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(iii) (-1)-form Chern-Weil: 𝑑(𝐺 ∧ 𝐺) = 0

𝐀𝐁𝐉 𝐚𝐧𝐨𝐦 = 𝐂𝐒 𝐭𝐞𝐫𝐦
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(i) axion is a periodic scalar: ௔
௙
⎯ ∼

௔

௙
⎯ + 2𝜋  (gauge invariance)

(ii) This gauge invariance implies  𝐾 ∈ ℤ          

         𝛿𝑆 = −2𝜋𝐾𝑖 ∫
ி∧ி

଼గమ⎯⎯⎯
 

 
 ,    ∫

ி∧ி

଼గమ⎯⎯⎯
 

 
∈ ℤ

(iii) Maxwell = 𝑈(1) gauge theory:  𝐹 = 𝑑𝐴,   𝐴 = 𝐴ఓ𝑑𝑥ఓ
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           (equivalently, from the invariance of CS term)
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(ii) 2-form axion winding symmetry (dual to 0-form shift): ቂ𝑈(1)௔
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     Bianchi identity∶   𝑑ଶ𝑎 = 0     (𝜕ఓ𝜕ఔ 𝑑𝑥ఓ ∧ 𝑑𝑥ఔ = 0)
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Generalized Global Symmetries

I*. More on Higher-form Symmetries

1.  𝑆𝑈(𝑁)  YM  (either pure YM or with only adj matter)

       ∃ 𝑍ே
(ଵ)

(𝑒) :  under 0-form center  Ψ → 𝑒
మഏ೔
⎯ಿ⎯⎯∗ே Ψ

                         → Wilson line with charge = 0,1, ⋯ , (𝑁 − 1) not screened
   

       ∄ mag 1-form : Πଵ ൫𝑆𝑈(𝑁)൯ = ∅

2. 𝑃𝑆𝑈(𝑁) =
ௌ௎(ே)

௓ಿ
⎯⎯⎯⎯⎯  :   𝑍ே

(ଵ)
(𝑒) is gauged (electric states projected out)

       ∄ electric 1-form

       ∃ 𝑍ே
(ଵ)

(𝑚) : Πଵ ൫𝑃𝑆𝑈(𝑁)൯ = 𝑍ே     or     "𝑁 ∗
ଵ

ே
⎯⎯= 1"

        ⇒   ∮ 𝐺ଶ = 2𝜋/𝑁 ,      ∫ tr(𝐺ଶ ∧ 𝐺ଶ)  ⊃
ேିଵ

ଶே
⎯⎯⎯ ∫ 𝑤ଶ ∧ 𝑤ଶ  

Fractional
Instanton 
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Generalized Global Symmetries

I. Higher-form Symmetries of Axion-Maxwell

▪ Symmetries of Axion-Maxwell Theory

𝑆 = ∫
ଵ

ଶ
⎯

 

 
 𝑑𝑎 ∧∗ 𝑑𝑎 + ∫

ଵ

ଶ௚మ⎯⎯⎯ 𝐹 ∧∗ 𝐹
 

 
  −

௜௄

଼గమ⎯⎯⎯∫
௔

௙
⎯ 𝐹 ∧ 𝐹

 

 
 

(v) (-1)-form (Chern-Weil) symmetry 
  

        𝑑𝐹 = 0  →   𝑑(𝐹 ∧ 𝐹) = 0 , 𝐽ସ ∼∗ 𝐽଴ = 𝐹 ∧ 𝐹      ൣ𝑈(1) 
(ିଵ)൧

Note  (a) topological charge = instanton number :  𝑄(ିଵ) = ∮
ଵ

଼గమ⎯⎯⎯𝐹 ∧ 𝐹
 

ஊర
  

           (b) Axion as gauge field for (-1)-form symmetry
    

                𝑆 ⊃ 𝑖∫ 𝐵௣ାଵ ∧∗ 𝐽௣ାଵ = 𝑖∫ 𝐵଴ ∧ 𝐽ସ ∼ 𝑖∫ 𝜃𝐹 ∧ 𝐹
    

                axion 0-form symmetry as "quantum" symmetry
  

               cf) "No global symmetry" in QG
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Generalized Global Symmetries

II. Non-invertible Symmetry (NIS)
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Note Chern-Simons term = anomaly-matching Wess-Zumino-Witten term

