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Outline

Strong CP, the QCD axion, and the quality problem

Extra-dimensional axion on a circle — automatic quality

Why an orbifold, why warping — three new ingredients

Selection rule - warped loops - brane operators

Results and discussion — one scaling law at the end



The Strong CP Problem and the QCD Axion

Why is CP violation from QCD unobservably small?

THE PUZZLE
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The neutron EDM bounds — but the Standard Model
offers no symmetry reason for this tiny number.

PQ SOLUTION

Promote 6 to a dynamical field — the axion a(x).
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QCD relaxes the axion to the CP-conserving minimum —
and the same field is a compelling dark-matter candidate.

The axion solves strong CP only if no other potential shifts the minimum.



The Axion Quality Problem

A tiny non-QCD potential can destroy the Peccei—Quinn solution

QUALITY BOUND

Any non-QCD (High Energetic) contribution V shifts the
minimum away from the QCD CP-conserving point 8 = 0.

The axion solution survives only if

Vie < 10719 m2 £2

Quantum gravity is expected to violate ordinary global 1 1

symmetries — so Vy is generically dangerous. gl 0

R. Holman et al., PLB 282 (1992) 132 - M. Kamionkowski & J. March-Russell, PLB 282 (1992) 137 - D. Harlow & H. Ooguri, CMP 383 (2021) 1669

We need a protection mechanism that is structural — not a numerical accident.
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Field-Theoretic Axions: Generic Threat, UV-Sensitive Breaking

Axion quality in axion solution to the strong CP problem

PQ is an ordinary global symmetry: quantum gravity is not expected to preserve it exactly

But the low-energy theory does not determine how it is broken:

the leading process, its suppression, and its CP phase are UV sensitive

Concrete diagnostics include
* monopoles and dyon loops, often tied to non-QCD non-Abelian instanton sectors

« Euclidean wormholes, whose action depends on the axion—gravity completion.

Controlling these effects requires additional UV structure, usually assessed case by case

Higher-dimensional gauge invariance organizes PQ breaking to identifiable, calculable nonlocal processes.



Extra-Dimensional Axion on a Circle
A 5D U(1) gauge field C,; — the axion is its Wilson line

4D spacetime
(3 space + 1 time)

Local product structure

4D spacetlme
(near p)

. ‘ o

Geometry: M* x 51

5D GAUGE FIELD

1
Sc = —/d% 9] @CMNCMN
C

PQ descends from 5D gauge invariance — not from an
ordinary global symmetry.

WILSON-LINE AXION

alz)
fa

Periodicity 8 = 0 + 2r is guaranteed by large gauge
transformations — the axion is an angle.

= f dy Cs(z,y)
Sl

K. Choi, PRL 92 (2004) 101602 - M. Reece, JHEP 07 (2025) 130 - N. Craig & M. Kongsore, PRD 111 (2025) 015047

Gauge invariance in 5D — a shift symmetry with a topological pedigree in 4D.
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PQ: a Gauge-Protected Shift Symmetry

A global 1-form symmetry generated by the harmonic form dy

Ul)pg: C—C+ ﬁdy, O(x) — 0(z) + a

LOCALLY GLOBALLY

The shift is a gauge transformation with A = ay/(2nR) Single-valued on S* only for @ = 27n, so a continuous
global shift remains in the four-dimensional theory.
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B v C5 = Cs4+0,A 7 Winding once exp (-iq f;l Cs dy)

(n=1)

_ eiqﬁ

_____

cannot generate V4 (0)

Any local operator is blind to 6. Breaking 8-dependence requires physics that winds around the circle.



Charged Matter and the Winding Phase

Weak gravity requires U(1)-charged states — they cannot be decoupled

WEAK GRAVITY WINDING PHASE
M < O(chg/Q) an dy Cs = ngd = phase €™’ (n: winding number)
Y] Sl

Charged messengers exist below the 5D A worldline of winding number n picks up the Aharonov—Bohm phase
gravitational scale — candidates for PQ enaf.
breaking.

