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* What am | doing?
* Nonperturbative generalization of the Wilsonian RG theoretical framework:
Given an exact functional renormalization group differential equation,
| reformulate its solution in a path integral representation.
* Why?

e How?



Why =» To solve unsolved problems
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The following is a list of notable unsolved problems grouped into broad areas of physics.!!

Some of the major unsolved problems in physics are theoretical, meaning that existing theories are currently unable to explain
certain observed phenomena or experimental results. Others are experimental, involving challenges in creating experiments to
test proposed theories or to investigate specific phenomena in greater detail.

A number of important questions remain open in the area of Physics beyond the Standard Model, such as the strong CP
problem, determining the absolute mass of neutrinos, understanding matter-antimatter asymmetry, and identifying the nature
of dark matter and dark energy.[2(3]

Another significant problem lies within the mathematical framework of the Standard Model itself, which remains inconsistent
with general relativity. This incompatibility causes both theories to break down under extreme conditions, such as within known
spacetime gravitational singularities like those at the Big Bang and at the centers of black holes beyond their event horizons.!*!
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A weakly coupled UV fixed point:

RG flow to

A strongly correlated IR fixed point:
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A weakly coupled UV fixed point: Quasiparticles + perturbations

non-perturbatively RG flow to

A strongly correlated IR fixed point: Absence of quasiparticles or

fractionalized (novel) quasiparticles + novel multiparticle spectra

Dynamics of quasiparticles are correlated with various multiparticle spectra,
the description of which needs higher-order quantum corrections.



How =» Renormalization group transformation



1950 ~ 1970: Era of symmetries,
their spontaneous breaking, and

resulting dynamical effects
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Era of symmetries, their spontaneous breaking,
and resulting dynamical effects

High energy physics

« 1947 Lamb shift

* 1948 Renormalization of QED (Feynman,
Tomonaga, Schwinger)

+ 1954 Yang-Mills theory (nonabelian gauge
theory)

« 1961 ~ 1962 Electroweak theory (Glashow-
Weinberg-Salam)

« 1964 Anderson-Higgs mechanism

e 1971 ~ 1972 Renormalization of nonabelian

gauge theories ('t Hooft & Veltman)
« 1973 Asymptotic freedom

Condensed matter physics

1950 Ginzburg-Landau theory
1957 Landau's Fermi liquid theory
1957 BCS theory

1958 Anderson localization

1962 Anderson-Higgs mechanism (Nambu,
Goldstone, ...)

1964 Kondo effect

1971 ~ 1972 Wilson's renormalization group
procedure

Theory of magnetism, Mott insulators,
Heavy fermion systems, and etc.
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o oo el Kenneth G. Wilson

* RG = A careful way of the path integral for low energy
physics = A way of re-summation of Feynman diagrams

* RG is to define an effective field theory (EFT) at a given
scale.

* Wilson’s RG allows us to be free from the concept of UV
completion.

* Wilson’s RG serves as a nonperturbative way of RG
transformation. =» Numerical RG (NRG) & Functional RG

BJHTH.’ %or our oF PUBLC cho% YOUR LIFE =fDq(f)e“£5’ L. | « Hamiltonian formulation for the RG transformation is
possible. =» NRG & dual holography (QEC)

The Path Integral Formulation of Your Life * Applications in condensed matter physics, statistical https //en W|k|ped|a org/

https://www.cyber-tec.org/2010/08/25/the-path-integral-formulation-of-your-life/ mechanics, and etc. in addition to particle physics W|k|/Kenneth G WIlSOﬂ
quantum mechanics spacetime gravity
. .- TR 1982 Nobel Prize in Physics
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m for his work on phase
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subtle essence of phenomena
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4 in his fundamental work on
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other forces matter Higgs the renormalization group.




"Renormalization group and Kadanoff scaling picture [1| , Phase space cell
analysis of critical behavior[2|” but Ken said that he could not explain his
ideas in one talk. The University (thanks to David Gross I think) had the
good idea of inviting him to talk as much as he needed and Ken ended up
giving 15 lectures in the spring term of 1972, which resulted in the well-known
1974 Physics Reports ” The renormalization group and the e-expansion ” by
Wilson and Kogut (who had been taking notes throughout the lectures), one

of the most influential articles of the last decades [3].
Laboratoire d Wilson’s ideas were so different f.rom the standard views at t%le time,
o that they were not easy to accept. His style was also completely different :
Unité Mizte de Recherche 85. for him field theory was not a set of abstract axioms but a tool to perform
Scientiﬁque et de practical calculations even at the expense of oversimplified models whose
bre; relationship with reality was tenuous. Let us try to understand why Ken's
ideas, nowadays so inbred in the training of any young physicist that they
seem nearly obvious, were so difficult to accept. Let us first review the

conventional wisdom at the time.

Wilson’s renormalizatio

e Renormalization was a technique to remove perturbatively the ultra-
violet singularities for those theories which were known to be renormal-
izable, i.e. theories for which this removal could be done at the expense

A personal and subjective recolle :
of a finite number of parameters.

delivered over the spring of 1972 :
at Cornell University on Novembe e Why should one consider such theories? Presumably because they were
Kenneth G. Wilson conference). the only ones for which practical calculations are conceivable. For
instance in QED, the minimal replacement p — p — eA provides such
a theory but gauge invariance alone would allow for more couplings,
such as a spin current coupled to the field strength, which would ruin
the renormalizability.

1 Why was it so d

VleWp Olnt? o As a result one obtained with renormalized QED a theory which, a
priori, was potentially valid at all distances from astronomical scales
down to vanishingly small ones.

In 1971-72 I was on leave from St — - : : .
e The renormalization group in its conventional formulation was appli-

physics department of Princeton 1
mainly field theory. Just before tl
the use of classical approximatios
pair creation by an oscillating el
the understanding of the intrigui
near a critical point was a diffict
was invited in the fall of 1971 to g

cable only to renormalizable theories ; it allowed one to understand
leading logarithms, at a given order in perturbation theory, from lower
orders.

So what is it which was surprising in Wilson’s approach?

e Why renormalization in a theory in which there is a momentum cut-

off A = a™' |, in which a is a physical short distance such as a lattice
spacing, or a typical interatomic distance, and there is no reason to let
a go to zero?

The momentum space reduction of the number of degrees of freedom
that Wilson used introduced singularities in the Hamiltonian gener-
ated by the flow. It was not quite clear that the procedure could be
systematized.

Irrelevance of most couplings was of course a fundamental piece of the
theory but it looked a priori purely dimensional. For instance if one
adds to a gso* theory in four dimensions a coupling (gs/A?)¢°® one
obtains a flow equation for the dimensionless gg which concludes at its
irrelevance as if the 1/A? sufficed :

d
Aa—Agﬁ — 296 = B6(94, g6)
However the inclusion of the gg/A? into a Feynman diagram with only
g4 vertices produces immediately an extra A? which cancels the previous
one. So why is gg irrelevant?

Although it is now physically very clear, it was not easy to understand
that the critical surface had codimension two for an ordinary critical
point, in others words that there are two and only two relevant opera-
tors in the large space of allowed coupling parameters.

Even more difficult to take was the statement that four-dimensional
renormalizable theories such as p* or QED, i.e. non asymptotically free
theories (an anachronistic name), if extended to all energy scales could
only be free fields. How could one believe this, given the extraordinary
agreement of QED with experiment?

[ must admit that my initial difficulties at grasping the views exposed in Ken’s

e Critical points such as liquid-vapor, Curie points in magnets, Ising lectures led me, in a friendly collaboration with David Wallace, to check their
models, etc., are a priori classical problems in statistical mechanics. consistency. Amazed to see that the theory defeated our skepticism, we ended

Why would a quantum field theory be relevant?

up working out with Ken the critical equation of state [4].
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Nonperturbative generalization of the Wilsonian RG
theoretical framework = Path integral reformulation

of the exact functional RG differential equation
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Abstract

Bayesian statistical inference, which we refer to as Bayesian renormalization. The main insi
Bayesian renormalization is that the Fisher metric defines a correlation length that plays th
an emergent renormalization group (RG) scale quantifying the distinguishability between

points in the space of probability distributions. This RG scale can be interpreted as a proxy
maximum number of unique observations that can be made about a given system during
statistical inference experiment. The role of the Bayesian renormalization scheme is subsec
to prepare an effective model for a given system up to a precision which is bounded by the
aforementioned scale. In applications of Bayesian renormalization to physical systems, the
emergent information theoretic scale is naturally identified with the maximum energy tha
probed by current experimental apparatus, and thus Bayesian renormalization coincides w
ordinary renormalization. However, Bayesian renormalization is sufficiently general to apg
in circumstances in which an immediate physical scale is absent, and thus provides an idea
approach to renormalization in data science contexts. To this end, we provide insight into

Bayesian renormalization scheme relates to existing methods for data compression and dat
generation such as the information bottleneck and the diffusion learning paradigm. We co
by designing an explicit form of Bayesian renormalization inspired by Wilson’s momentun
renormalization scheme in quantum field theory. We apply this Bayesian renormalization
to a simple neural network and verify the sense in which it organizes the parameters of the
according to a hierarchy of information theoretic importance.

https://doi.org/10.1088/2632-2153/ad0102
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The Inverse of Exact Renormalization Group Flows as
In this note we present a fully information theoretic approach to renormalization inspired St ati Sti C al Inf erence

David S. Berman ! and Marc S. Klinger >*
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d.s.berman@qmul.ac.uk

2 Department of Physics, University of Illinois, Urbana, IL 61801, USA
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Abstract: We build on the view of the Exact Renormalization Group (ERG) as an instantiation of
Optimal Transport described by a functional convection—diffusion equation. We provide a new
information-theoretic perspective for understanding the ERG through the intermediary of Bayesian
Statistical Inference. This connection is facilitated by the Dynamical Bayesian Inference scheme,
which encodes Bayesian inference in the form of a one-parameter family of probability distributions
solving an integro-differential equation derived from Bayes’ law. In this note, we demonstrate how
the Dynamical Bayesian Inference equation is, itself, equivalent to a diffusion equation, which we
dub Bayesian Diffusion. By identifying the features that define Bayesian Diffusion and mapping them
onto the features that define the ERG, we obtain a dictionary outlining how renormalization can be
understood as the inverse of statistical inference.

Keywords: Bayesian Inference; Exact Renormalization; Renormalization Group; diffusion; diffusion
learning; Stochastic Differential Equations; Fisher Information; Information Geometry; entropy;
relative entropy; gradient flow; error correction; channels




In Polchinski’s picture, K (p?) has a prescribed dependence on A, thus Polchinski’s ERG equation arises
by determining the equation which must be obeyed by Sin; A [¢] in order to satisfy the principle (2). By a
straightforward computation, one can show that the resulting equation can be put into the form:

5 pol. () VA [0 I}
o (PR w0 S

(5)

5%Py [¢]
09 (x) 00 ()

d_p, (6] = / d?xd?y <JCR (x,y)

where

() = e () AT gy [ L

dlnA o(P)G(p*) Ky (p*) o (—p). (6)

(27) d

One might reco

—— RG flow is Markovian.

the functional (1
functional version of Fokker—Plank

- - ——- S RN

|st0chastic differential equation (SDE):'

Spec1ahzmg to Fokker—Planck ERG schemes, we can expand on this discussion. As was introduced in
detail in [18], a (functional) Fokker—Planck equation of the form (4) is associated with a (functional)

x) zl—gradCA Va [¢] (dIn A)I—!—l\/ﬁ/M ddy o (x,y) dWy ()

(13)

Here, Wy (x) is a function valued Weiner process, and o is the diffusivity kernel defined by the property that

it ‘squares’ to the covariance Cy:

fMddz o (x,2)0p (z,¥) = Ca (x,y).