    ௔
௙
⎯ ↔ 𝑈(1)௉ொ,   𝐹 ↔ 𝑈(1)ாெ   ⇒   

௔

௙
⎯  𝐹 ∧ 𝐹 ↔   𝑈(1)௉ொ[𝑈(1)ாெ]ଶ  anomaly
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ி∧ி
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     "anomalous transformation"
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𝑈 ቀ
ଶగ

௞
⎯⎯, Σଷቁ → 𝐷௞ = 𝑈 ቀ

ଶ஠

௞
⎯⎯, Σଷቁ × 𝒜ே,௣  ቀ

ி

ଶగ
⎯⎯ቁ

𝐷௞ × 𝐷ഥ௞ ∼ ∑ 𝜉(𝑆) exp ቀ
௜

ଶగே
⎯⎯⎯∫ 𝐹

 

௦
ቁ 

ௌ ≠ 1  (Non-Invertible)

   



More on Non-Invertible Symmetry
[Half-Space Gauging]

   



Non-Invertible Symmetry

From 𝑈(1) Instanton

Half-spacing gauging construction
[Gauge  𝑍ே

(ଵ)(𝑚) ⊂ 𝑈(1)(ଵ)(𝑚)]

𝑆 =
1

4𝑒ଶ
⎯⎯⎯ ∫ 𝐹ଶ ∧∗ 𝐹ଶ +

𝑖𝜃

8πଶ
⎯⎯⎯ ∫ 𝐹ଶ ∧ 𝐹ଶ +

𝑖
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⎯⎯⎯ቁቃ
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                 Generalized Global Symmetries

III. Higher-group symmetry: 3-group

𝑆 = න
1

2
⎯⎯

 

 

 (𝑑𝑎 − 𝑓𝒜ଵ) ∧∗ (𝑑𝑎 − 𝑓𝒜ଵ)  + 
𝑖

2𝜋𝑓
⎯⎯⎯⎯න𝑎𝒢ସ

 

 

     + න
1

2𝑔ଶ
⎯⎯⎯  (𝐹 − ℬଶ

௘) ∧∗ (𝐹 − ℬଶ
௘)

 

 

 +  
𝑖

2𝜋
⎯⎯⎯න𝐴ଵ ∧ ℋଷ

 

 

    − න
𝑖𝐾

8𝜋ଶ𝑓
⎯⎯⎯⎯⎯(𝑑𝑎 − 𝑓𝒜ଵ) ∧ (𝐹 − ℬଶ

௘) ∧ (𝐹 − ℬଶ
௘)

 

ேఱ

𝒢ସ = 𝑑𝒜ଷ + ⋯                            ,   ℋଷ = 𝑑ℬଶ
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II-1. Global Structure of 𝐺ௌெ and Axion Domain Wall 
Problem

   



Axion-Standard Model with 𝐺ௌெ = G෩ୗ୑/Γ

Axion-SM

𝑆 ⊃
𝑖ℓଷ

8𝜋ଶ
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𝑎

𝑓௔
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𝑎
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𝑎

𝑓௔
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1. 𝑎 ∼ 𝑎 + 2𝜋𝑓௔ : axion (periodic scalar)
   
2. 𝐺, 𝑊, 𝐵 = field strength of 𝑆𝑈(3)஼, 𝑆𝑈(2)௅, 𝑈(1)௒, respectively.
    

3. 𝐺ௌெ =
ௌ௎(ଷ)಴×ௌ௎(ଶ)ಽ×௎(ଵ)ೊ

୻
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯,  Γ = 1, 𝑍ଶ, 𝑍ଷ, 𝑍଺

  
    if we consider Γ = 1, instanton spectrum is 
   

    ∫
்௥(ீ∧ீ)

଼஠మ⎯⎯⎯⎯⎯⎯
 

 
∈ 𝑍,  ∫

்௥(ௐ∧ௐ)

଼஠మ⎯⎯⎯⎯⎯⎯⎯
 

 
∈ 𝑍  and  using  ∮

஻

ଶగ
⎯⎯

 

 
∈ 𝑍

    then the invariance of 𝑆 under 𝑎 ∼ 𝑎 + 2𝜋𝑓௔  ⇒    ℓଵଶ,ଷ ∈ 𝑍
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    then the invariance of 𝑆 under 𝑎 ∼ 𝑎 + 2𝜋𝑓௔  ⇒    ℓଵଶ,ଷ ∈ 𝑍
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Physics sensitive to 𝚪

