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Outline

August 25 (Tue)
e Lecturel
Introduction to shell-model calculations

August 26 (Wed)
* Lecturell

demonstration of the KSHELL code
* Lecture Il

Shell evolution, related topics

Goal of this lecture :
You can perform shell-model calculations by yourself.
The contents are quite practical.



Large-scale shell model calculation (LSSM)

* Configuration interaction (Cl) method
 Assume an inert core and valence space (model space)

* Nuclear wave function is expressed as a linear combination of all
configurations inside the model space.
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Solve Schrodinger's equation to obtain the nuclear wave function with
configuration mixing

HIW) = EIV) mmmy ) (mil HIm;)v; = Ev,
J

Many particle-hole excitations near Fermi surface is fully included.



What it is used for

Spectroscopy

Assigning spins and parities, and
interpreting what a measured level

actually is.

Why magic numbers change far from
stability — the monopole part of the

interaction.

Astrophysics

Electron capture, beta-decay rates
and reaction inputs for stellar and

explosive burning.

Fundamental symmetries

Nuclear matrix elements for double-
beta decay, Schiff moments, and

dark-matter searches.

Awkward in nuclear matter, halo structure etc.




Theoretical nuclear chart in 2012

Nuclear Landscape

Ab initio:
only from nuclear force Ab initio

» Green’s function Monte Carlo E:::g;”l:a::nnﬁ:‘r:::fi::;ﬂw

» no-core shell model calculations

> etc.

Configuration Interaction: Ci
» Large-scale shell model calc.
with an inert core.
Effective interaction corrected by
the medium effect and
phenomenology

stable nuclei

Density Functional Theory:
» Functional is determined by
phenomenology

.. . https://arxiv.org/abs/1205.0227
Modern “ab initio” methods broaden their areas. ps:// g/abs/

Shell-model study is still mainstay especially to
understand experimental data.




Shell-model codes

Available on the web

o KSHELL (Tsukuba/Tokyo)
— M-scheme, MPI parallel

* BIGSTICK (SDSU-LLNL)
— M-scheme, MPI parallel, 3-body force for NCSM

Available upon request (?)
* NuShellx@MSU (MSU-Oxford)

— J-scheme, with rich interaction files

 ANTOINE (Strasbourg-Madrid)
— M-scheme

OXBASH, CENS (Oslo), and many others.

Writing a shell-model code is relatively easy, but achieving
high performance requires substantial effort.



To do for the lectures tomorrow!

https://sites.google.com/alumni.tsukuba.ac.jp/kshell-nuclear/d
Ref. N. Shimizu et al., Comp. Phys. Comm. 244, 372 (2019)
https://doi.org/10.1016/j.cpc.2019.06.011

"KSHELL"
code for

nuclear shell- DOWn IOad

model

calculations

Nuclear shell-model code "KSHELL"

Cover page for "KSHELL" It is provided as it is and has no warranty.

code . "
Any comments, bug reports, syggestions, and collaborations are welcome.

Dovmikisd . KSHELL ver Download here.
N REEEL e T

= KSHELL ver.2

= KSHELL ver.1.2g

= BAREEY— 5 7)1 (Manual in Japanese) 2022/06/08

= KSHELL Manual in English, 2022/06/08

Links

Written by Noritaka Shimizu, Center for Computational Sciences, University of Tsukuba

Contact: shimizu_at_nucl.ph.tsukuba.ac.jp

NOTE: When any publication is achieved using this software, one of the following papers should be cited
N. Shimizu, T. Mizusaki, T. Utsuno, and Y. Tsunoda, Comp. Phys. Comm. 244, 372(2019)

https://doi.org/10.1016/j.cpc.2019.06.011

N. Shimizu, "Nuclear shell-model code for massive parallel computation, KSHELL", arXiv:1310.5431 [nucl-th] (2013)




Preparation

https://sites.google.com/alumni.tsukuba.ac.jp/kshell-nuclear/d

Linux:

. Insta)ll gfortran, BLAS, LAPACK, and python (or Intel Fortran +
MKL

(Ubuntu: apt-get install python gfortran liblapack-dev libblas-dev)

 tar xvzf kshell-xxxxxx.tar.gz
cd kshell-xxxxxx/src
make
cd ../test
../bin/kshell_ui.py

 MS-Windows : install Ubuntu Linux on Windows (Microsoft Store)

e Mac OS



How to Iinstall

tar xvzf kshell-xxxx.tar.gz

cd kshell/src

“modify Makefile to match your system”

make

alias kshell ui.py=(installed dir)/kshell/bin/kshell ui.py

That is all, if you are lucky.



Spin-orbit term in mean-field potential

Mayer Jensen introduced J——
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spin-orbit interaction

V ==V 13
g T A 1
=[+5 s=—
A ] S 2
G897 ={(G+D) -1 +1)—s(s+1)}/2
, |
, J< =[——
] 2
g E =V, (I+1/2)
, |
Js =[+—

2



single-particle wave function

o 1,
* Mean-field potential 2 ek

.............
||||||||

otential [M

o

* single-particle wave function in 3-dimension
harmonic oscillator potential
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symbol
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Recipe of LSSM

1. Prepare model space and the

—

interaction file for a given
nucleus (N, 2). magic number = /

2. Run a shell-model code to obtain| Shell gap

the wave functions, which are x /
eigenstates of the shell-model — et - - / - -

Hamiltonian.

il /
o—o valence
oo o/ shell

3. Various observables, such as

transition probabilities and Nert core

moments, are obtained using the

wave functions.



Shell model Hamiltonian

Nucleons in a mean potential interacting through residual
interactions
— Single particle energy (SPE)
— Two-body matrix element (TBME)

H=>Yeph,+ DV(abcd;J)M), (a,b)4,,(c,d)

a<b,c<d,JM

a= Mg lajatza) to specify a single-particle orbit

_ T
n. ..number operators of orbit a n, = an,ma Com

a

1

J1+6,

Al(a,b) = [cf ®c/1) =

mmzmb]a a]bmb‘JM> amcl;rm



Example of shell-model study:
High-spin states in 3°S

in-beam y -ray spectroscopy
26Mg (180, 2a1n)3°S fusion evaporation

(21/2) 12470

2421
(19/2) 10049
(17/2) 8756 353

| 2889752

(172) 476 | [~ 8024
(16/2%) | SfA 7180

1302
(11/2%) 5878
©2°) | oval 466 5412 \868
(9/2+) 1056 s 4900 1855\ 5010 (11727
@27 1o 4822 1389206\ 987

ik 1007\ 4023 1 (11/2-)
712+) | 3504 Bi5 =)
1824 2032
e 1991 7/2-
1991

at JAEA Tandem, ALTO Tandem

/=16, N=19

P3/2
f7/2

ds/z

S1/2

ds/p -

160 inert core

Ref. S. Go, E. Ideguchi, R. Yokoyama et al., Phys. Rev. C 103, 034327 (2021).



High-spin states in 3°S (N,Z)=(19,16)

LSSM

21/2%

19/2*

17/2°
Y7/Zt

11/27
N

15/2°

132+
9/2+
9/2+
9/2+ If

1172+

7/2%
52T
5/27

1727

3/27

in-beam y -ray spectroscopy '
21/2) 12470 : .
26Mg(180,2a1n)3>S fusion evaporation Exp
. at JAEA Tandem, ALTO Tandem Qi) —
(19/2) 10049 -
10 L (192) —
(17/2) b 8756 =5
889 —_— —
(17/27) 15|‘Irc 7|2 8024 > (17/2)
"y V| a2y —
sz | | 7180 = 15729
e a (1729 —(13/27)
(11/2+4) 5878 - - i
T (11/29)
©@2*) | g7a] 466 5412 868 = (9/24) ——
@29'%6] 1~ 4900 855\ 5010 (11/2) i Bl (92) — —(11/27)
o 2284 I 9/2
G P 4822 \1389 087 & (11/27)
1228' 1007 4023 1 (11/27) e T gﬁ; —— ——(9/27)
(724 | 3594 3|5 I @z T L
1824 2032 = B2 G
l g —
; (1/29) —
shid 1991 7/2- o
1991 0 — 32t —
3 0 / L sd+f7/2+p3/2

— 21/27

19/2=
17/27

15/2~
13/27

— 11/2-

11/27
2"
5/27

3/2™
7/2=

SDPF-MSD4 interaction
D, = 1.02 x 10°

Ref. S. Go, E. Ideguchi, R. Yokoyama et al., Phys. Rev. C 103, 034327 (2021).



