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Introduction (Motivation)

Opportunity for Strong EM fields (eE,eB > m32): . . .,
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Introduction (Physics in Magnetic Field)

P magnetic catalysis of chiral condensate (low T)
Bali+(2012), Shovkovy (2013) :

P inverse magnetic catalysis in lattice QCD (T ~ T,)
Bruckmann-Endrodi-Kovacs (2013)

P Chiral Magnetic Effect LN
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Introduction (Physics in Electric Field)

P> Schwinger mechanism j
Schwinger (1951) OBE | | .
t... L ; —0050E .JJ_.V.:I—F
» Kinetic approaches O e e
Tuchin (2013)

Stephanov-Yin (2012), Hidaka-Pu-Wang-Yang (2022)
VGo.f +VGx -V f +VGp - V,f = C[f], VG =1+hB-Q

VGx =v+hEXQ +h(v- Q)B of
P Lattice QCD simulations :
Yamamoto (2013), Endrodi (2022) 170 |

eE (GeVv?)

A magnetic field leaves the vacuum stable — static methods are enough.
An electric field makes the vacuum unstable: the vacuum state evolves,

and time-dependent expectation values are needed.



Introduction (Perturbative Treatment 1/3)

» Strong QED needs resummation

c ol

All diagrams contributes the same order when 11, < +/eE,/eB

S(p|B,E) -

* 11 —~'y*tan(q;Bs) 1 + 4%y% tanh(q; E's)
ds{ 5 > N
0 cosh®(q;Es) | cos?(q;Bs)
—I—m(l — yiy? tan(qus)) (1 + 4093 tanh(qus)) }
2 pﬁ

X exp ( —im?s + z(ﬁ—% tan(qrBs) + qu—E tanh(grE's) )




Introduction (Perturbative Treatment 2/3)

» Strong QED needs resummation

» Electric field requires real-time treatment = in-in formalism

A +
e.g., Pair production induces the current EzZ e
=3 20
2l v ' J7(x7)
but {(out|j (x )Im) =0
o

The 1mn—out (S-matrix) formalism computes transition amplitudes
— not the time-dependent expectation values. Real-time observables
require the in—in formalism



Introduction (Perturbative Treatment 3/3)

» Every real-time observable induced by produced pair carries
the Schwinger factor = nonperturbative:

(in|j3(x0)|in) = O (e~™me/eE)

> Essential singularity at eE = 0: every coefficients of
the expansion vanishes

» So any finite-order loop expansion gives exactly zero

Goal of this talk: controlled resumed in-in expansion for observables
of the Schwinger effect




INn-in formalism with resumm

ation

Subtlety:

A (t)A

In particles

/\/\—>

out particles

» The Hamiltonian 1s time-dependent: many inequivalent vacua

> Loop expansion needs a reference vacuum — for H(t)

there 1s no canonical ¢!

hoice

Around which vacuum shoulc

| 1n-1n pert

urbation theory be organized?



In-in formalism with resummation

Fukushima-Minato (2026)

This work: expand in-in expectation value
around the out-vacuum

1. Rewrite the in-vacuum 1n terms of the out vacuum
(Bogoliubov transformation)

2. The mismatch of two vacua introduces a new quadratic
terms 1n generating function on the closed time path

3. Quadratic — self energy— resummed propagator
(only propagators are modified; vertices are untouched)



In-in formalism with resummation

Fukushima-Minato (2026
Why expand around out vacuum? (2020

In systems with an unstable vacuum, the reference vacuum
for the loop expansion 1s not unique

1. An expansion around |0;,) requires the infinite summation
of diagrams

2. An expansion around |0,,¢) already resums the effects of
the background electromagnetic field

Intuitive understanding:

The observed quantities are written by out-particles defined on |0,4,¢),
so the loop expansion around |0,,¢) makes things simpler



In-in formalism with resummation

Fukushima-Minato (2026)

» The in vacuum — the out vacuum plus a condensate of out pairs
‘Oin> — N%S ‘Oout> %I; — €Xp |:Z/ ; Aoi)tTp bcil)t]L p:|

