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Motivation I:  
Domain Walls, Axions and the Strong CP problem

See also talks by:  
Di Luzio, Gherghetta, 

Hong, Villadoro
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Simplest realization:  
real scalar field with           symmetric potential
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Domain Walls
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T � v

Post-inflationary 
Universe

High T potential

Low T potential

See 
Linde+90/…/

Garriga+15,16/Faria, 
Ferreira, FR 25 for impact 

of inflationary DWs
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λ
4
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Kibble Mechanism

Credit: CTP

+

Different vacua are populated randomly in different 
regions of the Universe due to (thermal) fluctuations

Initial “Correlation Length”
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ω(t) → H
→1 By causality

Different formation mechanisms 
also possible 

(Inflationary fluctuations, …)
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DW parameters

- +

σ = ∫
v

−v
2V(ϕ)dϕ ∼ mv2

DW mass per unit surface  
(Tension)

Size of the Hubble patch

Slices of gradient energy density 
From our 3D lattice field theory simulations 

(With CosmoLattice Figueroa+20)

Notari, FR, Torrenti 25



Slices of gradient energy density 
From our 3D lattice field theory simulations 

(With CosmoLattice Figueroa+20)

Notari, FR, Torrenti 25

DW parametersSize of the Hubble patch

δw ∼ m−1

Domain Wall width
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“Axionic” Defects
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U(1)

Loop in 
physical space

Cosmic string defect 
Associated to massive 

radial mode

T ≲ va

Φ ∼ φe− a
va

Goldstone=Axion

φ

See Giovanni’s talk

breaking
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U(1)

T ≲ va Φ ∼ φe− a
va

-3 -2 -1 0 1 2 3

Explicit breaking (from non-
perturbative effects) may still 

respect discrete shift symmetry 

ma ∝ Λ2/fa, fa ≡ va/Ndw

“Axionic” Domain WallsT

ℤNdw

Domain Wall Number 
Depends on the microphysics 
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V (a) → ω !4 cos(a/fa)

e.g. in QCD axion KSVZ, DFSZ models 
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Ndw > 1Generally 
(e.g. more than one fermion 

charged under PQ) 
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T ≲ va Φ ∼ φe− a
va

-3 -2 -1 0 1 2 3Explicit breaking (from non-
perturbative effects) may still 

respect discrete shift symmetry 

“Axionic” Domain WallsT

ℤNdw

I ma(T ) ≳ H(T )

Hybrid string-wall network forms 

σ ∼ ma f 2
a
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V (a) → ω !4 cos(a/fa)

Spontaneous breaking 

15

(a)Ξ = 0, ω = 42 (b)Ξ = 0.00006, ω = 42

(c)Ξ = 0, ω = 62 (d)Ξ = 0.00006, ω = 62

(e)Ξ = 0, ω = 82 (f)Ξ = 0.00006, ω = 82

FIG. 1: The distribution of the potential energy of the scalar field on the simulation box. These figures are generated from the
results of 2D simulations with N = 8192 and NDW = 6 [cases (a-15) and (a-16) in Table II]. Each subfigure corresponds to a
different choice of the bias parameter and the time step: (a) Ξ = 0, τ = 42, (b) Ξ = 0.00006, τ = 42, (c) Ξ = 0, τ = 62, (d)
Ξ = 0.00006, τ = 62, (e) Ξ = 0, τ = 82, and (f) Ξ = 0.00006, τ = 82. The size of these figures is set to be a quarter (40962)
of the size of the simulation box (81922). The green region corresponds to the core of domain walls V (Φ) = 2m2

aη
2/N2

DW, and
the white region corresponds to the vacuum V (Φ) = 0.

Ndw = 6
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Domain Walls and the Strong CP problem

Breaking of global U(1) 
provided by QCD 

(IR) instantons

Peccei-Quinn Mechanism

String-wall network arises around 
QCD crossover, contributes to total 

axion (DM) abundance

Spacetime symmetries 
(Nelson-Barr, parity)

Additional breakings also possible, 
constrained by strong CP 

(UV instantons, additional IR sectors, …)

Spontaneous breaking of 
(gauged) CP (or parity) 

provided by additional scalar 
sector

Domain wall network 
Forms at high scales
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!CP ↭ 108 GeV

Nelson 84, Barr 84, Babu+89,90, Barr 91

Sikivie/Vilenkin, Everett 82/…/
Hiramatsu+12/…/Kawasaki+14/…/
Gorghetto+Villadoro 18,20/…/Choi, 

Hong+26

Peccei,Quinn/Weinberg/Wilczek 77
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More walls entering the Hubble 
volume   

 Energy density increases

More interactions 
between walls   

Energy density 
decreases

VS

ρdw =
σAdwa2

Va3
= 2𝒜σH ∝ a−2

Area parameter 
(~# of Hubble-sized walls per  

Hubble volume)

Domain Wall Problem
Balance between

0 5 10 15 20 25 30 35
0.0

0.5

1.0

1.5

2.0
Notari, FR, Torrenti 25

dη ≡ dt/a(t)
Spontaneous breaking of (exact) 

discrete symmetries after inflation 
is incompatible with cosmology

lScaling Regime:  
fixed number of Hubble-sized walls per Hubble volume

Zeldovich+ 74

Exception: string-wall with N=1, unstable 
(Nucleation of strings typically strongly 

suppressed)

See also 
talks by  
Di Luzio, 

Gherghetta, 
Hong



Scaling Regime

2D slice of gradient energy density (log scale)

Notari, FR, Torrenti 25



Viability of discrete symmetries  
requires understanding of possible  

annihilation mechanisms for domain wall networks

Phenomenological implications  
require detailed description of annihilation phase, 

To understand abundance of relics

(Axion) Dark Matter Dark Radiation Primordial Black 
Holes

Gravitational  
Waves

Linde+90/…/Garriga+15,16/
Ferrer+FR 18/Gouttenoire+24/

Ferreira+FR 24/Faria+FR 25

Hiramatsu+11/Kawasaki,Saikawa 14/
Gorghetto+20/Chang+23/Saikawa+24/

Benabou+24

In this talk, results that apply to general post-inflationary axions and other 
fields with discrete symmetry, not necessarily the QCD axion



Motivation II:  
Opportunity from Gravitational Wave Observations



Gravitational Waves as a probe of the early 
Universe

EARLY UNIVERSE
LATE UNIVERSE

Recombination  
(CMB)

<latexit sha1_base64="fqw/p9l/GfO4ntxK/UptlYNyQ58=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68dhCv6ANZbOdtGs3m7C7EUroL/DiQRGv/iRv/hu3bQ7a+mDg8d4MM/OCRHBtXPfbWVvf2NzaLuwUd/f2Dw5LR8ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsWyYSYJ+RIeSh5xRY6V6o18quxV3DrJKvJyUIUetX/rqDWKWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dErOrTIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCW/9jMskNSjZYlGYCmJiMvuaDLhCZsTEEsoUt7cSNqKKMmOzKdoQvOWXV0nrsuJdV7z6Vbl6l8dRgFM4gwvw4Aaq8AA1aAIDhGd4hTfn0Xlx3p2PReuak8+cwB84nz+xoYze</latexit>

T

Cosmological GW source
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Maximal correlation 
length of GW signal 

today

Due to causality, signal today would be a 
Isotropic Stochastic Background, 
permanent “noise” in the detector 
(Similar to CMB, but for gravitons)

Hubble patch at 
early times

GW Source

Hubble patch 
today

BBN

T ≲ MeV



Ωgw ≡ (dρgw/d ln f )/ρc
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Figure 4. Same as Fig. 3 but for a di↵erent selection of models and showing a larger frequency range. The solid lines represent
median GWB spectra for a subset of new-physics models (see Appendix B for more details); the gray violins correspond to
the posteriors of an HD-correlated free spectral reconstruction of the NANOGrav signal; and the shaded regions indicate the
power-law-integrated sensitivity (Thrane & Romano 2013) of various existing and planned GW interferometer experiments:
LISA (Amaro-Seoane et al. 2017), DECIGO (Kawamura et al. 2011), BBO (Crowder & Cornish 2005), Einstein Telescope (ET;
Punturo et al. 2010), Cosmic Explorer (CE; Reitze et al. 2019), the HLVK detector network (consisting of aLIGO in Hanford
and Livingston (Aasi et al. 2015), aVirgo (Acernese et al. 2015), and KAGRA (Akutsu et al. 2019)) at design sensitivity, and
the HLV detector network during the third observing run (O3). All sensitivity curves are normalized to a signal-to-noise ratio
of unity and, for planned experiments, an observing time of one year. For the HLV detector network, we use the O3 observing
time. Di↵erent signal-to-noise thresholds ⇢thr and observing times tobs can be easily implemented by rescaling the sensitivity
curves by a factor of ⇢thr/

p
tobs. More details on the construction of the sensitivity curves can be found in Schmitz (2021).

