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Figure 1. Conjectured QCD phase diagram with boundaries that define various
states of QCD matter based on S�B patterns.

The chiral transition is a notion independent of the deconfinement transition. In
section 3.2 we classify the chiral transition according to the S�B pattern.

2.2. Conjectured QCD phase diagram

Figure 1 summarizes our state-of-the-art understanding on the phase structure of QCD
matter including conjectures which are not fully established. At present, relatively firm
statements can be made only in limited cases – phase structure at finite T with small
baryon density (µB ⌧ T ) and that at asymptotically high density (µB � ⇤QCD).
Below we will take a closer look at figure 1 from a smaller to larger value of µB in
order.

Hadron-quark phase transition at µB = 0: The QCD phase transition at finite
temperature with zero chemical potential has been studied extensively in the numerical
simulation on the lattice. Results depend on the number of colours and flavours as
expected from the analysis of e↵ective theories on the basis of the renormalization
group together with the universality [35, 36]. A first-order deconfinement transition
for Nc = 3 and Nf = 0 has been established from the finite size scaling analysis
on the lattice [37], and the critical temperature is found to be Tc ' 270MeV. For
Nf > 0 light flavours it is appropriate to address more on the chiral phase transition.
Recent analyses on the basis of the staggered fermion and Wilson fermion indicate a
crossover from the hadronic phase to the quark-gluon plasma for realistic u, d and s

quark masses [38, 39]. The pseudo-critical temperature Tpc, which characterizes the
crossover location, is likely to be within the range 150MeV� 200MeV as summarized
in section 4.2.

Even for the temperature above Tpc the system may be strongly correlated and
show non-perturbative phenomena such as the existence of hadronic modes or pre-
formed hadrons in the quark-gluon plasma at µB = 0 [28, 40] as well as at µB 6= 0
[41, 42, 43]. Similar phenomena can be seen in other strong coupling systems such as
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Fig. 2. Temporal correlation functions for 483 ×12 lattices. The l.h.s. shows correlators calculated with free noninteracting quarks on the same lattice, and features a symmetry 
pattern expected from chiral symmetry. The r.h.s. presents full QCD data at a temperature of T = 220 MeV (1.2Tc ), which shows multiplets of all U (1)A , SU (2)L × SU (2)R , 
SU (2)C S and SU (4) groups.

are given on the left side of Fig. 1 and those with respect to 
SU (2)C S , k = 4 and SU (4) on the right side of Fig. 1 [6]. Emer-
gence of the respective symmetries is signalled by the degeneracy 
of the correlators (9) calculated with operators that are connected 
by the corresponding transformations.

3. Methodology

The lattice data presented in the next section is calculated 
on JLQCD gauge configurations with N F = 2 fully dynamical do-
main wall fermions ([9,16]). The length of the fifth dimension for 
the fermions is chosen as L5 = 16, to ensure good chiral symme-
try [14].

The quark propagators are computed on point sources after 
three steps of stout smearing. The fermion fields obey anti-periodic 
boundary conditions in time direction. For the gauge part we use 
the Symanzik-improved gauge action with an inverse gauge cou-
pling βg = 4.3 (a = 0.075 fm). The time extent of the lattices is 
Nt = 12, which corresponds to a temperature of T " 220 MeV 
(∼ 1.2Tc). We calculate the data on three spatial volumes, Ns =
24, 32, 48, with a quark mass of mud = 0.001. Measurements are 
performed on O(50) independent configurations.

The main observables are correlation functions of local isovector 
bilinears

O" = ψ̄ (τ/2 ⊗ ")ψ,

where the " structures from Fig. 1 determine the resulting quan-
tum numbers. To extract correlation functions of states with def-
inite, i.e. zero, momentum, we perform a momentum projection 
according to Eq. (9).

Finally, the data shown in the next section is rescaled to a di-
mensionless variable

t T = (nta)/(Nta) = nt/Nt , (10)

where t is the measured lattice distance in time direction, T the 
temperature, a the lattice constant, and Nt the overall temporal 
lattice extent. For spatial correlators in z-direction the same rescal-
ing is done with z = nza instead of t .

4. Results

On the right side of Fig. 2 we show t-correlators (9) normalized 
at nt = 1 calculated on 483 × 12 lattices at T = 1.2Tc . The results 

obtained on Ns = 32, 24 lattices are similar and agree within sta-
tistical errors, they are omitted for clarity.

Specifically we calculate the correlators of J = 0 isovector 
scalar ψ̄τ/2ψ (S) and pseudoscalar ψ̄γ5τ/2ψ (P S) operators, 
where τ are isospin Pauli matrices as well as correlators of 
isovector operators {b1, (1/2, 1/2)a}, {ρ, (1/2, 1/2)b}, {ρ, (1, 0) ⊕
(0, 1)} and {a1, (1, 0) ⊕ (0, 1)} from Fig. 1. A degeneracy of scalar 
and pseudoscalar correlators reflects restoration of U (1)A sym-
metry, since the corresponding operators are connected by U (1)A
transformations, observed already previously in Refs. [14,9]. Since 
the {b1, (1/2, 1/2)a} and {ρ, (1/2, 1/2)b} operators are also con-
nected by U (1)A transformations, the degeneracy of the corre-
sponding correlators also signals U (1)A symmetry. A degeneracy 
of {ρ, (1, 0) ⊕ (0, 1)} and {a1, (1, 0) ⊕ (0, 1)} correlators evidences 
the restoration of chiral SU (2)L × SU (2)R symmetry.

