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Often adopt the natural unit of  and c = ℏ = 1 G = 1

Typical Scales:
Average density

1 White dwarfs and neutron stars at a glance

White dwarfs and neutron stars are compact stellar remnants formed after ordinary nuclear
burning can no longer support a star against gravity. Both contain roughly a stellar mass in
a much smaller volume than an ordinary star, and both are supported primarily by quantum-
mechanical degeneracy e!ects rather than by thermal pressure. They nevertheless occupy very
di!erent physical regimes.

For representative parameters, their mean densities and compactnesses are
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Here C = GM/(Rc2) is the compactness. A white dwarf is approximately Earth-sized and is
usually well described by Newtonian gravity. A neutron star is only city-sized; its density is
comparable to nuclear density and its compactness is large enough that general relativity is
essential.

Table 1: A schematic comparison of white dwarfs and neutron stars. The numerical ranges are
representative rather than sharp boundaries.

Property White dwarf Neutron star

Typical mass M ↓ 0.5–1.3M→, bounded above by
the Chandrasekhar scale

M ↓ 1–2M→, with the maximum set
by the high-density EoS and general
relativity

Typical radius R ↓ 5,000–15,000 km, comparable to
Earth

R ↓ 10–14 km, comparable to a city

Characteristic density Mean density around 106 g cm↑3;
central density can reach 109 g cm↑3

Mean density of order
1014–1015 g cm↑3

Main source of
pressure

Degenerate electrons Degenerate, strongly interacting
neutron-rich matter; possible
additional hadronic or quark degrees
of freedom

Mass-carrying
particles

Nuclei, usually dominated by carbon
and oxygen in an ordinary white
dwarf

Baryons and possibly more exotic
strongly interacting matter

Role of relativity Special relativity of the electrons
becomes crucial near the limiting
mass; spacetime gravity is mostly
Newtonian

Both relativistic matter and
general-relativistic gravity are
essential

Key limiting
phenomenon

Electron degeneracy pressure
approaches an ultra-relativistic
P ↔ ω4/3 law, producing the
Chandrasekhar mass

The EoS may soften and relativistic
gravity strengthens, producing a
maximum stable neutron-star mass
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Compactness
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White Dwarfs            Neutron Stars
Mass

Radius

Composition

Magnetic Field

0.5 ∼ 1.3M⊙ 1 ∼ 2M⊙

5000 ∼ 15000 km 10 ∼ 14 km

ionized carbon, oxygen 
electrons

neutron, proton 
electrons, muons

103 ∼ 109 G 1011 ∼ 1013 G

1014 ∼ 1015 GMagnetars
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Atmosphere

Outer crust 
   ions + electrons
Inner crust 
   neutron-rich clusters 
   neutrons 
   nuclear pasta?

Outer core 
  (superfluid) 
  neutrons, protons 
  electrons, muons

Inner core 
hyperons? 
quark matter? 
quarkyonic?

Best 
Understood

Least 
Understood
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Nuclear Chart [From Wikipedia]

Along the stable(black) 
curve (Heisenberg’s 
valley), the slope is 
getting smaller than 1.

For small , the symmetric energy makes , 
while the Coulomb energy leads to  for large .

A N ∼ Z
N ≫ Z A

If  is too large, heavy nuclei break up to smaller 
nuclei (nuclear fission).

A
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FIG. 4. Schematic figure of the saturation curve of nuclear
matter with a minimum at ρ0 = 0.17 fm−3 and the binding
energy given by the volume term aV in the Bethe-Weizsäcker
mass formula. An intermediate density ρ < ρ0 can be realized
as a spatial average over bubbles with the core with ρ ∼ ρ0
in the empty vacuum. Though the surface energy effect is
not considered in the above schematic figure where a simple
nucleon-gas picture is depicted, the actual bubble shapes in a
nuclear liquid depend on the surface term aS , etc.