We emphasize that models whose median GWB spectrum exceeds the sensitivity of existing experiments are not automatically
ruled out. This applies, e.g., to cosmic superstrings (super) and the O3 sensitivity of the HLV detector network. Typically, no
single GWB spectrum in a given model will coincide with the median GWB spectrum, which is constructed from distributions
of h2⌦GW values at any given frequency. Therefore, if the median GWB spectrum is in conflict with existing bounds, typically
only some regions in the model parameter space will be ruled out, while others remain viable (see, e.g., Fig. 11 for the super
model). Finally, note that any primordial GWB signal is subject to the upper limit on the amount of dark radiation in Eq. (23),
which requires the total integrated GW energy density to remain smaller than O(10�(5···6)) (see Section 5.1).

eters in these models are fairly well known (e.g., con-
cerning the galaxy stellar mass function), others are
almost entirely unconstrained—particularly those gov-
erning the dynamical evolution of SMBHBs on subpar-
sec scales (Begelman et al. 1980). The GWOnly-Ext li-
brary assumes purely GW-driven binary evolution and
uses relatively narrow distributions of model parame-
ters based on literature constraints from galaxy-merger

observations (e.g., Tomczak et al. 2014) in addition to
more detailed numerical studies of SMBHB evolution
(e.g., Sesana 2013).
For each population contained in the GWOnly-Ext li-

brary, we perform a power-law fit of the correspond-
ing GWB spectrum across the first 14 frequency bins
that we use in our analysis. The distribution for ABHB

and �BHB obtained in this way is reported in Fig. 1
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f(emission) ∝ H(T)For a broad class of sources
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median GWB spectra for a subset of new-physics models (see Appendix B for more details); the gray violins correspond to
the posteriors of an HD-correlated free spectral reconstruction of the NANOGrav signal; and the shaded regions indicate the
power-law-integrated sensitivity (Thrane & Romano 2013) of various existing and planned GW interferometer experiments:
LISA (Amaro-Seoane et al. 2017), DECIGO (Kawamura et al. 2011), BBO (Crowder & Cornish 2005), Einstein Telescope (ET;
Punturo et al. 2010), Cosmic Explorer (CE; Reitze et al. 2019), the HLVK detector network (consisting of aLIGO in Hanford
and Livingston (Aasi et al. 2015), aVirgo (Acernese et al. 2015), and KAGRA (Akutsu et al. 2019)) at design sensitivity, and
the HLV detector network during the third observing run (O3). All sensitivity curves are normalized to a signal-to-noise ratio
of unity and, for planned experiments, an observing time of one year. For the HLV detector network, we use the O3 observing
time. Di↵erent signal-to-noise thresholds ⇢thr and observing times tobs can be easily implemented by rescaling the sensitivity
curves by a factor of ⇢thr/

p
tobs. More details on the construction of the sensitivity curves can be found in Schmitz (2021).

We emphasize that models whose median GWB spectrum exceeds the sensitivity of existing experiments are not automatically
ruled out. This applies, e.g., to cosmic superstrings (super) and the O3 sensitivity of the HLV detector network. Typically, no
single GWB spectrum in a given model will coincide with the median GWB spectrum, which is constructed from distributions
of h2⌦GW values at any given frequency. Therefore, if the median GWB spectrum is in conflict with existing bounds, typically
only some regions in the model parameter space will be ruled out, while others remain viable (see, e.g., Fig. 11 for the super
model). Finally, note that any primordial GWB signal is subject to the upper limit on the amount of dark radiation in Eq. (23),
which requires the total integrated GW energy density to remain smaller than O(10�(5···6)) (see Section 5.1).

eters in these models are fairly well known (e.g., con-
cerning the galaxy stellar mass function), others are
almost entirely unconstrained—particularly those gov-
erning the dynamical evolution of SMBHBs on subpar-
sec scales (Begelman et al. 1980). The GWOnly-Ext li-
brary assumes purely GW-driven binary evolution and
uses relatively narrow distributions of model parame-
ters based on literature constraints from galaxy-merger

observations (e.g., Tomczak et al. 2014) in addition to
more detailed numerical studies of SMBHB evolution
(e.g., Sesana 2013).
For each population contained in the GWOnly-Ext li-

brary, we perform a power-law fit of the correspond-
ing GWB spectrum across the first 14 frequency bins
that we use in our analysis. The distribution for ABHB

and �BHB obtained in this way is reported in Fig. 1
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correlations are simply vanishing. The factor 8⇡5 in Eq. (80) has been chosen so that

Eqs. (58) and (60) give

hhij(x, ⌘)hij(x, ⌘)i = 2

Z
+1

0

dk

k
h2

c
(k, ⌘) , (81)

where the factor 2 in the RHS is a convention motivated by the fact that the LHS involves

contributions from two independent polarizations (we adopt here the same convention

as [24, 17], while the one adopted in [54] di↵ers by a factor 2). It appears from the

above equation that hc(k, ⌘) represents a characteristic GW amplitude per logarithmic

wave-number interval and per polarization state, at a time ⌘.

As discussed at the beginning of subsection 3.1, for free waves at sub-Hubble scales

(those detectable today), the average in the LHS of Eq. (80) can be taken both as a

volume average over su�ciently large regions compared to the GW wavelengths, and a

time average over several periods of oscillation (i.e. the average under which GWs can

be defined, following what presented in subsection 2.3). The time behaviour of the GW

Fourier amplitudes for sub-Hubble modes is given by Eq. (67). Inserting this solution

into Eq. (80), and keeping in mind that the presence of the delta function imposes k = q,

one can average out the terms that are oscillatory in time, and find

hhr(k, ⌘)h
⇤

p
(q, ⌘)i = 1

a2(⌘)
[hAr(k)A

⇤

p
(q)i+ hBr(k)B

⇤

p
(q)i] . (82)

The above equation, together with Eq. (80), shows that for free waves inside the Hubble

radius, hc(k, ⌘) / 1/a(⌘) after the oscillatory terms are averaged out.

Besides hc, a quantity of prime interest to characterize a stochastic GW

background, is the spectrum of GW energy density per logarithmic wave-number

interval, d⇢GW/dlogk. The energy density in GWs is given by the 00-component of

the energy-momentum tensor, see Eq. (48)

⇢GW =
hḣij(x, t) ḣij(x, t)i

32⇡G
=

hh0

ij
(x, ⌘)h0

ij
(x, ⌘)i

32⇡Ga2(⌘)
=

Z
+1

0

dk

k

d⇢GW

dlogk
, (83)

where in the second equality we have converted the derivatives with respect to the

physical time t into derivatives with respect to the conformal time ⌘, while the third

equality defines d⇢GW/dlogk. Again, we have seen from the discussion in subsection

2.3 (c.f. also what presented in [30, 24]) that, even for a deterministic GW signal,

the energy-momentum tensor of GWs cannot be localized inside a volume smaller

than the GW typical wavelength, but can only be defined by performing an average

over volume and/or time (over several wavelengths and/or frequencies for its Fourier

components). For a stochastic background generated in the early universe, invoking the

ergodic hypothesis, the average performed in Eq. (83) corresponds to the usual ensemble

average of Eq. (80).

An expression for the GW energy density power spectrum d⇢GW/dlogk valid for

free waves inside the Hubble radius, can be found from Eq. (83), inserting the time

behaviour of the GW Fourier modes given by Eq. (67). The first step is to postulate

See also 
talk by 

Kim
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FIG. 2: Expected SGWB spectra from local cosmic strings (Models A and B), domain walls (DWs) and strong first
order phase transition (FOPT). Cosmic string tension for Model A has been chosen to fit the current PTA constraints
[8, 10], whereas the one for Model B represents detectable signal within the Earth-based detector band. In both
cases, loops are assumed to have two cusps (see section IV). For the DW spectra, we have fixed ↵ann = 0.04 and
✏̃ = 0.7 in Eqs. (87) and (88), while �/H⇤ = 40 for the strong first order PT spectrum, Eqs. (56) and (57). Power
law integrated sensitivity curves (PLISC), corresponding to a SNR = 5 threshold, of future GW detectors are shown,
considering astrophysical foregrounds (solid lines, see Table I) or not (dashed lines). For ET and CE, the two PLISC
overlap: as discussed in section II B, this is due to the comparatively low level of the astrophysical foregrounds with
respect to the detectors noises. Therefore, to facilitate comparison with the cosmological SGWBs, we also show the
expected astrophysical foregrounds as dotted lines. In LISA, two foregrounds are present (see section II B): the one
from galactic binaries is higher than the instrument noise and clearly a↵ects the PLISC (solid line); that from extra
galactic white dwarf binaries and stellar mass black hole binaries is smaller than the detector noise. It is shown by
the dotted line. Details on the chosen specifications for the detectors are given in Table I. Note that the vertical axis
should be limited to ⇠ 10�6 due to the bound on the amplitude of the SGWB from BBN and CMB; here we extend
it for visualisation purposes.

