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1) Introduction: shear viscosity

The shear viscosity η and its temperature dependence are important properties of the QGP.

η is an input function in hydrodynamical models of nuclear collisions.

Transport models and kinetic theory are essential tools for studies of non-equilibrium dynamics.
There, η is implicitly determined by interactions among quarks and gluons.

An analytical expression of η for a quark-gluon matter will be important for

understanding quark matter shear viscosity at physically relevant temperatures,
where parton cross sections may be different from finite-temperature pQCD results

understanding parton transport model/QCD effective kinetic theory
and extractions of η from these non-equilibrium approaches
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1) Introduction: previous analytical results of shear viscosity

The AMY works1 have calculated the QGP η at high temperatures including both 2 ↔ 2 and
1 ↔ 2 pQCD interactions with thermal screening.

When extrapolated to finite temperatures (1− 4)Tc , one finds2 η/s ≫ 1/(4π).

Next-to-leading order corrections3 significantly decrease η/s values at finite temperatures.

Our goal is to derive explicit relations between the quark-gluon matter η
and arbitrary 2 ↔ 2 scattering cross sections (not limited to pQCD cross sections).

1Arnold, Moore, and Yaffe 2000; Arnold, Moore, and Yaffe 2003.
2Csernai, Kapusta, and McLerran 2006.
3Ghiglieri, Moore, and Teaney 2018.

Zi-Wei Lin (East Carolina University) Shear Viscosity in Terms of All 2 ↔ 2 Cross Sections for Quark-Gluon Matter and Application to Finite Temperature 4 / 18



1) Introduction: previous analytical results of shear viscosity

The AMY works1 have calculated the QGP η at high temperatures including both 2 ↔ 2 and
1 ↔ 2 pQCD interactions with thermal screening.

When extrapolated to finite temperatures (1− 4)Tc , one finds2 η/s ≫ 1/(4π).

Next-to-leading order corrections3 significantly decrease η/s values at finite temperatures.

Our goal is to derive explicit relations between the quark-gluon matter η
and arbitrary 2 ↔ 2 scattering cross sections (not limited to pQCD cross sections).

1Arnold, Moore, and Yaffe 2000; Arnold, Moore, and Yaffe 2003.
2Csernai, Kapusta, and McLerran 2006.
3Ghiglieri, Moore, and Teaney 2018.

Zi-Wei Lin (East Carolina University) Shear Viscosity in Terms of All 2 ↔ 2 Cross Sections for Quark-Gluon Matter and Application to Finite Temperature 4 / 18



1) Introduction: previous analytical results of shear viscosity

The book by de Groot et al.4 provides the framework
to calculate transport coefficients with the Chapman-Enskog (CE) method:

η for a single particle species has been derived earlier5.
For isotropic scatterings, ηiso1 ≃ 6T

5σ from several methods.
From comparison with Green-Kubo (GK) numerical results:
only the Chapman-Enskog method is accurate for general/anisotropic scatterings6.

4De Groot, Van Leeuwen, and Van Weert 1980.
5Wiranata and Prakash 2012.
6Plumari et al. 2012; MacKay and Lin 2022.
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1) Introduction: previous analytical results of shear viscosity

We7 corrected two typos in an earlier result8, then used the single-species expression
to find that ⟨η⟩ in the AMPT model parton phase is small:

The shear viscosity for a multi-species system with elastic 2 ↔ 2 scatterings has been derived9:

Here10we derive the explicit relationship between η of a massless quark-gluon gas
(in chemical equilibrium with Boltzmann statistics)
and all the 2 ↔ 2 differential cross sections (including inelastic scatterings for the 1st time).

7MacKay and Lin 2022. 8Plumari et al. 2012.
9Wiranata et al. 2013. 10Ohanaka and Lin 2602.08155
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2) The Chapman-Enskog method for shear viscosity

We closely follow the book by de Groot et al.8 First we define

n ≡
∑

i

ni , xi ≡
ni
n
, zi ≡

mi

T
, πµ

i ≡ pµi
T

, τi ≡
pµi Uµ

T
.

ni is the number density for particle species i (from 1 to N),
mi is the particle mass (we shall take to zero for this study),
pµ
i is the particle 4-momentum, and Uµ is the 4-velocity of the gas.