(14)



The Fokker—Planck equation corresponds to a bonafide ERG because it satisfies the ERG principle (2). To
see that this is the case, let us now show that we can rewrite (4) in the form Conservation law

N dliA /Mddx 5¢5(x) (Pa @2 Palg]), (7)

where M is the spacetime manifold on which the theory is defined [12]. Hopefully it is clear that any one
parameter family Py [¢] satisfying (7) also satisfies (2). This is because (7) specifies a divergence flow, that is
the right hand side of (7) is a divergence in the space of field configurations. We can therefore employ the
divergence theorem to observe that

dliA/FDasPA[as]—Lm /Mddx

In order to write (4) in the form (7) we take

Pp 9] =

(U [@;x] Pa [@]) = 0. (8)

Conserved current

for the RG transformation
(9)

)
06 (x)

04 [¢; PA]
0p(y)

as has appeared previously in [12, 16, 17, 41, 45]. Here Cx (x,y) is the ERG kernel appearing in the
Fokker—Planck equation associated to the ERG, and X5 [¢; PA] is called the scheme functional which is
determined through the ERG potential V via the equation

Pr 0] Relative entropy functional
YA [@;PA] = —In ( [;AM) =Sa[¢] — Valo]] = Kullback — Leibler divergence
© = Fisher information

Wy (5] = /M dy Ca (x,y)

Gradient flow

Plugging (9) back into (7), we reconcile (4) with the diffusion and drift aspects given by (Cy, V), as desired.
Together (Cy, V) therefore specify a consistent scheme for regulating the high energy degrees of freedom of
the field theory, in analogy with the regulating function K ! (p?) appearing in (3).
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Entropy Production along a Stochastic Trajectory and an Integral Fluctuation Theorem

Udo Seifert

I1. Institut fiir Theoretische Physik, Universitdt Stuttgart, 70550 Stuttgart, Germany
(Received 29 March 2005; published 20 July 2005)

For stochastic nonequilibrium dynamics like a Langevin equation for a colloidal particle or a master
equation for discrete states, entropy production along a single trajectory is studied. It involves both
genuine particle entropy and emropy production in the surrounding medium. The integrated sum of both
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Remterpretatwn & generalization of ¢ — & a — theorem
for the monotonicity of the RG flow
in the nonequilibrium thermodynamics perspectives:
The gradient flow gives rise to the monotonicity of entropy.



* The path integral formulation of the functional RG equation gives rise to a non-
perturbative theoretical framework, which can be identified with emergent dual

holography.

* The fundamental property of the RG flow is governed by unitarity & KMS (Kubo-
Martin-Schwinger) symmetry, which can be translated into N = 2 BRST
symmetries. In other words, the Ward identities from these symmetries allow us

to introduce a “c-function” or “relative entropy”, which shows monotonicity.

* We discuss the monotonicity of the RG flow (c theorem in 2d & a theorem in 4d)
In the nonequilibrium thermodynamics perspectives, i.e., the Fokker-Planck

form of the FRG equation.
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Entanglement transfer from quantum matter to
classical geometry in an emergent holographic dual

description of a scalar field theory
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ABSTRACT: Applying recursive renormalization group transformations to a scalar field
theory, we obtain an effective quantum gravity theory with an emergent extra dimension,
described by a dual holographic Einstein-Klein-Gordon type action. Here, the dynamics
of both the dual order-parameter field and the metric tensor field originate from density-
density and energy-momentum tensor-tensor effective interactions, respectively, in the re-
cursive renormalization group transformation, performed approximately in the Gaussian
level. This lincar approximation in the recursive renormalization group transformation
for the gravity sector gives rise to a linearized quantum Einstein-scalar theory along the
z-directional emergent space. In the large N limit, where N is the flavor number of the orig-
inal scalar fields, quantum fluctuations ot both dynamical metric and dual scalar fields are
suppressed, leading to a classical field theory of the Einstein-scalar type in (D+1)-spacetime
dimensions. We show that this emergent background gravity describes the renormalization
eroup flows of coupling tunctions in the UV quantum field theory through the extra dimen-
sion. More precisely. the IR boundary conditions of the gravity equations correspond to
the renormalization group S-functions of the quantum field theory, where the infinitesimal
distance in the extra-dimensional space is identified with an energy scale for the renormal-
ization group transformation. Finally, we also show that this dual holographic formulation
describes quantum entanglement in a geometrical way, encoding the transter of quantum
entanglement from quantum matter to classical gravity in the large N limit. We claim that
this entanglement transfer serves as a microscopic foundation for the emergent holographic

duality description.

Keyworps: AdS-CFT Correspondence, Renormalization Group, Holography and con-
densed matter physics (AdS/CMT), Resummation

" Introduction of RG flows
22, UV-& IR boundary conditions,

7 = /Dgi)a.(m) exp { — Suv[da(z): gl (2)]) (2.1)
and the effective action is

Suv(¢a(2): g0, ()]
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g T, T . (2.2)

Z = Zy /Dtp(m, 2)Dgpuy (2, 2) exp { — Suv[guw (2,0), ¢(2,0)] = Sirlguw (2, 25), (2, 2f)]

— Spuklgu (2, 2), (2, )] }. oo e & g T (2.4)

e—f dPx gp %ngccbf; = [ Do e—f d’x Jgp (% 2 —i<P¢3z)
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Heat kernel calculation

Just doing Gaussian integral
in the presence of general background fields

k1 & ggf,_l) for every RG step (k)
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ABSTRACT: Applying recursive renormalization group transformations to a scalar field
theory, we obtain an effective quantum gravity theory with an emergent extra dimension,
described by a dual holographic Einstein-Klein-Gordon type action. Here, the dynamics
of both the dual order-parameter field and the metric tensor field originate from density-
density and energy-momentum tensor-tensor effective interactions, respectively, in the re-
cursive renormalization group transformation, performed approximately in the Gaussian
level. This lincar approximation in the recursive renormalization group transformation

z gl(j;)(x) g(k @) - Zfdza (x,2)
dz[k — (k — 1)] , A0

group ﬂO“S of coupling functions in the UV quantuin field theory through the extra dimen-

sion. More precisely. the IR boundary conditions of the gravity equations correspond to
the renormalization group S-functions of the quantum field theory, where the infinitesimal
distance in the extra-dimensional space is identified with an energy scale for the renormal-
ization group transformation. Finally, we also show that this dual holographic formulation
describes quantum entanglement in a geometrical way, encoding the transter of quantum
entanglement from quantum matter to classical gravity in the large N limit. We claim that
this entanglement transfer serves as a microscopic foundation for the emergent holographic
duality description.

Keyworps: AdS-CFT Correspondence, Renormalization Group, Holography and con-
densed matter physics (AdS/CMT), Resummation
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and the effective
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These RG coef ficients are determined in a nonperturbative way as follows:
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As a result, the first-order RG flow differential equations at UV are promoted
to be the second-order ones with UV & IR boundary conditions in the extremized RG

path, self-consistently determined by the theoretical framework itself.

So what?



Claim: Field theoretic O(N), O(1), O(1/N), O(1/N*2), ...
quantum corrections are resumed and reorganized to form a

holographic dual effective field theory in the large N limit.

NOT PROVEN RIGOROUSLY YET

Corresponding Feynman diagrams are not identified.
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Implementing Wilsonian renormalization group transformations in an iterative way, we develop a
nonperturbative field theoretical framework for strongly coupled quantum theories, which takes into account
all-loop quantum corrections organized in the 1/N expansion. Here, N represents the flavor number of
strongly correlated quantum fields. The resulting classical field theory is given by an effective Landau-
Ginzburg theory for a local order parameter field, which appears in one-dimensional higher spacetime. We
confirm the nonperturbative nature of this field theoretical framework for the Kondo effect. Intriguingly, we
show that the recursive Wilsonian renormalization group method can explain nonperturbative thermodynamic
properties of an impurity, consistent with Bethe ansatz for the whole temperature region.
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An effective Hamiltonian at UV
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FIG. 1. (a) Linear-log plot of the impurity specific heat
coelficient |Eq. (16)] as a function of temperature. (b) Linear-
log plot of the impurity spin susceptibility [Eq. (17)] as a function
of temperature. The Wilson ratio is plotted in the inset. The
vertical dotted line denotes T/Tg = 1.

— Our model

===RBethe Ansatz

10 00 1000

= QOur model

L ===Bethe Ansatz

10 100 1000

T/Tx

FIG. 2. (a) Linear-log plot of the impurity specific heat as a
function of temperature. (b) Linear-log plot of the impurity spin
susceptubility multuphed by temperature 7. Sohd black (red
dotted) lines are our (Bethe ansatz) results.






Is there a general prescription beyond explicit and detailed
implementations of the Wilsonian RG transformations? More
rigorously, can | put the RG transformation into the
framework of a topological quantum field theory to manifest
the mathematical structure of RG? This construction would
correspond to the path integral formulation of the Fokker-

Planck type FRG equation.



Key aspects of the derivation or construction

* Local approximation for the Wilsonian effective action and the RG flows

* “One Loop” Level in every step of the RG transformations (ef, FRG Looks

like one-loop RG transformation. Of course, it’s not.)

* RG flows as a gradient flow of an effective potential (cf. can be
translated into the WZ consistency condition for the weyl anomaly in
the local RG equation)

* Now-perturbative in wature: Resumed Lin the all-loop order of the action Level

* A cohomological type topological field theory construction



A cohomological-type topological field theory

construction a la Witten



Physics Reports (Review Section of Physics Letters) 209, Nos. 4 & 5 (1991) 129-340. Nort J. DIFFERENTIAL GEOMETRY.

17 (1982) 661—692 cliché

TOPOLOGICAL FIELD THEORY

Danny BIRMINGHAM !

CERN, Theory Divsion, CH-I211, Geneva 23, Switzerland SUPERSYMMETRY AND MORSE THEORY

Matthias BLAU

Centre de Physique Théoriqgue, C.N.R.S., Luminy, Case 907, F-13288 Marseille, EDWARD WI I l EN

and NIKHEF-H, P.O. Box 41882, 1009 DB Amsterdam, The Netherl:

ommunications in

Mark RAKOWSKI and George THOMPSON Viathematical
Institut fiir Physik, Johannes-Gutenberg-Universitdt, Staudinger Weg 7, D-6500 . Abstract PhySics

Editor: R. Petronzio

Contenls:

Received July 1991

It is shown that the Morse inequalities can be obtained by consideration of a certain supersymmet- 3 Springer-Verlag 1988
ric quantum mechanics Hamiltonian. Some of the implications of modern ideas in mathematics for
supersymmetric theories are discussed.

1. Introduction 131 3.8.2. Path integral representation of the
2. General aspects of topological field theory 134 Euler character 161
2.1. Definitions 134 3.8.3. Supersymmetry and the Laplacian 162
2.2. Moduli space as fields, equations, and 3.8.4. The Poincaré-Hopf theorem 163
symmetries 139 3.8.5. The Gauss~Bonnet theorem 164
3. Supersymmetric quantum mechanics 140 3.8.6. General properties of the Euler
3.1. Introduction 140 character 165
3.1.1. Toy model 141 3.9. Symmetry breaking and zero modes 166
3.2. Nicolai map 142 3.9.1. Zero modes of the toy model 167
3.2.1. Toy model 143 3.9.2. Symmetry breaking and zero modes 170 . .
3.2.2. General model 145 3.9.3. Gauge and metric independence 171 Topolog]ca] Quantum Fleld Theory
3.3. Langevin approach 146 3.9.4. The general model 172
3.3.1. Toy model 148 3.10.Morse theory and supersymmetry 172
3.3.2. General model 148 3.10.1. The weak Morse inequalities 174 Edward Witten*
3.4. Quantizing zero 149 3.10.2. The Witten complex and Morse
3.4.1. Toy model 150 theory 175 School of Natural Sciences, Institute for Advanced Study, Olden Lane, Princeton, NJ 08540, USA
3.4.2. General model 151 . Topological sigma models 177
3.5. Metric independence 151 4.1. Introduction 177
3.6. BRST symmetry and physical states 152 4.2. Review of complex manifolds 177
3.6.1. Physical states in supersymmelric 4.3. Mathematical motivation 181 . ., 0 0 .
theories 152 4.4, Construction and propertics of the model 182 Abstract. A twisted version of four dimensional supersymmetric gauge theory
3.6.2. Physical states in gauge theorics 153 4:4.1. The Langevin approach 182 is formulated. The model, which refines a nonrelativistic treatment by Atiyah
3.6.3. Physical states in topological field 4.4.2. The Baulieu-Singer approach 185 N ? X . N ?
theories 153 4.4.3. The Nicolai map 186 appears to underlie many recent developments in topology of low dimensional
3.6.4. The toy model in detail 154 4.4.4. A more general model 187 4 . : : : 3
37 The Witten e 137 4.4.5. Nicolai maps and Bicklund manifolds; the Donaldson poiynomlal invariants of four manifolds and the
3.7.1. Path integral representation 158 transformations 189 Floer groups of three manifolds appear naturally. The model may also be
T e of de Rham theory 1% 46 The Q) supersymmetric sigma interesting from a physical viewpoint; it is in a sense a generally covariant
and Witten's generalization 159 4.4.7. Generalizations 192 quantum field theory, albeit one in which general covariance is unbroken, there
! Supported by “Commission des Communautés Européennes™ (DG XII-CCR). are no gravitons, and the only excitations are topological.

