖𝑜𝑛 𝑖𝑠 𝑖𝑑𝑒𝑛𝑡𝑖𝑎𝑙 𝑡𝑜 𝑡ℎ𝑒 𝑏𝑟𝑢𝑡𝑒 − 𝑓𝑜𝑟𝑐𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑜𝑛 𝑑𝑖𝑠𝑐𝑢𝑠𝑠𝑒𝑑 𝑏𝑒𝑓𝑜𝑟𝑒.
𝑌𝑜𝑢 𝑐𝑎𝑛 𝑐ℎ𝑒𝑐𝑘 𝑖𝑡 𝑜𝑢𝑡 𝑏𝑦 𝑑𝑖𝑠𝑐𝑟𝑒𝑡𝑖𝑧𝑖𝑛𝑔 𝑡ℎ𝑒 𝑧 − 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒 𝑖𝑛𝑡𝑜 𝑡ℎ𝑒 𝑅𝐺 𝑠𝑡𝑒𝑝 𝑘 ,

𝑤ℎ𝑖𝑐ℎ 𝑠ℎ𝑜𝑤𝑠 𝑡ℎ𝑒 𝑟𝑒𝑐𝑢𝑟𝑠𝑖𝑣𝑒 𝑅𝐺 𝑠𝑡𝑟𝑢𝑐𝑡𝑢𝑟𝑒.
𝐴𝑙𝑡ℎ𝑜𝑢𝑔ℎ 𝑡ℎ𝑖𝑠 𝑐𝑜ℎ𝑜𝑚𝑜𝑙𝑜𝑔𝑖𝑐𝑎𝑙 𝑐𝑜𝑛𝑠𝑡𝑟𝑢𝑐𝑡𝑖𝑜𝑛 𝑖𝑠 𝑁𝑂𝑇 𝐸𝑋𝐴𝐶𝑇, 𝑡ℎ𝑒 𝑟𝑒𝑠𝑢𝑙𝑡𝑖𝑛𝑔 𝐸𝐹𝑇
𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑡ℎ𝑒 𝑛𝑒𝑐𝑒𝑠𝑠𝑎𝑟𝑦 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛, 𝑡ℎ𝑎𝑡 𝑖𝑠, 𝑡ℎ𝑒 𝑚𝑜𝑛𝑜𝑡𝑜𝑛𝑖𝑐𝑖𝑡𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑅𝐺 𝑓𝑙𝑜𝑤,

𝑤ℎ𝑖𝑐ℎ 𝑐𝑎𝑛 𝑏𝑒 𝑡𝑟𝑎𝑛𝑠𝑙𝑎𝑡𝑒𝑑 𝑖𝑛𝑡𝑜 𝑡ℎ𝑒 𝑊𝑍 𝑐𝑜𝑛𝑠𝑖𝑠𝑡𝑒𝑛𝑐𝑦.















Can we solve the tachyon problem in the bosonic string theory?



Physics of four types of 

BRST transformations

• Ward identities of these four types 

of BRST symmetries and their 

explicit breaking ➔ Generalized 

fluctuation-dissipation theorems













𝐺𝑒𝑛𝑒𝑟𝑎𝑙𝑖𝑧𝑒𝑑 𝑓𝑙𝑢𝑐𝑡𝑢𝑎𝑡𝑖𝑜𝑛 − 𝑑𝑖𝑠𝑠𝑖𝑝𝑎𝑡𝑖𝑜𝑛 𝑡ℎ𝑒𝑜𝑟𝑒𝑚
𝑡𝑜 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛 𝑚𝑢𝑙𝑡𝑖 − 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 𝑑𝑦𝑛𝑎𝑚𝑖𝑐𝑠

𝐺𝑅 − 𝐺𝐴 = 𝐺𝐾





Monotonicity of  the RG flow

in the entropy production perspective 

➔

WZ consistency condition for the Weyl anomaly

in the local RG equation



𝑈𝑉: 𝑇𝑟𝑖𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 𝐼𝑠𝑖𝑛𝑔 𝑄𝐶𝑃

𝐼𝑅: 𝐼𝑠𝑖𝑛𝑔 𝑄𝐶𝑃

𝑐 − 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 𝑖𝑠 𝑎 𝑁𝑜 − 𝐺𝑜 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 𝑖𝑛 𝑑𝑦𝑛𝑎𝑚𝑖𝑐𝑠.

𝑅𝑒𝑙𝑒𝑣𝑎𝑛𝑡 𝑑𝑒𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛𝑠

Monotonicity of 

RG flow



Is there a mechanism of  

symmetry or  topology protection 

as a “conventional” No-Go theorem?