GWs are indeed produced by a plasma in equilibrium, their amplitude is too small to be of observational relevance if
the plasma is the one of the SM [107], and even when hidden sectors are present [108] (note, however, that the question
remains open in the context of thermal inflation [109, 110]). On the other hand, if the PT proceeds via tunnelling
or thermal fluctuations over a potential barrier [111–113], bubbles of the new phase are nucleated and expand, and
ultimately percolate to complete the transition. A SGWB is then sourced by the anisotropic stresses generated by
the scalar field configuration when the bubbles collide [16, 17, 114–118], and/or by the bulk fluid motion induced by
the bubble expansion and collision [14, 15, 18, 119–131].

The evaluation of the SGWB signal, from the PT dynamics to the modelling of the anisotropic stress source, is a
complicated, though constantly progressing, endeavour, involving many assumptions and approximations (for recent

Caprini, Pujolàs, Quelquejay-
Leclere, Steer, FR 24

Competing astro 
backgrounds

See also talk by 
Kim



What sources can we see in the near future? 



Transients in cosmological history

active at definite epoch/temperature, on a short time scale

GW source  Hubble sphere
lgw ≲ H−1

gw

Length 
(correlation) scale 

of the source

Domain Walls belong to a broad class of sources

Long-lived 
sources also potentially 

observable 
(Cosmic strings, 

inflation, …)

tgw ≲ H(Tgw)−1

H−1
gw

With an energy density fraction αgw ≡ ρs/(3H2M2
p)|T=Tgw



Amplitude/Relic Abundance

Ωgwh2 ≃ 10−8ϵgw (
g*(Tgw)

74 )
−1/3

(
αgw/(1 + αgw)

0.14 )
2

ϵgw ∝ (tgw/H−1
gw)p ≲ 1

Observability now and in the near future  
(5 to 10 yrs) requires

tgw/H−1
gw ≳ 0.1αgw ≳ 0.05



Amplitude for Domain Walls

Domain walls easily satisfy both conditions, because of scaling regime! 

tgw ≃ H−1

Vilenkin 81/…/Hiramatsu+13/…/Ferreira+FR 21, 22, 24/…/Notari+FR 25/Hong, Lee+25/…Barbini+FR 26

αgw =
2𝒜σH
3H2M2

p
∝ T2

(In contrast to first order phase transition, where                
typically                   because of percolation)

Easy to get large 
fractions

Because of O(1) number 
of Hubble-sized walls

tgw ≪ H−1



Gravitational Waves from Scaling DW Networks

Let us now relate these results to GW observations. In the radiation dominated Universe
ω → T→1g→1/6

↑ , where g↑(T ) is the number of relativistic degrees of freedom at the temperature
T (and we take g↑,s(T ) = g↑(T )). Therefore we have:

Population Bias: Tgw ↑ 0.4 Tann ↑ 126 MeV
(

g↑(Ts)

g↑(Tgw)

) 1
6
(

Ts

106 GeV

)(
Bs

10→9

)
0.8

.

(7.4)
It is in principle possible to express Tann in terms of the temperature of the symmetry breaking
phase transition Tc → v and the initial bias bi at Tc (3.4). However, the actual separation
between Ts and Tc is model-dependent: in particular it depends on whether the field originally
interacts with the thermal bath, in which case Ts ↓ Tc, and on the self-coupling ε, since
strictly speaking the network forms at the Ginzburg temperature TG, such that Tc↔TG → εTc

(see e.g. [10]). Additionally, if the transition is non-thermal and Hi ↑ m when domain walls
form (as in our simulations), the approach to the scaling regime may be faster than in the
standard thermal case with Hi ↓ m. Furthermore, as discussed in Sec. 4, the bias grows
between Tc and Ts di!erently from the growth during scaling. For these reasons, we prefer to
stick to the more model-independent characterization (7.4).

For the potential bias scenario, we have overall confirmed the results previously obtained
in [16] (within the uncertainties), finding:

Potential Bias: Tgw ↑ 0.4 T!V ↑ 180 MeV
(
g↑(Tgw)

17.25

)→ 1
4

(
!V 1/4

100 MeV

)
2(

105 GeV
ϑ1/3

) 3
2

,

(7.5)
In both scenarios, the peak frequency of the GW signal is related to Tgw by the usual
relation [16]:

fp ↑ 24 xp nHz
(
g↑(Tgw)

100

)
1/6

(
Tgw

150 MeV

)
,

with xp ↑ 2 for both population and potential bias scenarios,
The GW spectrum from biased domain walls today can then be expressed via the usual

expression ”gw(f)h2 = ”gw(fp)h2 ↗ S(f/fp), where the amplitude at the peak frequency fp
is given by [15, 16]:

”gw(fp)h
2 ↑ 10→10ϖgw

(
g↑(Tgw)

10.75

)→1/3 (ϱgw

0.01

)
2

,

Population Bias: ϖgw ↑ 0.06, Potential Bias: ϖgw ↑ 0.1, (7.6)

where ϱgw ↘ 2ϑHgw/(3H2
gwM

2
p ) and Hgw ↘ H(Tgw). Concerning the spectral shape, we have

found the signal from population bias to be well described by a single broken power law:

Population Bias: S(f) = (ϱ+ ς)ω
(
ς
(

f

fp

)→ω
ε
+ ϱ

(
f

fp

)ϑ
ε

)ω
, ϱ = 3, ς ≃ 1, φ ≃ 2.8, (7.7)

where we report only the central values of the parameters, see Table 1 for full results. While
the near-peak slope is close to the usual result in the scaling regime, the width of the peak
is significantly broader (although the inference of this parameter is subject to statistical
uncertainties on the IR tail of the signal), and the peak position is also roughly twice as large.

– 29 –

18

Figure 12. Left: Evolution of the area parameter for the ω4 potential in the absence of a symmetry breaking term, extracted

from two simulations with N = 3060 and L = 141, 70. The red vertical dashed lines delimit the time interval in which the

friction term is active, while the gray one indicates the time at which the L = 141 simulation stops being reliable. Right:

Evolution of the total energy density and its kinetic, gradient, and potential contributions for the same two simulations.

Figure 13. Evolution of the GW spectrum generated during

the formation and early scaling regimes of the DW network,

obtained with a simulation for the unbiased ω4 potential for

lattice parameters N = 3060 and L = 141. The dots over

the lines indicate the momentum scale associated to the DW

width at each time.
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Figure 14. Red dots show the GW spectrum amplitude at

each spectral bin at the time εf = 30, as a function of

the wavenumber x → k/(2ϑaH), obtained by averaging the

results of five simulations with lattice parameters N = 3060,

L = 80 and di!erent realizations for the initial conditions.

The error bars show one standard deviation uncertainty at

each bin. The dashed blue line shows the best fit to the

function (14).

∼ 1/k1.2

Notari, FR, Torrenti 25

Roughly 
confirmed 

previous results 
from 

Hiramatsu+13  
(see also Dankovsky +24)
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xp → kp/(2ωaH) ↑ 1

Peak at Hubble scale

Causality Tail

∼ k3
f = k /(2πa)

5 Gravitational waves

Biased domain wall networks act as e!cient sources of GWs. In the case of potential bias, it
has recently been understood that the amplitude and spectral shape of the GW signal are set
by the collapse phase [14–18] rather than by the scaling regime as previously thought. In this
section, we provide the first results for GWs from the collapse of population-biased networks.

