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Opening Remarks

There is one more reason why AXION is special (and great).
In 4d, axion is special in that it can probe rich topology of gauge fields.

Mixed (ABJ) anomaly

G G K
c c *]— 8772 tT(G/\G)

(i) locally, one may have G A G(x) # O

(i) globally, f—tr(G AG)#0

only for topologically non-trivial gauge fields

[Instantons]
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Opening Remarks

There is one more reason why AXION is special (and great)

In 4d, axion is special in that it can probe rich topology of gauge fields

Mixed (ABJ) anomaly

K
G, G dx*] = 7'[2 tr(GNG)
(i) locally, one may have G A G(x) # O

(i) globally, f—tr(G ANG)ETZ,Zy
topological classification

[global form/topology of G ]

\ e eow



Opening Remarks

There is one more reason why AXION is special (and great)

In 4d, axion is special in that it can probe rich topology of gauge fields

Mixed (ABJ) anomaly

n
(iii) In 4d, only abelian J can have ABJ anomaly

anomaly < tr(Q; T, T,) = tr(Q;)tr(T, T})

\ e eow



Opening Remarks

There is one more reason why AXION is special (and great)

In 4d, axion is special in that it can probe rich topology of gauge fields

Mixed (ABJ) anomaly

K
G G dx] = tr(GNG
c ¢ ] n_z ( )
(iii) In 4d, only abelian J can have ABJ anomaly

anomaly < tr(Q; T, T,) = tr(Q;)tr(T, T})

(iv) SSB of abelian ] — NGB = AXION (ALP)

asymptotic state = S-matrix
topology of Higgs manifold = defects

\ e eow
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In 4d, axion is special in that it can probe rich topology of gauge fields.
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J] = SSB: J~do

(i) O-form axion shift

(ii) 2-form axion winding
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There is one more reason why AXION is special (and great).

In 4d, axion is special in that it can probe rich topology of gauge fields.

0
(ii) 1-form magnetic: dG = 0
(i) (-1)-form Chern-Weil: d(GAG) = 0

(i) 1-form electric: d * G
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(i) O-form axion shift

(ii) 2-form axion winding



Opening Remarks

There is one more reason why AXION is special (and great).

In 4d, axion is special in that it can probe rich topology of gauge fields.

0
(ii) 1-form magnetic: dG = 0
(i) (-1)-form Chern-Weil: d(GAG) = 0

(i) 1-form electric: d * G

ABJ anom = CS term

-

Otr(GNG)
J = SSB: J~d6 (i) higher-group
(i) O-form axion shift (ii) non-invertible

(ii) 2-form axion winding
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= Axion-Maxwell Theory
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Generalized Global Symmetries

l. Higher-form Symmetries of Axion-Maxwell

= Axion-Maxwell Theory

S=f% (a.ua)z +ILFHVFHV - faF FI (cf) Fuvﬁ“v:lewpaFu

292 16m2 7 f KV 2 vFpo)

\

S=[>dan«da +f$F/\*F —%f%F/\F

(i) axion is a periodic scalar: % ~ % + 21 (gauge invariance)

(ii) This gauge invariance implies K € Z

§S=—2mKi[=2, [TS€L

w2’ 872

(iii) Maxwell = U(1) gauge theory: F =dA, A= A,dx"*



Generalized Global Symmetries

l. Higher-form Symmetries of Axion-Maxwell

= Symmetries of Axion-Maxwell Theory

S=[3danda +f$F/\*F —%f%F/\F

(i) 0-form axion shift symmetry: % — % +a a€St [ZK(O)]



Generalized Global Symmetries

l. Higher-form Symmetries of Axion-Maxwell

= Symmetries of Axion-Maxwell Theory

1 1 iIK ra
S—fzda/\*da+fﬁF/\*F _@IFFAF
(i) 0-form axion shift symmetry: % — % +a a€St [ZK(O)]

EoM(a)lg=o: d*da=0 (0%2a=0)-> dxj, =0, *j, =if xda



Generalized Global Symmetries

l. Higher-form Symmetries of Axion-Maxwell

= Symmetries of Axion-Maxwell Theory
S=[3danda +f$ F A% F —%f%F/\F
(i) 0-form axion shift symmetry: % - % +a a€eS! [ZK(O)]
EoM(a)lg=o: d*da=0 (0%2a=0)-> dxj, =0, *j, =if xda
Note j; is gauge-invariant (axion 27 period)
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Generalized Global Symmetries

l. Higher-form Symmetries of Axion-Maxwell

= Symmetries of Axion-Maxwell Theory

1 1 iK ra
§=J3 danxda +IEFA*F —@f?F/\F
(i) 0-form axion shift symmetry: % — % +a a€St [ZK(O)]

