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• The Standard Model
a Particular 4D Quantum Gauge Field Theory
· 
· 

• Superstring Phenomenology
· Find a String Vacuum with the structure of the (SUSY) SM
· Strings in 10D seen as particles in 4D

• Compactify Het. E8  Strings [Candelas, Horowitz, Strominger, Witten ’85]

Gstd = SU(3)⇥ SU(2)⇥U(1)

(3,2) 1
6
+ (3̄,1) 1

3
+ (3̄,1)� 2

3
+ (1,2)� 1

2
+ (1,1)1 + (1,1)0

Introduction
String Phenomenology

3� [ ]

Tuesday, August 25, 15



• The Standard Model
a Particular 4D Quantum Gauge Field Theory
· 
· 

• Superstring Phenomenology
· Find a String Vacuum with the structure of the (SUSY) SM
· Strings in 10D seen as particles in 4D

• Compactify Het. E8  Strings [Candelas, Horowitz, Strominger, Witten ’85]

Gstd = SU(3)⇥ SU(2)⇥U(1)

(3,2) 1
6
+ (3̄,1) 1

3
+ (3̄,1)� 2

3
+ (1,2)� 1

2
+ (1,1)1 + (1,1)0

Introduction
String Phenomenology

3� [ ]

Tuesday, August 25, 15



• The Standard Model
a Particular 4D Quantum Gauge Field Theory
· 
· 

• Superstring Phenomenology
· Find a String Vacuum with the structure of the (SUSY) SM
· Strings in 10D seen as particles in 4D

• Compactify Het. E8  Strings [Candelas-Horowitz-Strominger-Witten ’85]

Gstd = SU(3)⇥ SU(2)⇥U(1)

(3,2) 1
6
+ (3̄,1) 1

3
+ (3̄,1)� 2

3
+ (1,2)� 1

2
+ (1,1)1 + (1,1)0

Introduction
String Phenomenology

3� [ ]

Tuesday, August 25, 15



Outline
1. Introduction 
          Heterotic Calabi-Yau models

2. Basic Structure 
          Group theoretical analysis
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Introduction
Compactification Ingredients

• Low-Energy Theory
4D Models, upon compactifying the internal geometry 

• SUSY Geometry
· A CY threefold 
· A holomorphic, slope-poly-stable vector bundle      over      
  s.t. the internal gauge field satisfies the HYM eqns
                           and 
  [Donaldson; Uhlenbeck, Yau]
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• Gauge group reduction
· Bundle Structure Group, e.g.  
  E8      H =               GUT        
             

· Further break by Wilson-line if
  H

• Massless matter

!
�1(X) �= �

Introduction
Conventional Model Building
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Introduction
CY3 Zoo and ____   

• Complete intersection CYs in a multi-proj. 
· Common zero locus of homogeneous polynomials in 
· Classification ~ 8000 [Candelas, Dale, Lutken, Schimmrigk ’88]

· All simply-connected ( cf. discrete free actions classified [Braun ’10] ) 

• Hypersurface CYs in a toric variety
· Zero locus of a single homogeneous polynomial
· Classification ~ 500 million [Kreuzer-Skarke, ’90]

· Exactly 16 are non-simply-connected

• A priori no reasons to give them up all...

�m
r=1Pnr

�1
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Basic Structure
Direct Path to the SM Group

• Structure Group
·                   · · · · · · · ·

·                            · · · · 
                                           

                    with 

• Massless matter
·

 where                          denotes the                charges 

G = SU(6) H = SU(3) � SU(2)
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• Hypercharge Description
· Embedding vector, 
· Hypercharge of a multiplet F, 

• Constraints on the embedding
· Fix the U(1)-charge freedom by  

·             normalisation,
 

· Correct hypercharge assignment for the SM particles         

Basic Structure
Embedding of hypercharge

y = (y1, · · · , yf )

Y (F ) = y · q(F )

