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Quantum entanglement



Quantum entanglement gives rise to the stronger spin correlations than those expected
in the classical theory, among the states which once interacted but, being separated

spatially, cannot interact now.

At colliders, the measurement takes place when the polarized particles decay and
quantum entanglement is accessible through correlations among particle spins.
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At colliders, the spin correlations are accessible
through the distribution of the momenta of the
final states into which the entangled particles
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At the
LHC:

near the tt
production
threshold

at high tt
invariant
masses
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Entanglement quantifiers



The spin density matrix of a two-qubit system which
describes production of a pair of top-antitop quarks:
1 (normalization : Tr[rho] =1)
+ 6 (polarizations) + 9 (spin correlations) = 16

3 3 3

1 _
'0:Z 12®12+ZB;F(0¢®12)+ZBj (12®O'j)—|—ZCij(0'i®O'j)
i=1 j=1 6,j=1

10 01 0 —2 1 0
]-2 - ; 01 = , 02 = y 03 = .
01 10 t 0 0 —1

Given the spin density matrix, quantum entanglement and
violation of the Bell inequality can be readily evaluated !




Peres-Horodecki criterion : Negativity

Ak|— A
p'5 =(1,0Tg)[p] < 0 +— entangled N[P]:ZIICITIC: >l

Concurrence C[p] = max (0,71 — 1o — 73 —14) > 0 < entangled,

rl,2,3,4 with rl = r2,3,4 are the square R —
roots of nonnegative eigenvalues of

(02 ®02) p* (0'2 ®02) .

Clauser-Horne-Shimony-Holt (CHSH) inequality + Horodecki condition m1l2

mi2 =M1 +me >1 <= violation of Bell inequality ,

ml = m2 = m3 are the C:the 3 X 3 spin correlation
three eigenvaluesofthe | — CCT . matrix appearing in

symmetric matrix ) ; ; :
p:1[12®12+23+ s ®19) +ZB 12®a)+IZCij(ai®aj)



Entanglement marker D

1 1
D = §AE<_§ —> entangled, Ag = C11 — |Cos + Cs3].

D =Tr[C]/3 when the diagonal components of the 3 X 3 correlation matrix C are all negative
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(repeat) Given the spin density matrix, quantum entanglement
and violation of the Bell inequality can be readily evaluated by
calculating Negativity N, Concurrence C, Bell nonlocality
parameter m12, and/or Entanglement marker D !

--- then how to calculate the spin density matrix ?

3 3

3
1 _
p:i 12®12—|—ZB;_(0'7;®12)—|—ZB3- (12®O'j)—|— Z C@j(J@'@O'j)
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Spin density matrix of
a two-qubit system






Helicity amplitude: v(k1, A1) + v(k2, o) = t(p,0) + E(p,0), 1 ?ﬁz |

8TaQ?
1 — 52 cos? ©

8TaQ?

M)\l)\g;crc_f = AC <05; /\1/\2> - 1 — 62 cos2 O ’

<O’5’; /\1/\2) with Ag =

TABLE I. The reduced amplitudes (oa; A1 A2) in Eq. . Here, 8 = /1 —4M?/3, where M, denotes the pole mass of the top
quark, and © is the angle between ki and P in the production plane (see Fig. .

(MA2) L (00) — (++) (—) (—+) (+-)
(++) S R B A Ll 0 0
(—) 148 21— 4] 0 0
(—+) —%ﬁ sin® © %6 sin® @ |—Fsin® (cos© + 1) —BsinO (cos© — 1)
(+-) —Q%fﬁ sin® © 2\1%6 sin® @ |—Fsin® (cos©® — 1) —BsinO (cos© + 1)




Spin density matrix in the n-r-k basis: Results

1 1 ~ 1 .
p:Z 1, ® 1, + = Z B+ O'@®12)—|—7\ Z B;(12®0-j)+7 Z Cij(o_z'@O_j)
A i=n,r,k A j=n,rk A 1, j=n,rk
A=Cil++++ O3+ + 4],

E:_ = (66[—{——1——]+68[+—+],—65[—++]—67[———],62[———]+64[—++]),

By = (Colt + =] = Cslt = +],=Cs[= + 4]+ Cr[= = =), =Ca[= = ] + G~ + +]),
Cis[+ + 4] = Cis[+ + +] —Cuu|— — 4] = Cis[— + =] —Cho|— — +] = Cia[— + -]

Cij = | Cul— =+ = Cisl=+ -] Cusl++++Cis[+++  Col+— =]+ Cii[+++]

Cio[— —+] = Cia]— + =] —=Col+ — =]+ Cii[+++] —Ci[++ 4] + Cs[+ + +]