2 Current address.



VOLUME 43, NUMBER 11

PHYSICAL REVIEW LETTERS

Labovatoive de Physique Théovique de I’ Ecole Normale Supévieuve, 75231 Pavis Cédex 05, Franc,

Random Magnetic Fields, Supersymmetry, and Negative Dimensions

G. Parisi
Istituto Nazionale di Fisica Nucleave, Frascati, Ilaly

and
N. Sourlas

(Received 26 June 1979) ma
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Abstract

We study non-equilibrium work relations for a space
stochastic dynamics (model A). Jarzynski’s equality
symmetries of the dynamical action in the path-integr:
derive a set of exact identities that generalize the {
relations to non-stationary and far-from-equilibrium situg
are prone to experimental verification. Furthermore,
studied invariance of the Langevin equation under sup
known to be broken when the external potential is tir
partially restored by adding to the action a term which i
work. The work identities can then be retrieved as
associated Ward-Takahashi identities.

We study dissipative Langevin dynamics in the path integral formulation using the M
formalism. The effective action is supersymmetric and we identify the supercharges. In addi
transformations generated by superderivatives, which were recently included in the cohom
emerging in the dissipative systems. We find that these transformations do not generate Warc
are explicitly broken; however, they lead to universal sum-rule-type identities, which we derive
Dyson equations. We confirm that the above identities hold in an explicit example of the Or
process.
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Abstract: Many natural and engineered dynamical systems, including all living objects, exhibit
signatures of what can be called spontaneous dynamical long-range order (DLRO). This order’s
omnipresence has long been recognized by the scientific community, as evidenced by a myriad
of related concepts, theoretical and phenomenological frameworks, and experimental phenomena
such as turbulence, 1/ f noise, dynamical complexity, chaos and the butterfly effect, the Richter
scale for earthquakes and the scale-free statistics of other sudden processes, self-organization
and pattern formation, self-organized criticality, efc. Although several successful approaches to
various realizations of DLRO have been established, the universal theoretical understanding of
this phenomenon remained elusive. The possibility of constructing a unified theory of DLRO
has emerged recently within the approximation-free supersymmetric theory of stochastics (STS).
There, DLRO is the spontaneous breakdown of the topological or de Rahm supersymmetry that
all stochastic differential equations (SDEs) possess. This theory may be interesting to researchers
with very different backgrounds because the ubiquitous DLRO is a truly interdisciplinary entity.
The STS is also an interdisciplinary construction. This theory is based on dynamical systems theory,
cohomological field theories, the theory of pseudo-Hermitian operators, and the conventional theory
of SDEs. Reviewing the literature on all these mathematical disciplines can be time consuming,.
As such, a concise and self-contained introduction to the STS, the goal of this paper, may be useful.

Keywords: supersymmetry; stochastic differential equations; non-equilibrium dynamics;
cohomological field theory; ergodicity; thermodynamic equilibrium; complexity; chaos; butterfly
effect; turbulence; 1/ f noise; self-organization; self-organized criticality
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We investigate the monotonicity of the renormalization group (RG) flow from the perspectives of
nonequilibrium thermodynamics. Applying the Martin-Siggia-Rose formalism to the Wilsonian RG
transformation, we incorporate the RG flow equations manifestly in an effective action, where all coupling
functions are dynamically promoted. As a result, we obtain an emergent holographic dual effective field
theory, where an extra dimension appears from the Wilsonian RG transformation. We observe that Becchi-
Rouet-Stora-Tyutin (BRST)-type transformations play an important role in the bulk effective action, which
give rise to novel Ward identities for correlation functions between the renormalized coupling fields. As
generalized fluctuation-dissipation theorems in the semiclassical nonequilibrium dynamics can be under-
stood from the Ward identities of such BRST symmetries, we find essentially the same principle for the RG
flow in the holographic dual effective field theory. Furthermore, we discuss how these “nonequilibrium work
identities” can be related to the monotonicity of the RG flow, for example, the c-theorem. In particular, we
introduce an entropy functional for the dynamical coupling field and show that the production rate of the
total entropy functional is always positive, indicating the irreversibility of the RG flow.
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Remarkably, it turns out that our cohomological-type topological
field theory construction for the RG-based emergent dual
holography is “essentially identical” to Daniel Friedan, A tentative

theory of large distance physics, JHEP10(2003)063, where the

Fokker-Planck-type functional RG equation has been introduced.
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A tentative theory of large distance physics

Daniel Friedan
Department of Physics and Astronomy, Rutgers, The State University of New Jersey
Piscataway, New Jersey 08854-8019 U.S.A., and
Raunvisindastofnum Hdskdélans fslands, Reykjavik, Island
The Natural Science Institute of the University of Iceland, Reykjovik, Iceland
Email: friedan@physics.rutgers.edu

ABSTRACT: A theoretical mechanism is devised to determine the large distance physics of
spacetime. It is a two dimensional nonlinear model, the lambda model, set to govern the
string worldsurface in an attempt to remedy the failure of string theory, as it stands. The
lambda model is formulated to cancel the infrared divergent effects of handles at short dis-
tance on the worldsurface. The target manifold is the manifold of background spacetimes.
The coupling strength is the spacetime coupling constant. The lambda model operates at

1

2d distance A~!, very much shorter than the 2d distance p~! where the worldsurface is

seen. A large characteristic spacetime distance L is given by L? = In(A/u). Spacetime
fields of wave number up to 1/L are the local coordinates for the manifold of spacetimes.
The distribution of fluctuations at 2d distances shorter than A ! gives the a priori mea-
sure on the target manifold, the manifold of spacetimes. If this measure concentrates at a
macroscopic spacetime, then, nearby, it is a measure on the spacetime fields. The lambda
model thereby constructs a spacetime quantum field theory, cutoff at ultraviolet distance
L, describing physics at distances larger than L. The lambda model also constructs an
effective string theory with infrared cutoff L, describing physics at distances smaller than
L. The lambda model evolves outward from zero 2d distance, A~! = 0, building spacetime
physics starting from L = oo and proceeding downward in L. L can be taken smaller than
any distance practical for experiments, so the lambda model, if right, gives all actually
observable physics. The harmonic surfaces in the manifold of spacetimes are expected to
have novel nonperturbative effects at large distances.

cliché

Writing the a priori measure in the variables A’ as dpe(A, \.), the driven diffusion

process is

d
A
OA /2.

where VY is the covariant derivative with respect to the effective metric 1

dpe(A, Ae) = VE (T g (Ae) V5 + BL(A)) dpe (A, Ae) (2.33)

"g;;- The coet-
ficients, T g¢ and 62, of the diffusion process are stationary, independent of A~!, because
of the generalized scale invariance of the effective lambda model.

All the considerations that applied to the classical lambda model carry over to the
effective lambda model. The effective a priori measure satisfies an effective diffusion equa-
tion, which takes the same form as the tree-level diffusion equation. The generalized scale
invariance of the effective lambda model implies that the diffusion equation has stationary

coefficients,
_8_ pe(A)\e):vg(ega_{'/B)pe
8A/)\6 bl A e e
= ViT.g” (9; 4+ 0;(T, "ae)) pe. (8.16)
The effective a priori measure is the equilibrium measure
dvolo(Ag) e~ Te Tac(re) (8.17)
which satisfies the equation of motion 3, = 0,
0= (8 + T gy B) o o) (8.18)




II. A REVIEW ON STOCHASTIC THERMODYNAMICS IN THE LANGEVIN SYSTEM

A procedure for the proof on the entropy production along a stochastic trajectory is as follows. One starts from the
Fokker-Planck equation for the probability distribution function of a stochastic trajectory described by the Langevin
equation. Seifert introduced a path-dependent entropy functional in terms of the probability distribution away from
equilibrium and proved that the Gibbs or Shannon-type microscopic entropy shows its monotonic behavior for the
Markovian process. Since we follow all these steps to show the monotonicity of the microscopic entropy functional of
the holographic dual effective field theory, we review ref. [1] rather sincerely.

We introduce the Langevin equation,

Opr(t) = pb (2(t), A(t)) HE(E) (1)

describing the overdamped dynamics of Brownian motion. Here, F(z(t),A(t)) = —0.V (x(t),A(t)) + f(x(t), A()) is
the force, where V(z(t), A(t)) is a conservative potential and f(x(t), A(f)) is an external force. These force sources

.
)

may be time-dependent through an external control parameter A(¢) varied according to some prescribed experimental
protocol from A(0) = Ay to A(tf) = As. p is the mobility of the particle. £(¢) serves as stochastic increments modeled
as Gaussian white noise,

(£(t)&(t')) = 2D(t —t') (2)

where D is the diffusion constant, given by the Einstein relation D = 871 at temperature 7' = 7! in equilibrium.




One can reformulate this Langcvi_n equaﬁon in the path integral rcprescﬁtation, ir_ltroducing a gcncrating_ functional
analogous to the partition function in equilibrium. To translate the equation of motion into the generating functional,
we consider the following identity

1—/ Da(t (9,:19() ,uF(a:(t),)\(t))§(t))dct((9t;L@mF(m(t),)\(t)))l (3)

referred to as the Faddeev-Popov procedure. det (8t — 0, F(x(t), )\(t))) is a Jacobian factor to describe the change

of an integration measure. This is nothing butll = [M1dxé(f(x)) [ (z), where f'(z) = %I Then, the generating
functional is given by

‘prg e (- i /tfdtg V Da(1)5(Dyx(t) — pF (a(t). Mt)) — £(t) ) det (&, — pd, Fa(t), N1)
%)

Here, N is a normalization constant to reproduce Eq. (2).
Introducing a Lagrange multiplier field p(t) and a ghost field ¢(t), one can exponentiate this expression as follows

The path integral localizes into the Langevin eq.

This is guaranteed by N = 2 BRST symmetries. (5)

Here, the Lagrange multiplier p(t) may be regarded as the canonical momentum of the position x(¢). The ghost ¢(t)
is a fermion variable to take the Jacobian factor with its canonical conjugate partner ¢(¢). Carrying out the Gaussian
integral for random noise fluctuations, we obtain an effective ‘partition function’ as follows

W= N/:f Dzx(t)Dp(t)De(t) Dé(t) exp {— /:f dt{z’p(t) (8t3:(t) — F(z(t), )\(t))) + Dp?(t)

i

+e(t) (at By F(x(1), )\(t))) c(t)}] . (6)




Based on this path integral formulation, Refs. [15-20]
investigated BRST symmetries and discussed Ward iden-
tities. In this study, we apply this framework to the RG flow
and reveal symmetries of the RG flow.

One 1mportant ingredient involved with the monotonic-
ity of the RG flow is entropy production in the Langevin
system. Introducing the following probability distribution,

p(x,1) = (6(x = x(1)))

I

where the average of random noise fluctuations is taken.
Then, one obtains the Fokker-Planck equation for the
probability distribution function to find the particle at x
and at time ¢,

| 0p(x.1) = 0,70 = ~a.l(uF (x.2) - Dap (0| ()

j(x, 1) = (uF(x,4) — Dd,) p(x, t)lis the conserved current.
1s partial differential equation must be augmented

by a normalized initial distribution, p(x,0) = py(x). In
Appendix A, we show our intuitive derivation for this
Fokker-Planck equation] It 1s straightforward to see the

formal path integral expression for the probability dis-
tribution function as follows




We consider a partition function as follows

Z8) = [ Dbotashm)esp { = [ Pallvalei hun): (Aa(d)}i ]} (17)

Here, Ayy is a UV cutoff, where the corresponding effective Lagrangian L[v, (27 Ayy); {a(Auw)}; Ay is defined.
Vo (23 Ayyy) is & dynamical matter field at a given spacetime x, where o denotes its flavor index o = 1, ..., N. {\,(Ayu)}
replesentb a set of coupling functions such as velocity, interaction coeflicients, and etc., denoted by the subscript a.

WL L S 0 M/L aV\/ R &fonmng the Wilsonian RG transformation, we obtain the following expression for the partition function

Z(zp) = /D-?;fro(;v; Zf) exp{ - /dD‘z:(E['t;ifg(‘v; zp)i{Aa(@, zp) b zp I+ N /:’f‘ dzVrg[{Aa(z, 2) }; z}I)} (18)

vhere the UV cutoff A, is lowered to be z;. In other words, all the dynamical fields v, (x;27) and all the coupling

tra V\;S-fo Ymatb b Aa(z, zf) are defined at a lower Cutoﬂ Z ¢, Where the dynamical fields between = f and. Ayy are integrated

over to introduce an effective potential N fAf dzVyg[{ a2, z) }: 2] into the partition function.