In our scenario, GWs hij = hij(ωx, t) obey the equation of motion in the transverse-
traceless (TT) gauge

h→→ij →↑2hij + 2Hh→ij =
2

M2
p

(εiϑεjϑ)
TT , (5.1)

where the right-hand side of the equation contains the TT part of the anisotropic stress
tensor of the scalar field. The energy density of the produced stochastic gravitational wave
background is then

ϖgw ↓
M2

p

4a2
↔h→ijh→ij↗V , (5.2)

where ↔. . . ↗V represents a volume average over a region large enough to capture the relevant
wavelengths. In momentum space, this is

ϖgw =

∫
dϖgw
d log k

d log k , with
dϖgw
d log k

↓
M2

pk
3

8ϱ2a2V

∫
d!k

4ϱ
h→ij(k, ς)h

→↑
ij(k, ς) , (5.3)

where dϖgw/d log k is the energy density per logarithmic momentum interval, expressed as an
angular integral in momentum space, with d!k the corresponding solid angle di"erential. The
energy density in GWs is also usually reported by normalizing to the critical energy density
at a given time, ϖc ↓ 3M2

pH
2, with Mp = 1/

↘
8ϱG ≃ 2.4 · 1018 GeV, i.e. !gw ↓ ϖgw/ϖc, and

d!gw(f)/d log(f) is the corresponding spectrum, defined as in (5.3). A simple dimensional
analysis estimate based on the quadrupole approximation for scaling networks (i.e. with only
one length/time scale of O(H↓1)) gives [60]:

!(scal)

gw (kpeak, ς) = φ !quad
gw =

3

32ϱ
φ↼(ς)2, (5.4)

where ↼(ς) ↓ ϖsource/ϖc is the fraction of energy density stored in the source and φ is an
e!ciency factor to be estimated with numerical simulations, which quantifies deviations from
the simple quadrupole expectation. In the scaling regime, we can take ϖsource = ϖdw with
A ⇐ 1, see Eq. (2.2). We then obtain

!quad,s

gw ↓ 3

32ϱ

(
2↽H(ς)

ϖc(ς)

)
2

. (5.5)

For the purposes of comparing the e!ciency of GW production in di"erent biasing scenarios,
it is interesting to consider the quadrupole prediction based on the total energy density in the
scalar field, including contributions from scalar waves (which are known to be active sources
of GWs at late times, see [16]). We therefore also consider

!̃quad

gw ↓ 3

32ϱ

(
ϖω(ς)

ϖc(ς)

)
2

, (5.6)

where ϖω is the actual total energy density stored in the scalar field at the time ς.

– 17 –

also computed on the lattice



Gravitational Waves from DW networks

Interpretation of PTA data, 
Using scaling regime GW spectrum
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Figure 2. Maximum likelihood GW abundance from DWs
(solid, dashed), assuming the SM scenario, and from SMBHBs
(dotted). For comparison, we show the free spectrum
posteriors obtained by converting the results of [4] (NG12)
and [7] (IPTA DR2) (violin shapes, lower limits set by
priors). Solid lines correspond to ↵? ' 0.07 (0.04), T? '
47 (7) MeV, � ' 2 (2.5),� ' 0.7 (0.6) for IPTA DR2 (NG12),
dashed lines to �,� = 1,↵? ' 0.07 (0.04), T? ' 42 (21) MeV.
AGWB ' 3.3 (1.8)·10�15, according to our IPTA DR2 (NG12)
DWs+SMBHBs analysis.

the minor e↵ect of these parameters on the quality of the
fit.

We then specify our analysis of the SM scenario to
the case of network annihilation due to a gap �V , by
sampling the tension � 2 [1010, 1018] GeV3 rather than
↵? and deriving posteriors of �V 1/4 using (6). We
restrict our analysis to GWs from DWs only. We take
c = 2.2 (obtained from string-wall networks with N =
3 [69]). Fig. 3 shows that both datasets are well modeled
when � ' (40� 100 TeV)3 and �V ' (15� 50 MeV)4.

We also compare models using the Bayes factors
log

10
Bi,j of model j with respect to model i.

For NG12, we find: log
10

BSMBHBs, DW ' 0.16,
log

10
BDW, DW+SMBHBs ' 0.07. For IPTADR2, we find:

log
10

BDW, SMBHBs ' 0.48, log
10

BDW, DW+SMBHBs ' 0.38.
Thus we find no substantial evidence for one model
against any other one in the datasets.

Finally, we discuss di↵erent choices of numerical
coe�cients ✏̃ and c. From (4), a change in ✏̃ can be
reabsorbed by rescaling ↵?, and thus �Ne↵, in Fig. 1.
The DR bound then severely constrains DWs as the
dominant source of GWs in IPTADR2 (NG12) data,
unless ✏̃ & 0.3 (0.07). On the other hand, imposing
↵?  0.3 leads to ✏̃ & 0.02(0.005) in the SM scenario.
The e↵ect of smaller values of ✏̃, and of larger values of c
is shown in Fig. 3 (we take the example c ' 4.5 from [69]
for string-wall networks with N = 6).

Particle Physics Interpretations and
Discussion. Let us briefly discuss interesting
microphysical origins for the DW networks whose

104 105
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Figure 3. Posterior distributions of the DW tension �1/3 and
the gap energy (density) �V 1/4 scales, 1� and 2� contours.
The prior T? � 2.7 MeV corresponds to �V 1/4 & 3 MeV. See
also Appendix A.

properties we inferred above. We focus here on
scenarios with DW annihilation induced by a gap �V .
Intriguingly, the preferred values of �V and of the DW
tension � shown in Fig. 3 fall in the ballpark of two
particularly interesting energy scales.
First, the 10 � 100 TeV range for �1/3 points at new

physics which may be probed by (future) colliders (see
e.g. [21]). Second, the 10� 100 MeV range for �V 1/4 is
close to ⇤QCD ' 300 MeV, so that one may entertain the
possibility of QCD inducing DW annihilation [22, 59, 76–
78].
A realization of the latter idea may consist of a

heavy axion field a with ZN symmetry, N > 1, and
decay constant Fa, coupled to the topological term of
a confining dark gauge sector H. Upon H-confinement
at some scale ⇤H � ⇤QCD, the ZN symmetry is
spontaneously broken and a hybrid string-wall network
forms with DW tension � ' 8maF 2

a , where ma ' ⇤2

H
/Fa

is the axion mass. If a also couples to QCD, it receives
an additional potential around the QCD PT with size set

by the topological susceptibility �V 1/4
QCD

' 75 MeV [79].
This can induce annihilation when its periodicity di↵ers
from that of the H-induced potential. While a detailed
exploration of this scenario is beyond the aim of this work
(see however Appendix B), note that solving the strong
CP problem requires either a fine alignment between
the potentials induced by H and QCD, which might
be challenging (see e.g. [80–84] for recent work), or a
second axion that couples only (mostly) to QCD, see
e.g. [77, 78, 85]. Alternatively, annihilation may occur
due to (and/or in) a dark sector, see Appendix B.

We present the region of the ma �Fa parameter space
for which a heavy axion can model PTA data in Fig. 4,
assuming decay to SM particles. Degeneracy between
parameters can be clearly observed, as the GW signal
only depends on � and T?. We also show existing
constraints and future detection prospects from collider,
astrophysics and laboratory experiments. Remarkably,
for ma ⇠ 100 MeV�20 GeV and Fa ⇠ 105�2 ·107 GeV,
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Figure 12. Same as in Fig. 5, but for domain walls decaying to SM particles (left panel) and a dark sector (right panel).
Fig. 31 in Appendix C.5 shows extended versions of the two plots that include the spectral shape parameters b, c and the
SMBHB parameters ABHB and ωBHB.

et al. 2021). In our MCMC analysis of the dw-drmodel,
we follow Ferreira et al. (2022) and use!N

max
e! = 0.39 as

the upper bound on our prior for the parameter !Ne! .
Assuming that all the domain wall energy is converted
to dark radiation at T→, !Ne! is related to ω→ by

!Ne! → 0.62

(
10.75

g→

)1/3 (
g→,s
g→

)(
ω→
0.1

)
, (58)

where, as before, both g→ and g→,s are evaluated at T→.
In the dw-smmodel, BBN restricts the possible values

of the decay temperature to T→ ↭ 2.7MeV (Jedamzik
2006; Bai & Korwar 2022) for any detectable value of ω→.
Following Ferreira et al. (2022), we also impose ω→ < 0.3
to avoid any possible deviation from radiation domina-
tion and to evade bounds from !Ne! .

RESULTS AND DISCUSSION

The reconstructed posterior distributions for the pa-
rameters T→ and ω→ (T→ and !Ne!) of the dw-sm (dw-
dr) model are reported in Fig. 12, for both the case
where the domain walls are assumed to be the only
source of GWs (blue contours) and the scenario where
we consider the superposition of the domain wall and
SMBHB signals (red contours). Full corner plots includ-
ing the posterior distributions of the spectral shape pa-
rameters b and c are reported in Fig. 31 in Appendix C.5.
For both the dw-sm and dw-dr models, with and

without the inclusion of the SMBHB signal, we find that
the GWB produced by domain walls peaks around 10↑8

Hz such that most of the low frequency bins are fit by the
low-frequency tail of the spectrum (see Figs. 3 and 19).
Specifically, for the dw-sm (dw-dr) model, we find that
T→ ↑ [110, 275] ([79, 153]) MeV at the 68% credible level
and T→ ↑ [76, 505] ([54, 198]) MeV at the 95% credible
level. When including the SMBHB contribution to the
GWB, we find T→ ↑ [108, 309] ([54, 216]) MeV at the
68% credible level and T→ ↑ [67, 843] (no bound on T→)
MeV at the 95% credible level for the dw-sm (dw-dr)
model. We notice that, with and without the inclusion of
SMBHBs, the recovered transition temperature for the
dw-sm model is high enough to evade BBN constraints.
For the dw-dr model, the posterior distribution for

!Ne! is peaked near the upper prior boundary, signaling
that larger values fit the observed signal better. Specif-
ically, we find !Ne! ↭ 0.32 at the 68% credible level
and !Ne! ↭ 0.25 at the 95% credible level. Includ-
ing the contribution from SMBHBs allows the distribu-
tion for !Ne! to extend to lower values, and we find
!Ne! ↭ 0.23 at the 68% credible level and no bound at
the 95% credible level. We thus conclude that the dw-
dr model prefers large !Ne! values in the vicinity of
existing bounds. This means that the most promising
parameter regions, i.e., regions that are not yet ruled
by !Ne! but still manage to fit the NANOGrav signal,
point to !Ne! values within the reach of upcoming ex-
periments, including CMB-S4 (Abazajian et al. 2022),
which promises to be sensitive to !Ne! values as small
as !Ne! → 0.06 at the 95% confidence level.