L = |Dy®|* — M?|d?
O(z,y) = P(z,y + 27R)

% . qa y direction = Euclidean time

Ul)pq : ® — e>r® (y =y +27R)

The Casimir energy of winding worldlines depends on 8 — the only channel of PQ breaking on the circle.



Result on the Circle

The winding sum can be exactly evaluated

LEADING HARMONIC

Vﬂat(e) ~ M2 —2M7mR

~ e € cos(q0)

Sinst = (worldline length) x M = 27 RM

Scalars and fermions differ only by a spin factor.

Y. Hosotani, PLB 126 (1983) 309 - N. Arkani-Hamed et al., PRL 90 (2003) 221302

Once MnR > 1, the quality problem seems well addressed. So why go further?

Realistic chirality and an intermediate f, require an orbifold and warping.
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Why an Orbifold, Why Warping

Two requirements push beyond the flat circle — at a price

512,
E) 7;R =1 y=7nR,—nR
01 chiral fermions 02 Intermediate fa 03 The price: fixed points
A circle gives no chirality; realistic Warping red-shifts the decay Branes appear — and localized
matter asks for S'/Z,. constant without tuned parameters. operators are allowed there.

L. Randall & R. Sundrum, PRL 83 (1999) 3370 - K. Choi, PRL 92 (2004) 101602 - T. Flacke et al., JHEP 01 (2007) 061 ,...

This work: how do the orbifold, the warping, and the branes affect the axion quality?
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Three New Ingredients

Everything that follows organizes around what S*/Z, + warping introduce

0 Parity assignments

SELECTION RULE
boundary conditions select who can break PQ

e Warped geometry

WARPED LOOPS
the loop computation becomes subtle — three independent methods

Fixed points
e BRANE OPERATORS
brane-localized operators open new channels

One simple answer at the end:

nA
Vg (0) ~ (e_k"TR) coS (%9) : n = number of traversals between y =0, y = 7R



Parameters at a Glance

Geometry, Matter contents, Axion

k R AdS curvature, orbifold radius; strong
’ warping knR > 1

1yl Z,-even kink function
NR 1
|yl
0 4
~2nR -nR 0 R 2nR
y

bulk masses, brane couplings at the fixed

M’ ) b . "
J points for the charged fields

9o 4 €Z 5D U(1) coupling and integer charge

12

Ms, Mp 5D and 4D (reduced) Planck scales
e(y) Z,-odd sign function
| o—0
ey) o
L Em—  Emm—
-2nR —-nR 0 nR 2nR

Scales for instanton interpretation, A = 2 +

M,¢f, A : : :
eff Mcs¢/k : the dual scaling dimension

0 =al/f., Wilson-line axion; f. ~ e *™RM,



Setup: a Randall-Sundrum Slice
Two orbifold fixed points — the UV and IR branes

BACKGROUND GEOMETRY

uUv
2 —2k 2
ds” =e |y|nu,,dzc“’da:” + dy e 2klyl
y € [0, 7R]
Strong warping: kmR > 1. Bulk fields live on the
covering circle S*, subject to Z, boundary conditions. y =0

L. Randall & R. Sundrum, PRL 83 (1999) 3370

C)u(il?, _y) — _Cﬂ(xﬂ y): 05(217, _y) — —|—C5(LE, y)

— the axion zero mode in C;s survives.

The geometry supplies the hierarchy; the orbifold supplies the boundary data.

arXiv:2604.08700
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The Axion Kinetic Term Is IR-Weighted

Solving for the PQ current fixes the profile and the decay constant

PROFILE

L o—2k(mR—y)
Cpﬁ(xa y) — 1 — o 2k7R 8”9(58)

Kinetic term is dynamically localized near IR brane

DECAY CONSTANT

, 1k
fa _9%6214371'1%_1

Geometric redshift by e ~*7R

K. Choi, PRL 92 (2004) 101602

Intermediate f, is easily achieved with a moderate size of Ex-dim

arXiv:2604.08700
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Coupling to QCD: a Chern—-Simons Term

The SM can live in the bulk. The required PQ breaking by the QCD anomaly, with integer coefficient N

5D CHERN-SIMONS

B N a a
SCS_167T2/C/\G NG
N a ~
— L ga Gaw
eff 2 3272 f, M

Quantized and gauge-invariant

— it generates Vcp without spoiling the
protection.