Considering that the partition function is invariant under the RG transformation, regardless of the cutoff scale, we
observe that the effective potential is

! iolxsz)exp — [ d7xlly(x: 2); r.z) bz e, '
(1) Locality approx. Vw[{)‘a(w}:z]:—;\—rln[\(z)mat, Jexp { /JD £l 2); {alr, )} 21}, (19)

at a given scale z. Accordingly, all the coupling functions are renormalized to be

% — ‘Ba[{Aa(I’Z)};Z]‘ (20)

(2) One — loop ef fective action

Here, the RG f—function for a coupling function A, (x, z) is given by the first order derivative of the effective potential
with respect to A\,(z, z) as follows

(3) Gradient RG flow

(21)

-}a[{)\a (T Z)}; z} — _dvrgg{:;a(g‘rzj)} Z} ‘




To manifest the renormalization group flow
in the level of an effective action

To manifest the RG flow in the level of an effective action, we consider the following identity

DB [{Na(2

I\ )dt()oa _ Dalthall
JallAale, 2)}: 2] )det (-0 DN (.,

A e OB H Ao (z,2)} 2 . . .
Here, det(dzoab _ 9BalfAalw2)]; ]) may be regarded as a Jacobian factor for the functional integral.

OAp(z,z)

1= [ dx8(f(x)) f'(x)

Introducing this d—function identity into the partition function, we obtain

Z(Zf):/D"?#'j’o(x:‘ff)D)‘a(: z)d (() Aal Bal{Xa(z, 2)}; 2 )dEt(d ab 36[5;:((fz)}z])

e}cp{—de.-r(ﬁ[ﬁlfg(;r?zf);{Aa(;r;zf)};zf] —i—N/ sz,.g[{)\a(;r?z)};z])}. (25)

At!b‘

Now, the coupling function is promoted to be a dynamical coupling field, which appears as the path integral formulation
with the d—function constraint. This is essentially the same as the Faddeev-Popov procedure for the path integral
quantization of gauge fields [47], also applied to the semiclassical nonequilibrium physics, for example, the path
integral formulation of Langevin dynamics, and referred to as the MSR formalism [33-35] discussed before. Here, the
RG flow corresponds to the Langevin equation.



e /
Almost similar, but not complete
It is straightforward to exponentiate the d—function constraint as follows

— /D?grg(m,zf)D)\a( 2)D7mo(x, 2)Dég(x, z)Deg(x, 2) exp [—/(iDmﬁ[-g'i'!g(m?zf);{)\a(aﬁ,

- N /w d@\/d‘D Tal: )(d Aal@,2) — Bal{Aa(z, 2) }; 2]) + Cqlz, )(d 5o — dﬁa[({)i:((v:

Frgl{Aale. )} 21} |

Tq(x,z) is a Lagrange multiplier field to impose the RG flow constraint, which corresponds to the canonical mo-
mentum of the coupling field A, (x, z). In the Schwinger-Keldysh formulation, it is identified with a quantum field
denoted by the subscript a or gu in the standard notation. c,(x,2) (¢4(2, 2)) is an auxiliary fermion field to take
the Jacobian factor, referred to as the Faddeev-Popov ghost. 2z is an RG scale, which serves as a cutoff scale
for the Wilsonian RG transformation. Interestingly, this RG scale pla}s the 1ole of an extradimension, which re-
minds us of the holographic duality conjecture [48-54], where S.¢r[{m.(x, 2) v, )}, {Cal (z,2)}i 25, Auo] =
2]

N ff\iu dz [ dP ;I.‘{na(; 54)(0;5)\&(‘.:4 —Bal{Aa(z, 2 },@])*l—(..a(if:@)(dzéab— [gi\b((;,;))}_"])cb(:ﬁ,z +V.rg {Aa(z,2)}: 2

corresponds to an effective bulk action, supported by an effective boundary action of [ dPx L, (x, zr)i{Nal@, zp) }s 2 1]

Here, ‘dual” means that the bulk effective action is written in terms of the coupling fields {\,(x, z)}, regarded to be

collective dual fields to the corresponding matter composites. In other words, A,(z, z) is dual to aﬁ[%(gi);(ﬁgx’z)};z] :




To prowmote coupling functions to dynamical fields:

lrrelevant (nolse or TT-bar type) deformations

Although the above reformulation for the Wilsonian RG transformation is rather analogous to the holographic dual
effective field theory, there exists one important difference: The coupling field A, (x, z) is not fully dynamical, whose
dynamics is semiclassical. given by the RG flow equation. To promote the coupling field to be fully dynamical, we
consider the following UV deformation,

Z(Aus) = f Dby (i AW)D)\Q(:.C;AM)exp{ _ [ d.D:c(,C[uDU(:r; Ao ); Pha(7 Auo)}; Auo] o) — )\Q(AM)]Q)
27)

Here, we introduced random fluctuations of the coupling fields at UV, where I', denotes the variance around the
mean value Ay (Ayy). Taking the I'y, — 0 limit, we recover the previous formulation, where A, (A4, ) is replaced with

Na(Auo).

To understand the physical meaning of this UV deformation, we perform the Gaussian integral with respect to
Aa(7; Ayy). Then, we obtain

Iy (aﬁ[u'ﬁg(fﬁ; Auo)i { a2 Auw) b Ao

Z(Auw) = /Du'}g(:trz, Auv) exp {— deaf{E[u')g(m;Auv); {)_\a(Am)};Aw]

2 OXa (73 Auw)

Suppo:;e the Gross-Neveu model for spontancous chiral symmetry breaking as L[ig (2 Ayy); {Aa (3 Auw) }; Auo]
bo (27 Ny )ivH O, g (3 Ayy) + M o (23 Ay ) o (5 Mg ) U0 (3 Ay ) Vo (23 Ay ). Then, the last term is

OElbemh e kDelhueibesl ) (7, (; Ao Yo (73 Ao

[46], generally irrelevant at the Gaussian fixed point and

expected not to cnange tne af OW as long as wea y 15 concerned.




Considering these random fluctuations of the coupling functions at UV and performing the Wilsonian RG transfor-
mation, we obtain

Z(zf) = /De_-.*g(‘r'. 2p) DA (. 2)Drg (a0, 2)Deg (2, z) Deg (7, 2)

_ 1 _
exp { — /f‘fD;r(ﬁ[r;_'g(;r. ze)i{ el zp) by 2f] + 5T Aa(2, Ay) — /\a(;'\m,)]g

zf
—f\'/ dz /r'fD;z'{?ra(.z'. z) (r’;)z/\a(‘r. 2) — Bal{Aa(z, 2) }: ,])
Auﬂu .
_ o ¢ i)tfﬁa[{)\a'('I‘. :) } (] _
TC -‘.:.; _)-/s)a_ - — : -‘1:': - 'i_-)
ot DA ] o

where —%}Tg(i'. z) appeared to give the dynamics to A\,(z, z) in the extradimension. It is trivial to check out that

the I'y — 0 limit reproduces Eq. (26).

This construction is idential to the brute — force integral derivation discussed before.
You can check it out by discretizing the z — coordinate into the RG step (k),
which shows the recursive RG structure.

Although this cohomological construction is NOT EXACT, the resulting EFT
satisfies the necessary condition, that is, the monotonicity of the RG flow,
which can be translated into the WZ consistency.
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Based on the renormalization group (RG) flow of worldsheet bosonic string theory, we construct an
effective holographic dual description of the target space theory identifying the RG scale with the emergent
extra dimension. This results in an effective dilaton-gravity-gauge theory, analogous to the low-energy
description of bosonic M theory. We argue that this holographic dual effective field theory is non-
perturbative in the o expansion, where a class of string quantum fluctuations are resummed to all orders.
To investigate the monotonicity of the RG flow of the target space metric in the emergent spacetime, we
consider entropy production along the RG flow. We construct a microscopic entropy functional based on
the probability distribution function of the holographic dual effective field theory, regarded as Gibbs- or
Shannon-type entropy. Given that the Ricci flow represents the 1-loop RG flow equation of the target
space metric for the 2D nonlinear sigma model, and motivated by Perelman’s proof of the monotonicity of
Ricci flow, we propose a Perelman’s entropy functional for the holographic dual effective field theory. This
entropy functional is also nonperturbative in the & expansion, and thus, generalizes the 1-loop result to the
all-loop order. Furthermore, utilizing the equivalence between the Hamilton-Jacobi equation and the local
RG equation, we suggest that the RG flow of holographic Perelman’s entropy functional is the Weyl
anomaly. This eventually reaffirms the monotonicity of RG flow for the emergent target spacetime but in a
nonperturbative way. Interestingly, we find that the microscopic entropy production rate can be determined
by integrating the rate of change of the holographic Perelman’s entropy functional over all possible metric
configurations along the flow.

DOI: 10.1103/PhysRevD.111.086021



Z-]Dx”(a)Dba (6)Dc? (o)

_ L d*c g(a)bab(a)vacb(a)].

ZJI'M

Here, 5- [}, d*61/9(0)b,,(c)V?c? (o) is the ghost action
to implement the Jacobian factor involved with the gauge
fixing of the worldsheet metric g,,(c) in the Faddeev-
Popov procedure [101]. The worldsheet covariant deriva-
tive for the ghost field is

Véct (o) =

where I'? (o) is the worldsheet connection. €’ is the
antisymmetric tensor in the worldsheet. ®(x) is the
dilaton field to manage the conformal anomaly, coupled

to the worldsheet scalar curvature R\?)(q).

Specifically, we consider the conformal gdu ge where [101]
§P (6) = 2@ §ab, (3)
Accordingly, the worldsheet connection is given by
) = S0P Qulta + e~ 00
= —(0.0(0)8; + 040(0)5¢ = 80, w(0)3.4). (4)

The worldsheet Riemann tensor is given by

RD () = Lo (Vo) — b6 () RO 5
abeal®) = 5 (9ac(9)3pa(0) = Gaa(0)Gpc (0)) R (a). (5)

where the Ricci scalar is

R?)(6) = —2¢7299) 59 0, (0) (6)

in this conformal gauge.

{ 7 [ POV AOH (" (0)Gyu(x) + i€ B (9)0,54(2)91x(0) + RO (o) D(x))
(1)



It is straightforward to perform the RG transformation at

the 1-loop level in &' [102,103]. One separates x* (o) into its 0:Gu (%) = P

slow (classical or background) and fast (quantum) degrees = —d'R,,(x) —2a'V,V,®(x)

of freedom, and expands the resulting worldsheet string o

action in terms of the fast degrees of freedom up to the + ZH oo (X)HE? (X)), (7)

second order in the &’ expansion. One can do this task in the
Riemann normal coordinate, where the connection coef-
ficient of the target spacetime vanishes locally to allow for aszv (x )= ,uv VmH a),uv( x)— a/awq)(x)H a),uv(x)’ (8)
the expansion to be written conveniently. Carrying out
the Gaussian integral for the fast degrees of freedom in the

conformal gauge, one finds the RG flow equations for the D —-26 !
S5 . +%vmma-d@®ummmm

target spacetime metric, the Kalb-Ramond gauge field, and 6
the dilaton field, respectively, as follows [101]: o

ﬂH#M(J{Z)HﬂM()C).

Considering the target spacetime metric, we modify the
RG flow equation (7) as Here, z 1s an RG scale for the RG transformation, where
z =0 is identified with the UV fixed point. H,,,(x) =
aszu(xv Z) _ —a’R#y(x, Z) . za/vﬂvy(b(x’ Z) amBW(x) + aﬂva (x) + avBmﬂ(x) is  Gupi(x,z) is the Wheeler-DeWitt metric [104], given by
/ sor for the two-form gauge field B,

a 1 1
L ) Faao]] (10 G (5:) 5 0216 12 + 56, 051y 29
1
=G VGJHaJ,uv( z) — d'0”D(x, Z)Hmﬂv(X, 2) " D-1 G (%, 2)Gy (%, 2), (12)

Here, &, (x, z) plays the role of the Gaussia
given by

‘ 4) MY (x,z) is the inverse Wheeler-DeWitt metric,

ing G, SGToHY = = 8(,/'d3)" and given by
(15)

QWW@=gmwnmwn+mw@WW@>

[C.. (00" (< 2)E,, (¢ .2) = islx—x)az-2)] (11

where its average value vanishes, ie., (£, (x,z)) = 0. - G (x,2)G" (x, ). (13)



Next, we can construct a generating functional for this Langevin-type equation, following the strategy discussed in
Appendix B. Recalling the Faddeev-Popov procedure [86], we introduce the following identity:

GMP(JC,Z‘ ) B;w (va, )
1—/ f DGW(x,Z)/ f
G, (x,0) B,,(x,0)

(I)(X,Zlf)

DBy, (x,z) [D o D®(x,2)5(0,Gu (x, 2) + B = Eu(x, 2))8(0:B (%, 2)

0 0 0
B' - AN 5 a (I) ) ¢ ’ ’ . 16
= L (02)00.00) 1) (351 55 90T (16)
Here, the Jacobian factor is given by
j( 0 0 0 ) _ 0(0,G,,; —|—,6’g/1,dZBm,1 +p5.,0.® + %)
0G,,(x,z) 0B, (x,2) 0D(x,2)) G,,B,, D)
( 0(0,G oy +08]  0[0.Guy+C,] 090Gy \
G, dB,, oD
. 0(0.B,,+p°]  0[0.B,,+p%,]  0[0,B,,+h%)]
= Det 3G, 9B, 35 . (17)
0[0, D+p?] 0[0,D+p?] 0[0, D+p%]
\ G, dB,, oD }

where all the 1-loop S functions were introduced before.