The hatted 16 polarizations coefficients in terms of the reduced amplitudes:

Cil+++] = i/\ ;i[|<++;/\1)\2>|2+|<——;/\1)\2>|2]a ol 4] = gRe 30 (fhhhuda) — (s hudad) (i Mada) — (=5 uka))’,
SV Nisvellt

Col- =) = i/\w\z_i[|<++;/\1/\z>l2 (== MA2)[*] Colt++ -] = i%mgj_i ((H+202) = (== A00)) (=45 M o) + (=5 M1 a))
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Gl-++4] = = 2 (=AM = = Al Gl i%mxl%:_i (s da) + ) (s duda) = G dadal)
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ol =] = 7R 3 ((HHAka) + (=20 ((—h Aka) — (F= ), Cualr 4] = %%M;J”“’\”Q””‘1”\2”’
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A1, A==

unpolarized differential . . o?
5o = — 2 4, — - c| _ | B _BNe 2
cross section dog = N (M2 ddy = 55 Ve | A};‘m|<gg,)\1/\2>| o deos© = % |Ac|” Adeos®,




Explicitly:

1 ~ 1 ~
7 Z B;r(0¢®12)+j Z By (12 ®0;) +

i=n,r,k j=n,rk A

1 ~
Y. Cijloi@ay)

t,j=n,rk

1
P=7 1o ® 15 +

1+ Bf + By +C33 By +Cs1 —i(By +C33) | B + C13 —i(By + Ca3) C11 — Cag — i(Cha + Ca1)

_ L BL +Csi+i(By +Cs) 14+ By —By —Cs3  |Cii+Cor +i(Cia — Can) By —Ciz —i(By — Ca)
1 Bf + Cis+i(Bf + Co3) Cri4 Coz +i(Coy — C1a)| 1= BF + B —Cs3 By — Cs1 —i(By — Csz)
C11 — Cag +i(Co1 + Cra) BY —Ciz +i(BS — Ca3) | By —Cs1 +i(By —C33) 11— Bi — By +Ca3

We have developed the amplitude-level formalism for a spin density matrix of a two-qubit
system which is almost process- and model-independent and applicable to other processes

and to new-physics searches beyond the SM. It also helps to classify the spin density matrix
by P, CP, and CPT~ parities.



Photon collider : not dead !

Even recently....
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The Linear Collider Facility (LCF) at CERN

Linear Collider Collaboration + H. Abramowicz (Tel Aviv U.) et al. (Mar 31, 2025)
e-Print: 2503.24049 [hep-ex]

pdf & links [4 cite Fd reference search <) 48 citations



A photon linear collider, the two-photon collision mode of an e+ e- linear collider, uses
high-energy laser photons backscattered off the incoming electrons and positrons.

Yi = E’Y?:/Eb

’Y(Pc,Pt,KJ)

"y(Pc, pta "%)

Fig. 1. Schematic diagram of a vy collider. Polarizations of the initial electron and positron
beams are denoted by P. and P., respectively. For initial laser photons: P, and P. are degrees of
circular polarization or mean photon helicity, Py and P, the degrees of linear polarization, and
Kk and K the azimuthal angles of the direction of the maximum linear polarizations. The mean
polarizations of the colliding photon beams are denoted by the Stokes parameters (; and @-, see

Eq. [3).

Probing Higgs-sector CP violation at a photon collider
Jae Sik Lee (Seoul Natl. U.) (May, 2007)
Published in: Mod.Phys.Lett.A 22 (2007) 1191-1208 - e-Print: 0705.1089 [hep-ph]
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_ 1 d£ Ymax dy»’ , ,
The.phojcon photon = dw Y r W)y
lumanSIty ce T T/ymax y

where T = §/s with § being the c.m. energy of colliding photons y1 and y2

C: N 25 [
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S 6 - ! S~ -
- . S 2 b
5 - L e
C = B
4 1.5
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C ) B
3 - o B
- = 1
2 |
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- PePc:Pe c:_1
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y=E /E, z=V1

Fig.2. Photon energy spectrum (left frame) and spectral luminosity of vy collisions (right frame).
In the left frame, the solid black line 1s for Pe-P. = 0, the dashed red line for P.-P. = —1, and the
dotted blue line for Pe- P. = 1. In the right frame, (P. - P., P. - P.) = (0,0), (—1,—1), (1,1), and
(0, —1) for the solid black, dashed red, dotted blue, and dash-dotted magenta lines, respectively.
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FIG. 2. (Left) The helicity-dependent luminosities L**2? = i dﬁv’; taking P.P. = P.P. = —1 and © = 4.8. From left to right,

(A1, A2) = (+,+), (—,—), (—,+), and (4, —) while, from top to bottom, (P = —Pc,]5e = —]56) = (+,4+), (—, =), (=, +), and (+, —).
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In each frame, we also show the average luminosity %2/\1)\2:1 L2 and the unpolarized one E%e dj\}} in dashed red and blue
lines, respectively, for comparison. (Right) The weight functions w2 for (A1, \2) = (Pe, Pe) (black solid), (A1, \2) = (—Pe., —P)
(green dashed), and (A1, \2) = (FP.,+P.) (orange dotted). The vertical lines at /T = 0.345 and 0.69 mark the 2M, threshold for
Vs =1 TeV and 500 GeV, respectively.