An approximate degeneracy of {b1, (1/2, 1/2)a}, {ρ, (1/2, 1/2)b}
and {ρ, (1, 0) ⊕ (0, 1)} correlators signals emergence of SU (2)C S
symmetry, since all three operators belong to the same irre-
ducible representation (triplet) of SU (2)C S . Finally a degeneracy 
of all four correlators {b1, (1/2, 1/2)a}, {ρ, (1/2, 1/2)b}, {ρ, (1, 0) ⊕
(0, 1)} and {a1, (1, 0) ⊕ (0, 1)} is due to the emergence of SU (4)
symmetry.

On the left side of Fig. 2 we show the correlators calculated 
with free, noninteracting quarks on the same lattice with the same 
Dirac action (the gauge operator U is set to 1). Dynamics of free 
quarks are governed by the Dirac equation and only chiral sym-
metries exist. Indeed, a multiplet structure in this case is very 
different as compared to the right side of Fig. 2 and only degen-
eracies due to U (1)A and SU (2)L × SU (2)R symmetries are seen 
in meson correlators calculated for free quarks. The pattern seen 
on the left of Fig. 2 reflects correlators at a very high temperature, 
since due to the asymptotic freedom at very high T the quark-
gluon interactions can be neglected.

While we observe practically exact chiral symmetries, the 
SU (2)C S and SU (4) symmetries are only approximate. A degree 
of the symmetry breaking can be evaluated via the parameter κ ,

κ = C (1,0)⊕(0,1)
ρ − C (1/2,1/2)

ρ

C (1,0)⊕(0,1)
ρ − C S

, (11)

that measures the splitting within the SU (2)C S multiplet relative 
to the distance between different multiplets. With this definition, 
good symmetry implies |κ | ' 1.

The degree of the symmetry breaking obviously depends on 
the dimensionless variable tT . At tT ∼ 0.5 the breaking is tiny, as 
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Summary:Large-Nc counting
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FIG. 3: Quarkyonic phase diagram in the strict large-Nc limit.

D. Chiral symmetry

We briefly mention the chiral properties in the SQGB phase, which will be ad-

dressed in detail in Sec. VI. The main content of that section is that the chiral-

symmetry order parameter, →ω̄ω↑ ↓ O(Nc), receives finite-T contributions that scale

with the quark density multiplied by a factor of O(N0

c
). When the quark density is

of O(Nc), the total corrections reduce the expectation value of →ω̄ω↑ and it is quite

plausible that in the SQGB phase chiral symmetry would be restored. According to

the arguments of Refs. [2, 39, 52], chiral symmetry could be restored in a way with

emergent chiral spin symmetry.
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FIG. 1: Comparison between the entropy densities from an open-string gas (drawn by the

solid curve) and a closed-string gas (drawn by the dashed curve) up to the

Hagedorn temperature of TH = 285 MeV.

follows. For a pure gluonic theory, there is a first-order phase transition for Nc → 3 [1].

In the closed-string phase where gluons are confined, the entropy density of closed

strings or glueballs is of O(N0

c
). This means that the glueballs remain weakly coupled

and give only a minor contribution to the entropy density. Above the temperature

Td ↑ TH, the system must convert into a gas of gluons in the deconfined phase.

When dynamical quarks are included, this transition is presumably smoothed into a

continuous crossover around the Hagedorn temperature for Nc = 3. For the gluon

gas just above TH, we expect that the typical gluon mass would still be ↑ MGB/2

due to the continuous nature of crossover, and again, the gluon contribution to the

entropy density should be subdominant, so the e!ects of such a transition are rather

small. Here, above TH, we can reasonably model the system in terms of an ideal
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FIG. 2: Lattice-QCD equation of state at high T and zero density compared to the

three-regime model. In the low-T hadronic regime, the sum of the low-lying

mesons, the open-string (meson) gas multiplied by the flavor factor, and the

closed-string (glueball) gas fits the lattice data well. In the intermediate stringy

regime, the thermodynamics is approximated by the contributions from glueballs

and quarks with masses varied from the bare to the constituent values. In the

high-T regime above Td, the QGP with deconfined quarks and gluons with masses

varied from zero to MGB/2 is presented.

(excited mesons) together with the negligibly small glueballs results in the entropy

density in good agreement with the lattice-QCD data. This is a little surprising, for

the open-string spectrum grows with the Hagedorn temperature of TH = 285 MeV,

which is almost twice the crossover temperature, Tc, from mesons into quarks. The

intermediate regime brackets the lattice data with the model computation dominated

by an ideal gas of quarks with masses varied from the bare to the constituent values.
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FIG. 9: Ratio of the chiral condensate at finite temperature to that at zero temperature.

The lattice data are taken from Ref. [81]. The averaged sigma term per quark,

ω̄ → 30 MeV, is obtained from the best fit to the lattice-QCD data and it is varied

within 15–60 MeV to account for uncertainty. The blue curve corresponds to the

first term in the square bracket in Eq. (41), and the orange curve includes the

contribution from the second term in the square bracket in Eq. (41).

while question is how to characterize the region at finite baryon density properly.

Establishing the understanding there is complicated by the fact that the Hagedorn

temperature for baryons may not be the same as that for mesons and glueballs [65].