Z—/Dgﬂy(x,z)DCW(x,Z)DG,uu(x»Z)DBﬂv(x’Z)D(D(x’z) (aG (Z ,Z) OB (zx 7)) aQ(i,z)>

x 600.G,,,(x,2) + foal— . (x, D 6. B, (x.2) + B |- {0 (x. 2680, D (x, 2) + %)

1 1

1 [z |
X €Xp __;A fdz/de G()C, Z)e—2(I)(x,z){_2_A ,uu(xaz)gﬂwl(x’ Z)szi('xﬁz) _% ﬂu(xaz)é’ﬂy(xﬂ Z)

(18)

0 0 0
o Hv HY
Z = [ DGy, (x,2) DI (3. 2)DB,, (3. 2) DI (x. ) DO, 2) Dl (x, 20T (aeﬂxx, ) 0B, (x.2) 0®(x, z)>

1 [z | A
X exp [— ;/0 ' dz | dPx\/G(x,z)e 2Px2) {H"’C‘;"(x, 2)(0,G,,(x.z) + ﬂfy) + EH*C‘;”(JC, 2)Gpa (X, z)H’g(x, Z)

My (3, DI (2, 2) + Mg (x, 2) (0.0 (x, 2) + )

T (x,2) (0B, (x.2) + ) + 3

o D-26 d
R — —
+ 1 (x, 2) ¢ 13

H,,x, ) H**(x,7) + a'd,®(x,z)0"D(x,z) }] . (20)



2= [ De0)Dbu(D @exp| i | PTG 0)Gu.37) + i B (1:27)) 000 (000,20

+ER@)B(x.2) =5 [ PoV/TToIbalo) Vo)

D —26 /
R exp [——/de\/G x,zy)e 2®x3y) { (x,z¢) — g —ISH#yi(x,zf)Hﬂ’“’*(x,zf)+a’aﬂ®(x,zf-)df‘®(x,zf)}],
(24)




Can we solve the tachyon problem in the bosonic string theory?

Z= fG %, 2)DIG (%,2) DB, (x, 2) DIy (x, 2) DD(x, 2) Dl (. 2) aG x.2) 0B (x.z 0(sz

2
D- 6_2vzq><x 2) + &0, ®(x. 2) D (x, 2)

al

48

H,(x, z)H"4(x,7) + a0, D(x,2)0P(x,z)




Physics of four types of

BRST transformations

* ward Ldentities of these four types
of BRST symmmetries and their
explicit breaking P Generalizeo

fluctuntion-dissipation theorems

One may consider four types of BRST transformations in
this holographic dual effective field theory as the case of the
Langevin dynamics [15-20]. We recall that in the
Schwinger-Keldysh formulation, the first two BRST sym-

Q are topological 1n
origin, related with the unitarity. These two BRST sym-
metries do not commute with the KMS ones [33].
Considering both the BRST and KMS symmetries, we
have to introduce additional two fermion-type symmetries
with their charges D and D. Although D and D correspond
to the superderivatives in the superspace formulation as
discussed in Appendix B, we also call these additional
fermionic symmetries BRST-type symmetries. The first

two BRST transformations lead the bulk kinetic energy

(x,2)(0.A(x, z) = BlA(x. 2);2]) =577 (x.2) + &(x, 2) (0, =

dp[A(x,z):z]
04(x,z)

The effective potential V,,[4(x, z); z] does transform under
all these BRST transformations. As a result, there do not
exist any BRST-type emergent symmetries in this RG flow,
precisely speaking. However, such BRST noninvariant
terms are expressed in a “universal” way. As a result,
we can derive generalized Ward identities from these four
types of BRST transformations and find some constraints
for correlation functions of the coupling field.

)e(x, z) to be invariant while the last two do not.



SoA(x,z) = €[Q,A(x, z)] = ec(x, 2), (31) SpA(x.2) = E[Q. A(x. 2)] = €€ (x. 2). (37)

— 2
Son(x,2) = €[, n(x,2)] = 0, (32) Spn(x,z) = €[Q,n(x,z)] = éfazé(x, z), (38)
Soc(x,z) = €[Q,¢(x,z)] = —en(x, z), (33) 5p(x.z) = €[Q.2(x,2) = 0. (39)
= _ 2
Soc(x,z) = €[, c(x,z)] =0, (34) Spc(x,z) =€[Q,c(x,2)] = e(;r(x,z) —l:azﬁ(x,z)), (40)

5Q{”(x» 2)(0:A(x, 2) = plA(x, 2):2]) = 5 7%(x, 2)

_0plA(x.2): 2] r

c . _ . ) _ 0BlA(x, 2): 7] _
+ ¢(x, 2) (c% 02(x.2) )c(x,z)+vrg[i(x,z),z]} %{n(x,z)(az/ux,z)—ﬁwx,z),zn—gx (x,z)+c(x,z>(az—m)c(x,z)+vrgwx,z),zl}

= 8o VrglA(x, 2)5 2] = —ec(x, 2)plA(x, 2): 2], (36) =¢—- {%E(x, 2)(9:A(x,2) = Bla(x. 2);2]) = E(x,Z)ﬂ(x,Z)} —ec(x. 2)plA(x. 2): 2.



SpA(x,z) = €D, A(x, z)| = e¢(x, z),

opr(x,z) = e[D,n(x,z)] =0,
opc(x,z) = D, e(x,z)] =0, Spc(x,z) =&[D,c
Spc(x,z) = €[D, c(x,2)] = en(x,2)

dp[A(x, z); ]
0A(x, z)

— E7r2(x, z) + ¢(x, 2)

oo 5, 2)0.(.2) - .2 - (

2er(x,2)0,¢(x, z) — €d,(¢(x, 2)m(x, 2)) — ec(x, 2)f[A(x, 2); 2],

0, —

I

oo 3, 2)(0.45,2) = Plalw. )52 -

—2&n(x,z)[0.c(x, 2)] + éli [0.¢(x, 2)][0.A(x, 2)] — &

——n*(x,z) + &(x, 2)

)C(x, 2) + ViglA(x, 2); Z]}

B Pp[A(x, 2); Z]
dA(x, z)

)C(x, z) + V,[A(x, 2); z]}

g

2 3. (c(x 2)Blha(x. 2):2]) — Bel, 2)BAx. 2): 2],

r



B. Generalized fluctuation-dissipation theorems for the RG flows of correlation functions of the coupling functions

To derive the Ward identities from these BRST transformations, we consider an action for sources as follows [18,49]

Ssource = N / dz / Px(T(x, A, 2) + 206 )T (x,2) + Glx, 2)e(x, 2) + &(x, 2)G(x, 2))

D[ 7T d 0 _ 0 i
=N /A dz / d x(T(x, 2) T2 +T'(x.2) T2 +G(# z) G2 960, Z)G(x, z))
= [ e [ e{ e d e D e D Ve g ) @)

Here, T(x, z) (T(x, z)) is the bosonic source field for A(x, z) (z(x, z)), and G(x, z) (G(x, z)) is the fermionic source field for
c(x,z) (¢(x,z)). Accordingly, the four BRST charges are represented as follows

(58)
2
570x.2) + (ﬂ(x, Z)— I:dzll(x, 4
0 _
! %2) (02 0G(x, z)) ~Gimz) <0T(x, 2) Faz aT (x, Z)) P8
and
S i) % ~6(x.2) 57 (i = (60)
b 2 0
e, 2) s - (00 2) ~ F0.40.2)) 7
P 0 2 9
79 (03g5) -9 (o7t ) o

respectively.



Taking the first two BRST transformations to the partition function, we find

)7 = ), de | @ (76a7) st 2

0 0 2 0

oT(x,z) T “oT(x,z)

0 0 0 0
4 ( 7 0G(x,z) 9T (x,z)dG(x, z)}

0
0G(x, 7)

2f 0 0
dz | dPx|o -2

/A’ dz/de{T(x, 2) aG(i,z)+liT x m) ~G(x, z)(

1 [z 2 J d
=— [ "dz | ®x|Z0p(——iz ) — 2 0, —
2 /A . / x[r ~{ﬂ (aT(x,z) T T (x.0) 3G
J d

(aT(x, 2)




Applying ac(f,,’zr) BT(X(?’,ZH) to Eq. (62) and BG(i’,z’) aT(x‘?,’Z,,) to Eq. (63), respectively, we obtain

9 0 9 0 gyt 0 fzfd/dDﬁ 0 " e
_ —_ e — X = R = s
aG(x;, Zf) 0G(x”, ZH) c)T(x”, ZH) 5T(x’, Z’) if 2(3G(JC", Z!) aT()C”, Z”) A < aT(x, Z) Z (3G(JC, Z) Zf

(66)
0 0 N 0 0 2 d 3 0 Z(z))
aG(x!, ZI) aG(xH, ZH) aT(xH, ZH) 6T(x’, Zi) F@T(}CH, ZH) Z aT(x!, Z!) Zf
1 0 0 Zf D 0 0
—_ —— — = ) Z : 7
ey, ) (am, ) ’Z) G x5 ) (67)
where all other source fields were set to zero. These two equations lead to
1 z
(@ el 2) + (. (. ) = =3 (€, 2)a2) [ aw [ aPypacsw)wlelr.w), (68)
Am-‘-

D | =

(€. 2)2(.2)) = (. Da(¥.2) + £ (A6 20:.2) =5 (e 2)Ax.2) [ aw [ Pyplatrow)iwlerw)). (69

respectively.



Considering the ghost Green’s function (9, — Z %20
< 0A(x,z)

(¢ 2l 2) = (Dl ) = ~2Wx2)0.0.2). Gp — Gy = Gy

This is essentially the same as the fluctuation-dissipation theorem of the Langevin dynamics in equilibrium. Away from the
fixed point, there is an RG flow given by the RG p-function, which plays the role of the nonequilibrium work in the
dynamics, reflected in the last term of Eq. (70).

Generalized fluctuation — dissipation theorem

to constrain multi — particle dynamics







Monotonicity of the RG flow
in the entropy production perspective
<>
WZ consistency condition for the Weyl anomaly

in the local RG equation



Monotonicity of

RG ﬂOW UV:ZZr'icritic [ Ising QCP

IR: Ising QCP

Relevant deformations

B~

¢ —theoremisa No — Go theorem in dynamics.



¢ — theorem may be the most general

No — Go theorem in physics.

Is there a mechanism of
symmetry or topology protection

as a “conventional” No-Go theorem?
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Abstract
The dlmCUIues Ofextendmg Zamol()dChlkov s c-theorem to d]‘menSlons d# 2 are d]SCUSSCd. Itis shown "hat’ for deven’ the one- The trace over the degrees of freedom located in a subset of the space transforms the vacuum state into a mixed density matrix
pOint function of the trace of the stress tensor on the sphere, Sd, when suitably regularized, defines a C-fllﬂCliOl'l, WhiCh, at least to with nonzero entropy. This is usually called entanglement entropy, and it is known to be divergent in quantum field theory (QFT).
) . . . . . 0 Tl . However, it is possible to define a finite quantity F(A, B) for two given different subsets A and B which measures the degree
one loop Ordcr, 18 dccreaSlng along RG trajec"orles and 1S Statloﬂary at RG ﬁxed po"“'s9 Where 11 1s propon]onal to Ihﬂ usual of entanglement between their respective degrees of freedom. We show that the function F(A, B) is severely constrained by the
: H - 1 1f 1 1 1 1 i Poincaré symmetry and the mathematical properties of the entropy. In particular, for one component sets in two-dimensional
Conforma] anomaly' It 1? ShOWn that the exls.teﬂce _Of Sl.lCh ac fUnCUOﬂ, if it satisfies these proPenles to all OrderS! Ll conformal field theories its general form is completely determined. Moreover, it allows to prove an alternative entropic version
with the CKDCClCd behavior of QCD in four dimensions. of the c-theorem for (1 + 1)-dimensional QFT. We propose this well-defined quantity as the meaningfull entanglement entropy

and comment on possible applications in QFT and the black hole evaporation problem.
© 2004 Elsevier B.V. Open access under CC BY license,




Relevant deformations in CFT2:
RG flows as gradient flows

d?x

ZorT, = /Dsak(:v) eXp{ — Scrm[er(z)] - Zga/ 2(1-A) O&["Ok(x)]}

dg,
dln+ — Ba({ga}) — 2(1 — A&)ga{ — chcxﬁ’ygﬁg’y'

o 0%0F ~ z C*Fr 0,
14

Ba{ga}) = - o CHgah) = =D (1= A0)ga+ 5 Y Capydadsgy:
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Zamolodchikov c—theorem in the RG-flow perspectives
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We not only reinterpret the c-theorem in the
perspective of entropy production but also

“generalize” it beyond the one loop order.