Excitation Energy (MeV)
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Excitation Energy (MeV)
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Excitation Energy (MeV)

i 35S
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S. Go, E. Ideguchi, R. Yokoyama et al., i
Phys. Rev. C 103, 034327 (2021). 5,2 “O00000-  -O00CA0-



High-spin states of 3°S

(21/2) 12470
Dominated by 2p-2h configuration

2421

(19/2) 10049 o
ﬂ De-excitation gamma ray from
R B 10049keV (19/2) to 17/2+ was not
P L I measured experimentally.
844

(15/2°) 7180

E— Why?

1302
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@2°) lo7a| 466 5412
@2+ )1056 e 4900 \ 1855\ 5010 I (11/27)
(9727) | aal 4822 \1389 A \ 987
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Ex (MeV) relative to 11/2°

P3/2
f7/2

d3 /2

S1/2

ds/, 000000 -000000-

2172+

7

17/2*
g
9/2+

11/2*
15/2+

13/2*

N

-

(@) Exp. (b) LSSM (c)2n (d) pn

(21/2) =
5.0r
(19/2) 2N
a7y R
2 (1719 PN
152 1a2:
O.OH (11/2+) 2n --------- e g awua
(/25 2N
(L0,
O QO

“spin-aligned”
pn-pair in 3°S

7
17/2% : (n0f7/2 X v0f7/2) rtds3/y
P3/2

f7/2 O O
ds/; O 00,
S1/2 OO

ds/z 000000 -0O00000-

P32 (c) 2n : SM calc. w/ 2n
f7/2 o O excitation

(d) pn : SM calc. w/ pn
d3 ;2 00 excitation
S1/2 O 00,

ds/z 000000 -0O00000-



pn
pn

2n+pn

3§ branching ratio

(21/2) 12470
= branching ratio (E2 and M1 transitions)
—_— oo 1576keV  732keV
Exp.  64(18)% 36(15)%
LSSM  59% 41%
(17/2) : 8756 35G ° °
2869
(172%) ore 752 3024Jlﬂ
aszy | | ¥ e
1302
(11/2*) I 5878
©27) I g7a| 466 5412 \ 4l _
(or2+) 1056 s 4900 \ oo
12287 | 1007\ ‘o
1r2t) | wes  — O
3
=
3
=
3594
/|
19¢
0
= 0 / 2l




L. Grocutt et al.,

Phys. Rev. C 106, 024314 (2022).

The life time of 12+ (1572keV) was measured: 3.3(9) ps

358
EXp
Q1) —
10 (1972 —
S [ arva —
V) —
=
— “5.{2"} —
. e
@) (11729 — —(13/27)
T - (11/2) ——
S 5 (o — —)
u;; R (11/27)
E ) —— T g~
g (529 — (9/27)
_E (52 —— (3/27)
g L e P
i (1/2%) —'
0 — 32t

P3/2
f7/2
LSSM
d3/2 — ’—
- — 22 51/2
E— ds/2 - T ]
19/21
172 ——
Ii’fi_ B(M1) (_N) | B(E2) (em*) | lifetime
%; 3.3(5) ps
o SDPF MSD4 0.003 36.3 1.58 ps
11/2
_, PSDPF 0.0204 35.2 0.55 ps
s — i
e SDPF-MSD4 : Utsuno (2021)
127 «——

. PSDPF - Boheral (2011)

R M1 transition is forbidden

for simple configurations



Configuration mixing

TABLE II. Comparison between experimental and calculated levels for S . nhw represents n-particle n-hole configurations. The values
in the column mean the portion of the wave function for each calculated state. The transition probabilities B(M 1) and B(E2) were calculated

by the shell-model calculations.

Energy (MeV) Ratio (%) BM1) B(E2)
Experiment Theory Jr ¥ (keV) Oficw 2hw 4hw (u3) (¢ fm*)
1372 1.709 1/27 3/27 1572 57.9 36.9 3.2 0.003 36.3
0.000 0.000 3/27 71.0 26.5 24
27172 2.672 3/27 1/27 2717 66.0 30.9 3.2 7.7
3.886" 3.036 3/25 59.9 35.8 43
3.594 3.538 1/27 3/27 3594 50.8 4.1 5.1 28.8
4.822 5.381 9/27 7/2; 1228 0.0 86.2 13.8 0.000 54
4.900 5.870 9/25 T2y 1305 0.2 85.2 14.6 0.000 0.6
5.412 5.941 9/2} 5/23 1526° 11.4
5.878 ) K 11/27 9/27 1056 0.0 86.6 13.4
1 hiew 3hw Shw
2.348¢ 1.837 ey 2.3 25.6 2.1
2.946 3/2) 69.5 28.1 24
1.911 1.030 1/27 74.6 23.6 1.8
3.815 3.166 9/27 2y 1824 78.1 20.5 1.4 0.013 54.7
4.023 3.356 11/2¢ 1/2, 2032 74.6 23.7 1.7 60.9
5.010 4.205 11/25 1/27 987 18.4 20.4 1.3 0.3
11/25 11/2¢ 3019 18.4 20.4 1.5 0.067 3.1
6.352° 5.637 1372 /2, 2536 TLT 21.0 1.4 39.2



Spectroscopic factors of 36S(p,d)3*S neutron-
removal reaction

L A+nZ2RHB
‘_3 LSSM 3%s5.1n ' 2
§2 Vd3/2 ' <\IIBH(1_']‘ \IIJ4>
1 ~') v
g_ (,'-'LS'- — _
g:’ 4 2Jp + 1
g2
& — 1436€ 01 1aT] 135 §+y2
j Exp. @ | - ‘( S) 01‘ ‘aj ‘ ‘ S’_]i >‘
0 5 10 15
e — 36G /
. LSSM ¥g.1n | d . /4
g, vds;, | 3/2
- | Sl/Z /
§0 | ‘ I .J | 7T e ||| d } L 8
o 1T "7 T |1 5/2
:%1 'ds/, hole state is fragmented
Exp. (b) '
21 5 - L Aso(1d) = 6.578(44)MeV
Excitation energy [MeV]
FIG. 8. Comparison of experimental and LSSM 45, (a) and ds , S Jongile et a|., PhyS ReV. C 113, 024323 (2026)

(b) spectroscopic factors.

LSSM: SDPF-MIX20 (Nowacki 2026)



Let's us perform a simple example of the
shell-model calculations step by step.

170 and 180, sd shell with %0 inert core

USD interaction (w.snt)

ds/z

S1/2

ds /2



Interaction file in KSHELL (pn formalism)

Wildenthal’ s USD interaction for sd-shell

B. A. Brown and B. H. Wildenthal, Annu. Rev. Nucl. Part. Sci. 38, 29 (1988) USD Intel’aCtIOI’] (WSﬂt)

]
]
I proton-orbit, neutron-orbit, proton core, neutron core
3388
in 1t _ E : E : . T
3 3 8 8
1 0 2 3 -1 | 1=p0d3/2 a a<b,c<d,JM
2 0 2 5 -1 I 2=p 0d_5/2
3 10 1 -1 I 3=pls_1/2 ] ]
4 0 2 3 1 1 4=n0d32 <« single-particle space
5 0 2 5 1 I 5 =n0d.5/2
6 10 1 1 1 6=nts1/2 (model space)

I one-body interaction
I number of lines, methodl

6 0 . . .
11 e < Single-particle energies
2 2 -3.94780
3 3  -3.16354
44 1..64658
b 5 394780 <
6 6  -3.16354
I two-body interaction (TBME) EvOdS/Z_ -3.94780 MeV

I # of lines, method2 A mass dependence factor

158 1 18 -0.30000
L Gl VI kI>d € TBMEs V(a, b, c, d,])
~2. 18450

-0. 06650
0. 61490 <V0d5/2» v0ds |V|V0d5/2» V0d5/2>

3 18560 = —2.81970 MeV
-1.62210
-0. 40410
-1. 08350

1.03340
-0. 32480

0. 58940
-1. 44970

J=0

—— — — — e — e e ) ) ),
N N PN N ek ek ek ek ek el o O
RPN MNMNWLWNNWN = — —
P LWON = O MNMNOMNMNN O

ol

5 5 5 0 -2. 81970
. 158 lines continued



170: the answer is the input

energy [MeV]

170: the levels are the input 180 ground state, step by step
27 11,647 s 0d3/2 -10.57  -10.715
0______________D‘Eu_tr_oﬂfh_reisf@'?_ %—11-0
=
— ~1.456 Me
>—11.57 from mixin
] =
— |
—4 -3.948 —— 0d5/2
-12.5
(0ds)? only full sd, 3 X 3 experiment
One valence neutron, no two- But they are fitted parameters
body term Measured S, is 4.143 MeV, not 3.948
The three levels are the three single- — and the real 0 fragments its d5/2
particle energies, straight from the file. strength.




