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With baryon chemical potential, can’t be done — complex action problem
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Computational Complexity and Fundamental Limitations
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Quantum Monte Carlo simulations, while being efficient for bosons, suffer from the ‘“‘negative sign
problem” when applied to fermions—causing an exponential increase of the computing time with the
number of particles. A polynomial time solution to the sign problem is highly desired since it would
provide an unbiased and numerically exact method to simulate correlated quantum systems. Here we show
that such a solution 1s almost certainly unattainable by proving that the sign problem 1s nondeterministic
polynomial (NP) hard, implying that a generic solution of the sign problem would also solve all problems
in the complexity class NP in polynomial time.
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1. INTRODUCTION

On the program it says this is a keynote speech—and I don’t know
what a keynote speech is. I do not intend in any way to suggest what should
be in this meeting as a keynote of the subjects or anything like that. I have
my own things to say and to talk about and there’s no implication that
anybody needs to talk about the same thing or anything like it. So what I
want to talk about is what Mike Dertouzos suggested that nobody would
talk about. I want to talk about the problem of simulating physics with
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Example of QC: Shor's algorithm



Algorithms for Quantum Computation:
Discrete Logarithms and Factoring

Peter W. Shor
AT&T Bell Labs
Room 2D-149
600 Mountain Ave.
Murray Hill, NJ 07974, USA

Abstract

A computer is generally considered to be a universal
computational device; i.e., it is believed able to simulate
any physical computational device with a cost in com-
putation time of at most a polynomial factor. It is not
clear whether this is still true when quantum mechanics
is taken into consideration. Several researchers, starting
with David Deutsch, have developed models for quantum
mechanical computers and have investigated their compu-
tational properties. This paper gives Las Vegas algorithms
for ﬁndmg discrete logarithms and factoring integers on

e e e AL e I B e B R e iiaate et Bt S

[1, 2]. Although he did not ask whether quantum mechan-
ics conferred extra power to computation, he did show that
a Turing machine could be simulated by the reversible uni-
tary evolution of a quantum process, which is a necessary
prerequisite for quantum computation. Deutsch [9, 10] was
the first to give an explicit model of quantum computation.
He defined both quantum Turing machines and quantum
circuits and investigated some of their properties.

The next part of this paper discusses how quantum com-
putation relates to classical complexity classes. We will
thus first give a brief intuitive discussion of complexity
classes for those readers who do not have this background

rYw 1 . 1 * 1 1 . ‘1.



Rivest—Shamir—Adleman (RSA) algorithm

RSA consists of 4 steps:
(1)key generation (public, private)
(2)key distribution
(3)encoding

(4)decoding



1.

Example of RSA: key generation

Choose two prime numbers (p, g) (e.g. p = 61,9 = 53)
Compute n = pg (e.g. n = pg = 61 X 53 = 3233)

Compute Carmichael's totient function A(n) = lem(p — 1,g — 1) (e.g.
An) =Ilem(p — 1,g — 1) = lem(60,52) = 780)
Choose any number 0 < e < A(n) that is coprime to A(n) (choose a prime number

that is not a divisor of A(n), e.g. e = 17)

Compute d, the modular multiplicative inverse of e( mod A(n)) (for

e =17, A(n) =780,d =413 since 1 =17 x 413 mod (780) )

Public key is (n, ) and private key is (n,d) (for our example, (n, e) = (3233,17),
(n,d) = (3233,413))



Example of RSA: encoding and decoding

1. Encryption for the message, m is

c(m) = m® mod (n) (e.g, m'" mod (3233))

2. Decryption for the message, m is

m(c) = ¢ mod (n) (e.g, c*'® mod (3233))



Shor's algorithm: Find the prime factors

1. Choose a random numbera, 1 <a < N
2. Compute K = gcd(a, N)
N
3. It K# 1, K is a nontrivial factor. The other factor is %
4. If not, use quantum routine to find the order r of a: find r
such thata" =1 mod N
5. If ris odd, go back to the step 1

6. Compute g = gcd(N, az + 1). If g is nontrivial, the other

tactor 1s —. Otherwise go to the step 1
s



Shor's algorithm: Quantum subroutine
arXiv.quant—ph/9508027

1. Use quantum phase estimation with unitary
operator U (this represents multiplication by a) on

10Y®“" ® | 1---1) (2nd register has n qubits)

2. Use classical computer to find r from the
measurement outcomes



Shor's algorithm: Quantum subroutine
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For digital computer,

the best Fourier transtorm algorithm
1s Cooley—Tukey algorithm and the
number of operations is