imum as schematically shown in the upper panel of Fig. 4
it would be energetically preferable to form bubbles with
the core with ρ ∼ ρ0 rather than a homogeneous dis-
tribution of dilute ρ. If we consider the surface energy,
the density gradient (Weizsäcker) term, and the charge
neutrality, bubbles should take optimal shapes such as
the nuclear pasta (spaghetti, lasagna, etc) [26]. Such a
state of matter is nothing but a mixed phase associated
with the first-order phase transition, and importantly,
this argument already implies the existence of an inho-
mogeneous ground state near the liquid-gas transition.
In other words, if a mixed phase is characterized by a
typical wave number q, how can we strictly distinguish
such a phase from an inhomogeneous ground state? One
may think that in the case of quark matter the inhomo-
geneity is turned on not in the density only but in the
mass M unlike nuclear matter. We would stress, how-
ever, that M also controls the density and the physics is
just the same if seen in terms of the saturation curve as
in Fig. 3.

It is obvious from Fig. 3 that the vector interaction
as in Eq. (3) disfavors the first-order phase transition.
The minimum in ε/ρB is pushed up by the quadratic
term ∝ ρ2B and eventually the first-order phase transition
disappears when the minimum is lost, as demonstrated
by three solid curves in Fig. 3. In the chiral limit b =
0 the branch of M = 0 is separate, so that the first-
order phase transition survives regardless of the vector
interaction, which may change with different parameters
as we already pointed out. With finite b, however, two
branches with small and large M are smoothly connected
and the minimum diminishes for large b and gv in accord
to Fig. 2.

III. CHIRAL SPIRALS

One may find the usefulness of the saturation curve
for analyses with a wider range of model space. From
now on we shall consider the possibility to form inhomo-
geneous chiral condensates. We here utilize the simplest
Ansatz to introduce it, namely, the one-dimensional chi-
ral spiral; ⟨ψ̄ψ⟩ = χ cos(2qz) and ⟨ψ̄γ5τ3ψ⟩ = χ sin(2qz)
(see Ref. [27] for reviews). This ground state of the chi-
ral spiral can be equivalently described by a chiral ro-
tation ψ = eiγ5τ3qzψ′ with a homogeneous condensate
χ = ⟨ψ̄′ψ′⟩ in the chiral limit. Then, the quasi-particle
dispersion relation in the ψ′-basis is expressed as [27, 28]

ω̃p =
√

p2⊥ + (
√

p2z +M2 ± q)2 , (4)

where ± in front of q corresponds to the flavor and the
chirality that also depends on the sign of pz.

This type of inhomogeneity pattern has been consid-
ered repeatedly in various contexts such as the pion con-
densation in nuclear matter [28], large-Nc QCD [29], the
Overhauser instability [30], the quarkyonic spiral with
confining force [31], and so on. The dispersion rela-
tion (4) should be plugged into Ωmatter/V in Eq. (1).
Unlike the normal dispersion relation, we see that a large
part of the mass effect can be absorbed by q ∼ M , with
which ρ is no longer suppressed even at large M . This is
the reason why a first-order phase transition can occur
from the homogeneous hadronic phase to the chiral spiral
where M is substantially large. Also, we should point out
that the Ginzburg-Landau analysis in Ref. [32] to con-
clude that the chiral spiral is less favored might be inad-
equate; the largest energy gain in Ωmatter/V comes from
the region with large M where the Ginzburg-Landau ex-
pansion should not work.

The physical mechanism to lower the total energy is
the Overhauser effect as argued in Ref. [30]. In the ordi-
nary Overhauser instability the momenta of the spin-up
component are shifted up by pF and those of the spin-
down component are shifted down by pF, so that a gap
opens where two energy dispersion relations cross. In
(1+1)-dimensional NJL model the situation is completely
analogous [27]; a choice of q = 2µq eliminates the µq de-
pendence and the energy gain originates from the fact
that ρ is completely insensitive to M and thus ρ is never
suppressed by M in contrast to the homogeneous solu-
tion. In (3+1)-dimensional case, on the other hand, not
only pz but also p⊥ share the Fermi momentum, and so
the optimal q is not 2µq but rather q ∼ M which will be
confirmed by numerical calculations later.