EoM(a)lg=o: d*da=0 (0%2a=0)-> dxj, =0, *j, =if xda
Note j; is gauge-invariant (axion 21 period)

Uas (@, 55) = !5 70 [u)]

0

Jj* ~ a ~ conjugate momentum — generate translation: a = a + af

iy 2 .
Uyp(a,23): I(m,x) = e f o eI (m, x) o
23
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l. Higher-form Symmetries of Axion-Maxwell

= Symmetries of Axion-Maxwell Theory

1 1 iK ra
§=J3 danxda +IEFA*F —@f?F/\F
(i) 0-form axion shift symmetry: % — % +a a€St [ZK(O)]

EoM(a)lg=o: d*da=0 (0%2a=0)-> dxj, =0, *j, =if xda
Note j; is gauge-invariant (axion 21 period)

Uas (@, 55) = !5 70 [u)]

0

Jj* ~ a ~ conjugate momentum — generate translation: a = a + af

(Uyp(a,23)I(m, x) - ) = eMaLinkZs.X) ([ (m, x) -+ ) o
23
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l. Higher-form Symmetries of Axion-Maxwell

= Symmetries of Axion-Maxwell Theory

S=[3danda +f$F/\*F —%f%F/\F

(i) 0-form axion shift symmetry: % — % +a a€St [ZK(O)]

EOM(a) |0 fd *da+-5FAF =0
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Generalized Global Symmetries

l. Higher-form Symmetries of Axion-Maxwell

= Symmetries of Axion-Maxwell Theory

S=[3danda +f$F/\*F —%f%F/\F

(i) 0-form axion shift symmetry: % — % +a a€St [ZK(O)]

EOM(a) |0 fd *da+-5FAF =0

T2

> dxJ; =0, xJ; =if vda ——5AAF

Note Ugp(a,X3) = ' s [ZK(O)]

U, (a,X3) is invariant under A - A + dA only for a = 27”

(equivalently, from the invariance of CS term)
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l. Higher-form Symmetries of Axion-Maxwell

= Symmetries of Axion-Maxwell Theory

1 1 iIK ra
S—fzda/\*da+fﬁF/\*F _@IFFAF
(i) 0-form axion shift symmetry: % — % +a a€St [ZK(O)]

Note (a) Physical implications

*exact/unbroken U(1)§f’) = massless axion

*unbroken ZK(O) = ZK(O) symmetric axion potential V(a)
massive axion, axion DW



Generalized Global Symmetries

l. Higher-form Symmetries of Axion-Maxwell

= Symmetries of Axion-Maxwell Theory

1 1 iIK ra
S—fzda/\*da+fﬁF/\*F _@IFFAF
(i) 0-form axion shift symmetry: % — % +a a€St [ZK(O)]

Note (a) Physical implications

*exact/unbroken U(1)§f’) = massless axion

*unbroken ZK(O) = ZK(O) symmetric axion potential V(a)
massive axion, axion DW

(b) full symmetry: [invertible ZK(O) C non-invertible axion shift]



Generalized Global Symmetries

l. Higher-form Symmetries of Axion-Maxwell

= Symmetries of Axion-Maxwell Theory

S=[3danda +f$F/\*F —%f%F/\F

(ii) 2-form axion winding symmetry (dual to 0-form shift): [U(l)g)]



Generalized Global Symmetries

l. Higher-form Symmetries of Axion-Maxwell

= Symmetries of Axion-Maxwell Theory
S=[3danda +f$ F A% F —%f%F/\F
(ii) 2-form axion winding symmetry (dual to O-form shift): [U(l)g)]
Bianchi identity: d?a =0 (9,0, dx* Adx" = 0)

- dx*xJ3=0, *]3=$da



Generalized Global Symmetries

l. Higher-form Symmetries of Axion-Maxwell

= Symmetries of Axion-Maxwell Theory

1 1 iK ra
S—fzda/\*da +IEF/\*F —@fFF/\F
(ii) 2-form axion winding symmetry (dual to 0-form shift): [U(l)g)]

Bianchi identity: d?a =0 (9,0, dx* Adx" = 0)

- dxJ3=0, *]3=$da

da

Note U,y (a,Z;) = e fo,*)1 — o1 I5.2my [U(l)éz)]




Generalized Global Symmetries

l. Higher-form Symmetries of Axion-Maxwell

= Symmetries of Axion-Maxwell Theory

1 1 iK ra
S—fzda/\*da +IEF/\*F —@fFF/\F
(ii) 2-form axion winding symmetry (dual to 0-form shift): [U(l)g)]

Bianchi identity: d?a =0 (9,0, dx* Adx" = 0)

- dxJ3=0, *]3=$da

da

Note U,y (a,Z;) = e fo,*)1 — o1 I5.2my [U(l)éz)]

charged object = 2d axion string(vortex) V(m,T3)