(Pe,Pe) = (+1,41) (P, Pe) = (+1,41) (P, Be) = (+1,+1)
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More than 70% of the colliding photons carry the
helicities of the initial electron and positron
beams within the kinematic region :

0.68 < /7 < 0.82

This interval corresponds to

340 (680) < §/GeV < 410 (820)
for sqrt(s) =500 (1000) GeV, spanning energies
near (well above) the tt threshold 2Mt.



Results

The spin density matrix is a function of cos © and § and, when they are given, one can
calculate the entanglement quantifiers and identify the entangled/nonlocal regions once we
know how to handle the spin density matrix with the colliding photons polarized



Spin density matrix with polarized colliding photons

The 16 polarization coefficients The luminosity-weighted polarization coefficients

—~ E : A1 A pee Z
Ci — CE' 142 C:L — Tﬂhl )\2 Ci\l:\g
Nj, NGk A1, A==

~ 1 .
Cilt++41 = 7 2. [+ +1(-=222)] - ** unpolarized case: WM A2 =1/4 all the same
A1, A==+

** perfectly polarized case: w)‘l A2 _

only one is nonvanishing

The luminosity-weighted spin density matrix can be obtained by replacing each
unweighted coefficient C; with its luminosity-weighted counterpart C;’



Unpolarized colliding photons: a reference
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FIG. 3. Quantum entanglement in the unpolarized case: (Left) Quantum entanglement for the unpolarized case P. = P, =
P. = P. = 0, shown in the (cos ©,V/3) plane. Shaded regions satisfy Np] > 0, Clp] > 0, and D < —1/3, indicating entanglement
of the tt spin state. The densely shaded red regions additionally satisfy mi2 > 1, indicating violation of the Bell inequality. (Right)
Magnified view of the region 2M; < v/§ < 500 GeV.



Polarized colliding photons with sqgrt{s}= 500 GeV
Vs = 500 GeV ; Pﬁ:—ﬂ,:ﬁﬁ:—ﬁ,zﬂ. u
9IM; < V3 < 410 GeV, wrt > 0.7, w =w T <0.15, and w~ <3 x 1073
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Quantum entanglement AND Bell nonlocality are observable
throughout the entire (cos ©, §) plane!



(PeP. =PcP. = =1) and (P Pe) = (+1,41)
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FIG. 6. Quantum entanglement with /s = 500 GeV and P. = P, = +1: Same as in Fe’g.@ but for \/s = 500 GeV and
o= —~Po= B=— P =4 T,



Polarized colliding photons with sqrt{s} 1 TeV

Vs = 1TeV; P.=-P.=—P.=+P, =
2M, < /5 < 820 GeV wt™ < 0.01, wrt =w " ~ 0. 4, zmd w™t ~ 0.2
wr™ 207, wt=w " <015, andw™ " < 3 x 1073
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(PP = f’af’c = -1)and (Pa.-aa} =(+1-1)
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FIG. 7. Quantum entanglement with /s = 1 TeV and P. = — P, = +1: Same as in Fig. IE but for \/s =1 TeV and
P = BB Pa—al 1
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Comparisons:

cos® =0
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FIG. 8. Comparisons of quantum entanglement and Bell inequality violation: Concurrence C[ p] (left) and Bell nonlocality

parameter mi, (right) as functions of \/s at cos© = 0 for unpolarized photons with P, = P, = P, = P, = 0 (black solid), perfectly
polarized same-helicity photons (blue sofad) and perferth; polarized opposite-helicity photons (bfue dashf’d) Thick solid and dashed

red curves correspond to P, = —P, = - P,

respectively.

= —P. =41 (/s =500 GeV) and P. = —P. = —P, = +P, = +1 (/5 = 1 TeV),



Conclusions

A photon linear collider is an ideal machine to probe quantum
entanglement and Bell nonlocality thanks to its capability to control
the polarizations of the colliding photons which can significantly
enhance the magnitudes of the quantum entanglement quantifiers.
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