Previously, the monotonicity of the RG flow (c-theorem &
a-theorem) has been rederived from the WZ consistency
condition of the Weyl anomaly in the local RG equation.
Here, we discuss it in the entropy production perspective,
which turns out to be consistent with

the WZ consistency condition of the local RG equation.
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WEYL CONSISTENCY CONDITIONS AND A LOCAL
A LOCAL RENORMALIZATION GROUP EQUATION, RENORMALISATION GROUP EQUATION FOR GENERAL

INVARIANCE IN SIGMA MODELS*
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G.M. SHORE** Department of Applied Mathematics and Theoretical Physics, Silver Street, Cambridge, UK

Institute for Thec
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and the Local Renormalisation Group MBeieedl Manlol)

Graham M. Shore

The confo Department of Physics, A local renormalisation group equation which realises infinitesimal Weyl rescalings of the
relevant in strir Swansea University, metric and which is an extension of the usual Callan—Symanzik equation is described. In order
Swansea,

to ensure that any local composite operators, with dimensions so that on addition to the basic

lagrangian they préserve renormalisability, are well defined for arbitrarily many insertions into
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defined by fur Local Renormalisation Group Equations in Quantum Field Theory
tensor is given

group equatio

tensor formec

The idea of renormalisation with position-dependent couplings, running under local arising from 1
* 1dea of renormalisa b pe OUPIES. s results for the H. OSBORN

Weyl scaling, is traced from its early realisations to the elegant modern formalism

of functional d¢
explicitly posit
renormalization
quantum sigma
renormalization
cquation is disc
these models is
relevance of ou

SA2 8PP, UK.

ABSTRACT: The Zamolodchikov e-theorem has led to important new insights in our
understanding of the renormalisation group and the geometry of the space of QFTs.
Here, we review the parallel developments of the search for a higher-dimensional gen-
eralisation of the c-theorem and of the Local Renormalisation Group.

i - G : . . derivation of
of the local renormalisation group. The key role of the associated Weyl consistency

conditions in establishing RG flow equations for the coefficients of the trace anomaly in eqzfml;‘sffa:? DA MTP, University Of Cambri dge, Silver St. ;
urci-Paffuti

and further e Cambridge CB3 9EW, England.
obtained. The
strings, and re

curved spacetime, and their relation to the e-theorem and four-dimensional e-theorem,
is explained in detail.
A number of different derivations of the c-theorem in two dimensions are presented
using spectral functions, RG analysis of Green functions of the energy-momentum
tensor T}, and dispersion relations — and are generalised to four dimensions. The ob-

arXiv:1601.06662v2 [hep-th] 8 Apr 2017

struction to establishing monotonic C-functions related to the 3, and /3, trace anomaly ABSTRACT
coefficients in four dimensions is discussed. The possibility of deriving an a-theorem,
involving the coefficient 3, of the Euler-Gauss-Bonnet density in the trace anomaly, is A local renormalisation group Cquation is formulated for renormalisable the-

explored initially by formulating the QFT on maximally symmetric spaces. Then the . . . . .
. S g the Q ) IAKIIATY SYImEre spaces. - hen ories which describes the effect of local Weyl rescalings of the metric. In two
formulation of the weak a-theorem using a dispersion relation for four-point functions

of %, is presented. dimensions the resulting equations are shown to correspond to Zamolodchikov’s

Finally, we describe the application of the local renormalisation group to the issue . 1: - . . 5L s
A , . o . c-theorem and in four dimensions to give results which may have a similar sig-
of limit cycles in theories with a global symmetry and it is shown how this sheds new

light on the geometry of the space of couplings in QFT. nificance.
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the couplings. If a,.ﬁ"’ = X,-}-Bj —_%w,v , -CZBW,- = Bjajw{ + a,'Bj Wi, (2.7)

1
SW = 7[du(gbR L, 0,87 0mg0), (2.10)

ij

%} denotes the Lie derivative defined by the vector field B'. From eq. (2.7)
then, for b(g),c;(g) an arbitrary scalar, tensor respectively on the space of
lings, ad _ ] ] AP _ P ]
conpTEs _ ,B" = ijﬂj + (aiwj - 5;""1)31 ; BT =B"+wp, (2.8)
8T =Bob,  bxi;=Fey,

5W,' = _aib + Ciijs 5l§¢ = CiijBj- (211) nee

o _ J
It is easy to see that eq. (2.7), or eq. (2.8), are invariant under the changes (2.11). | B af' B X UB B | (2'9)

In general it is not possible to set w, =0 under such a redefinition except when
w; =0, X.
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The entropy formula for the Ricci flow
and its geometric applications

Grisha Perelman”

February 1, 2008

Introduction

1. The Ricci flow equation, introduced by Richard Hamilton [H 1], is the
evolution equation %gij(t) = —2R;; for a riemannian metric g;;(¢). In his
seminal paper, Hamilton proved that this equation has a unique solution for
a short time for an arbitrary (smooth) metric on a closed manifold. The
evolution equation for the metric tensor implies the evolution equation for
the curvature tensor of the form Rm;, = ARm + (), where () is a certain
quadratic expression of the curvatures. In particular, the scalar curvature
R satisfies R, = AR + 2|Ric|?, so by the maximum principle its minimum
is non-decreasing along the flow. By developing a maximum principle for
tensors, Hamilton [H 1,H 2| proved that Ricci flow preserves the positivity
of the Ricci tensor in dimension three and of the curvature operator in all
dimensions; moreover, the eigenvalues of the Ricci tensor in dimension three
and of the curvature operator in dimension four are getting pinched point-
wisely as the curvature is getting large. This observation allowed him to
prove the convergence results: the evolving metrics (on a closed manifold) of
positive Ricci curvature in dimension three, or positive curvature operator

*St.Petersburg branch of Steklov Mathematical Institute, Fontanka 27, St.Petersburg
191011, Russia. Email: perelman@pdmi.ras.ru or perelman@math.sunysb.edu ; 1 was
partially supported by personal savings accumulated during my visits to the Courant
Institute in the Fall of 1992, to the SUNY at Stony Brook in the Spring of 1993, and to
the UC at Berkeley as a Miller Fellow in 1993-95. I'd like to thank everyone who worked
to make those opportunities available to me.

Perelman’s interpretation
for the Zamolodchikov's

c-theorem

atgl-j(x, t) — —ZRij(X, t)

RG flow — Ricci flow

Zamolodchikov ¢ — functional
for the gradient flow of the RG flow

!

Perelman's entropy functional
for the gradient flow of the Ricci flow
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Sigma model renormalization group flow, “central charge’ action, a

A.A. Tseytlin™

Blackett Laboratory, Imperial College, London SW7 2AZ, United Ki
(Received 25 January 2007; published 20 March 2007)

Zamolodchikov’s c-theorem type argument (and also string theory effective action
that the RG flow in 2d sigma model should be a gradient one to all loop orders. Howe
of the flow of the target-space metric is not obvious since the metric on the spe
couplings is indefinite. To leading (one-loop) order when the RG flow is simpl
monotonicity was proved by Perelman [G. Perelman, math.dg/0211159.] by constr
functional which is essentially the metric-dilaton action extremized with respect 1
condition that the target-space volume is fixed. We discuss how to generalize the Per
to all loop orders (i.e. all orders in a@’). The resulting entropy is equal to minus the
fixed points, in agreement with the general claim of the c-theorem.
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A gradient flow for worldsheet nonlinear sigma models

T. Oliynyk ?, V. Suneeta *¢, E. Woolgar ¢%*

& Max-Planck-Institut fiir Gravitationsphysik (Albert Einstein Institute), Am Miihlenberg 1, D-14476 Potsdam, Germany
L Department of Mathematics and Statistics, University of New Brunswick, Fredericton, NB, E3B 5A3, Canada
€ Theoretical Physics Institute, University of Alberta, Edmonton, AB, T6G 2J1, Canada
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Abstract

We discuss certain recent mathematical advances, mainly due to Perelman, in the theory of Ricci flows
and their relevance for renormalization group (RG) flows. We consider nonlinear sigma models with closed
target manifolds supporting a Riemannian metric, dilaton, and 2-form B-field. By generalizing recent math-
ematical results to incorporate the B-field and by decoupling the dilaton, we are able to describe the 1-loop
B-functions of the metric and B-field as the components of the gradient of a potential functional on the
space of coupling constants. We emphasize a special choice of diffeomorphism gauge generated by the
lowest eigenfunction of a certain Schrodinger operator whose potential and kinetic terms evolve along the
flow. With this choice, the potential functional is the corresponding lowest eigenvalue, and gives the order
o’ correction to the Weyl anomaly at fixed points of (g(z), B(t)). The lowest eigenvalue is monotonic along
the flow, and since it reproduces the Weyl anomaly at fixed points, it accords with the c-theorem for flows
that remain always in the first-order regime. We compute the Hessian of the lowest eigenvalue functional
and use it to discuss the linear stability of points where the 1-loop B-functions vanish, such as flat tori and
K3 manifolds.
© 2006 Elsevier B.V. All rights reserved.
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Entropy Production along a Stochastic Trajectory and an Integral Fluctuation Theorem

Udo Seifert

I1. Institut fiir Theoretische Physik, Universitdt Stuttgart, 70550 Stuttgart, Germany
(Received 29 March 2005; published 20 July 2005)

For stochastic nonequilibrium dynamics like a Langevin equation for a colloidal particle or a master
equation for discrete states, entropy production along a single trajectory is studied. It involves both
genuine particle entropy and entropy production in the surrounding medium. The integrated sum of both
As,, is shown to obey a fluctuation theorem (exp[—As,]) = 1 for arbitrary initial conditions and
arbitrary time-dependent driving over a finite time interval.

DOI: 10.1103/PhysRevLett.95.040602 PACS numbers: 05.40.—a, 05.70.—a
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Nonequilibrium Equality for Free Energy Differences

C. Jarzynski*

Institute for Nuclear Theory, University of Washington, Seattle, Washington 98195
(Received 7 June 1996)

An expression is derived for the equilibrium free energy difference between two configurations of a
system, in terms of an ensemble of finite-time measurements of the work performed in parametrically
switching from one configuration to the other. Two well-known identities emerge as limiting cases of
this result. [S0031-9007(97)02845-7]

PHYSICAL REVIEW E VOLUME 56, NUMBER 5 NOVEMBER 1997

Equilibrium free-energy differences from nonequilibrium measurements:
A master-equation approach

C. Jarzynski
Theoretical Astrophysics, T-6, MS B288, Los Alamos National Laboratory, Los Alamos, New Mexico 87545
(Received 18 June 1997)

In has recently been shown that the Helmholtz free-energy difference between two equilibrium configura-
tions of a system may be obtained from an ensemble of finite-time (nonequilibrium) measurements of the work
performed in switching an external parameter of the system. Here this result is established, as an identity,
within the master equation formalism. Examples are discussed and numerical illustrations provided.
[S1063-651X(97)10710-3]

PHYSICAL REVIEW E VOLUME 60, NUMBER 3 SEPTEMBER 1999 PHYSICAL REVIEW E
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Nonequilibrium Measurements of Free Energy
Differences for Microscopically Reversible
Markovian Systems

Gavin E. Crooks'

Received October 20, 1997; final December 16, 1997

An equality has recently been shown relating the free energy difference between
two equilibrium ensembles of a system and an ensemble average of the work
required to switch between these two configurations. In the present paper it is
shown that this result can be derived under the assumption that the system's
dynamics is Markovian and microscopically reversible.

KEY WORDS: Nonequilibrium statistical mechanics; free energy; work;
thermodynamic integration; thermodynamic perturbation.