This is because of the more complicated string structure of baryons compared to

mesons and glueballs. One more, and somehow related, question is how to charac-

terize the region of transition between Quarkyonic Matter and the SQGB phase. In

the SQGB, chiral symmetry is likely to be restored, but in Quarkyonic Matter, chiral

symmetry is broken by spatially inhomogeneous condensations. It is an intriguing

35
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D. Chiral symmetry

We briefly mention the chiral properties in the SQGB phase, which will be ad-

dressed in detail in Sec. VI. The main content of that section is that the chiral-

symmetry order parameter, →ω̄ω↑ ↓ O(Nc), receives finite-T contributions that scale

with the quark density multiplied by a factor of O(N0

c
). When the quark density is

of O(Nc), the total corrections reduce the expectation value of →ω̄ω↑ and it is quite

plausible that in the SQGB phase chiral symmetry would be restored. According to

the arguments of Refs. [2, 39, 52], chiral symmetry could be restored in a way with

emergent chiral spin symmetry.
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FIG. 4: New phase diagram with stretched Quarkyonic Matter toward the temperature

axis. Along the temperature axis, a new window of the SQGB regime can open

with a suppressed width → O(N→1
c ).

small as indicated by the chemical potential dependence of the pseudo-critical tem-

perature computed in the lattice-QCD simulation. The curvature should be even

smaller for the onset of the SQGB for a large value of Nc. The slope of the SQGB

boundary in the high-density side can be estimated roughly by the condition that

the baryon multiplicity → eMB/T →
H (where T ↑

H
for baryons may be di!erent from TH)

is balanced by the thermal weight → e(µB→MB)/T ; see discussions in Sec. 3 of Ref. [4].

Consequently, the expected phase structure should look like Fig. 4. For finite Nc,

generally, phases with diquark condensates may also occur at low-T and high density.

Now, we can make an extrapolation of Nc toward a realistic value of Nc = 3, in

which all transitional changes should be smooth crossovers except for the liquid-gas

transition of symmetric nuclear matter that is a first-order phase transition. In Fig. 5,
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FIG. 5: New and realistic phase diagram for Nc = 3 including a window of the SQGB

regime.

we present our most plausible picture of the new phase diagram including a window

of the SQGB regime. In the conventional phase diagram, the counterpart of the on-

set of the SQGB is simply the pseudo-critical temperature Tc → 150–160 MeV. We

claim that, even above Tc presumably up to Td → TH ↑ 285 MeV, the stringy phase

continues with thermal degrees of freedom of quarks, even though quarks are still un-

screened and thus confined. We would emphasize that our picture does not contradict

the preceding modeling e!orts; in terms of the HRG model, the repulsive interac-

tions between mesons as considered in Ref. [54] are the ingredients for the model

to confront lattice-QCD thermodynamics. In our language, through interactions in

such a model or the van der Waals parametrization of thermodynamics [55, 56], the

system somehow gets to know the presence of quarks.

The temperature upper bound of the SQGB phase at a given µB, viz., Td(µB), is
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Ideal dual Quarkyonic (IdylliQ) model

Sti!ening of matter in quark-hadron continuity: a mini-review

+ 𝜔
𝜔𝜀=1
𝜗

(𝜛)ω(𝜛sh ε 𝜛)ω(𝜛 ε 𝜛bu)

+ 𝜔
𝜔𝜀=0
𝜗

(𝜛)ω(𝜛 ε 𝜛sh) . (17)

The solution of 𝜔𝜗 in the region where 𝜔𝜀 = 0 can be
expressed as a linear combination of two basis functions
𝜚± that satisfy the homogeneous equation 𝜍[𝜚±] = 0.
Explicitly the form is 𝜔

𝜔𝜀=0
𝜗

= 𝜑+𝜚+(𝜛) + 𝜑ε𝜚ε(𝜛). In
contrast, in the region where 𝜔𝜀 = 1, the solution is given by
𝜔
𝜔𝜀=0
𝜗

= 𝛻+𝜚+(𝜛) + 𝛻ε𝜚ε(𝜛) +𝜕
3
𝜑

. Here, the large constant
term of ℵ(𝜕3

𝜑
) must be canceled by the contributions from

the homogeneous solutions to ensure physical consistency,
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coe!cients, but the condition 𝜔𝜗(𝜛  ϑ)  0 allows us to
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domains of the distribution.
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Fermi surface in 𝜔𝜗. In this regime, matter is characterized
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and Jeong (2020b,a); Zhao and Lattimer (2020).
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Vovchenko (2023). However, our model calculations reveal
the opposite trend. The essential factor is not the momentum
scale itself, but rather the availability of phase space for
forming spatially localized composite particles. This view-
point o"ers a more physically grounded interpretation of the
results obtained in the IdylliQ model.

Figure 5: The sti!ening of the equation of state is associated
with the transition from baryonic to quark matter, which
is triggered by quark saturation. Baryon-baryon interactions,
mediated by quark exchanges, smooth out this transition.

At high density, the formation of composite particles
requires appropriate superpositions of multiple quark quan-
tum states, arranged to minimize the total energy. However,
such configurations are feasible only when ample phase
space is available to support the required superpositions. As
quark states become increasingly occupied, this freedom is
lost. Once the quark phase space is saturated, a baryonic
description ceases to be natural.

In contrast, near the Fermi surface, ample phase space
remains available, allowing for optimized superpositions of
quark states. It is important to note that the saturated quark
Fermi sea is color-singlet due to the complete occupation
of all color states. However, in the unsaturated region, not
all superpositions of quark states automatically satisfy the
color-singlet constraint. A natural class of color-singlet con-
figurations near the Fermi surface is provided by baryonic
states. Whether these baryonic excitations further organize
into more complex paired states remains an open question
for future analysis.