K. Choi, PRL 92 (2004) 101602

arXiv:2604.08700

THE QUESTION

What else generates a potential?

Vg — the unwanted, non-QCD part.

From here on, “quality” means controlling the non-QCD part

of the axion potential.



Two Classes of Boundary Conditions SELECTION RULE
The orbifold identification fixes the Z, parity for 5D charged matter fields

P-TYPE C-TWISTED
oz, —y) = £o(x,y), ¢(x, —y) = £¢™(z,y),
J(a:, —y) = :|:751:5($,y) V(x, —y) = £Y(z,y)
Dy® = (Var —iqe(y) Car) @ Dy® = (Var —igCay) @
coupling qs(y): Z,-odd coupling gq: constant

The Z,-odd kink charges are forced by orbifold symmetry — the first hint that P-type and C-twisted fields behave differently.

Sout >~ [ /gl [ D™ DM = MZJof? + (6 = )]
—|—/d55(: g [% (7/;I‘MDM7,0 — h.c.) — qu?/;”ﬁb + (¢ — {bv)]

My = My = My =M (constant), Mj= Me(y) (Z2-odd kink)

16



The Phase of One Traversal SELECTION RULE

A charged patrticle crossing the interval feels the axion background

For a single UV-to-IR traversal,

TR 40/2 9
] d — Y Cy= ——
exp (zq fo yCa) e : 5= 5 5

uv IR

UV(o IR(mR -
) length=2nR (wR) length=mR

y=20 y = 7nR

A full winding around the covering circle consists of two traversals.
— whether their phases add or cancel is fixed by the Z, parity of the coupling.

17



An Aharonov-Bohm Argument SELECTION RULE

Two traversals — add or cancel

6iq6’/2 . 6—iq9/2 —1

P-type: coupling ge(y) C-twisted: coupling ¢
o Ti40/2 o Ti40/2 P-type: no potential
0 TR 0 TR
ezq@/? . ezq9/2 _ 6@(19
o 40/ o Hi40/2

C-twisted: V o« cos(q0)

This is a bulk selection rule. Brane-localized operators can reopen P-type channels,
which is why the fixed points must be studied separately.

18
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What Warping Changes WARPED LOOPS

AdS curvature entangles momentum with position

Momentum no longer separates from 1 yQ 5 2kly|. 2
the position in the 5t dim: SE = / dr AT + 7T (Mef—f +eYip )
0
Spi : . : , k
pin connection — kink fermion mass: My(y) = M + — €(y)
2
KK spectra become Bessel functions: Sinz(ﬂ'R\/Zz _ MQ) — J,, Y, o = \/4 + MQ/kQ

We use three independent approaches, and cross-check them.



Three Independent Methods WARPED LOOPS

Each method closes a different logical gap in the warped calculation

WORLDLINE KK SPECTRAL FUNCTION MONODROMY MATRIX
my, (6)
1 |
i = 9,¥ = Hy(y;p)¥
y X=T M w( )=(l/11(J’))
B ey 7\ no)
M
winding n =1 e . I o
4 | . — 5190
L e~ SE+iq9 J 0 v 27[9 [ Us(2mR; p) = €'?” Up(p) ]
Winding instanton —makes nonlocality Exact 6 dependent KK spectrum — First-order fermion transport —
and exponential suppression manifest; valid for all M, k; systematically isolates 6 in one phase in a 2x2
semiclassical, valid for M = k/2 incorporates brane operators matrix; extends the resultto M < k/2

Each confirms the leading exponential; prefactors agree at leading order in k/M.

arXiv:2604.08700
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The Worldline Representation WARPED LOOPS