Thus, Ωmatter always tends to favor the chiral spiral
with q ∼ M , while it is Ω0 that would hinder the growth
of q. In the leading order the vacuum part has an expan-
sion in terms of q as

Ω0[M, q]/V = Ω0[M, q = 0]/V + (αM2 + βb)q2 , (5)

where the first term with α > 0 is a “kinetic” term
against spatial modulation. This term should be van-
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Mass Formula (binding energy)

Theory

Q2-1
English (Official)

Neutron Stars (10 points)
We discuss the stability of large nuclei and estimate the mass of neutron stars theoretically and experi-
mentally.

Part A. Mass and stability of nuclei (2.5 points)
Themass of a nucleus𝑚(𝑍, 𝑁) consisting of𝑍 protons and𝑁 neutrons is smaller than the sumofmasses
of protons and neutrons, hereafter called nucleons, by the binding energy 𝐵(𝑍, 𝑁). Ignoring minor
corrections, we can approximate the binding energy consisting of the volume term with 𝑎𝑉 , the surface
termwith 𝑎𝑆, the Coulomb energy termwith 𝑎𝐶 , and the symmetry energy termwith 𝑎sym in the following
way.

𝑚(𝑍, 𝑁)𝑐2 = 𝐴𝑚𝑁𝑐2 − 𝐵(𝑍, 𝑁), 𝐵(𝑍, 𝑁) = 𝑎𝑉 𝐴 − 𝑎𝑆𝐴2/3 − 𝑎𝐶 𝑍2𝐴1/3 − 𝑎sym (𝑁 − 𝑍)2𝐴 , (1)

where 𝐴 = 𝑍 + 𝑁 is the mass number, 𝑐 is the speed of light in vacuum, and 𝑚𝑁 is the nucleon mass.
In the calculation, use 𝑎𝑉 ≈ 15.8 MeV, 𝑎𝑆 ≈ 17.8 MeV, 𝑎𝐶 ≈ 0.711 MeV, and 𝑎sym ≈ 23.7 MeV (MeV = 106
electron volts).

A.1 Under the approximation of 𝑍 = 𝑁 , determine 𝐴 for maximizing the binding
energy per nucleon, 𝐵/𝐴. 0.9 pt

A.2 Under the condition of fixed 𝐴, the atomic number of the most stable nucleus𝑍∗ is determined by maximizing 𝐵(𝑍, 𝐴 − 𝑍). For 𝐴 = 197, calculate 𝑍∗ using
Eq. (1).

0.9 pt

A.3 A nucleus having large𝐴 breaks up into lighter nuclei through fission in order to
minimize the total rest-mass energy. When the following energy relation holds,𝑚(𝑍, 𝑁)𝑐2 > 2𝑚(𝑍/2, 𝑁/2)𝑐2,
a nucleus with (𝑍, 𝑁) with both 𝑍 and 𝑁 being even numbers can break up into
two nuclei with (𝑍/2, 𝑁/2). When this relation is written as𝑍2/𝐴 > 𝐶fission

𝑎𝑆𝑎𝐶 ,
obtain 𝐶fission up to two significant digits.

0.7 pt

Part B. Neutron star as a gigantic nucleus (1.5 points)
For large nuclei with a large enough mass number 𝐴 > 𝐴𝑐 with a threshold 𝐴𝑐, these nuclei stay stable
against nuclear fission because of the sufficiently large binding energy due to gravity.

Theory
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Volume
aV ∼ 16 MeV

Surface Coulomb Symmetry
asym ∼ 24 MeV

For  and  N = Z A → ∞
B/A ∼ aV ∼ 16 MeV
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(B.E) = (aV − asym)A + agravA5/3 > 0

Bgrav = agravA5/3

Ac = ( asym − aV

agrav )
3/2

≃ 3.8 × 1055 → R = 1.2A1/3 fm ≃ 4 km

agrav =
3
5

G(AMn)2

1.2A1/3
⋅ A−5/3 = 7 × 10−37 MeV

G = ℏc/M2
Planck

Stability Condition

“Radius” of This Gigantic Nuclei

Gigantic nuclei stabilized by Gravity



July 12, 13, 2026 @ Ph.D School at XQCD 2026

Maximum Mass

9

Simple argument for the NS maximum mass

p ∼ ℏn1/3 → Ekin ∼ Apc ∼
ℏcA4/3

R

Etotal(R) ∼
ℏcA4/3

R
− G

A2M2
n

R
If  is too large, the system 
collapses to .