Generalized Global Symmetries

l. Higher-form Symmetries of Axion-Maxwell

= Symmetries of Axion-Maxwell Theory

da
Note Ugpm(a,Z1) = R [U(l)g)]

charged object = 2d axion string(vortex) V(m,T3)



Generalized Global Symmetries

l. Higher-form Symmetries of Axion-Maxwell

= Symmetries of Axion-Maxwell Theory

S=[3danda +f$F/\*F —%f%F/\F

(ii) 2-form axion winding symmetry (dual to 0-form shift): [U(1)§2>]
Bianchi identity: d?a =0 (8,0, dx* Adx¥ = 0)

- d*]3=0,*]3=$da FZ

da

Note U,y (a,Z;) = e o, *11 = ol% %512y [U(l)éz)]

£, |3
charged object = 2d axion string(vortex) V(m,T3)

(Uam (@, 2V (M, Ty) -+ ) = etembink@ul2)(y (m, T,) -+ )

\) .\‘ ‘\“\@I
N



Generalized Global Symmetries

l. Higher-form Symmetries of Axion-Maxwell

= Symmetries of Axion-Maxwell Theory

S=[3danda +f$F/\*F —%f%F/\F

. 7D
(iii) 1-form electric symmetry: [ZK ]



Generalized Global Symmetries

l. Higher-form Symmetries of Axion-Maxwell

= Symmetries of Axion-Maxwell Theory

S=[3danda +f$F/\*F —%f%F/\F

. 7D
(iii) 1-form electric symmetry: [ZK ]

1 . : ]
EoM(A)lk=o: d*5F =0 = dxjoo =0, *joe =25+ F |U(D}



Generalized Global Symmetries

l. Higher-form Symmetries of Axion-Maxwell

= Symmetries of Axion-Maxwell Theory

S=[3danda +f$F/\*F —%f%F/\F

. 7D
(iii) 1-form electric symmetry: [ZK ]

EoM(A)lk=o : d* 5 F =0 = dxjre=0, xjoe =5+F  |[U(DL"
1 K
EOM(A)lmo © d* 5 F = 2 d(aF) = Jouw  [2,7)]

g> ATt2 f

Note charged object = Wilson line operators W;(m, ;)



Generalized Global Symmetries

l. Higher-form Symmetries of Axion-Maxwell
= Symmetries of Axion-Maxwell Theory
1 1 iK ra
S—IE da N da +IE F A+ F —@fFF/\F

(iv) 1-form magnetic symmetry (dual to 1-form electric): [U(l)l(wl)



Generalized Global Symmetries

l. Higher-form Symmetries of Axion-Maxwell

= Symmetries of Axion-Maxwell Theory
1 1 iK ra
S—fzda/\*da +IEF/\*F —@fFF/\F

(iv) 1-form magnetic symmetry (dual to 1-form electric): [U(l)l(wl)

Bianchiidentity: dF =0 —= d*J,,, =0, *J,,,, = LF [U(l)J(wl)

2T



Generalized Global Symmetries

l. Higher-form Symmetries of Axion-Maxwell

= Symmetries of Axion-Maxwell Theory
1 1 iK ra
S—fzda/\*da +IEF/\*F —@f;F/\F

(iv) 1-form magnetic symmetry (dual to 1-form electric): [U(l)l(wl)

Bianchiidentity: dF =0 —= d*J,,, =0, *J,,,, = LF [U(l)z(wl)

2T

Note Usy(a,2,) =e
charged object = 't Hooft line operators T;(m,I})

N T4
(UAE (CZ, ZZ)Tl (m; Fl) "t ) — elaelenk(22,F1)<T1 (m) Fl) Tt )

X,



Generalized Global Symmetries

I*. More on Higher-form Symmetries

1. SU(N) YM (either pure YM or with only adj matter)

2TTi

= Z,E,l) (e) : under O-form center ¥ — en Ny
— Wilson line with charge = 0,1, -+, (N — 1) not screened

A mag 1-form : I1; (SU(N)) =0
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Generalized Global Symmetries

I*. More on Higher-form Symmetries

1. SU(N) YM (either pure YM or with only adj matter)
(1) . 2—ﬂi*N
3 Z, " (e): under O-formcenter ¥ - enN " ¥
— Wilson line with charge = 0,1, -+, (N — 1) not screened