180: two particles, one matrix element

Put both neutrons in 0d5/2 and couple them to J = 0. Then the
energy is

E = 2£(0d5/2) + ((0d5/2)%;]=0| V| (0d5/2)%;]=0)

SPE: TBME :

5 5 -3.94780 ] [ 5 5 5 5 © -2.81970

E = 2x(-3.9478) + (-2.8197) = -10.7153 MeV

[ measured S,, =12.188 MeV

Two lines and no computer — but 1.47 MeV short. Something is missing.



130: now allow the whole sd shell

Two identical particles coupled to J = 0 must share an orbit — so
the basis has exactly three states, and the Hamiltonian matrix is

3 x 3.
(0d5/2)2 -10.7153
(1s1/2)? -1.3247
(0d3/2)? -3.1856

MeV

-1.3247

-8.4517

-1.0835

The top-left entry is exactly

the previous slide's answer.

The simple estimate was this
matrix truncated to one row

and column.

Solve the eigenvalue problem of this 3x3 matrix!

-12.171 MeV

lowest eigenvalue

79.0 %

is (0d5/2)2

-1.456 MeV

gained from mixing




The whole spectrum, from matrices this size

B
B =

3.782

w

2,180 _—._2+

=i 1.982

=

excitation energy [MeV]
N

o

0.000

usb experiment

Both excited states come out about 0.2 MeV high. A
checkable statement about USD, from matrices you
can diagonalise on paper.

7

J-scheme dimensions
1=0,1,2,3,4
D,=3,25,2,2

The J =4 problem isa 2 x 2 you can

solve on paper.

The bookkeeping closes
3 (2J+1) D; = 66 = C(12,2)

2 Dj = 14 = the M-scheme dimension
atM =0




More than two valence particles
J-scheme basis state is complicated
c.f.p. (coefficient of fractional parentage)

j"af) = Z G a1 e ™ agJ )i )

aq1/1

¥

“M-scheme” basis state is easy to be handled,
no recoupling coefficients appear.




M-scheme Slater determinant

* A many-body wave function of A particles is expressed as a
Slater determinant:

Pa ('1.1 ) Pa (7'1‘2 ) "t Qq (14 )
- 1 [o) dulez) o dulea)
P(r1,r9,-+,ry) = det
e SVt . S
Or(r1) Oplre) -+ Op(Ty)

* A single-particle state is defined as @ = (124, la, Ja. M04)

* In second quantized form, the basis state is expressed as

\Mi>:cT | ‘_>

a;,1 A5,2 a;, A




M—scheme basis state
M) =5y | =)

]lml ]2m2 -t JnMy
_ L+ +.. 41,
M=m+m,+..+m [T=(-1D""

Simple to be treated

It has good eigenvalues of M angular momentum and parity, but not those of J.

The symmetry of J? is automatically restored by diagonalizing the Hamiltonian
matrix

J-scheme basis state

an eigenstate of J-

The number of the basis states are reduced by 0(10_2) at most,

but the operations are complicated

N _ M) (M)
D = Dy= =] DM=]+1
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Large-scale shell model calculation (LSSM)

 Consider the inert core and active particles in the valence shells (model space)
* Nuclear wave function is expressed as a linear combination of M-scheme basis states

5

W)= vmqy) + vylmy) +  v3lmz) + -

... Eigenvalue problem of huge sparse matrix

_ Schrodinger’s equation
W) =2 v,|m)
m

Z <m ‘H‘ k>vk — Evm Solved to obtain low-lying eigenstates
k




M-scheme basis state on computers

Let us consider #2Ca with 4°Ca inert core
2 active neutrons in the f7,, orbit

_ .t t
1) = Cor,5,-5/20f)p,~172 1)

m=-7/2,-5/2,-3/2-1/2,1/2,3/2,5/2,7/2

6_‘_6_._0000— 8><7/2=285tates

g 28

W) = E vi|M;)
bit representation for a computer —1
1=

01010000 (bit)
= 10 (decimal)



Configurations of 42Ca, 2 particles in f7/2

M-scheme | Configurations J components %@@@.9
dimension

Z_

N w
| o
N

NI\J
NIU'I
NIQJ
Nll-a
Nlr—\

00000011 = 6
M=5 1 00000101 = 6
M=4 2 00001001, 00001010 = 46
M=3 2 00010001, 00001100 = 46
M=2 3 00100001, 00010010, 1= 2,46 This space contains
00010100 all information.
M=1 3 01000001, 00100010, = 2,46 l
00011000
M=0 4 10000001, 01000010, 1=0,2,46 |/-scheme dimension
00100100, 00011000 J=0 1
M=-1 3 )= 2,46 =2 1
=4 1
sum 28 J=6 1

Thanks to [H,]J?] = 0, the M = 0 subspace is enough to obtain all eigenstate.
In this case, M-scheme dimension is 4.



M-scheme dimension

* °5Njin pf shell ( 8 protons 8 neutrons in 1f7/2, 1f5/2, 20372, 201/2)

X 2P1/2

A
_______ = - ——F=———===""t1
X ‘ X 2Pgo

KR XK 115,

* How many basis states are required?
D = NSpSCZ X Ngps Cn

For example, *®°Ni in pf-shell, “°Ca core
D —_ ZOC8 XZO CS —_ 15 X 1010

In practice, the dimension of M=0 subspace is Dy, = 1.1 x 10°.



M-scheme Hamiltonian matrix element
i=(n,l,j,m)
M”(i,j,...)> = cfcj‘—> is an eigenstate of Jz (M) and parity

positive parity negative parity

M-scheme
dimension

(| m) =




Hamiltonian matrix in the LSSM

= Real symmetric sparse matrix

Nuclide Space Basis dim. Sparsity Storage (GB)
e sd 9.4 x 10* 6 x 1073 0.2

>2Fe pf 1.1 x 108 1x107° 720

*°Ni pf 1.1 x 16" 2 % 0™ 9600

C.W. Johnson et al., CPC 2013

Non-zero matrix elements of
24Mg M=0 space in sd-shell (28,503 dim.)

 Hamiltonian matrix is very sparse because it
consists of one- and two-body interactions.

 The Lanczos algorithm is quite efficient to
obtain low-lying states.

* Inthe KSHELL code, the matrix elements of
the many-body Hamiltonian is generated on-
the-fly every matrix-vector product to
suppress the memory usage.

Why is the M-scheme Hamiltonian matrix sparse?




Sparsity of M-scheme Hamiltonian matrix

Shell-model Hamiltonian is a two-body interaction

_ t 1 bt
H = €a0gQq T Z .Kﬂwdaaabadac

a abcd

(M|H|M") # 0 onlyif |M)and |M’) differ in at most 2 states

=

V)= v mqy) + vylmy) +  vzlmgz) + v

(my|H[m;) # 0,  but (mi|H|ms) =0




Nnon-zZeros per row

The row barely grows; the matrix explodes

dimension grows by a factor 10°, the row does not

10° 1 ASCr

1024

=@— sd shell
== pf shell

10° 108 107 108

matrix dimension D

103 1p%

x 1,700,000

109

filled fraction

so the matrix empties out

=@= sd shell
pf shell

107%+
10_5—5

] °®Ni: 1.3 parts per million_
10764,

YOF 104

107

10° 107 108 10°

matrix dimension D

1.3 ppm

growth in dimension
from 2°Ne to °°Ni

growth in non-zeros
per row over the same range

.

filled fraction
for °®Ni




M-scheme vs. J-scheme
J”,M,a>

‘M (i, J,.. )> T T ‘—> VS.

“Unitary transformation” transforms the M-scheme
Hamiltonian to J-scheme Hamltonian.



M-scheme vs. J-scheme

2Fe full pf'shell dimension & nonzero H

Basis dimension Nonzero H elements
109,954,620
—8— M-scheme dim D(M) 1013 - i izﬂe:i?' —i— J-scheme: structural upper bound
—#— J-scheme dim N, Z = , = J-scheme: exact (factorized)
107 4 <3 M-scheme (exact-struct)
D 1011 i
M
1,777,116
109 a
5'iad
o= 10
R
7]
2 10
0]
=
© ].03 I 105 i
103 .
101 il
101 i

0 4 8 12 16 20 24 0 4 8 12 16 20 24
M (M-scheme) or J (J-scheme) M (M-scheme) or J (J-scheme)

All from selection-rule combinatorics (no H built). M-scheme nnz via mstruct; J-scheme exact via single-species factorization (product-basis validated).

The J-scheme dimension is one order of magnitude smaller than the M-scheme
dimension, but the number of nonzero matrix elements is much larger.