A
R → 0

The order-estimated critical mass (precise calc. later):

Mc ∼ ( MPlanck

Mn )
3

Mn ≃ 2M⊙

(  is stabilized by  in the non-rela. limit.)R → ∞ Ekin ∼ 1/R2
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Gravitational force is supported 
by the pressure from inside.

Force Balance

Hydrostatic condition for r ~ r + dr

M(r) represents the integrated mass in r-sphere.

(in Newtonian gravity)

dp(r)
dr

= − G
M(r)

r2
ε(r)

dM(r)
dr

= 4πr2ε(r)
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One condition still missing…

General 
 Relativistic 
  extension

Tolman-Oppenheimer-Volkoff Eq.

A relation between  and p ε Equation of State (EOS)

free parameter

Initial Cond. Final Cond.

dp(r)
dr

= − G
M(r) ε(r)

r2

dp(r)
dr

= − G
Mε
r2 (1 +

p
ε )(1 +

4πr3p
M )(1 −

2GM
r )−1

r = 0
ε(r = 0) = εc

p(r = 0) = pc = p(εc)

r = R
p(r = R) = 0

M = ∫
R

0
dr4πr2ε(r)
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Polytoropic EoS

 Lane-Emden Eq.

p = K ρ1+1/n

ξ = r/r0

dp(r)
dr

= − G
M(r)

r2
ρ(r)

dM(r)
dr

= 4πr2ρ(r)

Hydrostatic Condition in Newtonian Gravity

1
ξ2

d
dξ (ξ2 dθ

dξ ) = − θn θn = ρ/ρc
ρc = ρ(r = 0)

: mass densityρ

👉 Blackboard
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Useful information from binary systems with  
     (thanks to the orbital motion)

m1, m2

Keplerian pulsar timing 

Shapiro delay 

Relativistic eccentric binary 

Two visible orbits 

Gravitational-wave inspiral

∼
(m2 sin i)3

(m1 + m2)2

  (precise)m2

  + asymmetrym1 + m2

m1, m2

∼
(m1m2)3/5

(m1 + m2)1/5
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One Shapiro delay measurement changed the story…

[Very Famous Example]

common feature of models that include the appearance of ‘exotic’
hadronic matter such as hyperons4,5 or kaon condensates3 at densities
of a few times the nuclear saturation density (ns), for example models
GS1 and GM3 in Fig. 3. Almost all such EOSs are ruled out by our
results. Our mass measurement does not rule out condensed quark
matter as a component of the neutron star interior6,21, but it strongly
constrains quark matter model parameters12. For the range of allowed
EOS lines presented in Fig. 3, typical values for the physical parameters
of J1614-2230 are a central baryon density of between 2ns and 5ns and a
radius of between 11 and 15 km, which is only 2–3 times the
Schwarzschild radius for a 1.97M[ star. It has been proposed that
the Tolman VII EOS-independent analytic solution of Einstein’s
equations marks an upper limit on the ultimate density of observable
cold matter22. If this argument is correct, it follows that our mass mea-
surement sets an upper limit on this maximum density of
(3.74 6 0.15) 3 1015 g cm23, or ,10ns.

Evolutionary models resulting in companion masses .0.4M[ gen-
erally predict that the neutron star accretes only a few hundredths of a
solar mass of material, and result in a mildly recycled pulsar23, that is
one with a spin period .8 ms. A few models resulting in orbital para-
meters similar to those of J1614-223023,24 predict that the neutron star
could accrete up to 0.2M[, which is still significantly less than the
>0.6M[ needed to bring a neutron star formed at 1.4M[ up to the
observed mass of J1614-2230. A possible explanation is that some
neutron stars are formed massive (,1.9M[). Alternatively, the trans-
fer of mass from the companion may be more efficient than current
models predict. This suggests that systems with shorter initial orbital
periods and lower companion masses—those that produce the vast
majority of the fully recycled millisecond pulsar population23—may
experience even greater amounts of mass transfer. In either case, our
mass measurement for J1614-2230 suggests that many other milli-
second pulsars may also have masses much greater than 1.4M[.