NANOGrav 15 yrs results

Afzal et al 23

R.Z. Ferreira, A. Notari, O. Pujolàs, FR 22’  

Cannot be standard QCD 
axion DWs, since
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The need for an analysis of the annihilation phase

Amplitude of GW signal is highly sensitive to duration of collapse!

Ωgw ∝ α2
gw =

2σH
3H2M2

P
|Tgw

∝ T4
gw

In a viable model, domain walls annihilate 
around some temperature 

Tgw

Annihilation temperature depends on 
microphysics, accurate estimate is required



The need for an analysis of the annihilation phase
Collapse expected to affect spectral shape, 

 required to fit (PTA) data 
+ understand correlated signature at other observatories (e.g. LISA)
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Figure 4. Same as Fig. 3 but for a di↵erent selection of models and showing a larger frequency range. The solid lines represent
median GWB spectra for a subset of new-physics models (see Appendix B for more details); the gray violins correspond to
the posteriors of an HD-correlated free spectral reconstruction of the NANOGrav signal; and the shaded regions indicate the
power-law-integrated sensitivity (Thrane & Romano 2013) of various existing and planned GW interferometer experiments:
LISA (Amaro-Seoane et al. 2017), DECIGO (Kawamura et al. 2011), BBO (Crowder & Cornish 2005), Einstein Telescope (ET;
Punturo et al. 2010), Cosmic Explorer (CE; Reitze et al. 2019), the HLVK detector network (consisting of aLIGO in Hanford
and Livingston (Aasi et al. 2015), aVirgo (Acernese et al. 2015), and KAGRA (Akutsu et al. 2019)) at design sensitivity, and
the HLV detector network during the third observing run (O3). All sensitivity curves are normalized to a signal-to-noise ratio
of unity and, for planned experiments, an observing time of one year. For the HLV detector network, we use the O3 observing
time. Di↵erent signal-to-noise thresholds ⇢thr and observing times tobs can be easily implemented by rescaling the sensitivity
curves by a factor of ⇢thr/

p
tobs. More details on the construction of the sensitivity curves can be found in Schmitz (2021).

We emphasize that models whose median GWB spectrum exceeds the sensitivity of existing experiments are not automatically
ruled out. This applies, e.g., to cosmic superstrings (super) and the O3 sensitivity of the HLV detector network. Typically, no
single GWB spectrum in a given model will coincide with the median GWB spectrum, which is constructed from distributions
of h2⌦GW values at any given frequency. Therefore, if the median GWB spectrum is in conflict with existing bounds, typically
only some regions in the model parameter space will be ruled out, while others remain viable (see, e.g., Fig. 11 for the super
model). Finally, note that any primordial GWB signal is subject to the upper limit on the amount of dark radiation in Eq. (23),
which requires the total integrated GW energy density to remain smaller than O(10�(5···6)) (see Section 5.1).

eters in these models are fairly well known (e.g., con-
cerning the galaxy stellar mass function), others are
almost entirely unconstrained—particularly those gov-
erning the dynamical evolution of SMBHBs on subpar-
sec scales (Begelman et al. 1980). The GWOnly-Ext li-
brary assumes purely GW-driven binary evolution and
uses relatively narrow distributions of model parame-
ters based on literature constraints from galaxy-merger

observations (e.g., Tomczak et al. 2014) in addition to
more detailed numerical studies of SMBHB evolution
(e.g., Sesana 2013).
For each population contained in the GWOnly-Ext li-

brary, we perform a power-law fit of the correspond-
ing GWB spectrum across the first 14 frequency bins
that we use in our analysis. The distribution for ABHB

and �BHB obtained in this way is reported in Fig. 1
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Domain Wall Annihilation

Formation

Tc → v

Scaling

Ts Tann

Collapse

Tgw

Relics t

Figure 1. Sketch of the evolution of biased domain wall networks with cosmic time t → T→2. The
temperatures reported on the ticks indicate: the critical temperature of the symmetry-breaking phase
transition Tc; the onset of the scaling regime Ts; the start of the annihilation phase Tann; and the end
of gravitational wave production Tgw. Representative 2D snapshots of the field values for each of the
corresponding epochs, as obtained in our 3D numerical simulations with N = 4096, L = 49, are also
shown (dark and yellow shading: less and more populated vacuum respectively). The squares in each
panel have sides of length 1/H, where H is the Hubble rate.

achieves the scaling regime as usual (a sketch of the evolution of biased networks is shown
in Fig. 1). However, the fraction of the Universe in the initially less-populated minimum
decreases sharply around a temperature Tann, similarly to what happens in the presence of a
potential bias. Nonetheless, we shall see that the decrease of the FV fraction in a population-
biased network is more gradual. Owing to this similarity between the two scenarios, we shall
often refer to the less-populated minimum as the “false vacuum”, although we stress that the
two vacua are actually degenerate. We then numerically extract the evolution of the false
vacuum (FV) fraction in networks with initial population biases as small as O(1↑ 3)%.

We are able to follow the late annihilation of networks with such small biases thanks
to, among other improvements, the use of a so-called fattening technique [49], by which one
artificially keeps the comoving width of the domain walls constant, thereby overcoming some
limitations due to the loss of resolution in our grids. Furthermore, we aim to provide a
relation between the annihilation temperature Tann and the population bias size, for a biased
network. While we will not consider any specific origin for the population bias, we notice that
inflationary di!usion provides a simple way to induce an initially asymmetric homogeneous
value of the field, and scenarios in which population bias has been discussed in this context
exist, see e.g. [46, 50, 51].

For gravitational waves, similarly to potential-biased networks, we find that the signal is
dominated by the annihilation phase. While the cause and the dynamics of the annihilation
are di!erent in the two cases, we find overall similar GW spectra, with deviations in the
detailed behaviour of the near-peak region and the UV tail of the spectrum, as well as a
somewhat di!erent enhancement of the amplitude compared to the scaling regime estimate.

A secondary aim of our work is to critically assess some claims in the recent literature on
potential bias annihilation [17, 18], by also presenting a new set of high-resolution simulations

– 3 –
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Focus here on theory with one real scalar for simplicity,  
many implications apply to axion (string-)walls as well



Biased Domain Wall Networks 

Explicit breaking of 
discrete symmetry

Breaking by  
Initial Condition

Zeldovich+ 74, Sikivie 82/… Lalak+93, Coulson+96, Hindmarsh 96, 
Larsson+97/ …

Potential (pressure) bias Population bias

A B
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Other possibilities: restoration (Vilenkin 81/…/
Babichev+23), (quantum) nucleation (strongly suppressed)



Potential Bias
Explicit breaking expected for global symmetries

A B
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Network annihilates roughly once acceleration beats Hubble friction 
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ẍ → !V/ω ↭ H(T )

A

B
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For (QCD) axions, can be additional periodic term with larger periodicity due to 
non-perturbative contributions, UV or IR
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a ) < 10→10For QCD axion, generic potential bias causes shift: 
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Assuming potential bias,  
but using scaling regime spectrum

Example: Heavy Axions
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ma =
Λ2

H

Fa
≫

Λ2
QCD

Fa

Rubakov 97…/ Hook et al 19/…
Mirror Dark Sector 

Small Instantons

Gherghetta et al 16/…

Heavy confining 
gauge sector

Unified with QCD
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Figure 4. Posterior distributions of heavy axion parametersma and Fa, 1� and 2� contours, obtained
by marginalizing over T? � 2.7 MeV. Constraints and detection forecasts are taken from [86]. In the
upper left corner, the axion decays after BBN, to photons (gluons) for ma . (&)GeV [87]. Close to
this region, axions radiated by DWs lead to Matter Domination (MD) before decaying altering GW
predictions. The axion e↵ective theory is not valid for ma > Fa. See Appendix B for all posteriors.

5 Particle Physics Interpretations and Discussion.

Now that we have identified the properties of the DW networks that provide a good modelling
of the data, let us briefly discuss interesting microphysical origins and other potential ob-
servable signatures of such DWs. We focus here on scenarios with DW annihilation induced
by a gap �V . Intriguingly, the preferred values of �V and of the DW tension � shown in
Fig. 3 fall in the ballpark of two particularly interesting energy scales.