A mag 1-form : I1; (SU(N)) =0

SU(N)

il Z,E,l) (e) is gauged (electric states projected out)
N

2. PSU(N) =
A electric 1-form

CHPIING _ N .
37y (m): My (PSUN)) =Zy or Nx—=1

Fractional
Instanton

= ¢GZ=27T/N, ftr(Gz/\Gz):)%fWZ/\Wz



Generalized Global Symmetries

l. Higher-form Symmetries of Axion-Maxwell
= Symmetries of Axion-Maxwell Theory
1 1 iK ra
S—IE da N da +IE F A« F —@fFF/\F
(v) (-1)-form (Chern-Weil) symmetry

dF =0 - d(FAF)=0, J,~*Jo=FAF [U(l)(_l)]



Generalized Global Symmetries

l. Higher-form Symmetries of Axion-Maxwell
= Symmetries of Axion-Maxwell Theory
1 1 iK ra
S—IE da N da +IE F A« F —@fFF/\F
(v) (-1)-form (Chern-Weil) symmetry

dF =0 - d(FAF)=0, J,~*Jo=FAF [U(l)(_l)]

Note (a) topological charge = instanton number : Q-1 = gﬁz L FAF

4 812



Generalized Global Symmetries

l. Higher-form Symmetries of Axion-Maxwell
= Symmetries of Axion-Maxwell Theory
1 1 iK ra
S—fz da N da +IE F A« F —ﬁfFF/\F
(v) (-1)-form (Chern-Weil) symmetry

dF =0 - d(FAF)=0, J,~*Jo=FAF [U(l)(_l)]

Note (a) topological charge = instanton number : Q-1 = gﬁz —~_FAF

4 812
(b) Axion as gauge field for (-1)-form symmetry
SO i Byyg A*Jpy1 =i BoAJy ~if OF AF
axion O-form symmetry as "quantum" symmetry

cf) "No global symmetry" in QG
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Il. Non-invertible Symmetry (NIS)
1 1 IK ra
Szfgda/\*da +I§F/\*F —ﬁf?F/\F

Note Chern-Simons term = anomaly-matching Wess-Zumino-Witten term

§<—> UDpg, FoUD)gy = % FAF & U()pelU(1)gy]? anomaly



Generalized Global Symmetries

Non-invertible Symmetry (NIS)

1 1 K ra
S—fz da Nx da +f§ F Ax F —@I?F/\F
Note Chern-Simons term = anomaly-matching Wess-Zumino-Witten term

2o UDpy, FeolUlgy = % FAF & U(D)pglU(1)gy]? anomaly

a a : FAF .
under g + «a, S - §5— lKaf@ "anomalous transformation”

‘l—'

V ~4
y 3
£
=
£
E
=
3

ea(x) 4 - alx)+af

|
\
““\n‘. ‘ 1

23 S 4 r/..—:



Generalized Global Symmetries

Il. Non-invertible Symmetry (NIS)

1 1 LK a
Szfzda/\*da +I§F/\*F —@I?F/\F
Note Chern-Simons term = anomaly-matching Wess-Zumino-Witten term

¢ o UDpg, Feo Uy = %F/\F o U(D)polU(1)gy]* anomaly

2miK  FAF ,
5 2>5—— f8n2 "anomalous transformation”

a a 2T
under - - -+ —,
f f z



Generalized Global Symmetries

Il. Non-invertible Symmetry (NIS)
1 1 IK ra
S—IE da Nx da +f§ F Ax F —@I?F/\F
Note Chern-Simons term = anomaly-matching Wess-Zumino-Witten term

%<—> U)pg, FoUley = %F/\F < U(D)polU(1)gm]* anomaly

a a , 27 2miK  FAF
under ——>—-+=—, S -S5-— ]
f f Z Z 812

INp

Saetect = 5 Jy € A dC +%f23C/\dA

T



Generalized Global Symmetries

Il. Non-invertible Symmetry (NIS)
1 1 IK ra
S—IE da Nx da +f§ F Ax F —@I?F/\F
Note Chern-Simons term = anomaly-matching Wess-Zumino-Witten term

%<—> U)pg, FoUley = %F/\F < U(D)polU(1)gm]* anomaly

a a 2T 2miK  FAF
under = » =+ =— S >S5 — |
f f Z Z 812

le,lp) 1-form global symmetry : C — C + 44

with Z]E,D C le,lp) "partial gauging"

INp

Saetect = 5 Jy € A dC +%f23C/\dA

T



Generalized Global Symmetries

Il. Non-invertible Symmetry (NIS)
1 1 IK ra
S—IE da Nx da +f§ F Ax F —@I?F/\F
Note Chern-Simons term = anomaly-matching Wess-Zumino-Witten term

%<—> U)pg, FoUley = %F/\F < U(D)polU(1)gm]* anomaly

a a , 27 2miK  FAF
under ——>—-+=—, S -S5-— ]
f f Z Z 812

1)

t '"Hooft anomaly of ZIE,p 1-form global symmetry

2TTip P(B,) N 2TTip FAF

Sinflow = =~ J, 7 N M4 gn2

INp

Saetect = 5 Jy € A dC +%f23C/\dA

T



Generalized Global Symmetries

Il. Non-invertible Symmetry (NIS)
1 1 IK ra
S—IE da Nx da +f§ F Ax F —@I?F/\F
Note Chern-Simons term = anomaly-matching Wess-Zumino-Witten term