(i) Quantization conditions on ℓ𝟏, ℓ𝟐, ℓ𝟑 (IR parameters)  depending on 𝚪
  

(ii) Axion non-invertible shift symmetry (IR selection rules) depending on 𝚪
  

(iii) Axion domain walls properties, and their fates (potential IR probe) from non-
invertible shift symmetry, hence 𝚪 ?
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1. 𝐺, 𝑊, 𝐵 = field strength of 𝑆𝑈(3)஼, 𝑆𝑈(2)௅, 𝑈(1)௒, respectively.
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3. Quantization of Axion-Gauge Couplings from non-trivial global form

  Γ = 1  ∶     ℓଵ,ଶ,ଷ ∈ 𝑍

  Γ = 𝑍ଶ ∶     ℓଵ ∈ 2𝑍 , ℓଶ,ଷ ∈ 𝑍 ,  and  ℓଵ + 2ℓଶ ∈ 4𝑍

  Γ = 𝑍ଷ ∶     ℓଵ ∈ 3𝑍 , ℓଶ,ଷ ∈ 𝑍 ,  and  ℓଵ + 6ℓଷ ∈ 9𝑍

  Γ = 𝑍଺ ∶     ℓଵ ∈ 6𝑍 , ℓଶ,ଷ ∈ 𝑍 ,  ℓଵ + 2ℓଶ ∈ 4𝑍,  and  ℓଵ + 6ℓଷ ∈ 9𝑍

[Y. Choi, M. Forslund, H. T. Lam, S-H. Shao, 2309.03937]
[C. Cordova, S. Hong, L. T. Wang, 2309.05636]
[M. Reece, 2309.03939]
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3. Quantization of Axion-Gauge Couplings from non-trivial global form

  Γ = 1  ∶     ℓଵ,ଶ,ଷ ∈ 𝑍

  Γ = 𝑍ଶ ∶     ℓଵ ∈ 2𝑍 , ℓଶ,ଷ ∈ 𝑍 ,  and  ℓଵ + 2ℓଶ ∈ 4𝑍

  Γ = 𝑍ଷ ∶     ℓଵ ∈ 3𝑍 , ℓଶ,ଷ ∈ 𝑍 ,  and  ℓଵ + 6ℓଷ ∈ 9𝑍

  Γ = 𝑍଺ ∶     ℓଵ ∈ 6𝑍 , ℓଶ,ଷ ∈ 𝑍 ,  ℓଵ + 2ℓଶ ∈ 4𝑍,  and  ℓଵ + 6ℓଷ ∈ 9𝑍

e.g. Experimental observation: ℓଵ = 0,  ℓଶ = 2,  ℓଷ = 2   ⇒    Γ = 1  or   𝑍ଶ

    Γ = Z଺ ∶   𝑆𝑈(5) , 𝑆𝑂(10) , 𝐸଺

    Γ = 𝑍ଷ ∶   𝑆𝑈(4)஼ × 𝑆𝑈(2)௅ × 𝑆𝑈(2)ோ [Pati-Salam]
    Γ = 𝑍ଶ ∶   𝑆𝑈(3)஼ × 𝑆𝑈(3)௅ × 𝑆𝑈(3)ோ  [Trinification]
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Physics sensitive to 𝚪

(i) Quantization conditions on ℓ𝟏, ℓ𝟐, ℓ𝟑 (IR parameters)  depending on 𝚪
  

(ii) Axion non-invertible shift symmetry (IR selection rules) depending on 𝚪
  

(iii) Axion domain walls properties, and their fates (potential IR probe) from non-
invertible shift symmetry, hence 𝚪 ?
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Axion Non-Invertible Shift Symmetry 
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Non-invertible Axion Shift Symmetry:

  𝑍௄
ூ ⊂ 𝑍୥ୡୢ(ℓమ,ℓయ)

ேூ ≈ 𝑍ℓయ

ேூ    

  Γ = 1  ∶       𝐾 = gcd (ℓଵ, ℓଶ, ℓଶ)

  Γ = 𝑍ଶ ∶      𝐾 = gcd ቀ
ℓభ

ଶ
⎯⎯, ℓଶ, ℓଷ,

ℓభାଶℓమ

ସ
⎯⎯⎯⎯⎯ቁ

  Γ = 𝑍ଷ ∶      𝐾 = gcd ቀ
ℓభ

ଷ
⎯⎯, ℓଶ, ℓଷ,

ℓభା଺ℓయ

ଽ
⎯⎯⎯⎯⎯ቁ

  Γ = 𝑍଺ ∶      𝐾 = gcd ቀ
ℓభ

଺
⎯⎯, ℓଶ, ℓଷ,

ℓభାଶℓమ

ସ
⎯⎯⎯⎯⎯,

ℓభା଺ℓయ

ଽ
⎯⎯⎯⎯⎯ቁ

[Y. Choi, M. Forslund, H. T. Lam, S-H. Shao, 2309.03937]
[C. Cordova, S. Hong, L. T. Wang, 2309.05636]
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(i) Quantization conditions on ℓ𝟏, ℓ𝟐, ℓ𝟑 (IR parameters)  depending on 𝚪
  