U(1)Y � S(U(1)f )
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• Hypercharge Description
· Embedding vector, 
· Hypercharge of a multiplet F, 

• Constraints on the embedding
· Fix the U(1)-charge freedom by  

·             normalisation,
 

· Correct hypercharge assignment for the SM particles 
          

· Masslessness,     

Basic Structure
Embedding of hypercharge

y = (y1, · · · , yf )
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Basic Structure
Classification of the embedding vectors

Classification
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· Embedding vectors with a reduced structure group are crossed out
Remark
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Basic Structure
Classification of the embedding vectors

· Embedding vectors with a reduced structure group are crossed out
Remark

Classification

· Infinite family of embeddings found for the Abelian split case
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Basic Structure

At the level of group theory, hypercharge flux provides with a 
valid alternative, by which the conventional gauge unification 
persists and all the SM matters are made to have the correct 
hypercharges.
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Basic Structure

At the level of group theory, hypercharge flux provides with a 
valid alternative, by which the conventional gauge unification 
persists and all the SM matters are made to have the correct 
hypercharges.

What about at the level of string geometries?

Start by the simplest split type, n = (1, 1, 1, 1, 1, 1)
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Geometry Hunt
Index Constraints

• Index Constraints for the Abelian Split, 
6�

a=1

La
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ya + yb + yc �= �1, 1

Ind(La � Lb � Lc) = 0

Ind(La � L�
b) = 0

if ya � yb �= 0, ±2
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Parametrisation of the geometry
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• Geometry Label

                                                                
  

Geometry Hunt
Parametrisation of the geometry

 

xa   Two of the     ’s can be eliminated due

   (a) to the SU-structure group;
 

   (b) to the masslessness of the hypercharge U(1);

6�

a=1

xa = 0
6�

a=1

yaxa = 0

c1(La) � xa � H2(X, Z) for a = 1, · · · , 4 ; c2(X) � H4(X, Z)

• Diophantine  Variables

                                                                
  

Xabc � xa · xb · xc ; Za � xa · c2(X) for a, b, c = 1, · · · , 4 
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Ind(La) =
1

6
x3

a +
1

12
xa · c2(X)

Ind(La � Lb) =
1

6
(xa + xb)

3 +
1

12
(xa + xb) · c2(X)

Ind(La � Lb � Lc) =
1

6
(xa + xb + xc)

3 +
1

12
(xa + xb + xc) · c2(X)

Ind(La � L�
b) =

1

6
(xa � xb)

3 +
1

12
(xa � xb) · c2(X)
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Xabc � xa · xb · xc ; Za � xa · c2(X) for a, b, c = 1, · · · , 4 

Each of the embedding vectors,    , gives rise to 
a Linear Diophantine system on the 24 variables,

y
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Geometry Hunt
FAILURE?

• A No-Go 

· The Diophantine system does not have a solution if the 
embedding of U(1)Y into S(U(1) ) is such that
     - gauge unification holds exactly
     - hypercharge boson is massless
     - SM particles have the right hypercharges and multiplicities
     - no exotic particles arise

• Robustness
· Does not rely on any particular (class of) CYs

Tuesday, August 25, 15



Geometry Hunt
FAILURE?

• A No-Go 

· The Diophantine system does not have a solution if the 
embedding of U(1)Y into S(U(1) ) is such that
     - gauge unification holds exactly
     - hypercharge boson is massless
     - SM particles have the right hypercharges and multiplicities
     - no exotic particles arise

• Robustness
· Does not rely on any particular (class of) CYs

6

Tuesday, August 25, 15



Geometry Hunt
FAILURE?

• A No-Go 

· The Diophantine system does not have a solution if the 
embedding of U(1)Y into S(U(1) ) is such that
     - gauge unification holds exactly
     - hypercharge boson is massless
     - SM particles have the right hypercharges and multiplicities
     - no exotic particles arise

• Robustness
· Does not rely on any particular (class of) CYs

6

Tuesday, August 25, 15



Geometry Hunt
FAILURE?