%<—> U)pg, FoUley = %F/\F < U(D)polU(1)gm]* anomaly

a a , 27 2wiK  FAF  2mip FAF
under ——>—-+=—, S -S5-— [—= - —
f f Z Z 8t N M4 81

t '"Hooft anomaly of le,l) 1-form global symmetry

21 P(B 2mi FAF
Tip (Bz) _, _ 2mip F

Sinflow = N M, 2 N M, g2

INp

Saetect = 5 Jy € A dC +%f23C/\dA

T



Generalized Global Symmetries

Il. Non-invertible Symmetry (NIS)
1 1 IK ra
S—IE da Nx da +f§ F Ax F —@I?F/\F
Note Chern-Simons term = anomaly-matching Wess-Zumino-Witten term

%<—> U)pg, FoUley = %F/\F < U(D)polU(1)gm]* anomaly

a a , 27 2wiK  FAF  2mip FAF
under ——>—-+=—, S -S5-— [—= - —
f f Z Z 8t N M4 81

0(2,5:) Dy =0 (2.3,) x> (2)

2T

Dy X Dy ~ X &(S) exp (#ﬁ fS F) # 1 (Non-Invertible)

INp

Saetect = 5 Jy € A dC +%f23C/\dA

T



More on Non-Invertible Symmetry
[Half-Space Gauging]
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Half-spacing gauging construction

€ i wn o D en ab o o ee e G




Non-Invertible Symmetry

From U(1) Instanton

Half-spacing gauging construction

[Gauge Z,E,l)(m) c U(D)Dm)]

€ i wn o D en ab o o ee e G




Non-Invertible Symmetry

From U(1) Instanton

Half-spacing gauging construction

[Gauge Z,E,l)(m) c U(D)Dm)]

T (9 — 311?) (kp=1 mod N)

€ i wn o D en ab o o ee e G




Non-Invertible Symmetry

From U(1) Instanton

Half-spacing gauging construction

[Gauge Z,E,l)(m) c U(D)Dm)]

T (9 — 311?) (kp=1 mod N)

€ i wn o D en ab o o ee e G

[Anomalous Field Redefinition]

UDpq: a—>a+2nf/z
21

SoS+8 [ dxj, + ZE R [T(O)—> T(9+E%I£)]

z z 812




Non-Invertible Symmetry

From U(1) Instanton

Half-spacing gauging construction
> TJ(0)
S= 5l Fa o e (Gauge Zy(m) < U(D)® (m)]
e
L [Anomalous Field Redefinition]

=z

K
z

€ i wn o D en ab o o ee e G




Non-Invertible Symmetry

From U(1) Instanton

Half-spacing gauging construction

[Gauge Z,E,l)(m) c U(D)Dm)]

T (9 — 311?) (kp=1 mod N)

€ i wn o D en ab o o ee e G

[Anomalous Field Redefinition]

UDpq: a—>a+2nf/z
21

SoS+8 [ dxj, + ZE R [T(O)—> T(9+E%I£)]
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Non-Invertible Symmetry

From U(1) Instanton

Half-spacing gauging construction

[Anomalous Field Redefinition]

UDpq: a—>a+2nf/z
271

SoS+[dxj, + 2K [T(H)—> T(0+E%I£)]

z z 812




From U(1) Instanton

Non-Invertible Symmetry

Half-spacing gauging construction

[Gauge le,l)(m) c U(D)Dm)]

1 [
S—@fFZ/\*FZ+—2fF2/\F2+2—fBz/\F2
+= [ B, AdC, +5~ [ B, AB,

[Anomalous Field Redefinition]

UDpq: a—>a+2nf/z

FAF
812

So>S+[dxj, +

zZ Z

27'[in

o [T(O) — T(0+E%I£)]



From U(1) Instanton

Non-Invertible Symmetry

Half-spacing gauging construction

[Gauge le,l)(m) c U(D)Dm)]

1 [
S—@fFZ/\*FZ+—2fF2/\F2+2—fBz/\F2
+= [ B, AdC, +5~ [ B, AB,

[Anomalous Field Redefinition]

UDpq: a—>a+2nf/z

FAF
812
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zZ Z
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o [T(O) — T(B +3§I£)]



Non-Invertible Symmetry

From U(1) Instanton

Half-spacing gauging construction

[Anomalous Symmetry]