Using the projection tensor
∆µν ≡ gµν − UµUν ,

we can generate from any tensor aµν the following symmetric and traceless tensor:

a
◦
µν ≡ 1

2

(
∆µ

α∆
ν
β +∆µ

β∆
ν
α

)
aαβ − 1

3∆
µν∆αβ aαβ .

8De Groot, Van Leeuwen, and Van Weert 1980.
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2) The Chapman-Enskog method for shear viscosity

Skipping the details, we finally get9 the formal expression of 1st-order CE shear viscosity as

η =
T

10
γ⃗TC−1γ⃗. (1)

For a system of massless gluons and Nf flavors of quarks, we can write

C =



C00
gg C00

gq1
C00
gq̄1

· · · C00
gqNf

C00
gq̄Nf

C00
q1g

C00
q1q1

C00
q1 q̄1

· · · C00
q1qNf

C00
q1 q̄Nf

C00
q̄1g

C00
q̄1q1

C00
q̄1 q̄1

· · · C00
q̄1qNf

C00
q̄1 q̄Nf

...
...

...
. . .

...
...

C00
qNf

g C00
qNf

q1
C00
qNf

q̄1
· · · C00

qNf
qNf

C00
qNf

q̄Nf

C00
q̄Nf

g C00
q̄Nf

q1
C00
q̄Nf

q̄1
· · · C00

q̄Nf
qNf

C00
q̄Nf

q̄Nf


, γ⃗ = 40



xg
xq1
xq̄1
...

xqNf

xq̄Nf


.

9Ohanaka Master’s thesis, 2025; Ohanaka and Lin 2602.08155.
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2) The Chapman-Enskog method for shear viscosity

The matrix elements of C are defined in terms of the collision brackets as10

C rs
ij ≡ δijxi

∑
k,l,m

xm[τ
r
i π

◦
µ
i π

ν
i , τ s

i π
◦

iµπiν ]im→kl + xixj
∑
k,l

[τ r
i π

◦
µ
i π

ν
i , τ s

j π
◦

jµπjν ]ij→kl

− xj
∑
k,m

xm

(
[τ r

i π
◦

µ
i π

ν
i , τ s

j π
◦

jµπjν ]jm→ik + [τ r
i π

◦
µ
i π

ν
i , τ s

j π
◦

jµπjν ]jm→ki

)
.

(2)

The collision bracket above is defined as11

[F ,G ]ij→kl =
1

128π2T 6

∫
d3p⃗i

p0
i

d3p⃗j

p0
j

d3p⃗k

p0
k

d3p⃗l

p0
l

e−(τi+τj )FG Wij→kl , (3)

where Wij→kl is the collision kernel

Wij→kl ≡ s δ(4)(pi + pj − pk − pl)
dσ

dΩ

ij→kl

. (4)

10Ohanaka and Lin 2602.08155.
11De Groot, Van Leeuwen, and Van Weert 1980.
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3) Explicit results for a massless quark-gluon gas in chemical equilibrium

Now we consider a system of massless gluons and quarks at temperature T in chemical equilibrium:
xqi ≡ xq, xq̄i ≡ xq̄ for i ∈ [1,Nf ] with xq = xq̄.

We can write the matrix elements of C in the following forms12:

C 00
ii = x2i c̃0[i ] + xi

∑

j ̸=i

xj c̃1[ij ] + ω̃[ii ], C 00
ij = xixj c̃2[ij ] + ω̃[ij ] (for i ̸= j).