Note: Many shell-model codes do not store the Hamiltonian matrix elements
explicitly, instead, they factorize it into proton and neutron matrix elements.



Why M and not good J?

What you give up
e States of all J are mixed together. e Trivial basis states and trivial
e The dimension is larger, by roughly matrix elements.

2J+1.

e A far sparser matrix.

e You must compute (J?) afterwards to e The whole spectrum, all J at once
label each state. ’ |

from one run.

The two schemes are the same physics in different bases. The choice is decided by the third
row on the right: what limits a large run is the number of stored non-zeros, not the nominal
dimension.




How big does this get?

Dy=0 = z D™ yD" _y

laptop workstation HPC

18301 14
*ONe N 640
24 Mg I 28,503
25Si N 93,710
T I 4,000 |
SCrii 1 E'P63 461
52Fe— 109,954,620

56NI— 1,087,455,228

102 10% 106 108 1010
M-scheme dimension

sd shell in teal, pf shell in amber; the zones are rough guides



Progress in the large-scale shell-model calculations
M-scheme dimension vs. year

Computation cost is almost proportional to the M-scheme dimension

10—
. 32Mg
= (sdpf,ghw)
'_5 - Xe /./
mlo B .l
- ’?/ *F ::8)
) /%’
= o 0
8 5 22 Ao .
< 107 Na e~ @ Per -
5. Ne @~ 8gj
F T Vgl
o -
0 " // ) 2 x L . . . " | .
10 1950 1975 2000
year

1950 Mayer & Jensen, single-particle SM

Current limit : ~10"" M-scheme dim.
= 800 GB / a vector



Applicable region of shell-model calc.

N,Z=50-82 shell (jj55), colored < 10 dim.

V4
50 .
28 |
20 f5pg9 shell (jj44) 1010 dim.
pf shell 10° dim.
& sd shell 10° dim. (M-scheme)
h |

2 8 20 28 50 82 N



shell-model code “KSHELL”

e M-scheme shell-model code

Ref. N. Shimizu, T. Mizusaki, T. Utsuno, and Y. Tsunoda,

Comp. Phys. Comm. 244, 372 (2019)
https://doi.org/10.1016/j.cpc.2019.06.011

* MPI + OpenMP hybrid parallel, also useful for a PC

e Thick-restart block Lanczos method

 Awkward in no-core shell model calc., 3-body force is out
of focus



Benchmark

46Ti, pf-shell, KB3 interaction D,; = 56,349

Elapsed time to obtain 10 lowest J=4 states
(J=4, T=4 10 lowest states for OXBASH)

@ Xeon E5-2680v2 2.80GHz, 20 CPU cores

* OXBASH 227.3 sec. “Thick-restart block Lanczos method”
e KSHELL 117.5sec. 1thread, blocksize=1
e KSHELL 8.6 sec. 20 threads, block size=1
e KSHELL 3.5 sec. 20 threads, block size=6

“The computer code OXBASH”, BA Brown, A Etchegoyen,
WDM Rae, NS Godwin - MSU-NSCL Report, 1988



KSHELL how to

https://sites.google.com/alumni.tsukuba.ac.jp/kshell-nuclear/d

Ref. N. Shimizu et al., Comp. Phys. Comm. 244, 372 (2019)
https://doi.org/10.1016/j.cpc.2019.06.011

"KSHELL"
code for

nuclear shell-
model
calculations

Cover page for "KSHELL"

code

Download

Links

Download

Nuclear shell-model code "KSHELL"
It is provided as it is and has no warranty.

Any comments, bug reports, syggestions, and collaborations are welcome.

. KSHELLvers Download here.
» KSHEHEver3t

s KSHELL ver. 2

= KSHELL ver.1.2g

= BAREEY— 5 7)1 (Manual in Japanese) 2022/06/08

= KSHELL Manual in English, 2022/06/08

Written by Noritaka Shimizu, Center for Computational Sciences, University of Tsukuba

Contact: shimizu_at_nucl.ph.tsukuba.ac.jp

NOTE: When any publication is achieved using this software, one of the following papers should be cited
N. Shimizu, T. Mizusaki, T. Utsuno, and Y. Tsunoda, Comp. Phys. Comm. 244, 372(2019)

https://doi.org/10.1016/j.cpc.2019.06.011

N. Shimizu, "Nuclear shell-model code for massive parallel computation, KSHELL", arXiv:1310.5431 [nucl-th] (2013)



Preparation

https://sites.google.com/alumni.tsukuba.ac.jp/kshell-nuclear/d

Linux:

* Install gfortran, BLAS, LAPACK, and python (or Intel Fortran + MKL)
(Ubuntu: apt-get install python gfortran liblapack-dev libblas-dev)

e tar xvzf kshell-cpc.tar.gz
cd kshell-xxxxx/src
make
cd ../test
../bin/kshell_ui.py

e MS-Windows : install “Windows subsystem for Linux” and gfortran

 MacOS



How to install

tar xvzf kshell-xxxx.tar.gz

cd kshell/src

“modify Makefile to match your system”

make

alias kshell_ui.py=(installed dir)/kshell-cpc/bin/kshell_ui.py

That is all, if you are lucky.



How to run

1. kshell _ui.py

... answer guestions to generate a shell script

= P!
2. run the generated script
ae— 25”2
— 1d3,
1d;,,
Example: 28Si with USD interaction
6 protons, 6 neutrons with °0 core 1P,
model space : sd-shell (0ds/;, 15, /2,0d3/,) — 1B
93,710 M-scheme dim. @
— ] S

1/2



Demonstration

e 28Sjin sd-shell



Count shell-model dimensions

e count M-scheme and J-scheme dimensions

kshell/bin/count_dim.exe w.snt Si28 w_p.ptn

Z= 6 N= 6 parity 1

P M-scheme dim. J-scheme dim.

dim. 28 1} 1 LABID® B L. lne
dim. 26 18 17 1.80x10% 1 1.70x10%
dim. 24 123 105 1..23%10> 2 A.05x10*
dim. 22 472 349 1322140 2 34910~
dim. 20 1439 967 1.44x10% 3 9.67x10%
dim. 18 3560 2121 BubexlDE 3 2.12x10%
dim. 16 619 4059 1:62%x10* 3 4.06x10*
dim. 14 14310 6691 L.43x%10% 4 B.69%x10%
dim. 12 24210 9900 2.82x10" 4 8. 901
dim. 10 37086 12876 3:T1x10% 4 1.29x10%
dim. 8 52175 15089 5.22%10° 4 A.51x%10*
dim. 6 67560 15385 G dbln® 34 L. 54ln=
dim. 4 81122 13562 8.11x10¢ 4 1.36x10%
dim. 2 90338 9216 DGR I0s I B 29Ns
dim. 0 93%18 3372 0.8%%10" 4 B.5%10"
Estimated memory size for single-node mode : 0.002GB

N.B. D] — DM=] — DM=]+1
Comput. time is almost proportional to Dy,

W Wk ek WWWwwhhNDN e O



0%,
4%,
3%
07,
2%,

output : summary_Si28 w.txt

Energy relative to 10 core

Energy levels

N

N D

+ +

N N
QCQOWooOoO~JdJO T Ph~WLWhN—

171

B(E2) (> -0.0 W u.)

J_|

2+( 1)
4+( 1)
0+( 2)

J prty N_Jp T
0+ 1 0
2 + 1 0
4 + 1 0
0+ 2 0
3 + 1 0
4 + 2 0
0+ 3 0
2 + 2 0
2 + 3 0
1 + 1 0

Ex_i
1.988
4. 659
5.011

J_f

0+( 1)
2+( 1)
2+( 1)

Excitation energy

4

E(MeV) Ex(MeV)
-135. 938 0. 000
-133. 950 1.987
-131. 2179 4.659
-130. 927 5.011
-129. 711 6.167
-128. 901 1.037
-128. 699 ].239
-128. 415 ].522
-128. 032 1.906
-127. 998 1. 940

B(E2; 2*
mass = 28 1 Wu =
o
Ex f dE B (R
0.000 1.987 8
1.988 2.671 11.
1.988 3.024 6

Experiment (Nudat2)

Elml
(keV)

0.0
177503011
4617.86 £
e B [P

ae276.20 7

a6S90.74 15

aB78.78 &

=2 R} |} |} |3 =} = = = =

6887.65 10

7380.59 9 -

T4l6.26 9

A BT U A 1 B

Jo

O+

2+

o

O+

3+

0+

3-

4+

2+

2+

3+

80. 1)
40. 8)
2.7)



output : log Si28 w_mOp.txt

total # of partitions 1679 = 10%x 3. 23
total m—scheme dimension 93710 | = 10%x 4.97
max. # dim. / a partition 1156
max local dim. / proc, average 93710 93710
Memory for one global Lanczos vector: 0. 000 GB
Memorv / process is: 0.000 GB x 10 = 0.003 GB
Total Memory for Lanczos vectors: 0. 003 GB
Energy