UDpq: a—>a+2nf/z

27K  FAF
S-S+ [ =
VA 81t




Non-Invertible Symmetry

From U(1) Instanton

Half-spacing gauging construction

[Anomalous Symmetry] X [ANP(F,/N)]
UDpq: a—>a+2nf/z

2miK  FAF 2mip  FAF
S—=>5+ f 2 f 2
Z 8Tt N 8m




Non-Invertible Symmetry

From U(1) Instanton

Half-spacing gauging construction

>  T7(0)

[Anomalous Symmetry] X [ANP(F,/N)]
UDpq: a—>a+2nf/z

2miK  FAF 2mip  FAF
S—=>5+ f 2 f 2
Z 8Tt N 8m



Non-Invertible Symmetry

From U(1) Instanton

Half-spacing gauging construction

[Gauge Z,E,l)(m) c U(1)Dm)]

N

T ( — En—p) (kp=1 mod N)

S =—[F, A+ F2+—fF2/\F2+——-fBZ/\F2

462
ikN
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Non-Invertible Symmetry

From U(1) Instanton

Half-spacing gauging construction

[Gauge Z,E,l)(m) c U(1)Dm)]

2tp

T ( — —N—) (kp=1 mod N)

S =—[F, A+ F2+—fF2/\F2+——-fBZ/\F2

462
ikN

+__fBz/\dC1+ _fBZABZ

(1)
U m) Ga”g/ed 2 (m

T(y) - T(y)eif 11 T) > TV =Ty e P B2=T(y)e

Zmp f




Non-Invertible Symmetry

From U(1) Instanton

Half-spacing gauging construction

[Gauge Z,E,l)(m) c U(1)Dm)]

T (0 — 311;_;7) (kp=1 mod N)

Witten effect

!

2mip ff;
N 21

T(y) - T(y)e'$ 1 TW) ->TH) =T@) e P B2=T(y)e



Generalized Global Symmetries
lll. Higher-group symmetry: 3-group
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Generalized Global Symmetries

lll. Higher-group symmetry: 3-group

Sfld/\d+f1F/\F fin/\F/\F
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Generalized Global Symmetries

lll. Higher-group symmetry: 3-group

f (da — fA;) A+ (da — fA;q) + aGy

f

1 L
+'[2—92 (F—BS)/\*(F—BS) + E,[Al/\}[?)

K
- | g7 a—fA) A =B A - B9
Ns

Cf) Global symmetry current J¥ - § D — fAM]“ =—[AN]



Generalized Global Symmetries

lll. Higher-group symmetry: 3-group

f (da — fA;) A+ (da — fA;q) + agy

f

1 L
+'[2—92 (F—BS)/\*(F—BS) + E,[Al/\:]—[?)

K
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Generalized Global Symmetries

lll. Higher-group symmetry: 3-group

f (da — fA;) A+ (da — fA;q) + agy

f

1 L
+fz—gz (F—BS)/\*(F—BS) + %f/ll/\:]'[:;

K
- | g7 a—fA) A =B A - B9
Ns
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Generalized Global Symmetries

lll. Higher-group symmetry: 3-group

O-form shift
1-form E S
N |

N\

N\
2-form winding
1-form M
1-form E 1-form E

K K
Gy, = dA; +Z7—T'B§/\BS ,}[3=d35n+%c/41/\35



Generalized Global Symmetries

lll. Higher-group symmetry: 3-group

O-form shift
1-form E S

=

N\

N\
2-form winding
1-form M
1-form E 1-form E

K K
Gy, = dA; +Z7—T'B§/\B§ ,}[3=d85n+%c/ll/\35

Symmetry

Eie S Eyy Emergence min{E, E10} S Eim
Theorem



Il. Global Structure and
Axion Defects



Il. Global Structure and
Axion Defects

lI-1. Global Structure of G, and Axion Domain Wall
Problem



Axion-Standard Model with Gg,; = Ggpy/T

Axion-SM
so b2y (G/\G)+i£2j Tr(W AW) + 2 BAB
D_ — —— —
872 ) fo 872 ) f 872 ) f,

1l.a ~ a+ 2mnf, : axion (periodic scalar)

2. G,W, B = field strength of SU(3)., SU(2);,U(1)y, respectively.



Axion-Standard Model with Gg,; = Ggpy/T

Axion-SM
so b2y (G/\G)+ j Tr(W AW) + — Y1 (2 pap
D_ — —
872 ) fo 872 ) f 872 ) f,

1l.a ~ a+ 2mnf, : axion (periodic scalar)

2. G,W, B = field strength of SU(3)., SU(2);,U(1)y, respectively.

SU(3)CXSU(2)LXU(1)Y

3. Gy = -

F — 1,Z2,23,Z6



Axion-Standard Model with Gg,; = Ggpy/T

Axion-SM
so b2y (G/\G)+ j Tr(W AW) + — Y1 (2 pap
D_ — —
8n2) f, 8n2) f, 872 ) f,

1l.a ~ a+ 2mnf, : axion (periodic scalar)