We then calculated the above terms. For example, the elastic terms can be finally obtained as13

c̃0[i ] =
1

384

∫
dv v 6

[
(3v 2 + 4)K3(v)− 6v K2(v)

]
σii→ii
tr (v),

c̃1[ij ] =
−1
192

∫
dv

∫ 0

−s
dt tv2

T 2

{[
3v 2

(
t
T 2 + v 2

)
+ 4

(
t
T 2 + 6v 2

)]
K3(v)− 2v

(
3t
T 2 − 2v 2

)
K2(v)

}
dσ
dt

ij→ij
,

c̃2[ij ] =
−1
192

∫
dv

∫ 0

−s
dt tv2

T 2

{[
3v 2

(
t
T 2 + v 2

)
+ 4

(
t
T 2 − 4v 2

)]
K3(v)− 2v

(
3t
T 2 + 8v 2

)
K2(v)

}
dσ
dt

ij→ij
.

The total cross section and the transport cross section are given by (with v =
√
s/T ):

σ
ij→kl (v) =

1

1 + δkl

∫ 0

−s

dσ

dt

ij→kl

dt, σ
ij→kl
tr (v) =

1

1 + δkl

∫ 0

−s

dσ

dt

ij→kl

sin2θcm dt. (5)

12Wiranata et al. 2013.
13Ohanaka and Lin 2602.08155.
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3) Explicit results for a massless quark-gluon gas in chemical equilibrium

We already have the formal expression of the 1st-order CE shear viscosity as

η =
T

10
γ⃗TC−1γ⃗.

After inverting matrix C, we obtain the general explicit expression of the shear viscosity of
a multi-species massless quark-gluon gas in chemical equilibrium as14

η = 160T
x2g

[
C 00
qq + C 00

qq̄ + 2(Nf − 1)C 00
qq′

]
− 4Nf xgxq C

00
gq + 2Nf x

2
q C

00
gg

C 00
gg

[
C 00
qq + C 00

qq̄ + 2(Nf − 1)C 00
qq′

]
− 2Nf

(
C 00
gq

)2 , (6)

where xg = 8/(8 + 6Nf ) and xq = xq̄ = 3(1− δ0Nf )/(8 + 6Nf ).

Interestingly, this explicit expression involves the matrix elements C 00
ij (or σ’s) only to 2nd order,

not to the dimension of the matrix N = 1 + 2Nf . This is a result of the symmetries,
e.g., C 00

ij = C 00
ji in chemical equilibrium and xqi = xq = xq̄.

14Ohanaka and Lin 2602.08155.
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3) Explicit results for a massless quark-gluon gas in chemical equilibrium

For a more explicit η expression, let’s consider isotropic and constant (s-independent) cross sections,
then we get the following shear viscosity:

ηiso =
12T

5

A

B
,

A = 240(2Nf σgg + σ4) + 8(112 + 48Nf + 63N2
f )σgq + 9(48 + 32Nf + 27N2

f )σ
gg
qq̄ ,

B = 8 [8σgq(28σgg + 27Nf σgq) + 3σ4(20σgg + 21Nf σgq)]

+ 9(96σgg + 176Nf σgq + 27Nf σ4)σ
gg
qq̄ + 351Nf (σ

gg
qq̄)

2. (7)

The above η depends on 7 independent cross sections, where we have written

σij ≡ σij→ij for elastic scatterings, σgg
qq̄ for σ(qq̄ → gg), σq′ q̄′

qq̄ for σ(qq̄ → q′q̄′), and

σ4 ≡ σqq + σqq̄ + (Nf − 1)(2σqq′ + σq′ q̄′

qq̄ ).

Also, σqq̄
gg ≡ σ(gg → qq̄) = 9σ(qq̄ → gg)/32; thus it is not independent.

Zi-Wei Lin (East Carolina University) Shear Viscosity in Terms of All 2 ↔ 2 Cross Sections for Quark-Gluon Matter and Application to Finite Temperature 12 / 18



4) The single-species limits: the simple (equal-cross section) case

In the single-species limits, the quark-gluon gas should behave as a single species in terms of
momentum transfer and thus shear viscosity.