3.3. Equations of state
EOS in quarkyonic matter rapidly sti"ens from the

pre- to post-saturation regime. Before quark saturation sets
in, baryonic matter remains largely non-relativistic. How-
ever, once saturation occurs, quarks fill the low-momentum
phase space, forcing baryons into higher-momentum states,
thereby making them relativistic. If baryons could occupy
momentum states up to the momentum ℸ⊳ with full proba-
bility (i.e., 𝜔𝜀 = 1), the relativistic regime ℸ⊳ ϱ ⊲𝜀 would
only be reached at a very high density, 0𝜀 ϱ ⊲

3
𝜀
ϱ 10000.

Taking the quark Pauli blocking constraint into account,
however, baryons occupy low momentum states only with
the probability ϱ 1ς𝜕3

𝜑
. As a result, relativistic baryons

emerge at much lower densities, around 0𝜀 ϱ ⊲
3
𝜀
ς𝜕3

𝜑
ϱ

φ3 ϱ 500.
The explanation of sti" EOS within baryonic descrip-

tions appears highly exotic. In fact, generating such baryon
distributions from conventional nuclear models—even with
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(ii) We ignore the density dependence of the internal quark
momentum distribution 𝜔. In realistic settings, the width
of 𝜔 in momentum space is expected to shrink as baryons
swell in dense matter. However, to retain tractability, we fix
𝜔 throughout. (iii) We adopt a specific functional form for 𝜔
that allows for an analytic inversion of the sum rule, enabling
us to express 𝜀𝜗 as a functional of the quark distribution 𝜀𝜛.
Explicitly, we take:

𝜔(𝜚) = 2𝜍2

ω3
𝜑
ε𝜚ϑω

𝜚ϑω , (11)

which is the inverse of the operator

𝛻 = εϖ2
𝜚
+ 1

ω2 , 𝛻
⌋
𝜔(𝛚 ε 𝛆)

⌈
= (2𝜍)3𝜕(𝛚 ε 𝛆) . (12)

With this we can express 𝜀𝜗 as

𝜀𝜗(ℵℶ𝜚) =
ω2

ℵ3
ℶ

𝛻
⌋
𝜀𝜛(𝜚)

⌈
. (13)

For instance, in a domain where quark states are saturated,
i.e., 𝜀𝜛(𝜚) = 1, then the derivative term vanishes and we
obtain 𝜀𝜗(ℵℶ𝜚) = 1ϑℵ3

ℶ
.

One might question the necessity of assumption (iii),
particularly since the chosen Yukawa form of the distribution
𝜔 may appear unrealistic. The rationale, however, lies in our
desire to capture the qualitative behavior of 𝜀𝜗 at high den-
sity. In this regime, we possess physical intuition grounded
in quark-based descriptions—for instance, the emergence of
a quark Fermi sea. Our interest lies in the densities that are
high but still within the vicinity of the crossover regime,
where such quark-based intuitions are becoming applica-
ble, yet hadronic features remain relevant. Conversely, at
low density, we have reasonable intuition for 𝜀𝜗 , and we
can compute 𝜀𝜛 using the sum rule. Thus, by adopting
assumption (iii), we can bridge the low- and high-density
regimes using two complementary descriptions. This dual
perspective o!ers a more robust framework than one relying
solely on either hadronic or quark degrees of freedom.

Now the rest is straightforward; we minimize ℷ by op-
timizing 𝜀𝜗 at each momentum. While the logic is sim-
ple, the methodology warrants clarification. To perform the
minimization subject to a fixed baryon density ℸ𝜗 , we must
impose this constraint during the variation of 𝜀𝜗(⊳). A
practical way to enforce this is to consider paired variations
in momentum space such that

𝜕𝜀𝜗(𝛝1) + 𝜕𝜀𝜗(𝛝2) = 0 . (14)

This condition ensures that the total baryon density remains
unchanged during the variation. The corresponding change
in the energy density is then given by

𝜕ℷ = ⊲𝜗(⊳1)𝜕𝜀𝜗(𝛝1) + ⊲𝜗(⊳2)𝜕𝜀𝜗(𝛝2)
=
⌋
⊲𝜗(⊳1) ε ⊲𝜗(⊳2)

⌈
𝜕𝜀𝜗(𝛝1) . (15)

This condition implies that relocating a particle from 𝛝2 to
𝛝1 reduces the total energy if ⌉𝛝2⌉ > ⌉𝛝1⌉. Consequently,
the optimal distribution 𝜀𝜗(⊳) must concentrate particles

Figure 2: 𝜀
𝜗

and 𝜀
𝜛

before quark saturation.

Figure 3: 𝜀
𝜗

and 𝜀
𝜛

at quark saturation.

Figure 4: 𝜀
𝜗

and 𝜀
𝜛

after quark saturation.

at low momenta. We define ⊳sh as the largest momentum
below which 𝜀𝜗 is nonzero. Then, we conclude that 𝜀𝜗(⊳)
vanishes for ⊳ > ⊳sh, while it is maximized for ⊳ ∱ ⊳sh. The
maximum value that 𝜀𝜗 can attain is governed by the sum
rule constraint. If no quark momentum states are saturated,
then 𝜀𝜗 can reach the maximum value of 1, recovering the
standard ideal gas distribution, 𝜀

ideal
𝜗

(⊳) = ϱ(⊳sh ε ⊳).
However, when some domain in quark momentum space is
saturated, the sum rule enforces a bound on 𝜀𝜗 , limiting it to
a maximum of 1ϑℵ3

ℶ
. This reflects the duality between the

saturation of quark states and the suppression of baryonic
occupation probabilities.