𝑐 − 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 𝑚𝑎𝑦 𝑏𝑒 𝑡ℎ𝑒 𝑚𝑜𝑠𝑡 𝑔𝑒𝑛𝑒𝑟𝑎𝑙

𝑁𝑜 − 𝐺𝑜 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 𝑖𝑛 𝑝ℎ𝑦𝑠𝑖𝑐𝑠.



cliché



Relevant deformations in CFT2:

RG flows as gradient flows

𝑂𝛼𝑂𝛽 ∼෍

𝛾

𝐶𝛼𝛽𝛾 𝑂𝛾



Zamolodchikov c−theorem in the RG-flow perspectives

𝑇𝜇
𝜇
+෍

𝛼

𝛽𝛼𝑂
𝛼 = 0



We not only reinterpret the c-theorem in the 

perspective of  entropy production but also 

“generalize” it beyond the one loop order. 



Previously, the monotonicity of  the RG flow (c-theorem & 

a-theorem) has been rederived from the WZ consistency 

condition of  the Weyl anomaly in the local RG equation. 

Here, we discuss it in the entropy production perspective,

which turns out to be consistent with

the WZ consistency condition of  the local RG equation.



cliché



cliché



𝑅𝐺 𝑓𝑙𝑜𝑤 → 𝑅𝑖𝑐𝑐𝑖 𝑓𝑙𝑜𝑤

𝑍𝑎𝑚𝑜𝑙𝑜𝑑𝑐ℎ𝑖𝑘𝑜𝑣 𝑐 − 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑎𝑙
𝑓𝑜𝑟 𝑡ℎ𝑒 𝑔𝑟𝑎𝑑𝑖𝑒𝑛𝑡 𝑓𝑙𝑜𝑤 𝑜𝑓 𝑡ℎ𝑒 𝑅𝐺 𝑓𝑙𝑜𝑤

𝜕𝑡𝑔𝑖𝑗 𝑥, 𝑡 = −2𝑅𝑖𝑗(𝑥, 𝑡)

Perelman’s interpretation 

for the 𝑍𝑎𝑚𝑜𝑙𝑜𝑑𝑐ℎ𝑖𝑘𝑜𝑣’s

c-theorem

𝑃𝑒𝑟𝑒𝑙𝑚𝑎𝑛′𝑠 𝑒𝑛𝑡𝑟𝑜𝑝𝑦 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑎𝑙
𝑓𝑜𝑟 𝑡ℎ𝑒 𝑔𝑟𝑎𝑑𝑖𝑒𝑛𝑡 𝑓𝑙𝑜𝑤 𝑜𝑓 𝑡ℎ𝑒 𝑅𝑖𝑐𝑐𝑖 𝑓𝑙𝑜𝑤cliché



cliché





cliché





















𝐼𝑡 𝑠𝑒𝑒𝑚𝑠 𝑡𝑜 𝑏𝑒 𝑐𝑜𝑛𝑠𝑖𝑠𝑡𝑒𝑛𝑡 𝑤𝑖𝑡ℎ
𝑡ℎ𝑒 𝑊𝑍 𝑐𝑜𝑛𝑠𝑖𝑠𝑡𝑒𝑛𝑐𝑦 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 𝑜𝑓

𝑡ℎ𝑒 𝑐𝑜𝑛𝑓𝑜𝑟𝑚𝑎𝑙 𝑎𝑛𝑜𝑚𝑎𝑙𝑦
𝑖𝑛 𝑡ℎ𝑒 𝑙𝑜𝑐𝑎𝑙 𝑅𝐺 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛.



Quantum effective action









𝐹𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑎𝑙 𝑆𝑐ℎ𝑟𝑜𝑑𝑖𝑛𝑔𝑒𝑟 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛

𝐻𝑒𝑖𝑠𝑒𝑛𝑏𝑒𝑟𝑔 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛



𝐶𝑜𝑛𝑠𝑒𝑟𝑣𝑒𝑑 𝑐𝑢𝑟𝑟𝑒𝑛𝑡
𝑓𝑜𝑟 𝑡ℎ𝑒 𝑅𝐺 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛

𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑒𝑛𝑡𝑟𝑜𝑝𝑦 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑎𝑙

𝐺𝑟𝑎𝑑𝑖𝑒𝑛𝑡 𝑓𝑙𝑜𝑤

𝑆𝑟𝑒𝑙. = 𝑁∫ 𝑑𝐷𝑥 𝜋 𝑥, 𝑧𝑓 𝜆(𝑥, 𝑧𝑓)

𝑆𝑒𝑓𝑓(𝑧𝑓) = 𝑁∫ 𝑑𝐷𝑥 𝜋 𝑥, 𝑧𝑓 𝜆 𝑥, 𝑧𝑓 + 𝑉𝑟𝑔 𝜆 𝑥, 𝑧𝑓



𝐼𝑛 𝑔𝑒𝑛𝑒𝑟𝑎𝑙, 𝑅𝐺 𝑓𝑙𝑜𝑤 𝑖𝑠 𝑀𝑎𝑟𝑘𝑜𝑣𝑖𝑎𝑛,
𝑤ℎ𝑖𝑐ℎ 𝑔𝑖𝑣𝑒𝑠 𝑟𝑖𝑠𝑒 𝑡𝑜 𝑡ℎ𝑒𝑟𝑚𝑎𝑙𝑖𝑧𝑎𝑡𝑖𝑜𝑛

𝑎𝑡 𝑡ℎ𝑒 𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡.
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