Limit 1: the simple (equal-cross section) single-species limit:
all the parton species scatter elastically (but not inelastically)
with the same cross section σ(

√
s) and angular distribution.

Then c̃0[i ], c̃1[ij ] and c̃2[ij ] are all independent of parton species, and all inelastic terms ω̃[ij ] = 0.

Noting c̃0[i ] = c̃1[ij ] + c̃2[ij ], the general expression in Eq.(6) then becomes

η =
61440T∫∞

0
dv v6 [(3v2 + 4)K3(v)− 6v K2(v)]σtr(v)

; (8)

this is exactly the previously known single-species result.

For isotropic/constant cross sections, σtr(v) = 2σ/3, the above then reduces to ηiso
1 = 6T

5σ
.
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4) The single-species limits: the general (equal-rate) case

Limit 2: the general (equal-rate) single-species limit:
all scattering cross sections have the same angular distribution but arbitrary magnitudes,
with the condition that every parton species has the same collision rate per parton.

In this case, we can write
dσij→kl

dt
= f klij (1 + δkl)

dσ0

dt
.

Here dσ0
dt

is an arbitrary given differential cross section,

and f klij are constants that depend on i , j , k, l but not on the Mandelstam variables.

When g , q and q̄ of each flavor have the same collision rate per parton,
it requires the 7 independent cross sections to satisfy one condition:

σgg =
3

8

[
σqq + σqq̄ + (Nf − 1)(2σqq′ + σq′q̄′

qq̄ )
]
+

(4− 3Nf )

32

(
8σgq + 3σgg

qq̄

)
. (9)
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4) The single-species limits: the general (equal-rate) case

For this general single-species limit, the general expression in Eq.(6) finally reduces to15

η=
61440T

(xg fgg + 2Nf xqfgq+Nf xg f
qq̄
gg )

∫
dv v6 [(3v2 + 4)K3(v)−6v K2(v)]σ0,tr(v)

. (10)

On the other hand, we expect the shear viscosity in this limit to be the single-species result
with an effective cross section σeff that gives the same collision rate per parton.
From n⟨σeffvrel⟩ = rg , we can obtain the equivalent effective cross section as

σeff =
(
xg fgg + 2Nf xqfgq + Nf xg f

qq̄
gg

)
σ0(v). (11)

Thus the above Eq.(10) indeed agrees with the single-species result in Eq.(8) for σ = σeff .

This general single-species limit is a strong check of our general Chapman-Enskog expression of
shear viscosity in Eq.(6), since this general limit checks not only elastic but also inelastic terms in
the collision matrix.

15Ohanaka and Lin 2602.08155.
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5) Application to finite-temperature pQCD-based cross sections

In a follow-up study16, we applied the general η expression to parton 2 ↔ 2 cross sections at finite
temperature based on pQCD and screened with scaled masses ξmD and ξmF .

Compared with corresponding leading-order AMY results17,
our Chapman-Enskog results for ξ =

√
0.4 are very similar.

When extending the results to the heavy ion range T ∈ (Tc , 4Tc):
(a) η/s depends sensitively on ξ & momentum scale Q in αs ;
(b) shows gg cross sections (thermal average) versus T .

This allows us to use/tune parton transport/kinetic theory
for finite temperature with known η or η/s.

FIG. 7: (a) The ω/s ratio and (b) the thermally averaged cross section for gg elastic scatterings

versus temperature for Nf = 3 QGP for the choice of momentum transfer Q = 3T or Q = 2εT

and the scaling factor ϑ =
→

0.4 or 1.

In our method of using scaled thermal masses to screen the matrix elements and cross

sections, we have added extra screenings to the original matrix elements in Eqs.(13)-(18).

