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Standard relativistic hydrodynamics: perfect fluid

o Gas of spinless particles

hTeq =0, (1) r ____________________________ ,_@
MTC;;V = (6 + P)u’u‘ul’ - ng.u} E f;—b O @ @/‘ \® i
oy ey
o e d
b |

@ 5 equations for 5 unknown functions
T, p, o=~V
ut =~(1, V)
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Perfect spin hydrodynamics

@ Gas of particles with spin

O Tl =0, (2)
BN =0,
J)\;_LV — L>\,u,u 4 5>\,u,u

ONJ2 =0 O\SO = TUl — ThY
=0 for symmetric THY b oo oo

o Nontrivial forms of energy—momentum and spin tensors

For spin 1/2 For spin 1 (m # 0)
ur _ pv Uy pv
{Tiq = TCRLW {Tiq = TK)\G
pnro_ % pr o pv
Séa = SGLw Séa = Ska

@ In general, six new degrees of freedom in addition to T, u, &= V.
We can parametrize the spin polarization tensor w,g as

wap = kaUﬁ — kgua + eag,ygufywé, (3)
with k- u=w-u=0.
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Classical spin description

o From kinetic theory for particles with spin 1/2,

NE = /dP dSp* [fh(x, p,s) — foq(x,p,5)] (4)
T = [APAS g [ 0xp.s) + figlx.pu5)] 5)
S = [dPas p o[£ (xp.s) + figx.o5)]. ©)

@ The equilibrium distribution functions are
Fermi-Dirac i (x, p,s) = [exp (FE(x) + puBr(x) — Twun(x)s) + 1] -t
or Boltzmann foz’teq(x7 p,s) = exp (££(x) — puBH(x) + Fwun (x)sHV)

o dP = 7(2;'53"‘5,), dS = d%é(s-s+5%)6(p - s), 6% =34

E=up/T and BH = u?/T.

W. Florkowski, M. Hontarenko, Phys.Rev.Lett. 134 (2025) 8, 082302.
ZD, W. Florkowski, M. Hontarenko, Phys.Rev.D, 110 (2024) 9, 096018.
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o We expand distribution functions into a power series to a given order in w,
and the integrals defining the hydrodynamic tensors can be computed.

@ Up to the second order in w,
Nfo = (no + n§ + n§)ut + et ©)
T = (eo + ef + €5 utu” — (Po + P§ + P§)AM (8)
+ P (KHKY 4+ wHw?) + Pe(tHu” + t¥ut),

Those tensors contain only even powers of w.
The scalar coefficients multiplying the vectors and tensors on the RHS are
functions of T, u, k2, w?.

Sa = [A (KM U — K ut) + Arth] (9)
+ é (t/\uuu _ t)\uuu + A)\,u,ku _ Akuk,u,)
2 I
The spin tensor contains only odd powers of w.
The coefficients A, A; are functions of T, p.

thY = e‘“’o‘Buawﬁ.
th = thvk, = e“”aﬁkyanﬁ.
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Fourth-order expansion in w

@ Up to the fourth order in w:

Nk, = (no + n2 + na)u” + (neo + nea)tH, (10)
T = (g0 +e2 +ea)utu” — (Po + P2+ Ps)ARY (11)
4 (Pkw + Prw2) (K kY + whw”) + (Pr + Pe)(tHu” + t7ut)
+ Pk (kFw” + wt k),
SMY = A [F (KPu” — KV ul) + Fu (wPu” — WV ul) + Frg (t1 kY — Y kM) 4+ FrthY]
+ Far(AMKY — AN KR 4 Fp g, (AM WY — AN WP + Fw? (kFw? — kY wh)
+ FutM(kPu” — kY ul) 4 Foy(tMu¥ — V0l + Fot e
(12)
where tHY = e”""‘ﬁuaw[g, th = thV k,, = ehvabB kyuawg.

@ The scalar coefficients multiplying the vectors and tensors on the RHS are
functions of T, p, k2, w?, k*, k?w?, (k - w)?, w*. We computed them for both
the Fermi—Dirac and the Boltzmann case.

ZD, N. tygan, [in preparation]
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o From kinetic theory for particles with spin 1,

Nk, = /dP dS p* feq(x, p, 5),

T = /deSp“p” feq(x, p, s),

Sg‘q“” = /deS ot s foq(x, p, S).

@ The equilibrium distribution functions are

Bose—Einstein foq(x, p, s) = [exp (puBH(x) — %ww

(x)sH) — 1]

or Boltzmann fy,eq(x, p,s) = exp (—puBH(x) + %ww(x)s‘“’) ,

&p
o dP =l ds=i2
E=up/T and BH = u?/T.