The final question is how to smoothly patch together the
regions with di!erent behaviors of the baryon momentum
distribution 𝜀𝜗 , namely the saturated region 𝜀𝜗(⊳) = 1ϑℵ3

ℶ
,

the free region 𝜀𝜗(⊳) = 1, and the unoccupied region
𝜀𝜗(⊳) = 0. The appropriate form turns out to be

𝜀𝜗(⊳) =
1
ℵ3

ℶ

ϱ(⊳bu ε ⊳) + ϱ(⊳sh ε ⊳)ϱ(⊳ ε ⊳bu) . (16)

The domain ⊳ ∱ ⊳bu is dual to 𝜀𝜛 = 1. For the domain
⊳bu ∱ ⊳ ∱ ⊳sh, baryons are free from the quark saturation
constraint and hence 𝜀𝜗 can reach 1, the maximum. When
⊳ > ⊳sh, 𝜀𝜗(⊳) drops to zero.

The above 𝜀𝜗(⊳) is dual to (we define ℵℶ𝜚bu ∲ ⊳bu and
ℵℶ𝜚sh ∲ ⊳sh)

𝜀𝜛(𝜚) = ϱ(𝜚bu ε 𝜚)
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(ii) We ignore the density dependence of the internal quark
momentum distribution 𝜔. In realistic settings, the width
of 𝜔 in momentum space is expected to shrink as baryons
swell in dense matter. However, to retain tractability, we fix
𝜔 throughout. (iii) We adopt a specific functional form for 𝜔
that allows for an analytic inversion of the sum rule, enabling
us to express 𝜀𝜗 as a functional of the quark distribution 𝜀𝜛.
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obtain 𝜀𝜗(ℵℶ𝜚) = 1ϑℵ3
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particularly since the chosen Yukawa form of the distribution
𝜔 may appear unrealistic. The rationale, however, lies in our
desire to capture the qualitative behavior of 𝜀𝜗 at high den-
sity. In this regime, we possess physical intuition grounded
in quark-based descriptions—for instance, the emergence of
a quark Fermi sea. Our interest lies in the densities that are
high but still within the vicinity of the crossover regime,
where such quark-based intuitions are becoming applica-
ble, yet hadronic features remain relevant. Conversely, at
low density, we have reasonable intuition for 𝜀𝜗 , and we
can compute 𝜀𝜛 using the sum rule. Thus, by adopting
assumption (iii), we can bridge the low- and high-density
regimes using two complementary descriptions. This dual
perspective o!ers a more robust framework than one relying
solely on either hadronic or quark degrees of freedom.

Now the rest is straightforward; we minimize ℷ by op-
timizing 𝜀𝜗 at each momentum. While the logic is sim-
ple, the methodology warrants clarification. To perform the
minimization subject to a fixed baryon density ℸ𝜗 , we must
impose this constraint during the variation of 𝜀𝜗(⊳). A
practical way to enforce this is to consider paired variations
in momentum space such that

𝜕𝜀𝜗(𝛝1) + 𝜕𝜀𝜗(𝛝2) = 0 . (14)

This condition ensures that the total baryon density remains
unchanged during the variation. The corresponding change
in the energy density is then given by

𝜕ℷ = ⊲𝜗(⊳1)𝜕𝜀𝜗(𝛝1) + ⊲𝜗(⊳2)𝜕𝜀𝜗(𝛝2)
=
⌋
⊲𝜗(⊳1) ε ⊲𝜗(⊳2)

⌈
𝜕𝜀𝜗(𝛝1) . (15)

This condition implies that relocating a particle from 𝛝2 to
𝛝1 reduces the total energy if ⌉𝛝2⌉ > ⌉𝛝1⌉. Consequently,
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at low momenta. We define ⊳sh as the largest momentum
below which 𝜀𝜗 is nonzero. Then, we conclude that 𝜀𝜗(⊳)
vanishes for ⊳ > ⊳sh, while it is maximized for ⊳ ∱ ⊳sh. The
maximum value that 𝜀𝜗 can attain is governed by the sum
rule constraint. If no quark momentum states are saturated,
then 𝜀𝜗 can reach the maximum value of 1, recovering the
standard ideal gas distribution, 𝜀

ideal
𝜗

(⊳) = ϱ(⊳sh ε ⊳).
However, when some domain in quark momentum space is
saturated, the sum rule enforces a bound on 𝜀𝜗 , limiting it to
a maximum of 1ϑℵ3

ℶ
. This reflects the duality between the

saturation of quark states and the suppression of baryonic
occupation probabilities.

The final question is how to smoothly patch together the
regions with di!erent behaviors of the baryon momentum
distribution 𝜀𝜗 , namely the saturated region 𝜀𝜗(⊳) = 1ϑℵ3

ℶ
,

the free region 𝜀𝜗(⊳) = 1, and the unoccupied region
𝜀𝜗(⊳) = 0. The appropriate form turns out to be

𝜀𝜗(⊳) =
1
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The domain ⊳ ∱ ⊳bu is dual to 𝜀𝜛 = 1. For the domain
⊳bu ∱ ⊳ ∱ ⊳sh, baryons are free from the quark saturation
constraint and hence 𝜀𝜗 can reach 1, the maximum. When
⊳ > ⊳sh, 𝜀𝜗(⊳) drops to zero.