VOLUME 61, NUMBER 3 MARCH 2000

Entropy production fluctuation theorem and the nonequilibrium work relation Path-ensemble averages in systems driven far from equilibrium

for free energy differences

Gavin E. Crooks™
Department of Chemistry, University of California at Berkeley, Berkeley, California 94720

Gavin E. Crooks

Department of Chemistry, University of California at Berkeley, Berkeley, California 94720

(Received 30 August 1999)

(Received 17 February 1999) The Kawasaki nonlinear response relation, the transient fluctuation theorem, and the Jarzynski nonequilib-

There are only a very few known relations in statistical dynamics that are valid for systems driven arbitrarily
far-from-equilibrium. One of these is the fluctuation theorem, which places conditions on the entropy produc-
tion probability distribution of nonequilibrium systems. Another recently discovered far from equilibrium
expression relates nonequilibrium measurements of the work done on a system to equilibrium free energy
differences. In this paper, we derive a generalized version of the fluctuation theorem for stochastic, micro-
scopically reversible dynamics. Invoking this generalized theorem provides a succinct proof of the nonequi-

rium work relation are all expressions that describe the behavior of a system that has been driven from
equilibrium by an external perturbation. In contrast to linear response theory, these expressions are exact no
matter the strength of the perturbation, or how far the system has been driven away from equilibrium. In this
paper, I show that these three relations (and several other closely related results) can all be considered special
cases of a single theorem. This expression is explicitly derived for discrete time and space Markovian dynam-
ics, with the additional assumptions that the unperturbed dynamics preserve the appropriate equilibrium en-

librium work relation. [S1063-651X(99)10109-0] semble, and that the energy of the system remains finite.



where the normalization constant or the generating func-
tional is given by Eq. (5). One can vernfy

‘/Xf dxp(x,t) = 1. 9)

Xj

To discuss the entropy production in the forced over-
damped Langevin dynamics, Ref. [27] proposed a trajec-
tory-dependent entropy for the particle or system as

Ssys(x, 1) = —In p(x, r)l (10)

This definition 1s consistent with the common definition of
a nonequilibrium Gibbs entropy, given by

Suyelt) = (s 1)) = — / " dxp(x, 1) In p(x, 1

X;

(11)

This microscopic entropy gives rise to the macroscopic
thermodynamic entropy for an equilibrium Boltzmann
distribution at fixed A,

J2(x, 1)
Dp(x,1)

0,Siot(t) = (0,801 (x, 1)) = / dx >0, (15)

where the equality holds in equilibrium only. The ensem-
ble-averaged entropy production rate of the environment is
given by

where the equilibrium free energy F(1) is F(4) =

—p'1n [/ dxe™V**) with the conserved potential
V(x, 4) introduced before. Then, it is natural to consider
the rate of heat dissipation in the environment as

0,q(x,1) = F(x,2)0,x(t) = ﬂ_larsenv(x* ) (13)

Accordingly, one may identify the exchanged heat with an
increase in the environment entropy s, (x,?) at temper-
ature f~! = D/pu.

Combining these two contributions, Ref. [27] found the
trajectory-dependent total entropy production rate as fol-
lows

0Siot(X, 1) = 0;Seny (X, 1) + 0;Sgys (X, 1)

_ 0j(x, 1)

ot &0 ool g

Dp(x,t)

Taking the ensemble average, Ref. [27] showed that the

0 Sem (1) = (OySeny (5. 1)) = / " dxF(x.0j(x. 1), (16

where the force F(x, ) and the conserved current j(x,?)
have been introduced above. In this study, we discuss the
entropy production of the RG flow, following this line of
thought.



The “probability distribution” function for the coupling field is defined as follows

p(4.z) = (6(4 = 4(x,2)))

= N/ DéE(x, 7)) exp{—N [\Z d7 / dPx (% E(x,7) + YV, lA(x. 2'); Z’]) }5(/1 — A(x,2)) (84)

Following the standard procedure to derive the Fokker-
Planck equation from the Langevin equation, we obtain

(87)

where the RG effective potential V), (4, z) serves as the

“time” component of a background gauge field. The
conserved current is given by

0.9 = (P02 -0 )02 (8

which shares essentially the same structure as that of the
overdamped Langevin dynamics, discussed before. In
Appendix A, we show our intuitive derivation for this
Fokker-Planck equation.

ow. We em
,sion of thi

Following Ref. [27], it is natural to introduce the entropy
of a system, given by

Seys(4,2) = —Inp(4, z). (89)

Then, the ensemble average of the system or bulk entropy is

Suys(2) = (Suya(hs2)) = — / " p ) Inp(az).  (90)

A

uv

as expected.
The time evolution of the bulk entropy is given by

_9:p(42) _dp(42)
p(d.z)  pld.z)

Resorting to the Fokker-Planck equation and considering
the definition of the conserved current, we rewrite the
above expression as follows

0.85y5(2) = 0.A(x,z). (91)



d,j(4,2)
J Sys —

2
— 1:/)’(&, 2)0.A(x, z).

2j(4.2)
['p(4,2)

- Vrg(AsZ) + azi(x& Z)

(92)

Here, we introduce the time evolution of the “environment™
entropy in a similar way as Ref. [27],

0 Seny(4,2) =0,q(4,2) —%ﬁ(ﬂ,Z)azi(m) +V,4(4,2). (93)

d.q(4,z) is the rate of heat dissipation in the medium,
where we identify the exchanged heat with an increase in
entropy of the medium.

Summing over these two contributions, we obtain

aszt(/l, Z) — azsenv (A’ Z) + astys (Aa Z)

B d,j(4,2)
~ p(42)

fully consistent with that of the overdamped Langevin
dynamics [27], although there exists a clear modification in

the Fokker-Planck equation, Eq. (87). As a result, we find
the irreversibility of the RG flow, given by the total entropy
function,

2 7.2

Air
3.8.:(2) = (0,54, 2)) = | dA= >0,
Sul2) = Osalt) = [zl

(95)

where the ensemble average has been taken, and the
following current conservation has been used,

0,j(4, Z)> /’1"’ :
= did:itA,.z) =10,
< p(4,2) i 1J (4, 2)

More explicitly, we have

(96)

Oswlt. )= [ . {HpG.DP +5 0utnp(0.2))

—Zﬂ(/l,z)axlnp(/l,z)} >0 (97)



ITI. ENTROPY PRODUCTION RATE IN THE EMERGENT HOLOGRAPHIC DUAL
EFFECTIVE FIELD THEORY

We now focus on the bulk part to derive the Fokker-Planck equation. The bulk effective Lagrangian is given by

| o A
L =TI (x, 2) (6ZGﬂp(x, z)+ 'R, (x,2) +2d'V,V,D(x,2) - ZHyiw(x’ Z)H(x, z)) + =105 (%, 2) G pa (x, z)H’éf(x, Z)

2
4 a @ ) q v
115 02) (0B 32 = § VP Hop 52 + 9 D(2, Dy (1:2) ) 1T )T (1.2
/ D-26 o
+%R&g%— - —5%&MﬁgﬂﬁuﬁgyﬂﬂyﬂL@W®@g) (30)

Considering the Legendre transformation,
Lo =TT (x, 2)0,G,, (x,z) + I (x, 2)0,B,,(x,2) + Hegy (31)

in Euclidean spacetime, we obtain the effective bulk Hamiltonian as

/

o A .
Hegr = H’Lé;v(x, z) (a’Rﬂb(x> z) + Za'VﬂVD(I)(x, z) — ZHMa)(xa z)Hﬁ(”(x, Z)> + EH?}D (x, Z)guupzl(xv Z)H'g(X, 2)

| o |
+ 115 (x, 2) (— ) VUH (X, 2) + VD (x, 2)H (X, z)) + %HB’W(JC, )Ty (x, 2)

o D-26 o
R ==

H

(X, ) H" (x, 2) + o 0,P(x, 2)# D(x, z). (32)



To obtain an effective Fokker-Planck equation, we introduce the identification

d

H‘W(x, 7)=—
G 0B,,(x, z)

H%U(x, Z) — —

6Gﬂy(x,z) ’ (33)

into the effective Hamiltonian, in a similar manner discussed in the review discussed in Appendix B. Then, we construct the
corresponding Fokker-Planck equation for the Langevin-type RG flow equation (modified by noise fluctuations) as follows:

’ D-26 « |
(az N %R(x’ 2 6 ZS H i (x, 2) H*™ (%, 2) — o 9, ®(x, 2) 0@ (x, Z))P(G,uw B,;z)
- ’ dR,,(x,2) +2d'V,V,®(x,z) a’H (x, 2) H2 (x, 7) flg (x.2) 0 PG, B, :2)
— G, (x,z) w X, Z ¥V VO, 2) = 7 By (X, 2)HVX 2) = 5 Gppy (X, 2 3G, (x.2) s Bz
aBﬂf/(‘xﬁ Z) 2 WUV » < y L WU y £ 2 aB#U(x’ Z) uvs = uu o Z .

where P(G,,, B,,; z) is the probability distribution function associated with both the RG flows of the metric and two-form
gauge field along z direction.



, o A 0
J,L({;I/(‘x’ Z) - ((I’Rﬂl/(‘x’ Z) —I_ 2a V,LIVU(D(‘X’ Z) o Z ,L{A.GJ (‘x9 Z)Hﬁw(xa Z) T A g)uypy(-x; Z) dG (x Z)) p(G,L{U) B

2 PY
B _ o \VAZ oV q g .
J,uy(xa Z) — _E Ha),uy(xa Z) _I_ (D(xa Z)Ha),uy(xa Z) _EaB‘W(x Z) P(G,Iﬂ/’ Bﬂl/’z)'

Based on these currents, the Fokker-Planck equation (34) 1s formally expressed as

OZP(G,uw Bpw; Z) + aGm,ng(x’ Z) + aBWJEV(x’ Z) - Veff(xﬂ Z)P(G B, Z)a

v 2 uvs

where V. (x, z) is the Wilsonian effective potential,

o D-26 o

Vet (X, 2) :ZR(X,Z) R

H,,;(x.z2)H" (x,2) + d'0,®(x, 2)0"D(x, z).

Since there i1s an external “potential” term in the RG flow, the conservation law 1s modified.

s Z)v

(37)

(38)

(41)

(42)
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A tentative theory of large distance physics

Daniel Friedan
Department of Physics and Astronomy, Rutgers, The State University of New Jersey
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Raunvisindastofnum Hdskdlans fslands, Reykjavik, Island
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Email: friedan@physics.rutgers.edu

ABSTRACT: A theoretical mechanism is devised to determine the large distance physics of
spacetime. It is a two dimensional nonlinear model, the lambda model, set to govern the
string worldsurface in an attempt to remedy the failure of string theory, as it stands. The
lambda model is formulated to cancel the infrared divergent effects of handles at short dis-
tance on the worldsurface. The target manifold is the manifold of background spacetimes.
The coupling strength is the spacetime coupling constant. The lambda model operates at

1

2d distance A~!, very much shorter than the 2d distance p~! where the worldsurface is

seen. A large characteristic spacetime distance L is given by L? = In(A/u). Spacetime
fields of wave number up to 1/L are the local coordinates for the manifold of spacetimes.
The distribution of fluctuations at 2d distances shorter than A ! gives the a priori mea-
sure on the target manifold, the manifold of spacetimes. If this measure concentrates at a
macroscopic spacetime, then, nearby, it is a measure on the spacetime fields. The lambda
model thereby constructs a spacetime quantum field theory, cutoff at ultraviolet distance
L, describing physics at distances larger than L. The lambda model also constructs an
effective string theory with infrared cutoff L, describing physics at distances smaller than
L. The lambda model evolves outward from zero 2d distance, A~! = 0, building spacetime
physics starting from L = oo and proceeding downward in L. L can be taken smaller than
any distance practical for experiments, so the lambda model, if right, gives all actually
observable physics. The harmonic surfaces in the manifold of spacetimes are expected to
have novel nonperturbative effects at large distances.

Writing the a priori measure in the variables A’ as dpe(A, \.), the driven diffusion

process is

d
A
OA /2.

where VY is the covariant derivative with respect to the effective metric 1

dpe(A, Ae) = VE (T g (Ae) V5 + BL(A)) dpe (A, Ae) (2.33)

"g;;- The coet-
ficients, T g¢ and 62, of the diffusion process are stationary, independent of A~!, because
of the generalized scale invariance of the effective lambda model.