First, the 10 � 100 TeV range for �1/3 points at new physics which may be probed by
(future) colliders (see e.g. [21]). Second, the 10�100 MeV range for �V 1/4 is close to ⇤QCD '
300 MeV, so that one may entertain the possibility of QCD inducing DW annihilation [22,
56, 76–78].

A realization of the latter idea may consist of a heavy axion field a with ZN symmetry,
N > 1, and decay constant Fa, coupled to the topological term of a confining dark gauge
sector H. Upon H-confinement at some scale ⇤H � ⇤QCD, the ZN symmetry is sponta-
neously broken and a hybrid string-wall network forms with DW tension � ' 8maF 2

a , where
ma ' ⇤2

H
/Fa is the axion mass. If a also couples to QCD, it receives an additional potential

around the QCD PT with size set by the topological susceptibility �V 1/4
QCD

' 75 MeV [79].
This can induce annihilation when its periodicity di↵ers from that of the H-induced poten-
tial. While a detailed exploration of this scenario is beyond the aim of this work (see however
Appendix B), note that solving the strong CP problem requires either a fine alignment be-
tween the potentials induced by H and QCD, which might be challenging (see e.g. [80–84]
for recent work), or a second axion that couples only (mostly) to QCD (see e.g. [77, 78, 85]).
Alternatively, annihilation may occur due to (and/or in) a dark sector, see Appendix B.

We present the region of the ma � Fa parameter space for which a heavy axion can
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If coupled to QCD, 
need model building 

to align the two 
contributions



Beyond instantaneous annihilation

V = Vℤ2
+ qϕ3

We simulated (for technical simplicity)

Notari, FR, Torrenti 25

2d slice of gradient 
energy density 

(Log scale)

7

Figure 3. 2D snapshots of the gradient energy density (in logarithmic scale) for the biased ω4 potential at di!erent times,

extracted from a simulation with N = 3060 and L = 80. The darkest and lightest colors represent, respectively, gradient energy

densities smaller than 10→8 and larger than 10→1, in units of m = v = 1. The squares in each panel have sides of length 1/H.

about 20% in the amplitude of the main peak. We thus
obtain the GW spectrum from seven realizations, and
average over those to present a statistically reliable result
at several times throughout the evolution. The resulting
averaged GW spectra are shown in Fig. 4, with the
spectrum at the final time shown by the solid red curve.
For convenience, we have normalized the amplitude to
the theoretical prediction from the quadrupole formula
in the scaling regime with A = 1; i.e. to !quad

gw |A=1=
3/(32ω)[2εH/(3H2M2

p
)]2|ωf .

4

Several qualitative comments can be made before

4 Notice that the quadrupole estimate of (6) is obtained by setting

all time and length scales in the GW production process equal

to H
→1. Nonetheless, our simulations with a bias show that the

characteristic time/length scale of GW production is actually

presenting a detailed fit of the signal. First, we notice
that the position of the peak of the spectrum, fp, at
the final time deviates from the standard scaling results.
This can be appreciated by comparing the spectrum
at ϑ = 14 (when the symmetry breaking term is not
active yet and the network is thus in scaling) and at
ϑ = 47. We find roughly fp(ϑ = 47) → 1.5fp(ϑ ↑
14). Secondly, the GW spectrum continues to grow

smaller than H
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Figure 3. 2D snapshots of the gradient energy density (in logarithmic scale) for the biased ω4 potential at di!erent times,

extracted from a simulation with N = 3060 and L = 80. The darkest and lightest colors represent, respectively, gradient energy

densities smaller than 10→8 and larger than 10→1, in units of m = v = 1. The squares in each panel have sides of length 1/H.

about 20% in the amplitude of the main peak. We thus
obtain the GW spectrum from seven realizations, and
average over those to present a statistically reliable result
at several times throughout the evolution. The resulting
averaged GW spectra are shown in Fig. 4, with the
spectrum at the final time shown by the solid red curve.
For convenience, we have normalized the amplitude to
the theoretical prediction from the quadrupole formula
in the scaling regime with A = 1; i.e. to !quad

gw |A=1=
3/(32ω)[2εH/(3H2M2

p
)]2|ωf .

4
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walls. Therefore, our parametrization is to be taken only as a

convenient way to express our results, rather than as an estimate
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Figure 2. Left: Evolution of the area parameter in the presence of a symmetry breaking term in the potential (solid curve),

obtained from a simulation with N = 3060 and L = 80. The size of !V has been chosen such that ωH(ε!V ) = !V at

ε!V = 14 (vertical gray line). The evolution of the area parameter in the absence of the symmetry breaking term is also shown

for comparison (dashed curve). Right: Evolution of the energy density components of the scalar field, for a biased (solid) and

unbiased (dashed) network.

App. B 4 for more details.

The evolution of the energy density components of the
scalar field is shown in the right panel of Fig. 2 for
one particular realization of initial conditions. While
the kinetic energy density deviates from its value in
the unbiased case at around ω!V (gray vertical line),
the gradient energy density decreases only at a later
time. Gradients in the field dissipate once the network
annihilates. At the latest times in the simulation shown
in the right panel of Fig. 2, the gradient energy density is
comparable to the potential energy density. We confirm
that the latter is diluted as non-relativistic matter at
late times, → a→3, as expected since it captures the
oscillations of the scalar field around the true minimum.
The gradient energy density instead dilutes faster, and
we find it to provide the smallest contribution to the
total energy density in longer simulations. We also find
that after ω ↑ 33, the kinetic component approximately
equals the sum of the gradient and potential components,
as expected for a virialized field. On the other hand, the
vacuum pressure due to the symmetry breaking term in
the potential causes a late acceleration of the network,
which induces a growth of the kinetic energy density
until a time ↓ 1.5ω!V , as can be appreciated in the
right panel of Fig. 2. Afterwards, the kinetic component
decays; we find it to be diluted with the expansion
slightly faster than non-relativistic matter but slower
than radiation. While our simulations do not reach the
regime where the kinetic energy density is comparable
to the potential contribution, we expect this to be the

case at later times, once the scalar field has cooled
su!ciently to be entirely non-relativistic. Note that
in all phenomenological applications with an observable
GW signal one also needs to assume that the non-
relativistic relics quickly decay into (dark or Standard
Model) radiation, in order not to overclose the Universe
(see e.g. [48] for a discussion).

The snapshots in Fig. 3 allow to observe the formation,
evolution, and annihilation of the DW network. As
expected, the network achieves the scaling regime at ω ↑
14, characterized by the existence of approximately one
domain wall per Hubble patch. The emission of scalar
waves by the DWs can also be appreciated, although
these are still energetically subdominant at ω ↑ 14
(notice that the gradient energy density is plotted in
logarithmic scale). After ω ↔ 14, the DW network starts
annihilating, and the fraction of the lattice volume in the
false vacuum starts diminishing, becoming negligible at
ω ↭ 36. Conversely, the energy density is redistributed
in an inhomogeneous remnant fluid of scalar waves, that
are initially mildly relativistic and are responsible for the
slow decrease of the kinetic energy density in Fig. 2.

Let us now move to the main aim of our work, namely
the determination of the spectrum of GWs radiated by
the evolving network. Due to the temporary growth of
kinetic energy after ω!V , the network e!ciently radiates
gravitational waves until a time ωgw > ω!V . Our goal
is to determine ωgw and the GW spectrum at this time.
The latter in particular exhibits some dependence on the
initial conditions of the realization, with e.g. changes of

Gradients 
decrease, but 
kinetic energy 

increases!

Instantaneous 
Annihilation 

Estimate

Extended Annihilation Phase!

With bias s.t. annihilation condition is satisfied at ηΔV = 14
In units of 

inverse mass



Population Bias

Alternative when potential bias is too small/forbidden

In 3D, percolation of “false vacuum” occurs even when bias is 
relatively large (threshold is away from 0.5, not true in 2D, 

that most previous works are based on)
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B → 1

2
↑F
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F → VolB
VolA +VolB
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Heuristic picture

In Nambu-Goto picture (thin wall) for simple wall shapes 
characterized by one length scale

n=0, 1, 2 
 planar, spherical, cylindrical

2D the relation above implies A → exp
(
↑ω2

)
, however the numerical results of [42] show that

A → exp (↑ω) provides a much better fit to simulation data. Furthermore, extending the
suppression of [41] to the FV fraction and expanding for small ω leads to a power-law growth
of B (with a prefactor that is quadratic in the bias) and in 3D it predicts p = 3. This is quite
far from the behaviour observed in our simulations (see Sec. 4), which, to our knowledge, are
the first ones to obtain p numerically in 3D. This motivates us to attempt a di!erent strategy
to gain some insight.