NNXlngN, N:2n



Cooley—Tukey Algorithm

N3 _
€X)Xy X15 X0y X3y Xgy X5y Xy X7, N =27, m =

Fork=1,---, N,

n=7,

Xk — ZX (C()N)_kn a)N — @ N —me8 = e4

n=0
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Cooley—Tukey Algorithm
1. Bit—ordering —) bit—reverse, swap so that the data x; ordered as

bit—reversed
2. Then, form the first loop
(X + x4a)N4k) (X, + x6a)N4k) (x; + xsa)N4k) (x5 + x7a)N4k)
3. Then, form the 2nd loop
(X + x4a)N4k) + a)ZQZk(xz + x6a)N4k) (x; + x5a)N4k) + a)]QZk()% + x7a)N4k)
4. Then, form the 3rd loop

[ (g + x4a)N4k) + a)ZQZk(xZ + x6a)N4k)] + a)ZQk[(xl + x5a)N4k) + a)]QZk(xg, + x7a)N4k)]



For Quantum computer,

the number of operations
for Fast Fourier transtform 1is



Quantum Fourier transform

[ (g + x4a)N4k) + a)ZQZk(xz + x6a)N4k)] + a)ﬁk[(xl + x5wN4k) + a)‘zk(x3 + x7a)N4k)] N=2=8

1 aubi 1QFT
oFTy [ = | FTe m — 1 qubits| 0F Ty, QF T/ _

m—1 qubits{

loast Signiﬁcant bit = . | TR I ! N SO PRRURREN RTRRTUTR URRR l .......... s
least significant bit —— — H te o

Figure 5.4: QFT)y/ and a Hadamard gate correspond to F'FT)/2 on the

odd and even terms Figure 5.5: QFT)y is reduced to QF Ty and M additional gates

QFT>

py - o S il pt 1

Figure 5.7: Second Iteration. Recall that H = QF'T

Figure 5.6: First Iteration
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Can we build

a scalable Quantum
Computer?



Quantum Computing in noisy environment”

or Fault—Tolerant QC

* Fighting quantum decoherence with

entanglement

* Quantum Error Correction (QEC)

ct. B.M Terhal, Rev. Mod. Phys. 87 (2015) 307



Fault-Tolerant Quantum Memory

Nature 627 (2024) 778
Article

Fault-Tolerant Universal Quantum Gate

Nature 605 (2022) 675

Article
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Quantum error and statistical model

Specific quantum code
Modeling quantum error pattern

Mapping quantum error pattern to statistical physics model

ct. simple case: Dennis et al, J. Math. Phys. 43 (2002) 4452



Quantum Error Detection/Correction

* Check whether error happens via the measurement of
“ancilla” qubits: measurement result is called syndrome

(quantum error detection)
* From the syndrome, guess quantum error probabilistically

* Correct quantum error



Error rate and threshold probability

* [f the quantum error rate is higher than the “threshold
probability”, QEC is not possible.

* Above the threshold probability, “probabilistic correction”

1S not possible.

® "Probabilistic interpretation” is related to some statistical

physics model
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Quantum Error Models
and Mapped Statistical physics models in Toric Code

* Random bit tlip (,) error or phase tlip (o,) error

— 2-D Ising model with quenched anti—ferromagnetic coupling

* Random bit flip error or phase flip error + syndrome

measurement error

— 3-D Z(2) gauge theory with quenched anti—ferromagnetic coupling



Quantum Error Models
and Mapped Statistical physics models in Toric Code

* Independent (o,), (6,) error + syndrome measurement error

— 3-D Z(2) gauge theory
with quenched anisotropic anti—terromagnetic coupling

* Depolarizing (i.e., (Gx),(dy),(dz)) error + syndrome measurement error

—) 3-D Z(2) X Z(2) gauge theory

with anisotropic quenched anti—terromagnetic coupling



Polyakov Line, Z(2) X Z(2) gauge theory
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Third order cumulant ot Polyakov Line, Z(2) X Z(2) gauge theory
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Susceptibility of Polyakov Line, Z(2) X Z(2) gauge theory
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Phase diagram, Z(2) X Z(2) gauge theory
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Conclusion and Discussion

® For some physics problems, Quantum Computer may be a possible way to

make a progress

®* Quantum Error Correction is crucial for the actual construction of Quantum

Computer

® Threshold error probability for the viability of Quantum Error Correction
can be studied by parallel tempering MC simulation of quenched statistical

physics model

® Threshold probability from the best error decoding algorithm is smaller than
that from statistical physics model —) we need a better error decoding

algorithm