S. K. Kar, V. Mykhaylova, arXiv:2606.15364 [hep-ph]

d*sé(s-s+52)6(p-s), 82 =

2

-1

(13)
(14)

(15)
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Quantum spin description

@ Start from the Wigner function
WEG k)= o [aP SO ) (pt mXE (pt m),
o Use the new equilibrium spin denS|ty
XE(x, p) = exp [+£(x) = Bu(x)p* + 5] -

@ For the spin-1/2 case, the conserved currents and tensors are
N*(x) = Z/dPP T(xp) — f; (x,p)}y
T (x) = Z / dPp*p” (£ (x,p) + £, (x,p)] |

S (x Z [ 4P @) e ) + 0 B (e,

where
o3 (p) = 1/(2m) ds(p)o*” ur(p) and o5 (p) = 1/(2m) 7 (p)o va(p)

S. Bhadury, ZD, W. Florkowski, S.K. Kar, V. Mykhaylova, arXiv:2505.02657 [hepfph].
S.K. Kar, V. Mykhaylova, arXiv:2511.09580 [quant-ph].

(16)

(17)

(18)

(19)

(20)
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@ Whereas the spin-1 case is

TR = /dP fo p* p” [2 cosh(2a4) + 1] (21)
R sinh (2v=a?)

v

SKé :Z/deOP ﬁﬁ’waﬁaapﬁ (22)
@ The Boltzmann distribution function
fo(x, p) = exp (&(p) — puB*(x)), (23)
1

at = ——e"PpLwps (24)

4m

W. Florkowski, S. K. Kar, V. Mykhaylova, Acta Phys.Polon.B 57 (2026) 6, 6-A4
S. K. Kar, V. Mykhaylova, arXiv:2606.15364 [hep-ph]
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Generating functions

@ Spin 1/2, classical approach

1
Xel = 2/dP cosh & exp (—ppB*) /dSexp (Ewws‘“’> (25)
@ Spin 1/2, quantum approach

Xqt(x) = 4/dP exp (—p - B) cosh & coshy/ —a?, (26)

52
[ (27)

4 0Bu0¢

9?x
TW = —— 28
‘4 = 35,08 (28)

2
sy = __Ox_ (29)

4 OB\ Owuw

@ The integrals converge for physical values of spin polarization w.
ZD, W. Florkowski, V. Mykhaylova, Phys.Rev.D 112 (2025) 5, L051901

@ The hydrodynamic tensors of classical and quantum spin frameworks exactly
agree in an expansion up to the second order in w. Higher-order corrections differ
only by multiplicative numerical factors but their structure is the same.
ZD, Phys.Lett.B 873 (2026) 140205
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Causality and stability

@ We can define spin hydrodynamics as a divergence-type theory (DTT).

@ We use a multi-index notation N* = (N> T** S V) to write the conservation laws in a
compact form,

AN =0 or MBH,(p =0, (30)
where
8N>‘A 33)(
Ca = (¢ Cs Cur) = (&, =By wpn), M“B:< ):—<7>A 31
A= (¢ Cus Cur) = ( o W) es 5C50eADB (31)

o Equations of motion are symmetric hyperbolic if the four-vector
M = MMBZ,Zp (32)
for any nonvanishing real elements Z4 = (Z, Z,,, Z,.,/) is future oriented and
timelike. Then, spin hydrodynamics is nonlinearly causal and stable.

R. P. Geroch and L. Lindblom, Phys. Rev. D 41, 1855 (1990).
R. P. Geroch and L. Lindblom, Annals of Physics 207, 394 (1991).
L. Gavassino, M. Antonelli, and B. Haskell, Phys. Rev. D 106, 056010 (2022).

N. Abboud, L. Gavassino, R. Singh, and E. Speranza, Phys. Rev. D 112, 094043 (2025).

@ We prove those properties for each case: spin 1/2 vs. spin 1, underlying particle
statistics Fermi—Dirac/Bose—Einstein vs. Boltzmann.

S. Bhadury, ZD, W. Florkowski, S.K. Kar, V. Mykhaylova, Phys.Rev.D 113 (2026) 3, 036017.
S. K. Kar, V. Mykhaylova, arXiv:2606.15364 [hep-ph].
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Numerical results

@ To perform numerical simulations of perfect spin hydrodynamics, we write down
the conservation equations in a selected geometry — eleven first-order differential
equations for eleven unknowns in general.