Received 7 July; accepted 1 September 2010.

1. Lattimer, J. M. & Prakash, M. The physics of neutron stars. Science 304, 536–542
(2004).

2. Lattimer, J. M. & Prakash, M. Neutron star observations: prognosis for equation of
state constraints. Phys. Rep. 442, 109–165 (2007).

3. Glendenning, N. K. & Schaffner-Bielich, J. Kaon condensation and dynamical
nucleons in neutron stars. Phys. Rev. Lett. 81, 4564–4567 (1998).

4. Lackey, B. D., Nayyar, M. & Owen, B. J. Observational constraints on hyperons in
neutron stars. Phys. Rev. D 73, 024021 (2006).

5. Schulze, H., Polls, A., Ramos, A. & Vidaña, I. Maximum mass of neutron stars. Phys.
Rev. C 73, 058801 (2006).

6. Kurkela, A., Romatschke, P. & Vuorinen, A. Cold quark matter. Phys. Rev. D 81,
105021 (2010).

7. Shapiro, I. I. Fourth test of general relativity. Phys. Rev. Lett. 13, 789–791 (1964).
8. Jacoby, B.A., Hotan, A., Bailes,M., Ord, S. & Kulkarni, S.R. The massof a millisecond

pulsar. Astrophys. J. 629, L113–L116 (2005).
9. Verbiest, J. P. W. et al. Precision timing of PSR J0437–4715: an accurate pulsar

distance, a high pulsar mass, and a limit on the variation of Newton’s gravitational
constant. Astrophys. J. 679, 675–680 (2008).

10. Hessels, J.et al. inBinaryRadio Pulsars (eds Rasio, F. A.& Stairs, I. H.)395 (ASP Conf.
Ser. 328, Astronomical Society of the Pacific, 2005).

11. Crawford, F. et al. A survey of 56 midlatitude EGRET error boxes for radio pulsars.
Astrophys. J. 652, 1499–1507 (2006).
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Figure 3 | Neutron star mass–radius diagram. The plot shows non-rotating
mass versus physical radius for several typical EOSs27: blue, nucleons; pink,
nucleons plus exotic matter; green, strange quark matter. The horizontal bands
show the observational constraint from our J1614-2230 mass measurement of
(1.97 6 0.04)M[, similar measurements for two other millisecond pulsars8,28

and the range of observed masses for double neutron star binaries2. Any EOS
line that does not intersect the J1614-2230 band is ruled out by this
measurement. In particular, most EOS curves involving exotic matter, such as
kaon condensates or hyperons, tend to predict maximum masses well below
2.0M[ and are therefore ruled out. Including the effect of neutron star rotation
increases the maximum possible mass for each EOS. For a 3.15-ms spin period,
this is a =2% correction29 and does not significantly alter our conclusions. The
grey regions show parameter space that is ruled out by other theoretical or
observational constraints2. GR, general relativity; P, spin period.
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Shapiro time delay

Theory

Q2-3
English (Official)

B.2 We need two boundary conditions to solve the second-order differential equa-
tion (5): At the center of the star, 𝜓(0) = 1 because 𝜌 = 𝜌0. Express 𝜓′(0)
(where 𝜓′ = 𝑑𝜓/𝑑𝜉) in terms of the pressure 𝑃0 = 𝑃 (𝑟 = 0), pressure gradi-
ent 𝑄0 = 𝑑𝑃/𝑑𝑟 at the center (𝑟 = 0), 𝑟0, and 𝑛. Based on this expression and
Eq. (2), obtain a numerical value for 𝜓′(0).

0.8pt

B.3 By solving Eq. (5) with the boundary conditions discussed in B.2, we obtain a
decreasing function 𝜓(𝜉) for realistic 𝑛 values and 𝜓(𝜉0) = 0 for a finite 𝜉0 that
depends only on 𝑛. Then, the pressure becomes zero, leading to the radius of
the star to be 𝑅 = 𝜉0 𝑟0. Calculate the total mass of the star 𝑀(𝑅) and express
it in terms of 𝜌0, 𝑟0, 𝜉0, and 𝜓′(𝜉0) at the surface.
For realistic equations of state, 𝑛 depends on 𝜌. For simplicity, we assume that𝑛 ≈ 0.5 for 𝜌0 ≤ ̄𝜌 with ̄𝜌 being a certain typical density and that for 𝜌0 > ̄𝜌, 𝑛
increasesmonotonically until asymptotically reaching 𝑛 = 3. Then draw a graph
of the qualitative behavior of 𝑀(𝑅) as a function of 𝜌0.