In the quasi-scaling epoch, that is while the network is percolated, the latter consists
essentially of an infinite DW that spans the whole universe. As usual, the DW is bent on the
scale of the Hubble scale so that there is one large DW every Hubble patch and there is a
negligible amount of DWs (DW area) in the form of sub-Hubble closed DWs.

It is clear that introducing a population bias has a double e!ect: by definition, one of the
volume fraction decreases, say V→ to follow our previous choice. At the same time though, the
spatial geometry of the interface (the DW network) must change accordingly. In particular,
one expects that the extrinsic curvature (of the spatial geometry) K of the DW network is
also sensitive to B.

The extrinsic curvature plays an important role in the dynamics of population biased
networks because, as per the Nambu-Goto (NG) equation (see e.g. [10]), it is the one and only
driving force that pushes the DWs when the pressure bias is absent. To see this, consider the
NG equation for closed DWs of radius R(ω) for cylindrical and spherical geometries (n = 1, 2
respectively), which follows from the NG Lagrangian L = ↑ε a3(ω)Rn(ω)

√
1↑R↑(ω)2, where

R is the comoving coordinate, ω the conformal time and a is the FLRW scale factor:

R↑↑ +

(
n

R
+

3a↑

a
R↑

)(
1↑R↑2) = 0 . (2.8)

Aside from the Hubble friction term, one recognizes a force proportional to the extrinsic
curvature K ↓ n/R. Locally, the motion of each piece of the DW is driven by its value of K.

This suggests that what controls the bias growth in a network is a global (average) value
of the trace of the extrinsic curvature ↔K↗, which is a well defined quantity (for instance, it
can be defined as a large volume limit of the ratio of area-integrals

∫
KdA/

∫
dA). Certainly,

↔K↗ seems in principle calculable, including whether/how it depends on the bias B. It only
requires a global direction of the normal vector to the surface, but this is certainly possible
because at percolation the DW surface divides the whole volume in two equal parts, and we
are free to point the normal from, say, the V→ to the V+ volume. For an unbiased network i.e.
at B = 0, one expects ↔K↗ = 0 at large volume because the network is random and unbiased,
and so there are equally concave and convex regions of both volumes overall (in spite of K ↘= 0
generically everywhere).

There are two arguments indicating that ↔K↗ depends on B. The first one comes from
the geometry of random surfaces, which has been much studied using level set techniques.
The level sets of Gaussian random fields indeed share many qualitative similarities to the
(spatial) geometries defined by DW networks. It is a well known result that ↔K↗ is in fact
exactly linear in the equivalent notion to B – the normalized level set [52–54].

Second, the most important properties of the unbiased network are: V→ = V+ and
↔K↗ = 0. We can replace the network by simpler configurations with the same properties.
The simplest consists in a pair of closed DWs, enclosing + and ↑ vacua each, with the same
radii R±. Or similarly, with a pair of cylinders. Other shapes, more faithful to the actual
topology of the network could be used. In either case, B = ↔K↗ = 0 for equal radii, R± = R0.

– 6 –
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KOnly force acting on walls is due to extrinsic curvature

For wall networks, reasonable to expect 
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→K↑ ↓ 0 when network is unbiased

But consider e.g. two spherical shapes
<latexit sha1_base64="1wcqcecXsAHcd/3YSBU/XB7kCxc="></latexit>

R± = R0 ± ω → B ↑ (!K)/(K+ +K→) ↑ ω/R0

Bias will grow with time
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B → B(t)
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Figure 3. Left: Evolution of the FV fraction for di!erent initial biases and one specific realization of
initial conditions (solid lines). Right: Evolution of the area parameter for the same initial biases. Top:

Results from simulations without fattening. Bottom: Results from simulations with fattening. In the
FV plots, dashed lines show the best fits to the function (4.3), see the main text. They are barely
distinguishable because of the quality of the fits. The solid black lines in those plots show the inverse
number of Hubble volumes (4.4). The vertical dashed lines bound the range during which friction
is active. The top panels have been obtained from lattice simulations with N = 4096 and L = 80
without fattening. The bottom panels have been obtained from lattice simulations with N = 3840
and L = 240.to fix

Bs = B(ωs) at a time ωs = 9 shortly after the end of the friction epoch (the duration of this
epoch is indicated in Fig. 3 by the two dashed vertical lines). The reason for this choice is
that we observe an initial growth of the bias (well visible in the upper left panel in the figure),
which we believe may, in principle, depend on the specific model, as well as on the precise
initial spectrum of fluctuations, whereas the behaviour in the scaling regime is expected to
be more independent of the model and initial conditions. Therefore, we consider B(ωs) to
contain the physically relevant information about the bias size after the initial formation
epoch, shortly before the onset of the scaling regime. Numerically, in our simulations we
find3

Bs

bi
= 4.1→ 4.3 , (4.2)

3Notice that, as the initial conditions are Gaussian, computing B(ωi) from bi can be done analytically,
while at time ωs the field has evolved in a non-trivial way, and the value of B(ωs) is not straightforward to
compute analytically.
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Bs

= Initial value of Bias, at 
the onset of scaling
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Figure 4. Values of p (top-left), !ωann (top-right), and ε (bottom) obtained by fitting the FV
fraction to the template (4.3) for simulations with di!erent biases Bs. Purple/blue triangles/dots
represent the values obtained from simulations without/with fattening. The triangles/dots show, for
each value of Bs, the average of four/three simulations with di!erent random realizations, while the
error bars correspond to one standard deviation. In the upper right plot, we also report the best fit
curves for !ωann, see Eq. (4.6).

not only in the fit parameters p,ε and !ωann). Results for p and ε from fattening simulations
are in reasonable agreement with those from physical simulations, and results from fattening
simulations exhibit smaller uncertainties due to the much larger number of Hubble volumes
in the corresponding simulations, especially for small bias sizes, where annihilation occurs at
late times and is thus poorly captured in physical simulations. On the other hand, we observe
that physical simulations yield smaller values of !ωann compared to fattening simulations. We
interpret this mismatch as a shortcoming of simulations without fattening, which struggle to
fully capture the later stages of collapse due to their more limited validity in time. This is
further reinforced by the observation that the deviation between simulations with and without
fattening increases as !ωann increases. Due to these limitations, we present results mostly
based on fattening, for the precise characterization of the FV evolution.

Averaging over all simulations with fattening, we obtain:

Population bias: p = 1.37± 0.01 , ε = 0.30± 0.04 . (4.5)

The dependence of !ωann on Bs is particularly relevant for phenomenological applications
(in particular, to estimate the amplitude of GWs from the collapsing network, see below). A
power-law template provides an excellent fit to both sets of simulations. From simulations
with fattening, we find

!ωann
ωs

→ 0.2 B→0.8

s , (4.6)
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F = Fs exp

[
→
(

!ω
!ωann

)p̃
]
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Tann → Ts B0.8
s
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Figure 8. Left: Evolution of the GW energy density for the population and potential bias scenarios
respectively (red and blue, respectively), normalized in both cases by the quadrupole approximation
(5.5) at ωf = 50. For each scenario, the shaded regions show the mean value and the one-standard-
deviation uncertainty from averaging over five simulations with di!erent random initial conditions.
We also show each individual realization with gray lines. The dashed green line shows the expected
scaling behaviour !gw → a4. Right: Same quantities, but normalized by the quadrupole approximation
in terms of the total scalar field energy density (5.6).

time ωf = 50. The deviation from the scaling expectation !gw → a4 (dashed curve) around
ω ↑ 20 is evident. When normalizing to the quadrupole estimate from the total energy density
in the scalar field (right panel in Fig. 8), we find the “e!ciency” of GW emission to be close
to unity.

We extract the time ωgw at which GW production stops, by determining the time
at which the amplitude of the main spectral peak stops growing. Averaged over the five
simulations, we find:

Population Bias, Bs = 0.081

”ωgw ↓ ωgw ↔ ωs = 37.3± 2.9 , ”ωann = 13.1± 0.3 ,

↗ ”ωgw
”ωann

= 2.85± 0.23 , (5.7)

where ωann is the average annihilation time, defined by (4.3). Note that, when comparing with
”ωann, we subtract ωs = 9 from ωgw, i.e. ”ωgw ↓ ωgw ↔ ωs, since our determination of ”ωann
is restricted to ω > ωs. Eq. (5.7) shows that GW production continues significantly after the
start of annihilation, similarly to what happens for the potential bias scenario, see [14–18].