@ We may solve the equations from 9, N* = 0 and 9, T*” = 0 without spin first,

and then evolve spin on this background, as an approximation; or we may include
spin feedback and solve all the equations at once.

@ Boost-invariant, transversely homogeneous
ZD, W. Florkowski, N. tygan, R. Ryblewski, Phys.Rev.C 111 (2025) 2, 024909
ZD, N. Lygan, 2604.17392 [hep-ph]

o Boost-invariant, cylindrically symmetric
ZD, W. Florkowski, J. Witkowski arXiv:2605.01857 [hep-ph]

@ This showed the feasibility of the approach, although the geometries are too
simple for comparison with experiment yet.

@ Simulations in more general geometries and with dissipation (see the later part of
the talk) come next!
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Generalized thermodynamic relations

@ Old approach, using the spin density tensor S®# of J. Weyssenhoff, A. Raabe,
Acta Phys.Polon. 9 (1947) 7

1 )
e+P=To+pun+ EQW‘gS"d, (33)
1 / 1
de = Tdo + pdn + 5Q(,,@s‘“, dP = odT + ndp + EQG,,S‘” (34)
Multiplication by the flow vector u* gave
A 1 <%
Sty = PB" — &N, + BATE — SwanSly B (35)
dst = —¢dN are — Lo asmes 36
eq — —& eq + Ba eq Ewaﬁ eq ( )
1
d(PB*) = NE e — T2FdBx + ES:andwag, (37)

with the “phenomenological spin tensor”
SkabB = yrseh. (38)
@ However, both through kinetic theory and the Wigner function, we find, up to the
second order in w,
Nby = Au? + neth, (39)

TIY = 2P U — PAPY 4 Py, (K KY + whw”) + Pe(t4u” + tu),
A
S = uN (A(KFu¥ — kY ub) + At + 5 (twu"ftA“quAMk”fA“k“).

Se)‘q’“’ contains terms that are not proportional to u?!
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@ The solution is obtained from Boltzmann's definition of the entropy (H-function)

SH=— /des p" [f* (In - 1) o (ln - 1)] classical spin  (40)

St = 7% /de“ {tr4 [XJr (InX+ - 1)] + trg [X7 (InX7 - 1)}} quantum spin
(41)

@ Using those together with other kinetic-theory expressions, we obtain the
tensor form of thermodynamic relations,

1 (
Sty = TUfBa = SwapSLi™” — ENlg + Nly, N = cothe Nl # Pu* (42)

q eq’
dSH i A 1 w,aB
Ly = —€dNEy + BAd T — SwapdSty™?, (43)
1 A
ANl = NEqdé — Taf'dB + - St dwag. (44)

W. Florkowski, M. Hontarenko, Phys.Rev.Lett. 134 (2025) 8, 082302,
ZD, W. Florkowski, M. Hontarenko, Phys.Rev.D, 110 (2024) 9, 096018.
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Spin—orbit coupling

Spin—orbit coupling in atomic physics is mediated in coherent processes by
effective magnetic field, which can be included in spin magneto-hydrodynamics
(spin-MHD)

S. Bhadury, W. Florkowski, A. Jaiswal, A. Kumar, R. Ryblewski, Phys.Rev.Lett. 129 (2022)
192301

Conservation of the total angular momentum of a particle implies conservation of
spin if collisions are local (spacetime coordinate x* can always be set equal to 0)

JOB =198 4 5B = xapf _ xBpx 4 5B (45)

Transfer between orbital and spin part is possible if collisions are nonlocal, which
leads to dissipation and entropy production.

N. Weickgenannt, E. Speranza, X.-L. Sheng, Q. Wang, D. Rischke, Phys.Rev.Lett.127 (2021)
052301

Perfect spin hydrodynamics = spin conservation.

Dissipative spin hydrodynamics = transfer between S and L is possible.
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Close-to-equilibrium dynamics

o Israel-Stewart approach to dissipative terms as an alternative to the nonlocal
collision formalism

o We write general nonequilibrium expressions as the equilibrium terms plus
corrections

N = NE, + SNF,  THY = T 4 5T Sief = giaB 4 sgimal  (46)

o We get
1
O SH = SNFOLE+ 8TV 0,8y 4+ ST (OB — wup) — 565“""B6Hwa5. (47)

(Agrees with, e.g., K. Hattori et al., Phys.Lett.B 795 (2019) 100-106,
F. Becattini, A. Daher, X.-L. Sheng, Phys.Lett.B 850 (2024), 138533.)

o To find the form of the deviations SN, § THY, §SH2B  we use a decomposition
of general tensors of the given symmetry via projections along u* and separation
into symmetric and antisymmetric parts