Winding sectors and their fluctuating trajectories on the covering circle

dip [ dT A
Vi (0) = —ﬂ'R/ / — equ/ Dye
i 2m)* oy T % y(1)=y(0)+27 Rn

1 12 2 _ g2 2
= y_ 2 2k|y| 2) Meff = M* + 4k* (scalar)
SE /0 dT |:4T + T (Meff +e P Meff(Y) =M +§E(y) (fermion)

y(r) =2nRnT+n(r),  n(0)=mn(1)=0
Classical winding + all fluctuations within the same topological sector
J. Schwinger, PR 82 (1951) 664 - N. Arkani-Hamed et al., PRL 90 (2003) 221302

Each sector contains an ensemble of paths;
the Aharonov—Bohm phase e"4? tags its winding number.

The worldline integral makes the exponential suppression
and the nonlocal origin visible before the integral is evaluated

arXiv:2604.08700
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The Warped Path Average WARPED LOOPS

From an ensemble of winding paths to the classical trajectory

MASTER FORMULA

© dT 1
warped _ —4kmR —Soly;T]
V¢ (9) 2rRe COS(QQ)/U T(47TT)2 L_lpy I[y]g €

1 . 9 1 .
0 0

PATH ENSEMBLE 1 _ e—2k7R
ya(T) = 2mRT, Iy =Iyq] =

O < 1 > [ _, Dy I[y]~2e50ly:T] —i(1+0( k ))
O Iy]* /g Jney Dy e STl 15 Mer

Corrections are systematic in k/M,s; and vanish in the flat limit.

2kmR

22



The KK Spectral Function

Casimir energy of the 6-dependent Kaluza—Klein spectrum

The one-loop vacuum energy as a sum
over the 6 dependent KK spectrum

Vo (0) = $ ;/ ((21;})94 In [pQ + mi(@)]

The KK masses as zeros of a holomorphic spectral function,

Ng(mn(0);0) =0, No(z;0) = (No(2) + Ap(6))7*

A

WARPED LOOPS

Y

(a) Contour C.

MASTER FORMULA KK sum into a contour integral with a deformed contour

npd d*p
Va() = (-1 % [ 1

Ag(0)
Ng (ip)

] L Ap(0) = 2sin2 L

z
» Rez 2
7 , X
% K +ip
CU I'I
‘ > >
CL ‘\
AN X —ip
L9 K
(b) Deformed contours Cyy and Cf,.

23



The Monodromy Matrix WARPED LOOPS

First-order fermion transport around one covering circle

Functional determinant of the Dirac operator (d,, — Hy(y; p)) reduces to ordinary 2 by 2 matrix determinant

_ eklyl
Ho(y; p) = (2166(9) 273%) Lo+ hly:p), hlyip) = ( ek'%? 3/[19 )

Vy(0) oc Indet(0y — Hp(y;p)) o< Indet(1e — Up(27R; p))

2T R

2R . .
Uyp(2mR; p) = P exp ( f dy' Hy (y’;p)) = "’Pexp ( / dy’h(y’;p)) = "U, (p)
0 0

Wilson-line dependence is isolated in one phase. Since det U, = 1, write its eigenvalues as e‘/®),e=“®), Then

= nqe) d4p —n¥t
-y | @y £ = 2R + 0(p")

n=1

24
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Result: the C-twisted Scalar WARPED LOOPS

Large mass and strong warping, MnR > 1, knR > 1

V¢(9) ~ — (M2 + 4k2) kQ e—4k7rR 8—271'me

cos(qf
47.(_2 (q )

e TR . TR redshift of the axion e ?Men™R . winding instanton, Mg = v/ M? + 4k?
Supplied by the AdS curvature. The induced Vy is localized Penalty for a closed worldline winding the full covering
near the IR brane, like the axion kinetic term itself. circle (length 27zR) with the curvature enhanced M,

1 2
s [ ar (55 1otk > f o bt
0 |



Result: the C-twisted Fermion WARPED LOOPS

A piecewise winding action on the two half-circles

The squared Dirac operator contains The semiclassical winding action for M > k/2 is therefore
the kink-like effective mass
k dy My (y) = M+ rr+ (M= E) R = 2MnR
My(y) = M + Sely) AW = 2) " 2) T T
M+ k/2

Vi (0) oc e i o= 2MTE o co5(¢0)

The worldline saddle explains the exponent for M > k/2; the exact
0 TR methods will show that e 72M7R persists beyond this regime.