The above 𝜀𝜗(⊳) is dual to (we define ℵℶ𝜚bu ∲ ⊳bu and
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Now the rest is straightforward; we minimize ℷ by op-
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ple, the methodology warrants clarification. To perform the
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constraint and hence 𝜀𝜗 can reach 1, the maximum. When
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Figure is taken from Kojo, 2412.20442 before quark saturation

at quark saturation

after quark saturation

Kojo (’21), McLerran, Reddy ('19), Fujimoto,  Kojo,  McLerran (’24)

fQ(q, nB) = ∫PB

fB(PB; nB)φB
Q(qB; PB)

cf. Kojo’s talk

https://arxiv.org/abs/2412.20442


Study of  in (1+1)dQCD

Numerical calculations  
can be done by using tensor network technique

(Bosonization tequnique also useful.)
Kojo (’11), Lajer, Konik, Pisarski, Tsvelik (’21)

●Finite box simulation

●Infinite Volume simulation 
Fujikura YH, 2605.17183 

Hayata, YH, Nishimura, JHEP 07 (2024) 106

A simple model describing quarkyonic matter

Banuls, Cichy, Cirac, Jansen, Khun (’17)

Baluni (’80), P. J. Steinhardt (’80)

cf. see Itou’s talk for two-color QCD in 3+1d

https://doi.org/10.1016/j.nuclphysa.2011.12.002
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.105.054035
https://arxiv.org/abs/2605.17183
https://doi.org/10.1007/JHEP07(2024)106


(dimensionless)   HamiltonianQCD2

H/g0 = J
N−1

∑
n=1

E2
i (n)

+w
N−1

∑
n=1

(χ†(n + 1)U(n)χ(n) + χ†(n)U†(n)χ(n + 1))
+m

N

∑
n=1

(−1)nχ†(n)χ(n)

Electric field term

Hopping term

Mass term

J = ag0
2 , w = 1

2g0a
, m = m0/g0 We use  unitg0 = 1



●We employ a matrix product state

●Optimize the wave function by  
density matrix renormalization group technique

|ψ⟩ = ∑
{ni}

|n1⟩⋯ |nN⟩trMn1
1 ⋯MnN

N

[Mni
i ]ij :  matrixD × D

E = min
ψ

⟨ψ |H |ψ⟩

As a variational ansatz of wave function



Numerical results



Color SU(2)，1 flavor，vacuum
single baryon state J = 1/20 w = 5 V = 15

Baryon size ~ 1

volumedimℋ = 2300

m = 1.0
Quark distribution functionBaryon number density



 Hamiltonian Lattice simulation QCD2
with density matrix renormalization technique

Tomoya Hayata, YH, Nishimura (’23)

Two color QCD Nf = 1
dimℋ = 2480dimℋ = 2320

Free quark



 Hamiltonian Lattice simulation QCD2
with density matrix renormalization technique

Three color QCD, Nf = 1 dimℋ = 2144

Pressure Quark distribution

Free baryon

Free quark

Tomoya Hayata, YH, Nishimura (’23)



Inhomogeneous phase in QCD2
corresponding to ‘quarkyonic chiral spirals’ Kojo, Hidaka, McLerran, Pisarski (2010)

dimℋ = 2320

dimℋ = 2320

SU(2)

SU(3)

ΔΣ = ⟨q̄q(x)⟩ − ⟨q̄q(x)⟩μ=0



Wave number dependence
dimℋ = 2320V = 40J = 1/8 w = 2

Wave number dependence Hadronic picture
If hadron interactions are repulsive

1/nB

1/nBdistance ⇒ k = 2πnB

Quark picture
If interactions between quarks 
Fermi surface is unstable

k = 2pF = 2πnBdensity wave ⇒



Infinite volume

Translation symmetry is restored
No continuous symmetry breaking occurs in (1+1)d

Using Variational Uniform Matrix Product State，Fujikura YH, 2605.17183 
Zauner-Stauber, Vanderstraeten, Fishman, Verstraete, Haegeman (’18)

⟨nB(x)⟩ = const ⟨δnB(x)δnB(0)⟩ ∼ ∑
ℓ

Bℓ
cos(2πℓx)

|x |2ℓ2K

18

Tomonaga—Luttinger liquid theory
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A low-energy behavior is described by

Charge Density Wave-like

<latexit sha1_base64="xGKvd5JfpExjjktwfSUExaTC4BM="></latexit>

→ωnB(t, x1)ωnB(t, x2)↑ ↓
→∑

ω=1

Bω
cos(2εϑnB |x1 ↔ x2|)

|x1 ↔ x2|2ω2K

Spatial 
modulation

<latexit sha1_base64="GXaXBbFX2zUE6Oc9yebtoECt3nc="></latexit>

HTLL(µB > MB) =

∫
dx

[
2ωcsK!2

B +
cs

8ωK
(ε1ϑB)

2
]

Density-density correlation:
14
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FIG. 8. Eigenvalues of the transfer matrix ω on the complex plane for m/g = 1.0, µB/g = 5.0 (left) and m/g = 0.5, µB/g = 1.8
(right). Dotted lines indicate modulations with wavenumber εkω = 4ϑϖanB , where ϖ = 1 (blue), ϖ = 2 (orange), and ϖ = 3
(green). Here, nB denotes the expectation value of the baryon number density.