N¥ = au* + bH,
TH = cutu” + dfu” + dZu* + diu” — dY ut + elV + el (48)
shuv — A [(FFu” — Y ub) 4+ e#PPupws] + MY — AV R Jrj>““’7

with the constraints b“uM =0, ds“ uy = d;‘uM = e;“’uH = es‘“/uu =0,
fluy, =0, BV = "M hYy, =0, (Muy = iMuy, =0,

ARV Avp

J J jARY

J UA:J'MWU;L:J')\;“’UU:O,W'U:Q

19/25



Spin—orbit coupling
[e]e]e] Jlelo)

The dissipative corrections

Some parts of the general tensors have the same form as the equilibrium ones. When
we enforce the Landau matching conditions

Ny, = NéLqup,,
T‘“juuu,, = Té‘q'/u“uu, (49)

A A
ShHV Y = seq,uuu/\’

we obtain
— 2 2 = 2 2
a=n(T,& k",w), c=2&(T,§ k°,w), (50)
f*=A(T, k", wt =A(T,EwH.
The remaining terms are
g SNH = v,
STHY = —MAMY + WHu” + WY u" + o7,
(51)
ST = dl'u” — dYu + el
PR SV S T ¢)\}LV’
with VE = b — et NM=e— By, WH=d"— Pt
A
v eg(w*) _ Pkw(kwkw + w(uwW% s = A D (52)

AV v g(A’\”k” _ Ak,

The equations have the same form as in (Biswas 2023) and can be expressed in terms
of gradients of hydrodynamic variables multiplied by kinetic coefficients.
R. Biswas, A. Daher, A. Das, W. Florkowski, R. Ryblewski, Phys.Rev.D 108, 014024 (2023).

20/25



Spin—orbit coupling
[e]e]ele] o)

Thus, we get the form of the tensors

bH = AVHE £ mtt . o= &(T, 6, K2, w?), dlf = —k(DuH — BVFT) + P,

dh = 2,8 THBDUH + BEVHT —2kM), e =P — (O — (1/3)Py, (K + w?),
o

wv _ o gyle vl

B N N O L BRI INLOD B

s (53)

A
M= g aMPTey  — xauy VAWMV X3u,,A£yV)\]pr 4 ;:*“,

Ay XA GA () f(AMLkV — ANV,
2 2

with D = ut0y, 0 = pyut, ot" = p{Fu?) | m, ¢ — shear and bulk viscosity, A\ = the
diffusion coefficient, k — thermal conductivity, A,,y — coefficients introduced in

Hattori 2019, x1, X2, X3, X4 — coefficients from Biswas 2023.
K. Hattori et al., Phys.Lett.B 795 (2019) 100-106.

R. Biswas, A. Daher, A. Das, W. Florkowski, R. Ryblewski, Phys.Rev.D 108, 014024 (2023).

@ This, together with the conservation laws, forms a framework of dissipative spin
hydrodynamics.

@ We include second-order terms in w in a consistent way.

@ Including second-order terms in gradients is straightforward.
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@ Preliminary: results with dissipation
in the boost-invariant cylindrically
symmetric gemetry.

e ZD, W. Florkowski, J. Witkowski

arXiv:2605.01857 [hep-ph]
+ dissipation

o Initial temperature: 0.3 GeV
(Woods—Saxon profile in r), particle
mass: 1 GeV

o Nonzero dissipative A5 coefficient.

@ Decomposition of wy,:

WaB = Katg — kgta + tag,
k* = C,wR* + Ck¢¢"l' + C, ZH
wh = erRH + Cwqb(bu + szZH

@ The system reaches global
equilibrium in which the spin
polarization tensor is given by
thermal vorticity, wpy = 9, 8-

@ The difference to thermal vorticity is
proportional to the quantity in the
last panel and decreases quickly.
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Summary

Perfect spin hydrodynamics = spin conservation.

Classical and quantum spin approaches to spin hydrodynamics agree at the
second order in spin polarization, and higher-order corrections differ by
multiplicative numerical factors.

Spin hydrodynamics is a divergence-type theory, well posed, causal and stable.
It leads to consistent thermodynamic relations.

Dissipation can be introduced without the nonlocal collisions framework.
Numerical simulations in simple geometries have already been performed.

We have preliminary results showing dissipation and the spin—orbit interaction,
and they look promising.

Simulations in more general geometries and with a greater variety of dissipative
terms come next.
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Thank you for your attention!

This work was supported in part by the National Science Centre (NCN), Poland, Grant
No. 2022/47/B/ST2/01372.
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