(ii) Axion non-invertible shift symmetry (IR selection rules) depending on 𝚪
  

(iii) Axion domain walls properties, and their fates (potential IR probe) from non-
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Axion Non-Invertible Shift Symmetry 
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⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯,  Γ = 1, 𝑍ଶ, 𝑍ଷ, 𝑍଺

  

Physics sensitive to 𝚪

(i) Quantization conditions on ℓ𝟏, ℓ𝟐, ℓ𝟑 (IR parameters)  depending on 𝚪
  

(ii) Axion non-invertible shift symmetry (IR selection rules) depending on 𝚪
  

(iii) Axion domain walls properties, and their fates (potential IR probe) from non-
invertible shift symmetry, hence 𝚪 ?
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II. Global Structure and 
Axion Defects

II-2. Global Structure and Lazarides-Shafi Mechanism

   



Correct Domain Wall Spectrum from 
𝑮𝒄×𝑮𝒈

𝚪
⎯⎯⎯⎯⎯

(1)  Lazarides and Shafi (1982): 

      embed 𝑍ேವೈ

௉ொ
⊂ 𝑈(1)௉ொ  into continuous gauge group

       

                       
𝑺𝒑𝒊𝒏(𝟏𝟎)×𝑼(𝟏)𝑷𝑸

ℤ𝟒
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯   with  𝐴 = 4𝑁௚

   



Correct Domain Wall Spectrum from 
𝑮𝒄×𝑮𝒈

𝚪
⎯⎯⎯⎯⎯

(2)  Lazarides-Shafi mechanism does not always work:
       precise string-wall network is UV-sensitive [Q. Lu, M. Reece, Z. Sun '23]
  

E.g. Gauge anom-free  ℤହ ⊂ 𝑈(1)௉ொ  with ൣ𝜙 = 𝑣థ𝑒௜ఏഝ൧
௉ொ

= 2
  

        SSB of ℤହ by 𝑉(θ) :  gauge-equivalent vacua  θథ ↦ θథ + 2𝜋/5  
  

        ℤହ string:  ∮ 𝜃థ
 

௭ೖ = 2𝜋 ቀ
ଶ௞

ହ
⎯⎯+ 𝑛ቁ = 2𝜋 ቀ

ଶ⋅ଷ

ହ
⎯⎯⎯− 1ቁ  

   



Correct Domain Wall Spectrum from 
𝑮𝒄×𝑮𝒈

𝚪
⎯⎯⎯⎯⎯

𝑼(𝟏)𝒀 × 𝑼(𝟏)𝑷𝑸

ℤ𝟐
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯𝑼(𝟏)𝒀 × 𝑼(𝟏)𝑷𝑸 vs

𝜕ఓ𝐽௉ொ
ఓ

=
𝐴

16πଶ
⎯⎯⎯⎯⎯Tr൫𝐺𝐺෨൯ , 𝐴 = 2𝑁௚

ℤଶே೒
Domain Wall Problem ℤே೒

Domain Wall Problem

(3)  Precise wall-string network from global structure 
       [G. Choi, S. Hong, S. Koren '26]

   



Closing Remarks 

There is one more reason why AXION is special (and great).

In 4d, axion is special in that it can probe rich topology of gauge fields.

𝑱

𝑮𝒄 𝑮𝒄

⇒     𝐒𝐒𝐁 ∶    𝑱 ∼ 𝒅𝜽

      (i) 0-form axion shift
  

      (ii) 2-form axion winding

(i) 1-form electric: 𝑑 ∗ 𝐺 = 0
  

(ii) 1-form magnetic :  𝑑𝐺 = 0
  

(iii) (-1)-form Chern-Weil: 𝑑(𝐺 ∧ 𝐺) = 0

𝐀𝐁𝐉 𝐚𝐧𝐨𝐦 = 𝐂𝐒 𝐭𝐞𝐫𝐦

                    𝜽 𝒕𝒓(𝑮 ∧ 𝑮)
  

(i) higher-group
  

(ii) non-invertible  
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