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< 𝒪 > =
∫ dUμe−SE[U] det(ℳ[U, mq])𝒪[U]

∫ dUμe−SE[U] det(ℳ[U, mq])
= ∫ dUμP[Uμ, mq]𝒪[U]

3

ℳ[U, mq] = γE
μ Dμ + mq →

With baryon chemical potential, can’t be done  complex action problem →

γ5ℳ[U, mq]γ5 = − γE
μ Dμ + mq = γE

μ D†
μ + mq

det (ℳ[U, mq]) = det (ℳ[U, mq]) det (ℳ[U, mq]) = det (ℳ[U, mq]) det (γ5ℳ[U, mq]γ5)

= det (ℳℳ†)



< 𝒪 > =
∫ dUμe−SE[U] det(ℳ[U, mq])𝒪[U]

∫ dUμe−SE[U] det(ℳ[U, mq])
= ∫ dUμP[Uμ, mq]𝒪[U]

4

ℳ[U, mq, μq] = γE
μ Dμ + mq + μqγE

4 →

γ5ℳ[U, mq, μq]γ5 = − γE
μ Dμ + mq − μqγE

4 = γE
μ D†

μ + mq − μqγE
4 = ℳ[U, mq, − μ*q ]†

ℳ[U, mq, μq] ≠ ℳ[U, mq, μq]†

e−SE[U] det(ℳ[U, mq])

∫ dUμe−SE[U] det(ℳ[U, mq])
Can’t be interpreted as a probability weight 
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Example of QC: Shor’s algorithm





Rivest-Shamir-Adleman (RSA) algorithm

RSA consists of 4 steps: 

(1)key generation (public, private) 

(2)key distribution 

(3)encoding 

(4)decoding



Example of RSA: key generation
1. Choose two prime numbers  (e.g. ) 

2. Compute  (e.g. ) 

3. Compute Carmichael’s totient function  (e.g. 

) 

4. Choose any number  that is coprime to  (choose a prime number 

that is not a divisor of , e.g. ) 

5. Compute , the modular multiplicative inverse of  (for 

,  since  ) 

6. Public key is  and private key is  (for our example, , 

)

(p, q) p = 61,q = 53

n = pq n = pq = 61 × 53 = 3233

λ(n) = lcm(p − 1,q − 1)

λ(n) = lcm(p − 1,q − 1) = lcm(60,52) = 780

0 < e < λ(n) λ(n)

λ(n) e = 17

d e( mod λ(n))

e = 17, λ(n) = 780 d = 413 1 = 17 × 413 mod (780)

(n, e) (n, d) (n, e) = (3233,17)

(n, d) = (3233,413)



Example of RSA: encoding and decoding

1. Encryption for the message,  is 

 (e.g, ) 

2. Decryption for the message,  is 

 (e.g, )

m

c(m) = me mod (n) m17 mod (3233)

m

m(c) = cd mod (n) c413 mod (3233)



Shor’s algorithm: Find the prime factors

1. Choose a random number ,  

2. Compute  

3. If ,  is a nontrivial factor. The other factor is  

4. If not, use quantum routine to find the order  of : find  
such that  

5. If  is odd, go back to the step 1 

6. Compute . If  is nontrivial, the other 

factor is . Otherwise go to the step 1

a 1 < a < N
K = gcd(a, N)

K ≠ 1 K
N
K

r a r
ar = 1 mod N

r
g = gcd(N, a

r
2 + 1) g

N
g



Shor’s algorithm: Quantum subroutine 
arXiv:quant-ph/9508027

1. Use quantum phase estimation with unitary 
operator  (this represents multiplication by ) on 

 (2nd register has  qubits) 

2. Use classical computer to find  from the 
measurement outcomes

U a
|0⟩⊗2n ⊗ |1⋯1⟩ n

r



Shor’s algorithm: Quantum subroutine



For digital computer, 

the best Fourier transform algorithm 
is Cooley-Tukey algorithm and the 

number of operations is

∼ N × log2 N, N = 2n



Cooley-Tukey Algorithm

 

For  

ex)x0, x1, x2, x3, x4, x5, x6, x7, N = 23, m = 3

k = 1,⋯, N,

Xk =
n=7

∑
n=0

xn(ωN)−kn, ωN = e
2πi
N = e

2πi
8 = e

iπ
4



Cooley-Tukey Algorithm
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Cooley-Tukey Algorithm
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Cooley-Tukey Algorithm
1. Bit-ordering —> bit-reverse, swap so that the data  ordered as 

bit-reversed 

2. Then, form the first loop 

       