.1 (@b -135.93772) <o>: 0.00000 Ji 0/2 priy 1
0%, IT>: 0.00000 T: 0/2

<p Nj> 0.673 4.623 0.704

<n Nj> 0.673 4.623 0.704 « Occupation number of each orbit (d3/,, ds/2,51/2)

2+ 2 <H>: -133.95030 <JJ>: 6.00000 J: 4/2 prty 1
1 T 0.00000 T: 0/2
o Nj> 0.771 4.252 0.977

<n N> 0.771 4.252 0.977 Quadrupole moment
Qp>  10.375 <Gn>  10.375 (e@  20.751




E,. (MeV)

E2 map

kshell/bin/map_transit.py summary_Si28 w.txt

summary Si28 w.txt: E2

O

~ e ——-0
' O

B(E2 ; J* +2— J%)

B(E2; J*"+0—J7")
o o J7* state
A Ao J state

—— B(E2; Jt+1—=J)]]

X-axis: J
y-axis : Ex. (MeV)

The width of the
connected red line is

proportional to the
B(E2) values.

This figure would help
you to find band structures.



28Gj 200 states

E2 map

Si28 w.txt: E2

summary

e
— B(EZ; J*+2-5JF)

B(E2; J"+1—=J7)
B(E2; J*+0—=J")

o o JT state
A A J  state

15+
ol
5

Jt/J-



summary Si28 w.txt: E2

151

10

E, (MeV)

Oblate

8" 14642

12997 7*

D. G. Jenkins et al., Phys. Rev. C 86,
064308 (2012).

(K=3+)

7{»

6" 11331

13710

(SD)
ND
| 12865 6+
ff 11509 6+ 1919
2344
5977 9/796 2*
N
4621 9765 | 4 ! 3565 3530
1784 1749 / 3106
a81 | 247416 2+
6691 0*
9167
8018 ‘
648'30
7381 7416

Vibr.

\

2687

8259 \ 2+

3280

4979 o+

3200




interaction and model space

kshell/snt

w.snt ... Wildenthal’s USD interaction (for sd shell)
gxpfla.snt ... GXPF1A interaction (for pf shell)

jun45.snt ... JUN4S5 interaction (for f5pg9 shell Z,N=28-50)
sdpf-mu.snt ... SDPF-MU interaction (for sdpf shell)
ysox.snt ... YSOX interaction (for p-sd shell)

“snt” file defines model space and its interaction.

You can make your original snt file by yourself.

Some famous interaction files are equipped.

Interaction files in NuShellx@MSU package can be transformed to snt

format with “nushell2snt.py”



w.snt (USD interaction)

I Wildenthal s USD interaction for sd-shell

I B. A. Brown and B. H. Wildenthal, Annu. Rev. Nucl. Part. Sci. 38, 29 (198¢
I proton-orbit, neutron-orbit, proton core, neutron core

3388
I'n | j tz
! mnnlr\l nnnnn
# n | 2 2tz -
1 o 2 3 -1 l 1 =p 0d_3/2
2 0o 2 5 -1 l 2 =p 0d_5/2
3 T 0 1 -1 | 3 =p 1s_1/2 Model space
4 0 2 3 1 | 4 =n0d 3/2 ( sd shell)
5 02 5 1 1 5=p0d5/2]
6 1 0 1 1 l 6 =n 18_1/%____

I one-body interaction
| number of lines, methodl

6 0 I
- ) oa0as Single-particle energy of each orbit
2 2 -3. 94780 | |
3 3 -3. 16354 ( one-body interaction )
4 4 1. 64658
— m Rl SPE(ds/;) = -3.9478 MeV
6 6 -3.16354




w.snt (USD interaction) cont’d

Two-body matrix elements (TBME)

I two-body interaction (TBME)
I # of |lines, method2 A mass dependence factor

158
|

— ) — — — ) ) ) ) ) —) —)

1 18

NN NN = — —

—_ —m = S O NN N = — X

—0. 30000

NN PNDNWLOPNDNLON— — —

S LON—= O NDNMNODNMNMNDNDNOCC

—2. 18450
—0. 06650
0.61490
0. 51540
-3. 18560
-1. 62210
—0. 40410
—1. 08350
1. 03340
—0. 32480
0. 58940
-1. 44970

<L gl vk 1>

SPE(ds/,) = -3.9478 MeV

<V0d5/2, V0d5/2 ‘V‘ V0d5/29V0d5/2>
=-2.8197 MeV

J=0

Shell-model energy of 180 in

5

5

5

5

0

-2. 81910

d5/2 orbit is

. 158 lines continued

—3.9478 * 2 — 2.8197 = —10.715 MeV
Shell-model energy in full sd shell is
E = —12.171 MeV



—-—— 1nput parameter —---

beta_cm = 0.d0 Lawson beta (MeV)

eff_charge = 1.5, 0.5, effective charge

fn_int = "w.snt" snt file

gl = 1.0, 0.0, g-factor for orbital

gs = 3.91, -2.678, g-factor for spin

hw_type = 2 Harmonic oscillator parameter

iteration for Lanczos

iteration for TR-Lanczos

Lanczos vector save in HDD or not
restart vec for TR-Lanczos

max_lanc_vec = 200
maxiter = 300
mode_1lv_hdd = 1
n_restart_vec

H O H H H HE H HEH H R

10

modify parameter?
(e.g. maxiter = 300 for parameter change
<CR> for no more modification )

n_block =4 ... block size for block Lanczos method for acceleration



J-projection

By default, KSHELL diagonalizes the Hamiltonian in
M = 0 subspace (M = %for odd nuclei).

It can also obtain only specified-J states by
projecting the Lanczos vectors to good J states at
every Lanczos iteration nestedly.

o e e e e e e e e e e, s Specify a n].lClide b e e e e e e O S o e e e I e e

number of valence protons and neutrons
(ex. 2, 3 <CR> or 9Be <CR>) <CR> ‘to guik » 5128

number of valence particles 6 6
name for script file (default: Si28 w ):

J, parity, number of lowest states

(ex. 10 for 10 +parity, 10 -parity states w/o J-proj. (default)
= for lowest five -parity states,
i3, 2l for lowest three 0+ states and one 2+ states,

1.5-1, 3.543 for lowest one 3/2- states and three 7/2+ states)] :

0+3, 2+3, 4+3, 6+3, 8+3



15}

E, (MeV)

E2 map: %8Si, 3 states for each J

summary Si28 w.txt: E2

10+

\>O/
/ 2‘

e

— B(E2;J +2—=.J")
o J* state
A a4 J state

4
Jt I




KSHELL further

* |nput parameters

* Truncation schemes

* Lanczos method for solving the eigenvalue problem.



Input parameters for shell-model calculations

Model space and Effective interaction

— look at kshell/snt, or ask shell-model people!

— Nushellx@MSU contains rich collection of effective interactions (nushell2snt.py)
effective charges for Q-moment, B(E2)

— (e e,) = (1.5,0.5)e is typical value, caused by the core polarization
g-factor for M-moment, B(M1)

- 9nx=1, g, =0, g, =5.586, g, = —3.826 for free particles

— spin g-factor is typically quenched by 0.7.
hw: Energy of the harmonic oscillator quanta

— hw = 41A71Y3 or hw = 454713 — 25472/3 affects E2 and Q-moment, not

energies

Lawson’s beta for removing contamination of center-of-mass motion
(beyond one-major-shell model space)

_ Bemho _ 4. H'=H+ B H o\,

A




Additional notes for KSHELL and LSSM

« TBMEs are often scaled by the mass-dependent factor

-0.3

A . .

(A +2) for better agreement with the experimental data.
Cc

* Shell-model energy with isospin-symmetric interaction means
the relative energy to the core nucleus without Coulomb
energy. To estimate it, follow the original paper or estimate
with an empirical formula. e.s..

Z(Z — 1) = 0.76[Z(Z — 1)]*?

Ec(Z,N) =0.700 MeV
Rc

] . i
Rc = e!P/4 Al (0.946 — 0.573(7) )

E. Caurier et al., Phys. Rev. C 59, 2033 (1999)




truncation scheme ?
No truncation

Truncation schemes in KSHELL code

(default)

0
2
3
1

i

1

2

3

4

5

6

f)

8

]

RO o, O OO

Wk Wk Wk WwH

1

-

(1

w1 = 01w 1

1

)

~

and

specify # of orbit(s)

I ‘of erbitls)

HLTE.

mnax.