The KK spectral function and monodromy matrix independently reproduce
e 2MT™R including M < k/2, where the explicit piecewise worldline saddle
is unavailable.

26



Hypermultiplet and the SUSY Check WARPED LOOPS

Piecewise-constant masses — the action is a sum of two half-circles

HYPERMULTIPLET For the C-twisted supersymmetric hypermultiplet {H,, H,, 1}, the scalar effective masses are
piecewise
()¢, _ k (@), k
M) =M+ gew)| . MPw) =M - Fetw
SUSY LIMIT When M > k/2, each scalar has the same instanton action as the Dirac fermion

k k

1
Vi, = Vi, = —§V¢, Vi, + Vi, + Vi =0

The supersymmetric cancellation tests more than the exponent: it cross-checks the piecewise trajectories,spin
multiplicities, and leading prefactors
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Loop versus Tree BRANE OPERATORS
The number of traversals fixes both exponential suppressions
LOOP (closed worldline) TREE (brane-to-brane)
two traversals one traversal
length 27 R length 7R
THE POINT The fixed-point-to-fixed-point profile pays only one interval crossing. Both the mass exponent and the

geometric red-shift are therefore halved.

—4kmR | —2MegmR —2kmR _—MegmR
.‘/IOOPNG e T ) Viree ~ € e £

Tree exponent = 2 x loop exponent — potentially the most dangerous channel.

arXiv:2604.08700



The Allowed Fixed-Point Terms BRANE OPERATORS
U(1) is broken to its Z, subgroup at the fixed points

RESIDUAL GAUGE TRANSFORMATION ZC’ . i) N (_1)%@@[) at Yy = O’ TR
ALLOWED OPERATORS The scalar operators explicitly analyzed in the paper are
scalar T 7 1 2 1~ 72 -

Ji, Ji £ 0 ounly for g€ 27Z

Fermion bilinears and additional scalar or fermion mixing terms can also be allowed by the residual symmetry

Ul)pq (0 =0+ a):C5 = Cs5 + %%, O — e'2nr V0P yo arbitrary
T

®d(x,y0) » P(x,y,). No single brane can break PQ physically: only the relative phase between operators
at y = 0 and y = mR, communicated by bulk propagation, is gauge invariant and can generate V(0).

arXiv:2604.08700
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What Each Term Does BRANE OPERATORS

Three operators, three different fates

. Linear terms J;¢p, J;p (q € 22) open the tree channel — a classical brane-to-brane profile
‘ P-type masses b;¢p> reopen the loop the selection rule had closed: V « b,b:
‘ C-twisted masses b;¢? modify only the prefactor of the existing loop

The genuinely new PQ-breaking channels require both fixed points: for linear and P-type quadratic terms, 6 enters
only through a two-brane product, and hence through brane-to-brane propagation.

arXiv:2604.08700
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A Classical Brane-to-Brane Bridge

Brane linear terms source a 6-dependent vacuum profile

PROFILE ANSATZ

PROFILE

arXiv:2604.08700

(B(z,y)) = Wt/ ErEly (y)

02 — Mzg)v(y) = 6(y) [Jo — 4kv(0)]

+8(y — wR) [e”HRe=10/2 1 4 Aky(7R)]

overlap of the two tails
Jo x JoJr cos(qf/2) J e ia9/2

one traversal

The potential is generated by the overlap of two brane-sourced tails;
the IR source carries precisely the phase of one traversal.