1.4pt

Part C. Neutron star in a binary system (4.2 points)
Some neutron stars are called pulsars because they regularly emit electromagnetic waves, which we call
"light" for simplicity here, at a constant period when observed on the Earth. Neutron stars often make
binary systems with other neutron stars or White Dwarfs. Let us consider the star configuration shown
in Fig. 2, where a light pulse emitted from a neutron star N to the Earth E passes near a White Dwarf
W of the binary system. Measuring these pulses influenced by the star's gravity leads to an accurate
estimation of the mass of W by using the Shapiro time delay method as explicated below, resulting in
the estimation of the mass of N.

Fig. 2: Configuration of light pulse path from the neutron star to the Earth passing near the
White Dwarf of the binary system.

Δt ≈ 2 ×
GM
c3

ln( 4 |xN |xE

d2 )

Theory

Q2-6
English (Official)

C.3 As shown below, in a binary star system a neutron star N and a White Dwarf
W are assumed to be moving in circular orbits with zero eccentricity around
the center of mass 𝐺 on the orbit plane. Let 𝜀 be the orbital inclination angle
measured from the orbit plane to the line directed toward the Earth from 𝐺,
and let 𝐿 be the length between the neutron star and the White Dwarf. In the
following argument we assume 𝜀 ≪ 1.

Binary star system.

We observe light pulses emitted from the neutron star on the Earth far away
from the binary star system. The light path to the Earth varieswith timedepend-
ing on the configuration of the neutron star in the binary star system, causing
delays Δ𝑡 in the time interval of arriving pulses on the Earth, which is called the
Shapiro time delay. The time interval delay has themaximum valueΔ𝑡max when
the configuration condition is given by 𝑑 ≃ 𝐿𝜀 and 𝑥𝑁 = −𝐿 discussed in C.2.
On the other hand, when 𝑥𝑁 ≃ 𝐿 the time interval delay takes the minimum
value Δ𝑡min. Calculate Δ𝑡max −Δ𝑡min in a simple form disregarding higher order
terms of small quantities as done in C.2. We note that the delays due to gravity
from stellar objects other thanW are assumed to cancel out in Δ𝑡max − Δ𝑡min.

Observed time delays Δ𝑡 as a function of the orbital phase 𝜑 to locate
W and N on the orbits.

The above figure shows the observed Shapiro time delays as a function of the
orbital phase𝜑 for the binary star systemwith𝐿 ≈ 6×106 km and cos 𝜀 ≈ 0.99989.
Estimate the mass of the White Dwarf 𝑀WD in terms of the solar mass 𝑀⊙ and
show the results for 𝑀WD/𝑀⊙ up to the first significant digit. Here the following
approximate relation, 𝐺𝑀⊙/𝑐3 ≈ 5 𝜇s, can be used.

1.7pt

Maximum delay

Minimum
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Neutron Star Mass M

Neutron Star Radius R

Larger  εc

Smaller  εc

Inferred from 
X-ray spectra / NICER

Inferred from 
Shapiro time delay

TOV limit
Stiff
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Mathematically proven:

p = p(ε) M = M(R)
One-to-one Correspondence through TOV eq.

Lindblom (1992)

This is the case even with 
the 1st-order phase transition.

ε

p
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Pressure p(ε)

Mass-density   or  Energy-density ρ ε

Stiff — large cs

Soft 
— small cs

c2
s =

dp
dε
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Pressure p(μB)

Baryon chemical potential μB

Stiffer

Softer

ε = μB
∂p
∂μB

− p

Flatter 
Smaller ε
Steeper 
Larger ε

Compare at the same p
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Analysis of the Lane-Emden Equation

Derivation of the Chandrasekhar Mass

Stability Condition 
     (Sequence of One-parameter Solutions)

Third Family Scenario?