2. G,W, B = field strength of SU(3)., SU(2);,U(1)y, respectively.

SU(3)CXSU(2)LXU(1)Y

3. Gy = -

F — 1IZZIZ3IZ6

if we consider [' = 1, instanton spectrum is

Tr(GAG) Tr(WAW)

€ Z and using gﬁ%EZ

then the invariance of S undera ~ a + 2nf, = {,3 €7



Axion-Standard Model with Gg,; = Ggpy/T

Axion-SM

S :@jETr(GAGH&szfa Tr(W/\W)+8n2jfa BAB

Gory = SU(3)CxSU152)LxU(1)y [ =12, 747

Physics sensitive to I’

(i) Quantization conditions on ¥4, ¥5, 3 (IR parameters) dependingon I’
(ii) Axion non-invertible shift symmetry (IR selection rules) depending on I’

(iii) Axion domain walls properties, and their fates (potential IR probe) from non-
invertible shift symmetry, hence I’ ?



Axion-Gauge Coupling Quantization

Axion-SM
s 5 s aT(G/\G)+ j Tr(W AW) + — Ui (2 pap
D —— — —
8n? ) f, ’ 8r2 ) f, ’ 8r2 ) f,

1. G,W,B = field strength of SU(3) ., SU(2);,U(1)y, respectively.

SU3)eXxSUR) L xU(1)y

2. Gy = -

F — 1,Zz,Z3,Z6

3. Quantization of Axion-Gauge Couplings from non-trivial global form

[=1: #£,3€Z

[=Z,: 4,€2Z,£y3€Z, and £; + 2¢, € 4Z

[=Zy: 4,€3Z, £y3€Z, and £; + 6£5 €9Z

[=Zg: £,€6Z, L3 €Z, £1+24, €4Z, and £, + 643 € 9Z

[Y. Choi, M. Forslund, H. T. Lam, S-H. Shao, 2309.03937]
[C. Cordova, S. Hong, L. T. Wang, 2309.05636]
[M. Reece, 2309.03939]



Axion-Gauge Coupling Quantization

Axion-SM

i’gl a BAB
8 J fa

S w3jaT(G/\G)+wzjaT(W/\W)+
D_ —
812 J fa ' 8 J fa '

1. G,W,B = field strength of SU(3) ., SU(2);,U(1)y, respectively.

2. GSM _ SU(3)C><SUIE2)LXU(1)Y ’ [ = 1,ZZ,Z3,Z6

3. Quantization of Axion-Gauge Couplings from non-trivial global form

[=1: #£,3€Z
[=Z,: 4,€2Z,£y3€Z, and £; + 2¢, € 4Z

[=Zy: 4,€3Z, £y3€Z, and £; + 6£5 €9Z

[=Zg: £,€6Z, L3 €Z, £1+24, €4Z, and £, + 643 € 9Z

[=7Z.: SUG5), SO(10), E,
'=2Z;: SUM)XSUQ2), X SU(2)r [Pati-Salam]
'=2Z,: SUB)xSU@3); XSU(3)g [Trinification]



Axion-SM

=1 : £,,3€Z

r==z,: t,€2Z,4t,3€Z, and £y + 20, €4Z

r=2;: ¢,€3Z,¥,3€Z, and £; + 603 €92

=Z¢: ti€6Z, t,3€Z, 1 +20,€4Z, and £1 + 643 €97

Physics sensitive to I’

¥ Quantization conditions on £, ¢5, ¢3 (IR parameters) depending on T
(ii) Axion non-invertible shift symmetry (IR selection rules) depending on I’

(iii) Axion domain walls properties, and their fates (potential IR probe) from non-
invertible shift symmetry, hence I’ ?



Axion Non-Invertible Shift Symmetry

Axion-SM
s 5 s Y TG AG) + az f Tr(W AW) + — Ui (2 pap
D —— — —
8n? ) f, ’ 8r2 ) f, ’ 8r2 ) f,

Non-invertible Axion Shift Symmetry:

ZK C chd(i’ £3) ~ Z

=1 : K = ng(‘gl,‘gz,‘gz)

[=Z: K=ged(2, £, 0,222)

F:Z?) . K = ng( ’82,33,{126{3)
r=7.: K= gcd( {2,£3,{’122{’2’{’1+96{’3)

[Y. Choi, M. Forslund, H. T. Lam, S-H. Shao, 2309.03937]
[C. Cordova, S. Hong, L. T. Wang, 2309.05636]