3. Then, form the 2nd loop 

 

4. Then, form the 3rd loop 

xi

(x0 + x4ω−4k
N ), (x2 + x6ω−4k

N ), (x1 + x5ω−4k
N ), (x3 + x7ω−4k

N )

(x0 + x4ω−4k
N ) + ω−2k

N (x2 + x6ω−4k
N ), (x1 + x5ω−4k

N ) + ω−2k
N (x3 + x7ω−4k

N )

[(x0 + x4ω−4k
N ) + ω−2k

N (x2 + x6ω−4k
N )] + ω−k

N [(x1 + x5ω−4k
N ) + ω−2k

N (x3 + x7ω−4k
N )]



For Quantum computer, 

the number of operations  
for Fast Fourier transform is

∼ n2



Quantum Fourier transform

https://courses.edx.org/c4x/BerkeleyX/CS191x/asset/chap5.pdf

[(x0 + x4ω−4k
N ) + ω−2k

N (x2 + x6ω−4k
N )] + ω−k

N [(x1 + x5ω−4k
N ) + ω−2k(x3 + x7ω−4k

N )], N = 23 = 8



https://en.wikipedia.org/wiki/Quantum_Fourier_transform



Can we build  
a scalable Quantum 

Computer? 



Quantum Computing in “noisy environment” 

or Fault-Tolerant QC

•Fighting quantum decoherence with 

entanglement 

•Quantum Error Correction (QEC)  

     cf. B.M Terhal, Rev. Mod. Phys. 87 (2015) 307 
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Nature 627 (2024) 778

Nature 605 (2022) 675

Fault-Tolerant Quantum Memory

Fault-Tolerant Universal Quantum Gate



Quantum error and statistical model

•Specific quantum code  

•Modeling quantum error pattern 

•Mapping quantum error pattern to statistical physics model 

•cf. simple case: Dennis et al, J. Math. Phys. 43 (2002) 4452



Quantum Error Detection/Correction

•Check whether error happens via the measurement of 

“ancilla” qubits: measurement result is called syndrome 

(quantum error detection) 

•From the syndrome, guess quantum error probabilistically 

•Correct quantum error



Error rate and threshold probability

•If the quantum error rate is higher than the “threshold 

probability”, QEC is not possible. 

•Above the threshold probability, “probabilistic correction” 

is not possible. 

•“Probabilistic interpretation” is related to some statistical 

physics model
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• realistic quantum circuit diagram for 1-D repetition code with 
phase flip error and mapping to a statistical model (quenched 
2-D Ising model on a triangular lattice), Quantum 6 (2022) 618
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arXiv:2412:14004: Toric code circuit



Quantum Error Models  
and Mapped Statistical physics models in Toric Code

•Random bit flip  error or phase flip  error  

     —> 2-D Ising model with quenched anti-ferromagnetic coupling 

•Random bit flip error or phase flip error + syndrome 

measurement error  

     —> 3-D  gauge theory with quenched anti-ferromagnetic coupling

(σx) (σz)

Z(2)



Quantum Error Models  
and Mapped Statistical physics models in Toric Code

•Independent ,  error + syndrome measurement error 

      —> 3-D  gauge theory  

              with quenched anisotropic anti-ferromagnetic coupling 

•Depolarizing (i.e., , , ) error + syndrome measurement error  

     —> 3-D  gauge theory  

             with anisotropic quenched anti-ferromagnetic coupling

(σx) (σz)

Z(2)

(σx) (σy) (σz)

Z(2) × Z(2)
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P =  2.88 x 10-5 P =  0.0231

Third order cumulant of Polyakov Line,  gauge theoryZ(2) × Z(2)
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P =  2.88 x 10-5 P =  0.0231

Susceptibility of Polyakov Line,  gauge theoryZ(2) × Z(2)
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Phase diagram,  gauge theoryZ(2) × Z(2)
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Conclusion and Discussion
•For some physics problems, Quantum Computer may be a possible way to 

make a progress 

•Quantum Error Correction is crucial for the actual construction of Quantum 

Computer 

•Threshold error probability for the viability of Quantum Error Correction 

can be studied by parallel tempering MC simulation of quenched statistical 

physics model 

•Threshold probability from the best error decoding algorithm is smaller than 

that from statistical physics model -> we need a better error decoding 

algorithm