the ground state. The quark distribution function in momentum space can be expressed as

n(p) =
1

Nc
D(p)→ 1, D(p) =

→∑

n=↑→
eip(2an)W (→n/2, n/2). (53)

Here, D(p) is defined as the Fourier transform of the quark two-point function in position space W (n1, n2) which is
given by

W (n1, n2) = (→1)n1↑n2

〈
ω†(2n1)

(
2n1↑1∏

s=2n2

U(s)

)
ω(2n2) + ω†(2n1 + 1)

(
2n1∏

s=2n2+1

U(s)

)
ω(2n2 + 1)

〉
(54)

for n1 ↑ n2 and

W (n1, n2) = (→1)n1↑n2

〈
ω†(2n1)

(
2n2↑1∏

s=2n1

U(s)

)†

ω(2n2) + ω†(2n1 + 1)

(
2n2∏

s=2n1+1

U(s)

)†

ω(2n2 + 1)

〉
(55)

for n1 < n2. The Wilson line insertion ensures gauge invariance of the two-point function. Here, p is the physical
momentum. In the limit g ↓ 0, the Hamiltonian (1) reduces to the free theory of two massive Dirac fermions, which
is exactly solvable on the lattice (See appendix A of ref. [23]). In this case, n(p) = !(kF → p) in the continuum and
thermodynamic limits, where !(x) is the Heaviside step function, and kF = εnB is the Fermi momentum. We also
construct the ground state of the free theory by VUMPS algorithm with g = 0.

The case without gauge interactions is obtained by omitting the electric-field term from the Hamiltonian. In one
spatial dimension, the remaining link variables carry no energetic cost and can be gauged away, so that the model
is equivalent to free staggered fermions. The step-function behavior in the free theory is clearly observed. Once
the gauge interaction is included, the Fermi surface p = kF becomes unstable. Remarkably, a depression of the
quark number distribution at low momenta found in the previous study [23] does not appear in our case, thanks to
translational invariance. Quark distribution functions for various baryon number densities with gauge interaction are
also shown in the bottom panels of Fig. 9. Although there is no sharp Fermi surface, the quark number density at low
momenta p ↔ kF remains occupied as can be seen from the figure. Therefore, the free quark picture provides a useful
approximation for thermodynamic quantities, such as the baryon number density and pressure, in the high-density
region, even in the presence of the gauge interaction. However, we emphasize that the free quark picture cannot be
applied to other physical quantities, such as the central charge.

It is worth noting that the behavior of the distribution function di”ers from that in electronic systems described by
a Tomonaga–Luttinger liquid. In electronic systems, the distribution function exhibits a power-law behavior near the
Fermi surface [48, 49], whereas in our case it appears to decay more rapidly. This di”erence is likely a consequence of
color confinement in the present system. The coexistence of a quark Fermi sea, characterized by n(p) ↗ 1 for p ↭ kF ,
and a baryonic infrared description, namely a Tomonaga–Luttinger liquid with c = 1, provides a concrete realization

⇒ Tomonaga-Luttinger liquid

https://arxiv.org/abs/2605.17183
https://doi.org/10.1103/PhysRevB.97.045145


Entanglement entropy

12

Figure 5 shows the dependence of ωB on nB for several quark masses. As shown in the figure, for m/g →= 0, ωB grows
sharply and is consistent with a divergence as the onset of nonzero baryon number density is approached, nB ↑ 0.
This behavior supports the scenario of a second-order phase transition at the onset of nonzero baryon number density.
However, the possibility of a weak first-order phase transition with a jump in the order parameter within the range
0 ↓ nB/g ↓ 0.05, or of a sharp crossover, cannot be excluded. m/g = 0 is an exactly solvable limit leading to
ωB = 1/(2ε), which does not depend on nB .

2. Low-Energy Behavior as a Tomonaga–Luttinger Liquid
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FIG. 6. Dependence of the entanglement entropy SEE (left) and the correlation length ω = 1/ε1 in lattice units (right) on the
total bond dimension D at finite density (ga = 0.25, m/g = 1, µB/g = 5). Red symbols and blue lines represent the numerical
data and linear fits, respectively.

In this section, we show that the low-energy behavior of the system at finite baryon density is consistent with a
Tomonaga–Luttinger liquid. To this end, we further discuss the ground-state properties using transfer matrices. For
a large baryon chemical potential where nB →= 0, we find that the correlation length diverges as we decrease the
truncation error (and hence increase the bond dimension). Figure 6 shows the entanglement entropy between two
semi-infinite subsystems separated at a given point, and the correlation length as a function of the bond dimension
for fixed lattice input parameters ga = 0.25, m/g = 1, µB/g = 5. Even for m/g →= 0, the system exhibits the
scaling behavior log(1/ϑ1) ↔ log(D) with remarkable accuracy, which indicates a gapless phase. Motivated by this
observation, we estimate the central charge by fitting SEE ↔ logD, as described in the previous subsection. We find
that the central charge is c = 1.00 within the fitting error. We also compute the central charge for the free fermions
by setting the gauge coupling to zero, and we obtain c = 2. This indicates that the gauge interaction remains e!ective
in the long-distance limit in the presence of the finite baryon density. Note that c = 1 coincides with that of the free
compact boson, which is identified as the baryon number density mode in SU(2) gauge theory. For di!erent values
of the chemical potential, we observe the same behavior as long as the baryon number density is nonvanishing. This
result has a natural interpretation in the quarkyonic picture [1–3]: the reduction from c = 2 for free quarks to c = 1
reflects the fact that color confinement gaps out quark-like excitations, leaving the baryon density mode as the only
gapless degree of freedom in the infrared.