» The in-1n expectation value can be computed around [0,,,¢)

(O |OG)]0) = AT Qo Z)0 ") ] O

» Exactly keeping @2



In-in formalism with resummation

Fukushima-Minato (2026)
» On the closed time path, the squeeze

Im(z)

factor % becomes a quadratic kernel A A
localized at the late-time boundary;  ___ & # Ou) S oo
a self-energy-like insertion X, ’ (A

in generating functional. om |3 [ )

(Oou | O(2°) %] Oms) —> (4 (+00)) = (1+ (+00), B (+00); +oo| #)]0; out)

Functional quantization Quadratic kernel
—> Yp(z,y) Z/ OUOUt (x VOUt( )62 — 00) 6(y° — 00)
Self energy
Bogoliubov Mode functions
coefficient at out vacuum

> Vertices are untouched: only propagators are reorganized



In-in formalism with resummation

Fukushima-Minato (2026)

» The Dyson series of a quadratic boundary insertion 1s geometric
— 1t closes exactly and reorganize the diagonal elements:

S~ (z,y) =55 (z,y) "t + Sp(z,y),
S++(SC, y)_l — S(_)l_+(xa y)_l il ED(Q?, y) '

> Off-diagonal propagators are also reorganized, but technically
much more involved (see paper)



In-in formalism with resummation

Fukushima-Minato (2026)

> These propagators have the PIme
proper time representations. ) ”_>_’ 7_’
But with additional contours. | L L =
Fradkin-Gitman-Shvartsman (1991) i in

A Im(s)

Re(s)
>

—— (——

S~ (z,y) =i(iD, + m) {0(,23) /ds g(s;z,y) + 0(—23) /ds g(s;x, y)]
[
i(—lﬁz—mg—l—ie)s

g(s;7,y) == (zle y)

> Additional integral contour comes from the nonlocal self-energy

from boundary wavefunctionals

» Resummation introduces a new pole in the proper-time contour,

whose residue carries the Schwinger factor



Application 14/16

Example calculation: Fukushima-Minato (2026)

This propagator correctly includes the pair-production effect

€+
37 ..0 Jon,3 &
7°(x7) = Py .3 . 0
Jjo(x7)
(7%(a%)) = lim Trs [y*S ™ (2, y)]
T—yY e
= —dlim D 0(~2)07 (53 - ) / ds cosh(cEs) f(s;,y) } 1 ey
F% N/ >

Pair created current
__7T F< o F>

See also Copinger-Fukushima-Pu (2018) T



Limitations and Applicability

Assumptions:
* Spatially homogeneous background

* 1n/out vacua are well defined, and a complete set of
mode functions 1s available

Applicability(under the above limitations):

- time dependent electric field adiabatically turned-off

* magnetic and electric background

- Non-abelian field



Conclusion 16/16

> A loop expansion depends on the choice of reference vacuum

P |n an electric field, the vacuum instability makes the choice of
reference vacuum important

> We recast the in-in generating functional as a loop expansion around
the out vacuum, which builds pair-production effects into propagators.

> Applications are left for future work.
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  e E ,   e B ≫  m e 2


  B ∼   10  18 − 19 G ,     short


  B ∼   10  15 − 16 G ,     long


  e E ∼  m e 2


  T


  T ∼  T c


   G  𝜕 t f +  G  𝒙 . ⋅  𝛻 𝒙 f +  G  𝒑 . ⋅  𝛻 p f = C [ f ]


   G  𝒙 . = 𝒗 + ℏ 𝑬 × 𝛀


  + ℏ  (  𝒗 ⋅ 𝛀 ) 𝑩
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   m e ≤   e E ,     e B


  E  z ^


   e +


   e −


   𝒋 𝟑 (  𝒙 𝟎 )


    ⟨ o u t | j 3  (   x 0 )  |  i n ⟩ = 0


    ⟨ i n | j 3  (   x 0 )  |  i n ⟩ = O (  e  − 𝜋  m e 2 / e E )
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