• A No-Go 

· The Diophantine system does not have a solution if the 
embedding of U(1)Y into S(U(1) ) is such that
     - gauge unification holds exactly
     - hypercharge boson is massless
     - SM particles have the right hypercharges and multiplicities
     - no exotic particles arise

• Robustness of the No-Go
· Does not rely on any particular (class of) CYs

6
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Geometry Hunt
Relaxing the requirement

• Evading the no-go? 
· What if the gauge unification condition,                  , holds 
approximately, within 5%? 

· With                         , (re)classify the viable embeddings

and solve for the Diophantine system!

· No embedding survives except for

where  

6�

a=1

y2
a =

10

3
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Geometry Hunt
Relaxing the requirement

• Evading the no-go? 
· What if the gauge unification condition,                  , holds 
approximately, within 5%? 

· With                         , (re)classify the viable embeddings

and solve for the Diophantine system!

· No embedding survives except for

where  

6�

a=1

y2
a =

10

3

9.5

3
�

6�

a=1

y2
a � 10.5

3

y = (
1

3
,
1

3
,
1

3
,
1

3
� �,

1

3
+ �, �5

3
)

|�| � 0.288 · · ·
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Geometry Hunt
Relaxing the requirement - what remains

y = (
1

3
,
1

3
,
1

3
,
1

3
� �,

1

3
+ �, �5

3
) |�| � 0.288 · · ·

• The surviving case

· Embedding: 

· The SM spectrum is highly restricted:

· Any geometries realising the above? 
   - NO for CICYs, and unclear in general 

with
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Discussion
Generalisation and Interpretation

• Other split types are as much forbidden as the Abelian

• Hypercharge flux remains the preferred breaking mechanism in 
global F-theory models and similar no-go results (or at least 
constraints) may be obtained

• In summary,  hypercharge flux is not (likely to be) a viable path 
to the heterotic CY SMs

• SM spectrum is too complicated and fragmented to result 
directly from string theory
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• Hypercharge flux remains the preferred breaking mechanism in 
global F-theory models and similar no-go results (or at least 
constraints) may be obtained

• In summary,  hypercharge flux is not (likely to be) a viable path 
to the heterotic CY SMs

• SM spectrum is too complicated and fragmented to result 
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• Definition 
· Slope of a vector bundle V, 

· V is stable if all            (with                     ) satisfy

· V is polystable if                   for stable     ’s with

• Polystability test is difficult in general, but . . . 
· Line bundle,                      is stable

· Line-bundle sum,                                         is polystable iff 

1

rkV

Z

X
c1(V ) ^ ! ^ ! =: µ(V)

Extra I
Bundle Polystability
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• Definition 
· Slope of a vector bundle V, 

· V is stable if all            (with                     ) satisfy

· V is polystable if                   for stable     ’s with

• Polystability test is difficult in general, but . . . 
· Line bundle,                      is stable

· Line-bundle sum,                                         is polystable iff 

F ⇢ V 0 < rkF < rkV µ(F) < µ(V )

1

rkV

Z

X
c1(V ) ^ ! ^ ! =: µ(V)

V =
mM

i=1

Vi µ(V) = µ(Vi)Vi

L = OX(k)

V =
n�

a=1

La =
n�

a=1

OX(ka)

µ(OX(ka)) = 0, �a

Extra I
Bundle Polystability
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• Splitting Principle 
· Let                    be a        complex vector bundle of rank n 
over a manifold     .  One can construct a split manifold,         ,
and a map                         such that:
   i. 
   ii. 

• Extended No-Go 

·                  on X,  while                           on F(V) 

· By having the non-Abelian entries in y split equally into the 
Abelian counterparts, the No-Go extends in an obvious manner. 

Extra II
Extending the No-Go

� : E � M C�

M
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