Axion-SM Non-invertible Axion Shift Symmetry:

ifs Zk © Zgea(en ) ~ Zoy
s> L 3AB

2
8r< ) fa '=1: K=gcd(¥q,€5,%5)
l" — ZZ . K ng( 1,02,'83,‘814'2{)2)
SU(3)cXSU

£1+6%¢
GSM — ; I'= Z3 . K= ng( ‘52,‘83, L 9 3)
£,+2¢, £,+67¢
F=Z6: K= ng( 1?2,'83, 14 2, 19 3)

Physics sensitive to

W Quantization conditions on ?41,%2,%3 (IR parameters) dependingon I’
(M) Axion non-invertible shift symmetry (IR selection rules) depending on T

(iii) Axion domain walls properties, and their fates (potential IR probe) from non-
invertible shift symmetry, hence I’ ?



Axion Non-Invertible Shift Symmetry

Invertible DW vs Non-Invertible DW

"Invertible" Domain Wall

"Invertible"
Phase Shift

el®/fa o= :



Axion Non-Invertible Shift Symmetry

Invertible DW vs Non-Invertible DW

"Invertible" Domain Wall "Non-invertible" Domain Wall

"Non-invertible"
Phase Shift

"Invertible"
Phase Shift



Axion Non-Invertible Shift Symmetry

Invertible DW vs Non-Invertible DW

"Invertible" Domain Wall Non-invertible" Domain Wall

"Non-invertible"
Phase Shift

"Invertible"
Phase Shift

Edge modes



Axion Non-Invertible Shift Symmetry

Invertible DW vs Non-Invertible DW

Sqetect = 5= Jy CAdC +22 [ € A (F2)

Cosmologlcal Fractlonal Quantum Hall State ?
|

Non-invertible" Domain Wall

"Invertible" Domain Wall

"Non-invertible"
Phase Shift

"Invertible"
. Phase Shift

Edge modes



Axion Non-Invertible Shift Symmetry

Invertible DW vs Non-Invertible DW

.: Sdefect le f CAdC + lef CA (Z”WZ)

Cosmologlcal Fractlonal Quantum Hall State ?
|

Non-invertible" Domain Wall

"Invertible" Domain Wall

"Non-invertible"
Phase Shift

"Invertible"
. Phase Shift

Edge modes



Axion-SM Non-invertible Axion Shift Symmetry:

ifs Zk © Zgea(en ) ~ Zoy
s> L 3AB

2
8r< ) fa '=1: K=gcd(¥q,€5,%5)
l" — ZZ . K ng( 1,02,'83,‘814'2{)2)
SU(3)cXSU

£1+6%¢
GSM — ; I'= Z3 . K= ng( ‘52,‘83, L 9 3)
£,+2¢, £,+67¢
F=Z6: K= ng( 1?2,'83, 14 2, 19 3)

Physics sensitive to

W Quantization conditions on ?41,%2,%3 (IR parameters) dependingon I’
(M) Axion non-invertible shift symmetry (IR selection rules) depending on T

(?) Axion domain walls properties, and their fates (potential IR probe) from non-
invertible shift symmetry, hence I’ ?



Il. Global Structure and
Axion Defects

I1-2. Global Structure and Lazarides-Shafi Mechanism



GeXG g

Correct Domain Wall Spectrum from

(1) Lazarides and Shafi (1982):

embed Zﬁgw c U(1)po into continuous gauge group

Spin(lO)xU(l)pQ
L4

with A = 4N,



GcXGy

Correct Domain Wall Spectrum from

(2) Lazarides-Shafi mechanism does not always work:
precise string-wall network is UV-sensitive [Q. Lu, M. Reece, Z. Sun '23]

= 2
PQ

SSB of Zs by V(0) : gauge-equivalent vacua 04 — 04 + 21/5

E.g. Gauge anom-free Zs < U(1)p, with [c,b = v(pew‘l’]

Zs string: gﬁzk Op = 2m (% + n) =21 (% — 1)

Q2



GeXGy

Correct Domain Wall Spectrum from

(3) Precise wall-string network from global structure
[G. Choi, S. Hong, S. Koren '26]

U1y XxU(1)pg

U1)y X U(1)pq VS

Lo

y A 3
Oulpe = Te2 Tr(GG),A = 2N,

Zzzvg Domain Wall Problem szg Domain Wall Problem



Closing Remarks

There is one more reason why AXION is special (and great).

In 4d, axion is special in that it can probe rich topology of gauge fields.

0
(ii) 1-form magnetic: dG = 0
(i) (-1)-form Chern-Weil: d(GAG) = 0

(i) 1-form electric: d * G

ABJ anom = CS term

-

Otr(GNG)
J = SSB: J~d6 (i) higher-group
(i) O-form axion shift (ii) non-invertible

(ii) 2-form axion winding
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