¥ of orbit{s)

(2)

spe
-8.624
-5 . 679
-1.383
=l 1.5
-8.624
—5. 679
-1.383
o I B
and min.,

for restrictilion?
restricted occupation numbersfor the orbit(s) (or max only)

for TSt riel 1002

LWL _: particle-hole truncation for orbit(s) |

hw truncation
Both

p 0f7/2
B 132
p 0f5/2
B lpld2
n 0f7/2
n 1p3/2
n 0f5/2
n Ipilat?

max. occupation numbers for restriction

{<ERs T guil) e

(<ER> Lo quit) -

4 TR A T T

3 P



Particle-hole truncation scheme

E . . . .
56Nj ... Z=N=28 (MeV) [ g+ o configuration is restrlctedexact Exp.
doubly closed with L] (truncation)
N=Z=28 magic, 1L l l
truncation of particle- =0,
e -197 | o —r 55
hole excitation is 6+ 11—2 .
expected to work well . o . —F o+ - o+ 6+
199 | 4t g —=F 6+ 6+ 6+
\i 2P/ +: % 4+ - £ (21}_'_: i
-200 | o+ 4t R L — 47 4T 6v)
7% 115 . & 0 f:i1L 2t gf 2 EI g — §£ ' (N 5:
N K 2P3/ -201 | . 0t * 0% it —t
4t ot - o
-__T _______ TT-___ 202 | —— 4t ot ___ 4t ot 4+ ot o+ ¢ y
24—
HKHOHRKORK AR XOOOx -1,  -203 | 2t o+ o+ 9+ 2+
proton neutron N
204 | °
Number of p-h excitations i .
. . E B ]
from f7/2 is restricted (t) s 0 o o ” o -
[ t=01 t=2 t=4 t=6 t=8 t =10 full Exp
Dimension 25 1353 497805 25 x 10° 255 x 10° 771 x 10° 1.09 x 10°

Ref. M. Horoi et al., Phys. Rev. C78, 014318(2008)



E, (MeV)

Deformed band in 2°Ni

summary_Ni56_gxpfla.txt : E2

w— B(E2; Jt+2—=J7%)
o o J7* state
A A J state

2 2 6 8
Jt /-

Deformed band by 4-particle
4-hole excitation

Excitation Energy (MeV)

24

Exp.
=
yrast WY _resae
et roaRe
2748
| 8D1 15 | reeve
=T ¥ et
'|| &318
e f 13§ raesd
R U o W
! 1hd5

Ref. E. K. Johansson et al., Phys.
Rev. C 77 064316 (2008)



Energy (MeV)
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6hw

Sho

4ho

Truncation by Nhaiw excitation
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Partition file

“partition” defines a set of the occupation for each orbit

foo.ptn file contains a list of the partitions allowed in the

model truncation.

You can make any truncation

. # partition file of w.snt Z=8 N=11 parity=+
SCheme by preparlng the #Snti.loF proton partition, neutron partition
1283
partition file on your own. p P s

10
1Ll
12
# neutron p
1
2
3
# partition of proton and neutron
36

TiE

r—’.
[N
PFNNOOKRNORNORNENN

n

DO EFEFWNOEWOOOEOAOO

0]
1l
1l
2
2
P
3
3
3
1]
il
i}
a
3
il
y




Lanczos method

Eigenvalue solver for the lowest eigenvalues of a large real

symmetric sparse matrix

Lanczos method is one of the Krylov-subspace methods

(Ha Ul) = {"Ul,H'Ul,HQ'Ul,HB'Ul, o 7Hlm_1v1}

f/

K

a1e’

Ritz value ... eigenvalue of the matrix in the Krylov subspace. It is a
good approximation to the exact eigenvalue.



Lanczos method : algorithm

* Prepare initial state (e.g. random) U,
* |terate

. Matrix-vector product, bottle neck!
a, =u, Hu ] b, =u, Hu,

Gram-Schmidt orthogonalization

' — _ _ Normalize
u' 5 Hu -au, —bu,_ /

uk+1 — Z/l k+1 /\/l/l k+1 uk+1

T—ul.THuj—

* Solve eigenvalue problem of the
tri-diagonal matrix T by bisection method



Energy (MeV)

Convergence of Lanczos method

_190 o .'.—: —— T
>6Ni shell-model calc.
10° M-scheme dimension
-195¢
241 iterations are required
to obtain 10 lowest eigenvalues
-200r- code “KSHELL”
total elapsed time : 35min. 9 sec/iteration
@FX10 supercomputer 240 nodes
(SPARC 64 IXfx, 3840 cores)
-205+
|

o 100 200
# of iterations



Contamination of center-of-mass motion
* Inthe model space beyond Ohw, center-of-mass motion is
contaminated.

 Lawson method
— Lift up spurious center-of-mass excited states by adding CoM Hamiltonian

600 r T i ; .
! i
H — H + ﬂCMHCM - I ] block=4, miterzlﬂﬂ
2 block=16, miter=500
2 % 400f - Exact
P: 1 5 5 3 T
Hcew = + —AMw "R~ — —hw E )
2
2AM 2 2 0o | U
i pcmHem
Bemh® _ 15 Mev i —Jg\
A It
e
0 200 400 600
48Ca J=1", sd-pf-sdg shell, 1hw truncation Ex. (MeV)

* Center-of-mass motion can be clearly removed in full Nhw model

space
* If not full space, separation is approximately achieved by large
Bcy ... sometimes problematic



Exercise 1

Compute the 4% energy of 180 with USD interaction by hand!

J-scheme dimensions

;4- J=0,1,2,3,4
)
= 5 D,=3,2522
> 2+
E 2 Lo TN 1.982
- The J =4 problemis a2 x 2 you can
o1
= solve on paper.
4=
S 0*
é 0- 0.000 - — - — — — - (0.000

usb experiment

Note: 0* energy of 180 with USD is -12.171 MeV.

Excitation energy is the difference between 0™ and 4" energies.



Exercise 2

Let us count the M-scheme dimension and /-scheme
dimension of “He with p-shell model space.

Opq/2

-o—o—0— 0Op3/;

And confirm the agreement with the KSHELL output.



Exercise 3

Perform shell-model calculations to obtain 200 levels of 22Si for compassion with

the experimental data.
Try “n_block=8, max_lanc_vec=500" for the block Lanczos algorithm.

summary Si28 w.txt: E2

15 - /‘}! et G T B J
Oblate
8+ 14642 (K=3+)
(SD)
7+ 13710 ND
i 12997 7* 12865 6+
S
1919 .
s 6098 6" 11331 11509 6% Vibr.
e 5166 | 10946 | 4+
S ; 4453 /
= e 5977 9796 o
916‘5 4 28
5 5 8945 4621 3565 3530
8544 \ 6 8247 +
6891 1784 1749 / 3106 K
2057 | ’
7381 | 2+7416 2%
.
4 6888 6691 0*
3+ 6277 wiky 3280
0 1659 7386 R |
0 1 2 3 6480 4979 ot
5602 ’
4493 4912
7381 7416 " {

D. G. Jenkins et al.,
064308 (2012).

Phys. Rev. C 86,




(16™) 15727

Exercise 4
Exp. Nudat 2.6 .
. . http://www.nndc.bnl.gov/nudat2/ = 13306
Backbending in 43Cr i/ gov/ / 5450
16t 5 3029
14}
12t 147 10277
g l:h 1871
61 2" 8406
a} 1343
2l , 107 7063
0 4
E, (MeV) 1874
FIG. 1. Yrast energies E, = E(J) — E(J = 2). g+ 5189
E. Caurier et al., PRL75 (1995) 2466 1744
6" 3445
1587
* make backbending plot of 43Cr with GXPF1A " ass
* Try speedup of computation 1106
2 752

J-projection, particle-hole truncation o+ 752
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Can °°Nd be computed with the KSHELL code?
No, unfortunately

* Large quadrupole deformation in the heavy-mass region

— The dimension becomes enormous(>> 10%1) in open-shell nuclei heavier than 10°Sn

— Beyond one major shell is necessary : “Quasi SU(3) coupling” Al = Aj = 2 pairs

deformed

N

spherical
magic



Model space and interaction

Model space

proton neutron « PMMU interaction is

1f7/2 employed (pairing

Z=N=82gap iﬁf:ﬁl:z plus multipole
Ohyy /s Hamiltonian whose
1d3/, monopole partis
2
53/2 corrected by V)
099/2

* 0gy/, and 1f;,, orbits
are important for the

Z=N=50gap (1Sn) . AT description of large
e (——— (5 quadrupole
deformation
80Zr (N=Z=40) inert core (quasi-SU(3))