In the same Fig. 8 (left and right panels, blue curves) we provide results for the GW
energy density fraction from our new simulations of the potential bias scenario, with ω!V = 14.
The growth saturates approximately at the same time in both cases (by our choice of Bs, see
Sec. 4). We notice a larger saturation amplitude when we normalize by the domain wall
contribution only, which is expected because in the potential bias case there is an additional
contribution to the source of GWs with respect to population bias, namely the vacuum energy
”V . However, when normalizing to the quadrupole estimate from the total energy density
available in the scalar field in each scenario separately (right panel), we observe very similar
behaviours and saturation amplitudes, with the population bias scenario being only slightly
stronger than the potential bias case. Following the same procedure as for the population
bias scenario, we determine the average annihilation and saturation times:
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Instantaneous 
Annihilation 

(Previous work)

Ωgw ∝ α2
gw ∝ T4

gw

5 Gravitational waves

Biased domain wall networks act as e!cient sources of GWs. In the case of potential bias, it
has recently been understood that the amplitude and spectral shape of the GW signal are set
by the collapse phase [14–18] rather than by the scaling regime as previously thought. In this
section, we provide the first results for GWs from the collapse of population-biased networks.

In our scenario, GWs hij = hij(ωx, t) obey the equation of motion in the transverse-
traceless (TT) gauge

h→→ij →↑2hij + 2Hh→ij =
2

M2
p

(εiϑεjϑ)
TT , (5.1)

where the right-hand side of the equation contains the TT part of the anisotropic stress
tensor of the scalar field. The energy density of the produced stochastic gravitational wave
background is then

ϖgw ↓
M2

p

4a2
↔h→ijh→ij↗V , (5.2)

where ↔. . . ↗V represents a volume average over a region large enough to capture the relevant
wavelengths. In momentum space, this is

ϖgw =

∫
dϖgw
d log k

d log k , with
dϖgw
d log k

↓
M2

pk
3

8ϱ2a2V

∫
d!k

4ϱ
h→ij(k, ς)h

→↑
ij(k, ς) , (5.3)

where dϖgw/d log k is the energy density per logarithmic momentum interval, expressed as an
angular integral in momentum space, with d!k the corresponding solid angle di"erential. The
energy density in GWs is also usually reported by normalizing to the critical energy density
at a given time, ϖc ↓ 3M2

pH
2, with Mp = 1/

↘
8ϱG ≃ 2.4 · 1018 GeV, i.e. !gw ↓ ϖgw/ϖc, and

d!gw(f)/d log(f) is the corresponding spectrum, defined as in (5.3). A simple dimensional
analysis estimate based on the quadrupole approximation for scaling networks (i.e. with only
one length/time scale of O(H↓1)) gives [60]:

!(scal)

gw (kpeak, ς) = φ !quad
gw =

3

32ϱ
φ↼(ς)2, (5.4)

where ↼(ς) ↓ ϖsource/ϖc is the fraction of energy density stored in the source and φ is an
e!ciency factor to be estimated with numerical simulations, which quantifies deviations from
the simple quadrupole expectation. In the scaling regime, we can take ϖsource = ϖdw with
A ⇐ 1, see Eq. (2.2). We then obtain

!quad,s

gw ↓ 3

32ϱ

(
2↽H(ς)

ϖc(ς)

)
2

. (5.5)

For the purposes of comparing the e!ciency of GW production in di"erent biasing scenarios,
it is interesting to consider the quadrupole prediction based on the total energy density in the
scalar field, including contributions from scalar waves (which are known to be active sources
of GWs at late times, see [16]). We therefore also consider

!̃quad

gw ↓ 3

32ϱ

(
ϖω(ς)

ϖc(ς)

)
2

, (5.6)

where ϖω is the actual total energy density stored in the scalar field at the time ς.
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Figure 10. Red: GW spectrum for the population bias scenario at time ωf = 50, normalized by the
quadrupole approximation (5.5) at the same time ωf , as a function of the wavenumber x → k/(2εaH).
Blue: GW spectrum for the potential bias scenario at time ωf = 47, also normalized by the same
quantity at ωf = 47. In each case, the dots show the average of the di!erent realizations in each
spectral bin, with the error bars indicating one standard deviation. The purple dashed lines show the
best fits of each data set to the doubly broken power law template (5.11). For the population bias
scenario, we also show the fit to the singly broken template (5.10) in orange.

For both templates, we fit only to data with x ↑ 50 and discard the most IR bin due to
the limited resolution in this region of the spectrum. We also fix ϑ = 3 because of causality
[62]. The inferred values of the fitting parameters are reported in Table 1, while in Fig. 10 the
curves corresponding to the central parameter values are reported (orange and purple dashed
curves: single and double broken power laws, respectively).

Let us highlight the most relevant findings for population bias: first, we find the spectrum
to be well described by a single broken power law, with no evidence for a second breaking
point in our double broken power law fit. Second, we find the peak to be displaced with
respect to the standard scaling expectation xp ↓ 1 by approximately a factor of 2. This
finding mirrors the situation for potential bias [16], and can be interpreted as arising from the
larger abundance of sub-Hubble structures upon collapse. Third, we find a roughly linearly
decreasing UV tail, only marginally shallower than in the scaling case (where ϖ ↓ 1.2 [16]).
Finally, we find ϱ ↔ 3 for the width parameter, almost twice as large as in scaling [16].
Nonetheless, this result is a!ected by the lack of resolution in the IR, and should thus be
taken with some caution.

Let us compare with our new results for the potential bias case, which overall confirm
the results of [16]. In particular, in this case we do find evidence for a breaking frequency at
xb ↓ 2.5xp, and thus we do not report results for the single broken fit (although the evidence
is less significant than in [16], and the breaking point is closer to the main peak). We also
confirm an initially shallow decrease of the spectrum ↗ k→0.4, followed by a steeper slope
↗ k→1.6, in agreement with [16]. The main peak position is similarly displaced from the
scaling expectation.

We also estimate the e"ciency of GW production: ςf → ς(ωf ) = !gw(kp, ωf )/!
quad,s
gw (ωf ),

with respect to the quadrupole estimate from domain walls in scaling (5.5). The e"ciency
parameter ςgw → ς(ωgw) which is relevant to estimate the amplitude of the signal today, is
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Figure 16. Constraints from (shaded blue region) and sensitivity regions (bounded by dotted and
dot-dashed curves) of GW observatories for: population- (Left) and potential- (Right) biased networks.
The pink-shaded region corresponds roughly to the evidence region from NANOgrav 15 yrs [1] (both
in the left and right panels). The gray coloured regions represent constraints from: domain wall
domination before annihilation (Tdom > T!V,ann); annihilation during/after BBN (T!V,ann < MeV)
(this applies only to scenarios where DWs decay to Standard Model particles); potential bias larger
than symmetric potential. For population-biased networks, we have fixed ω = 1/2.

Our work also clarifies on some recent claims in the literature [17, 18] concerning the
GW spectrum from potential-biased networks. In particular, we have highlighted that their
discrepancies with respect to [16] (and the present work) likely stem from the more limited
range of bias values analysed in [17, 18], as well as from contamination from non-DW sources
of GWs in [17, 18], which [16] and this current work avoid via an initial friction epoch that
accelerates the onset of a proper DW scaling regime.

Additional numerical resources, as well as improved numerical strategies, can help in
addressing some remaining caveats in our work. First, our results for GW observation from
population bias in this section are obtained by extrapolating the outcome of our simulations
to arbitrary small values of the bias Bs. We expect this extrapolation to be roughly valid,
based on the heuristic arguments presented in the first section, but it would be useful to
extend the analysis to even smaller biases. Secondly, an improved resolution of the IR tail of
the GW spectrum would allow to clarify the width of the peak in the population bias case.
The fattening algorithm, which we have not used when computing GWs in this work, may
be useful in this respect, since it allows for a smaller IR cuto!, although it may also a!ect
the emission of GWs from the smaller scales in the network. A dedicated study might be
interesting to pursue.

Finally, we expect the results of our work to have an important impact on the possibility
to form Primordial Black Holes (PBHs) from the collapse of the network, as described in [15,
37] for the potential bias case (see also [66]). We stress that, among other necessary steps, a
dedicated study of the behaviour of the FV fraction in super-Hubble structures at late times
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Conclusions

Domain walls are closely tied to solutions to the strong CP problem 
(Both PQ and CP, parity) and to more general axions

They are also among the loudest sources of cosmological GWs, 
thanks to scaling regime

Detailed studies of possible annihilation mechanisms are crucial to:

Assess viability of (spontaneously broken) discrete symmetries

Infer abundance of relics from annihilation, e.g. Gravitational Waves



Conclusions

Lattice field theory allows to obtain detailed description of 
annihilation from highly non-linear evolution, and GW signal

In both mechanisms, GW emission extends well beyond naive 
estimates, amplitude is more than one order of magnitude larger 

and spectrum is distorted

Population bias effective in annihilating networks where potential 
bias is too small or forbidden (gauge)!

Origin of population bias (from e.g. inflation)

Other relics: Dark Matter, Primordial Black Holes from DW collapse

In progress



Thank you!