All the considerations that applied to the classical lambda model carry over to the
effective lambda model. The effective a priori measure satisfies an effective diffusion equa-
tion, which takes the same form as the tree-level diffusion equation. The generalized scale
invariance of the effective lambda model implies that the diffusion equation has stationary

coefficients,
_8_ Pe(A)\e):V{?(e93+/8)Pe
8A/)\6 bl A e e
= ViT.g” (9; 4+ 0;(T, "ae)) pe. (8.16)
The effective a priori measure is the equilibrium measure
dvolo(Ag) e~ Te Tac(re) (8.17)
which satisfies the equation of motion 3, = 0,
0= (0 + T g5 1) &7 o). (8.18)



Following Seifert [77], we introduce a path-dependent
microscopic entropy in the target space as

Ssys(Gu»By) = —InP(G,,,B,,: 7). (43)
Then, the observable “system” entropy is given by the
average of the path-dependent entropy with respect to the
probability distribution in the following way:

Gy (x:27) By (x,2)]
SsYS(Z) = <Ssys(G#wB#v;Z)> — _/[G (£0).8..(x0)] d[GﬂwB#z/]P(GﬂwBMU;Z) lnP(Gﬂwa;Z)' (44)

Here, f[g{”gg)’?"(;zif)] d|G,,, B, ) means the line integral, given the dilaton field as a functional of G,,,(x, z) and B, (x, 2)

in the o-function constraint of Eq. (29). We suspect that this Gibbs entropy would reproduce the black hole entropy at high
temperatures.



Benchmarking Ref. [77], we define the environmental entropy production rate as follows:

a D-26 o
0 Seny (G B#y; Z) = —R(x, Z) — 3 — 18

L 4 H

U

(%, 2) H (x,2) + &' 0,®(x, 2) 0" D(x, 2)

2 /
3 (“’R“%x, ) + 20/ VAV D(x, 2) — - H(x, 2) i, (. z>> 0.G,, (x. 2)]

2

/
+ (‘%VGJHW(x, 2) + @V, B(x, ) HO (x, d) O 7)) -

In fact, this identification is quite natural since the RG f function and the Wilsonian effective action play the roles of
external force and potential, respectively. Thus, the production rate of the path-dependent microscopic total entropy
(Stot = Ssys + Senv) is given by

0,50t(Gy Bi2) =0 Seny(G . B3 2) + 0,845 (G Bui2)

dg JG, (x,2) 2 JGm(y, dg JE (x,2) 2 JBm(y,
0, Jw02) |2 JOM(0D) 56 0 gt mBD) 2 TP
P(Gu.Buiz) AP(G,.Biz) P(G,.Buiz) qP(G,.B,,;:z2)

0:B,u(x,2)].  (48)

We must emphasize at this point that s, 1s in fact not the thermodynamic entropy.



Taking the ensemble average with the probability distribution P(G,,, B,,;z), we obtain

aZStot(Z) - <azst0t(G,uw B;w; Z)>
2 me(Mf) JG (x,2)G"P (x,2)J G, (x, 2) N 2 fBuL{I.Z_f) JEB (x, 2)JB# (x, 2)
G B

A

. (x.0) e P(Gu. B z) q

v >0, 49
0 (%.0) " P(Gu.Buiz) (49)

where we have used the following conservation equation, namely,

< 96, T (x.2) 0, T (x,2) >

G (x.zp) B, (x.zs)
= dG,0; JS (x,z +/ dB, 0 JB (x,z)=0. 50
P(GusBuiz)  P(Gus Buiz) /c w96, (% 2) w98, (3.2 (50)

w(x.0) B, (x.0) .. . .
‘ ’ definition of the entropy functional except for the integra-

In the line integral expression fg”éfo{) dG,, (fgw{x,zr) dB,,). B,,(x.z) and ®(x, z) [G,, (x. z) and &(; tion in the metric and Kalb-Ramond field during the

Jiv ()C.O) G ~ .
the fixed path determined by the RG transformation. Equation (49) indicates that the microscopic RG flow. We recall T (x, z) p(GP”” B.; Z)aZGP‘U(x’ 2)

always increases during the RG flow. In particular, this expression is quite similar to Eq. (C17) basec and J Eu (x,2) ~ P(G,Lwa B, Z)azB;w (x,z), where the RG
flows of the metric and the Kalb-Ramond gauge field are
modified by the introduction of noise. Based on the IR
boundary condition to be discussed in the next section,

we obtain JG, (x,z) ~P(G,,.B,,;2)pS, and J5 (x,z)~

P(G,.Bu:z)ph,.,  where  0.G,(x,2)~pS  and

0.B,,(x,z) ~ p5,. As a result, we obtain

It seems to be consistent with
the WZ consistency condition of

the conformal anomaly T (06, 2)G 7 (x.2) T3 (0 2) | Sy (3, 2) 00 (. 2)

. . P(G wB I/;Z) P(GﬂwBuv;Z)
in the local RG equation. e
q ~P(G,,. B, 2) 56" (x,2)B5, +P(G,,.B,,:2) po, B+,

(51)

which is essentially the same as the entropy production rate
d la Perelman.



Quantum effective action



To discuss the RG flow of an IR effective action, we take the large N limit and obtain equations of motion with boundary
conditions. We recall the holographic dual field theory,

N

Sl ) =2 ()P

Z(zf)—/Dy/(,(x,zf)Dxl(x,z)DJr(x,z)DE(x,z)Dc(x,z)exp {—/dbx (E[I//U(x,zf);xl(x,zf);zf]—I—

—N/ dz/dD { )(0.4(x,7) ﬂ[/l(x,z);z])—gfrz(x,z)—i- (x,2) (d - dxl(x’,z); )c(x,z)—i—Vrg[/l(x,Z);Z]}].

0V,4|A(x, 2); 2]

PlA(x,z);z] = oA(x. 2)

|
Vo lA(x, 25)s 24] = —Nln [\( )Dl//a(x;zf)exp{—/deE[w(,(x, Z¢); A(X, Zf);zf]},
zf



Following the standard procedure to derive the Fokker-
Planck equation from the Langevin equation, we obtain

(0, Viy(4.2)p(4 2)f= —6,1{ (ﬂ(i, z) — gd,l)o(/l, Z)}, p(4,2) = Z(lzf) AA‘ DA(x,7)Dx(x,7)Dé(x,Z)De(x. ')

(87) x / DE(x, 7) exp{—N / " d / de(%éz(va’)+Vrg[ﬂ(x»z');z']>}

where the RG effective potential V,,(4,z) serves as the

“time” component of a background gauge field. The X exp [—N / dz / dPx { (0,A(x, ) = plA(x,2'); 2] — &(x., 7))
conserved current is given by
x,2);2]
a ' ) ' ’

(2) = (hz) =3, )l 88 e )( 02(36»2) )C(“)H

j(4.z) = ( B(4.2) =5 0; | p(4.2), (88)
which shares essentially the same structure as that of the d
overdamped Langevin dynamics, discussed before. In . In Z( ) — 0
Appendix A, we show our intuitive derivation for this f) =

Fokker-Planck equation.

Seff Zf N/dD
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Abstract

Bayesian statistical inference, which we refer to as Bayesian renormalization. The main insi
Bayesian renormalization is that the Fisher metric defines a correlation length that plays th
an emergent renormalization group (RG) scale quantifying the distinguishability between

points in the space of probability distributions. This RG scale can be interpreted as a proxy
maximum number of unique observations that can be made about a given system during
statistical inference experiment. The role of the Bayesian renormalization scheme is subsec
to prepare an effective model for a given system up to a precision which is bounded by the
aforementioned scale. In applications of Bayesian renormalization to physical systems, the
emergent information theoretic scale is naturally identified with the maximum energy tha
probed by current experimental apparatus, and thus Bayesian renormalization coincides w
ordinary renormalization. However, Bayesian renormalization is sufficiently general to apg
in circumstances in which an immediate physical scale is absent, and thus provides an idea
approach to renormalization in data science contexts. To this end, we provide insight into

Bayesian renormalization scheme relates to existing methods for data compression and dat
generation such as the information bottleneck and the diffusion learning paradigm. We co
by designing an explicit form of Bayesian renormalization inspired by Wilson’s momentun
renormalization scheme in quantum field theory. We apply this Bayesian renormalization
to a simple neural network and verify the sense in which it organizes the parameters of the
according to a hierarchy of information theoretic importance.

https://doi.org/10.1088/2632-2153/ad0102
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The Inverse of Exact Renormalization Group Flows as
In this note we present a fully information theoretic approach to renormalization inspired St ati Sti C al Inf erence
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Abstract: We build on the view of the Exact Renormalization Group (ERG) as an instantiation of
Optimal Transport described by a functional convection—diffusion equation. We provide a new
information-theoretic perspective for understanding the ERG through the intermediary of Bayesian
Statistical Inference. This connection is facilitated by the Dynamical Bayesian Inference scheme,
which encodes Bayesian inference in the form of a one-parameter family of probability distributions
solving an integro-differential equation derived from Bayes’ law. In this note, we demonstrate how
the Dynamical Bayesian Inference equation is, itself, equivalent to a diffusion equation, which we
dub Bayesian Diffusion. By identifying the features that define Bayesian Diffusion and mapping them
onto the features that define the ERG, we obtain a dictionary outlining how renormalization can be
understood as the inverse of statistical inference.

Keywords: Bayesian Inference; Exact Renormalization; Renormalization Group; diffusion; diffusion
learning; Stochastic Differential Equations; Fisher Information; Information Geometry; entropy;
relative entropy; gradient flow; error correction; channels




In Polchinski’s picture, K (p?) has a prescribed dependence on A, thus Polchinski’s ERG equation arises
by determining the equation which must be obeyed by Sin; A [¢] in order to satisfy the principle (2). By a
straightforward computation, one can show that the resulting equation can be put into the form:

d . Pol. 62PA [¢] 5 Pol. 5VP01. [Qb]
dinA M= /Mded"dd)’ {CAI D) 550660) T 500 (P ARICR™ () =557 )} @
= APy [6] + div (P [9] grad g VA [¢]) (5)
where Functional Schrodinger equation
.0 2 d 1/,.2
CEol (p?) = e () I;fl\n(i ) . Yol (4] — / (i:;dqb(p) G(p*) Ky (p*) o (—p). (6)

One might recognize (4) aslthe Fokker—Planck equation with diffusion governed by C2°! (p?) and drift|
governed by the potential V'\*"|¢|. [I'his is the first indication of a deep relationship between exact
renormalization and diffusion. Note that the equivalence between (4) and (5) is just a rewriting in terms of

the functional (infinite dimensional) equivalent of vector operators. This is so one can identify (4) as a
functional version of Fokker—Plank.

Specializing to Fokker—Planck ERG schemes, we can expand on this discussion. As was introduced in
detail in [18], a (functional) Fokker—Planck equation of the form (4) is associated with a (functional)
|st0chastic differential equation (SDE):'

Heisenberg operator equation d¢ (x) = —gradc, Va[¢] (dInd) +v2 f dy oa (x,7) dWa (7). (13)

M

Here, Wy (x) is a function valued Weiner process, and o is the diffusivity kernel defined by the property that
it ‘squares’ to the covariance Cy:

/ dzon (x,2) 0 (2,y) = Ca (x,7). (14)
M



The Fokker—Planck equation corresponds to a bonafide ERG because it satisfies the ERG principle (2). To
see that this is the case, let us now show that we can rewrite (4) in the form

d 7. 0
~ dma A _/Md * 56 (x)

[9:%] Pa[9]) (7)

where M is the spacetime manifold on which the theory is defined [12]. Hopefully it is clear that any one
parameter family Py [¢] satisfying (7) also satisfies (2). This is because (7) specifies a divergence flow, that is
the right hand side of (7) is a divergence in the space of field configurations. We can therefore employ the
divergence theorem to observe that

dliA/fD‘bPAM fm/dd

In order to write (4) in the form (7) we take

x| Pal0]) = 0. (8)

Conserved current

for the RG transformation
(9)

04 [¢; PA]
0p(y)

as has appeared previously in [12, 16, 17,41, 45]. Here Cx (x,y) is . f D ( )
Fokker—Planck equation associated to the ERG, and X5 [¢; Pa] is ¢ S rel. — N) d”x m(x ) Zf A(X ) Zf )
determined through the ERG potential V via the equation Relative entr opy fun ctional

P
[Saional} - 255 ) s vae (10
Plugging (9) back into (7), v

Together (Cy, V) therefore eff(Zf) — Nf de(T[(x Zf) A(x Zf) + rg [A(x Zf)])

the field theory, in analogy with the regulating function K ' (p?) appearing in (3).

Gradient flow

N /M dly Ca (x.y)




In general, RG flow is Markovian,
which gives rise to thermalization
at the fixed point.
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