A. P. Zuker et al., Phys. Rev. C52, R1741 (1995).



PGCM calc. with PMMU interaction

;-f 200}
< 100;
-
| A
& 100¢
E ] L
| »-100}
=200} .
]
= 8 neutron
&+ 6} proton
= 4|
F2(d 0
68 70 72 74 76 78 80 82
N N
gdsh :sdgshell + h11/2 Quasi SU(3) partner orbits are essential
gdshf : sdg shell + h11/2 + f7/2 for large quadrupole deformation

K. Kaneko, N. Shimizu, T. Mizusaki and Y. Sun, Phys. Rev. C 103 L021301 (2021)



Outline

* History and recipe of constructing shell-
model Hamiltonian

 Monopole interaction, ESPE and shell
evolution



Realistic shell-model interactions

We have several interactions for each model space
 Model space (sd, pf, sdpf, f5pg9, ...)
* Nuclear force (CD-Bonn, AV18, chiral N3LO and its family ...)

e Cut-off parameter, Perturbation theory, G-matrix, Vlow-k,
SRG, ...

 y“°-fit for the focused area

In the density functional theory, there are many parameter
sets of the density functional

* Non-relativistic : UNEDF, SLy4, SkM*, Gogny D185, ...
e Relativistic : PC-PK1, DD-ME2, DD-PC1, NL3, TM1, ...



How to construct a realistic shell-model Hamiltonian

Some successful interactions (USD, GXPF1A, JUNA45, ...) are derived

by the following procedure.

SPEs are determined by the experimental levels of the core + 1

nucleus.
— E.g. *!Ca for SPE of pf shell

TBME is derived by :
1.
2.
3.

Prepare NN interaction (CD-Bonn, chiral N3LO, AV1S, ...)
Soften short-range replustion (G-matrix, Vlow-k, SRG, ...)

Include the effect outside the model by many-body perturbation theory
(MBPT)

Phenomenological correction to reproduce the experimental data (y2-fit)



Recipe to treat short-range repulsion

a 300 L T T 1 I‘I I 1 T I 1 T 1 T l T L T 1 I T T T T
180 channel -
200 —
| [
> [ repulsive | 2n | ]
[ 7
2 100 |- core | o, w, o | _
o " | !
o | |
> B 1 1
0 —————— A
Bonn
Reid93
-100 AV18 =
C o b gy Ll
0 0.5 2.5

NN potential

Strong repulsive core causes
severe problem in many-body
calculations

S. Bogner, R. J. Furnstahl, and A.

b 05— 71—
\
[ & 2'S] deuteron probability density
L \ =
\
b2 K X Argonne v, ¢ B
== A=40fm"
-1
— * A=3.0fm
'?E 0.15 L B al
= A=2.0fm
c
> 01 —
0.05 | .
0L '

0 2 4 6 8
r [fm]

Deuteron wave function
obtained by V low-k interaction

* G-matrix

* Vliow-k

e Similarity renormalization group (SRG)
* etc.

Schwenk, Prog. Part. Nucl. Phys. 65, 94 (2010).



Core polarization

Shell-model Hamiltonian is derived from the NN interaction using
the many-body perturbation theory to include the effect outside_

4

the model space. T .
“Core polarization” plays a crucial role °"
C d 2
p ~ e = =
h 2 i }
> O 2: et o+
(O] 0+ o} 4t
z A
a b g -+
/ / 2 2 i
J\ J / X* / ot
/ T 7 =

S -4 > o
T

Fig. 13. The spectra of 20.

T. T. S. Kuo and G. E. Brown, Nucl. Phys. 85, 40 (1966)



Many-body perturbation theory

B I |
== T3
o
Ry
= 55

=

=

o

=~

2-22(B) 2-23(A) 2-23(B)

2-25(B) 2-26(A) 2-26(B) 2-2MA) 2:2%(B)

w9 &
< —
W
= (¥} 3
= & ~
= =)
o
'; L] L]
4 "

T
il

https://github.com/ManyBodyPhysics/CENS

M.H-Jensen, T.T.S. Kuo, and E Osnes, Phys. Rep. 261, 125 (1995)



e s.p.e ....taken from experiment
 TBME ... chi-square fit for exp. data

THE LEAST-SQUARES FITTING PROCEDURE

select: sel up. calculate : judge : good |
nitial interac tonf—®— Hamiltonian [—P»— eigenvalues —®— energy _.'E
parameiters matrix eigenvectors agreement
A poor
obtain : perform : construct:

new interaction —4— least-squares —4€— linear

parameters fit 10 data equations

Fig. 3.20. Illustration of the various steps necessary in order to deduce an effective interaction (the
two-body matrix elements (j)j2; J|V1 2|7374; J) and single-particle energies €;4,;) along the method
discussed in Sect.3.2.2a. Thereby a fit to experimental excitation energies and/or electromagnetic
properties can be imposed [taken from (Brussaard 1977)]



USD interaction
B. A. Brown and B. H. Wildenthal, Annu. Rev. Nucl. Part. Sci. 38,

29 (1988)
file: w.snt

model space : sd-shell

(0d5/2, 0d3/2, 1s1/2, 1°0 core)

Isospin-symmetric
63 TBME chi-square fitted
phenomenologically

- — mm |
- = T ==
— —_— = 288|
-120 — —— - gamm ! .
S - 4 T = o=
5 - 2 3 = o=
= [ 29 = = i
> _ 25— - 2 == =
§ e o g T AU
s L E = — —
o i 2 —_— e
< i — 4 —_— e -
B -i301 2 i 07
2 £ 5 =+ 7
L 0 2 .2
- 135 o 0 7
order 0 1 2 3 4 " 2  Exp
dimension | 13 26l 2345 11398 93710



KB3 Interaction

A. Abzouzi, E. Caurier, and A. P. Zuker, Phys. Rev. Lett. 66, 1134 (1991)
file: kb3.snt

>’Fe
model space : pf-shell 0
0f7/2, 0f5/2, 1p3/2, 1p1/2 - ____E
40C3 core ) T
Isospin-symmetric ) - —— —
Hamada-Johnston pot. § F—T L
+ core-polarization e
+ modification of monopole part | ~ = memw

FIG. 5. Comparison between the experimental and the shell
model positive parity energy levels in 52Fe. Dashed lines connect
the experimental levels with their calculated counterpartners.

C. A. Ur et al., PRC58 (1998) 3163



GXPF1, GXPF1A interaction

M. Honma, et al., Phys. Rev. C 65, 061301(R) (2002)

file: gxpfl.snt, gxpfla.snt

model space : pf-shell

0f7/2, 0f5/2, 1p3/2, 1p1/2 5
*0Ca core _
isospin-symmetric %
G-matrix + 3" order Q-box
+ chi2 fit for 699 data

152

11727,

72,

13

1z,
12,
127,

92,
9/27,

11/,
37,
9z

51T,
7i2
3127,
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AN

5/2,

3/,

-216.187

Cal.

Ni

15/2-
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g e

13/2-
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X2-
am_ 1172
(52— Ha-

i e
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V(GXPF1) (MeV)

Phenomenological correction by y?-fit

The GXPF1 interaction
model space : pfshell  0f;,2, 1p3/2, 1p1/2, Ofs/2

2-,,,T,T,I,,,,,d§.
- (@ oT=0
- X T=1 _

91 | 4 SPEs and 195 TBMEs
: X

-2 T | . .
- | 699 data of the binding
f & | energies and excitation

4 | 1| energies are y*-fitted by
[ 2 | the linear combination
— 1 method.

0 4 2 o o ~200keV deviation

V(G) (MeV)

Ref. M. Honma, T. Otsuka, B. A. Brown, and T. Mizusaki,
Phys. Rev. C 65, 061301(R) (2002)

What is the microscopic origin of this correction?