BRANE OPERATORS

31
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Tree Result: a Single Traversal BRANE OPERATORS

Even-charge scalars sourced on both branes: Both C-twisted and P-type linear sources share the same exponent

2M 0
Vq;ree(g) ~ Zﬁ JoJr g~ 2kmhio—MegmR (g (qz ) .
IMow ~ ~ 0
ere(ﬂ) ~ — fo | JoJy| e 2k itg=Meamht COS(% — 5,]) :

57 = Arg(JoJ2), Mg = vV M2 + 4k2.

* One traversal gives half of both loop exponents
« cos(q6/2): consistent with 2 periodicity because linear terms require even q

« Vanishes if only one brane is sourced — no nonlocal process, no potential

The dangerous tree channel exists only when an even-charge scalar communicates between both fixed points.

arXiv:2604.08700



Summary of Channels

Strong warping and large mass — and one pattern

e—4k7rRe—2Meﬂc7TR COS((]Q)

Loop, C-twisted (baseline)

Loop, P-type x brane masses |b0bw‘ 6_4kﬂR€_2MeffﬂR COS(QQ — 5[))

Tree, brane linear terms (scalar) |J0 JW‘ 8_2]“7TR6_M€H7TR cos(q@/Q)

Merr = VM? + 4k? (scalar), M,rr = M (fermion)

arXiv:2604.08700
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A Holographic Dictionary

PQ-breaking operator of dimension A in the dual CFT — The traversal number becomes the number of operator insertions

DIMENSION SCALING

Meff The explicit 5D suppressions reorganize

2A
o—4kTR ,—2MesmR _ ( HIR )
PIR _ kR ’

Mgsr = VM2 + 4k? (scalar) = Hov

A
B _ HUV o~ 2kmR,~MgmR _ [ HIR
Mcsr = M (fermion) wov -

nA
Vi o (MR) : n = number of traversals.
Huv

In the dual language, the loop behaves parametrically like two insertions of the PQ-breaking operator, while the tree bridge
behaves like one. This is an interpretation of the 5D scaling; an explicit dual CFT calculation remains open.

34



Conclusions

Orbifolding separates P-type and C-twisted matter: bulk phases cancel for P-type fields but survive for C-
twisted fields, while branes can reopen P-type channels.

Warping generates intermediate f,and suppresses unwanted PQ breaking; once f, is fixed, quality
constrains M ¢ or the dual CFT dimension.

In the regimes studied, the propagation length gives the characteristic scaling

Vloop ~ fa4 e 2Mef TR cos(q0), Viree ~ faz e_MeffnRCOS(qe/z);

so an allowed brane-to-brane tree channel is generally more restrictive.

Worldline, KK spectral-function, and monodromy methods agree in complementary regimes; extensions
include SUSY, general warped backgrounds, and mixing with dual 5D axions.
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  M > k / 2


   e  − 2 M 𝜋 R


   e  − 2 M 𝜋 R  


  M < k / 2


  M > k / 2


   e  − 2 M 𝜋 R


   e  − 2 M 𝜋 R  


  M < k / 2


  {  H 1 ,    H 2 , 𝜓 }


  M > k / 2


  𝚽  (  𝒙 ,  𝒚 𝟎 ) → 𝚽  (  𝒙 ,    𝒚 𝟎 )


  𝒚 = 𝟎


  𝒚 = 𝝅 𝑹


  𝑽 ( 𝜽 )


   𝑱 𝒊 𝝓 ,          𝑱 ~ 𝒊  𝝓 ~        (  𝒒 ∈ 𝟐 𝒁 )


     𝒃 ~ 𝒊    𝝓 ~ 𝟐


  V   ∝      b ~ 0    b ~ 𝜋 ∗


   𝒃 𝒊  𝝓 𝟐


  𝜽


  2 𝜋


   M  e f f =    M 2 + 4  k 2


   M  e f f = M


   M  e f f =    M 2 + 4  k 2


   M  e f f = M


   V  l o o p ∼  f a 4    e  − 2  M  e f f 𝜋 R   cos ⁡   (  q 𝜃 ) ,          V  t r e e ∼  f a 2    e  −  M  e f f 𝜋 R cos ⁡  (  q 𝜃 / 2 ) ,


   𝒇 𝒂


   f a


   M  eff