The infrared behavior at nB →= 0 is argued to be described by the Tomonaga–Luttinger liquid theory via bosoniza-
tion [32]. We briefly review the bosonization of QC2D2, and Tomonaga–Luttinger liquid theory in appendix A. The
e!ective Hamiltonian in the long-distance limit is given by

HTLL(µB > MB) =

∫
dx

[
2εcsK”2

B +
cs

8εK
(ϖ1ϱ̃B)

2
]
. (49)

Here, ϱ̃B is the real compact scalar with period 2ε, while ”B is its canonical conjugate. The parameters cs and
K denote the speed of sound and the Luttinger parameter, respectively. The speed of sound at zero temperature is
estimated by the equation of state,

c2s =
dP

dE
=

dP

dnB

dnB

dE
=

nB

µB

dµB

dnB
. (50)

SEE ∼ c
6 log ξ/a

c ≃ 1.0

(  for free quarks)c ≃ 2

implies single low energy excitation
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Baryonic to quark Luttinger liquid crossover
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Special case, m = 0
●Baryons are gapless mB = 0
●color sector and flavor sector are decoupled
●Thermodynamic properties can be exactly 
obtained

P = e = μ2
B

4π
nB = μB

2π
c2

s = dP
de

= 1



Quark distribution function
W(x) = ⟨ψ†(x)𝒫ei ∫x

0 Adzψ(0)⟩nq(p) = 1
Nc ∫ dxe−ipxW(x) − 1

nq(p) = ∫ dqθ(kF − q)R(p − q) ∫ dpR(p − q) = 1

Decoupling of color sector and flavor sector

fQ(q, nB) = ∫PB

fB(PB; nB)φB
Q(qB; PB)cf. IdylliQ model

with



n(q) = ∫ dpθ(kF − p)R(q − p)

⊗

 is not known for SU(N)R(q)
We use the functional form of 
of two flavor Schwinger model
and fit the mass parameter



Summary
Finite-temperature QCD:

Finite-density QCD:

We have proposed Quark Spaghetti with Glue Balls

We discussed crossover between Hadronic and quark matter
We examined QCD in (1+1)d using tensor network technique.


⇒Hadronic to quark Luttinger liquid cross over

Glueballs

Deconfined
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Confined
Entropy

Screening Gluons Quarks
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Diquarks

Quarks    Baryons

FIG. 5: New and realistic phase diagram for Nc = 3 including a window of the SQGB

regime.

we present our most plausible picture of the new phase diagram including a window

of the SQGB regime. In the conventional phase diagram, the counterpart of the on-

set of the SQGB is simply the pseudo-critical temperature Tc → 150–160 MeV. We

claim that, even above Tc presumably up to Td → TH ↑ 285 MeV, the stringy phase

continues with thermal degrees of freedom of quarks, even though quarks are still un-

screened and thus confined. We would emphasize that our picture does not contradict

the preceding modeling e!orts; in terms of the HRG model, the repulsive interac-

tions between mesons as considered in Ref. [54] are the ingredients for the model

to confront lattice-QCD thermodynamics. In our language, through interactions in

such a model or the van der Waals parametrization of thermodynamics [55, 56], the

system somehow gets to know the presence of quarks.

The temperature upper bound of the SQGB phase at a given µB, viz., Td(µB), is

19

FIG. 2: Lattice-QCD equation of state at high T and zero density compared to the

three-regime model. In the low-T hadronic regime, the sum of the low-lying

mesons, the open-string (meson) gas multiplied by the flavor factor, and the

closed-string (glueball) gas fits the lattice data well. In the intermediate stringy

regime, the thermodynamics is approximated by the contributions from glueballs

and quarks with masses varied from the bare to the constituent values. In the

high-T regime above Td, the QGP with deconfined quarks and gluons with masses

varied from zero to MGB/2 is presented.

(excited mesons) together with the negligibly small glueballs results in the entropy

density in good agreement with the lattice-QCD data. This is a little surprising, for

the open-string spectrum grows with the Hagedorn temperature of TH = 285 MeV,

which is almost twice the crossover temperature, Tc, from mesons into quarks. The

intermediate regime brackets the lattice data with the model computation dominated

by an ideal gas of quarks with masses varied from the bare to the constituent values.

13

FIG. 9: Ratio of the chiral condensate at finite temperature to that at zero temperature.

The lattice data are taken from Ref. [81]. The averaged sigma term per quark,

ω̄ → 30 MeV, is obtained from the best fit to the lattice-QCD data and it is varied

within 15–60 MeV to account for uncertainty. The blue curve corresponds to the

first term in the square bracket in Eq. (41), and the orange curve includes the

contribution from the second term in the square bracket in Eq. (41).

while question is how to characterize the region at finite baryon density properly.

Establishing the understanding there is complicated by the fact that the Hagedorn

temperature for baryons may not be the same as that for mesons and glueballs [65].

This is because of the more complicated string structure of baryons compared to

mesons and glueballs. One more, and somehow related, question is how to charac-

terize the region of transition between Quarkyonic Matter and the SQGB phase. In

the SQGB, chiral symmetry is likely to be restored, but in Quarkyonic Matter, chiral

symmetry is broken by spatially inhomogeneous condensations. It is an intriguing

35