The extra screenings in Eqs.(21)-(22) are necessary to remove the unphysical negative values

of the original matrix elements. The other extra screenings in Eqs.(23)-(26) make the total

cross section of the individual channels finite at any two-parton collision energy. Finite cross

sections are necessary for parton cascade models [1–5] and the QCD e!ective kinetic theory

approach [8]; however, they are not necessary for the calculation and finiteness of shear

viscosity in the Chapman-Enskog method or the AMY framework. Figure 1 also shows that

the changes to the total and transport cross sections due to the extra screenings are often

large, especially at low two-parton energies
→

s/T . Therefore, we investigate in Fig. 8 the

e!ect of the extra screenings on the shear viscosity. Figure 8(a) shows the ratio of the shear

viscosity with extra screenings to that without, and we see that the extra screenings only

lead to a small change of the shear viscosity, e.g., by less than 1% for Nf = 3.

To understand why the e!ect is so small, we plot the following probability density function

used in calculating the thermal average in Eq.(35):

PDFth(v) =
[
v4K1(v) + 2v3 K2(v)

]
/32, (39)

15

16Ohanaka and Lin 2604.25059.
17Moore , private communications.
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6) Comparisons with Green-Kubo results of shear viscosity

In another follow-up study18, we numerically calculated the shear viscosity of a Nf = 3 QGP
via the Green-Kubo relation with an improved ZPC parton transport model.

The η results from the Green-Kubo method agree well
with the analytical leading-order Chapman-Enskog results,
for all 3 different (ξ and Q values) configurations.

ηGK is slightly bigger than ηCE :
→ higher-order CE terms slightly increase
the leading-order ηCE value.

FIG. 4: The ω/s ratio of a Nf = 3 quark-gluon matter under finite-temperature pQCD cross

sections versus temperature; both Green-Kubo and leading-order Chapman-Enskog results are

shown for three parameters sets: Q = 2εT & ϑ = 1, Q = 3T & ϑ = 1, and Q = 3T & ϑ =
→

0.4.

Figure 4 shows the shear viscosity-to-entropy density ratios in the temperature range 150-

600 MeV from the numerical Green-Kubo method (curves with symbols) and the analytical

leading-order Chapman-Enskog method (curves without symbols). Note that the entropy

density s for Boltzmann statistics is given by s = 4n = 16(4 + 3Nf )T
3/ω2, and the explicit

analytical leading-order Chapman-Enskog expression of shear viscosity for such a quark-

gluon system has been derived recently [21] and then applied to finite-temperature pQCD

cross sections given by Eqs.(15)-(22) [22]. The general Chapman-Enskog expression is given

by

εCE = 160 T
x2

g

[
C00

qq + C00
qq̄ + 2(Nf ↑ 1)C00

qq→
]
↑ 4Nfxgxq C00

gq + 2Nfx
2
q C00

gg

C00
gg

[
C00

qq + C00
qq̄ + 2(Nf ↑ 1)C00

qq→
]
↑ 2Nf

(
C00

gq

)2 , (24)

where each matrix elements C00
ij involves only one- and two-dimensional integrals of the dif-

ferential parton cross sections [21]. We calculate three di!erent configurations with di!erent

values for the renormalization scale Q [36] and scaling factor ϑ [22]: Q = 2ωT & ϑ = 1

(dot-dashed), Q = 3T & ϑ = 1 (dotted), and Q = 3T & ϑ =
→

0.4 (dashed). We see that the

ε/s ratios versus temperature from the Green-Kubo method are very close to those from the

leading-order Chapman-Enskog method (solid curves) for all three configurations. The GK

result is slightly bigger than the leading-order CE result, consistent with the expectation

12

18Ross and Lin 2606.21722.
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Summary

We derived the explicit expression for the shear viscosity of a massless Boltzmann quark-gluon gas
in chemical equilibrium subjected to all 2 ↔ 2 interactions with arbitrary angular distributions.

A general single-species limit provides a strong check of this 1st-order Chapman-Enskog result.

This has been applied to parton cross sections based on finite-temperature pQCD;
the CE results agree well with numerical parton transport results from the Green-Kubo relation.

These results should be useful for parton transport models and QCD effective kinetic theory.

Further work:
more general cases, other transport coefficients, · · ·

Thanks!
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