Ex (MeV) Ex (MeV) Ex (MeV) Ex (MeV)

Ex (MeV)
O =2 N W A0 =242 DO AL 242N WA 2N W EO AN WS
LARE AR RRLRY | EARY LN R | RARE LEARE LR | T T ¥

— 1 v 1 °v
- Ca
b

C T

" | | I

fCr

- Fe

=N

\_.N/ :

e ¢

[ L 1 i L | | i
20 24 28 32 38 40
Neutron Number




0f5/2, 1p3/2, 1p1/2 °°Ni core

JUNA4S interaction
M. Honma, et al., Phys. Rev. C 80, 064323 (2009)

file : jund45.snt
model space : f5pg9-shell (28-50)

Isospin-symmetric
G-matrix + 3rd order Q-box + chi2 fit for 400 data

10 o
i 14(+)
i Ge 12(+ :\[

experiment

15+ I
13+ |
12—— 11+ i

14+ q
10+2)w 12+I£c:]— -

shell model

11—— 10+ -




SDPF-M intera

J
()

Y. Utsuno et al., Phys. Rev. C 60,
054315 (1999)

file: sdpf-m.snt

model space: sd-shell + 0f7/2 +
1p3/2

Isospin symmetric

USD + Millner-Kurath + Kuo-
Brown

good description for island of
Inversion

Note: care for contamination of
center-of-mass motion

(e tm)

20

10

0

0

-10

H ()

100

prob. (%)

0

ction

wr ) -

| | | I

50+

dpdh

A
W Y E- |

6 17 I8 19

. 'I\I'
11Na isotopes

20




SDPF-MU interaction

Y. Utsuno et al., Phys. Rev. C
86, 051301(R) (2012).

file: sdpf-mu.snt

model space: sd +pf shell
isospin conserved

USD + GXPF1B + Vg

good description for island of
Inversion

Note: Ohw/1hw truncation is
assumed

~ (a) Energy levels of Si

_t) 2‘-- #\\ |
| SA
A = O |

(b) Energy levels of S 7

+

2

1

@0 A exp.

| == with tensor f.
=mms /0 tensor f.

24

26

28



Cohen-Kurath interaction
S. Cohen and D. Kurath, Nucl. Phys. 73, 1 (1965)
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YSOX interaction

C. Yuan, T. Suzuki, T. Otsuka, F. Xu, and
N. Tsunoda, Phys. Rev. C 85, 064324
(2012)

file: ysox.snt

model space: p-sd shell with 0-3Aw
excitations

based on Monopole-based Universal
Interaction

54

Energy(MeV)
. P
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1 L

o
1 )
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- —— =+

o 1+
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X

17C
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- 52+

- 1124+
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What is the microscopic origin of the
phenomenological correction?



Contribution of the three-body force

Is this phenomenological correction explained

Normal ordering with the inert core

* jj 7 jj

7 /

bv the three-body force?

0 T T T T T T T T T I
(a) Energies calculated (b) Energies calculated (c) Energies calculated
from phenomenological { | from G-matrix NN 1 F from Vi, NN 1
< forces + 3N (A) forces + 3N (AN'LO) forces
> 20 | ] -
=
Correction Correction 3z
)
tO SPES tO TBMES | N ¢ Exp. 1 & Exp X + Exp. \
| == SDPF-M 1| m NN3NG) N ===+ NN + 3N (N'LO)S===<,
— USD-B ===\N b s NN + 3N (A)
- NN
_60 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
8 14 16 20 14 16 20 8 14 16 20

Neutron Number (N)

Neutron Number (N)

Neutron Number (N)

T. Otsuka, T. Suzuki, J. D. Holt, A. Schwenk, and Y. Akaishi,
Phys. Rev. Lett. 105, 032501 (2010).



Ab initio construction of the shell-model
Hamiltonian using the chiral EFT NN+NNN force

 Many-body perturbation theory (Realistic shell model, L.
Corragio et al.)

* Valence-space In-medium Similarity Renormalization group
method (S. K. Bogner, H. Hergert, J. D. Holt, T. Miyagi, A.
Schwenk, S. R. Stroberg et al.)

* Coupled cluster theory (G. Hagen et al.)

* No-core shell model with core (B. R. Barrett, I. J. Shin, N. A.
Smironova et al.)



Chiral effective field theory

Low-energy approach to QCD, nuclear structure energies
Approximate chiral symmetry, Systematic expansion

NN 3N 4N

LO
(Q/A)° >< H
Chiral N3LO NN force

NLO X with N2LO NNN force

)

(Q/Ay)°




In-medium Similarity Renormalization Group
(IMSRG) method

Unitary transformation to force the non-diagonal matrix elements zero.
H(s) = U(s)HUT(s)

OpOh 1plh 2p2h 3p3h OpOh 1plh 2p2h 3p3h
@) |D2) D) D) @) |9F) 9% [P
> >

(2 (D

(D2 (7]

((I) ‘2.1;’ ((I) ;’j’

(P5E]

(Pg%]

(®|H(0)[2') (®|H (o0)|2')

Solve “flow equation” to construct this unitary transformation (with 2-body approximation).
Effective operator has to be constructed in the same “unitary transformation”.



Outside Valence Core

Valence-space IMSRG (VS-IMSRG)

g =~ ~

Core Valence Outside Core Valence Outside

(@[ H (s)7)
Unitary transformation

H(s) =U(s)HyU'(s)

(¢|Holj)

rFroton numper £

25+

207

&  Confirmed dripline i
& Last known S Cf
- ey "
Ti
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,,,,,,,,,,,,,,,,,,,,,,,, - NN wm =m om o= ()
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Em Ar
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_ K
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o - Ne 20
L F fual
I N J 9 0
N C 7 o
— \+ 0
4 mmh = e |
- FE=] Li : 20 ,,
[ ST | . i N .
0 10 20 30 40 50

Neutron number N

S. R. Stroberg, J. D. Holt, A. Schwenk, and J. Simons, Phys. Rev. Lett. 126, 022501 (2021)



A workflow for “ab initio” shell model calc. (VS-IMSRG)

 NuHamil: T. Miyagi, Eur. Phys. J. A59, 150 (2023).
— https://github.com/Takayuki-Miyagi/NuHamil-public
— Chiral EFT NN+NNN force (EMN, N3LO,,, EM500, AN2LO,, ... )

— SRG evolution in momentum space

; HO matrix elements

e imsrg++: R. Stroberg et al.,, Ann. Rev. Nucl. Part. Sci. 69, 307 (2019).

— https://github.com/ragnarstroberg/imsrg

— VS-IMSRG evolution to construct the operators in “model space”

‘ snt file, effective operator

e KSHELL: N. Shimizu et al., Comp. Phys. Comm. 244, 372 (2019).

— https://sites.google.com/alumni.tsukuba.ac.jp/kshell-nuclear/

— Many-body solver (shell-model calc.)



Summary

e Conventional shell-model Hamiltonian in 1980s - 2000s

— NN-force + G-matrix + MBPT + empirical fit for exp. data in the model-space

— You can easily perform shell-model calculations using the prepared
interactions. It is a first choice for the comparison with the experimental data.

* NNN-force is essential to construct the SM Hamiltonian
nonempirically
— Modern ab initio theories to treat NN+NNN force were proposed in 2010s

— Enthusiastically developed and successful, but quadrupole collectivity is
challenge.

— Many source codes are in public while expertise are required.



Monopole interaction, effective single particle
energies, and shell evolution



Magic numbers are not constants

The gaps at 8, 20, 28 were established on nuclei near stability.
Moving to large neutron excess, some of them close and new

ones open.

b
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From RIKEN Nishina Center



Anatomy of realistic shell-model interaction
M. Dufour, A. P. Zuker Phys. Rev. C 54, 1641 (1996)

H (ful) | | H.mono

Every TBME, all J and T. Monopole interaction: Everything left over.
The angular-momentum

1|
+

averaged part. e pairing (J = 0)

A complete but unreadable
specification of the physics. e quadrupole (Q - Q)

* bulk binding energies e collectivity, deformation
e effective single-particle

energies and shell gaps

Pairing and QQ scales with A=1/3

The two parts act on different things: the monopole term is diagonal in the occupation
numbers and moves whole orbits, while the multipole term mixes configurations and
builds collective states.

Multipole-part is rather universal. Fine tuning is often required for the monopole part.



Monopole interaction

Y > 7(2J 4+ 1)

sum matrix elements concerning any allowed /.

1jJ)

orbit J

—Q

orbit I

“average” potential between orbit I and orbit J.

“Effective single-particle energies” and its variation are discussed
using this monopole interaction.

Pairing (/] = 0) matrix element contributes weakly.
R. K. Bansal and J. B. French, Phys. Lett. 11, 145 (1964)



What the monopole part controls

n,(n, — 1)
Hpyono = Zgana + Z Vapngnyp + EVaa . a2

a a<b

a

It does

Bulk binding energy of closed shells
Saturation along an isotopic chain
Effective single-particle energies
Position and size of shell gaps

Where the drip line falls

It does not

Pairing gaps and odd-even staggering
B(E2) strengths

Deformation and rotational bands
Configuration mixing

Level ordering within a multiplet

12




Effective single-particle energy (ESPE)

configuration (occupancy in the valence space) can
change the single-particle energies

Hmono—z:snl 22 ﬁﬁ

single-particle orbit I m
‘ . \/\ single-particle orbit J
Vi,

Summation of the contributions from all orbits

0
i) ~ e+ ) o]

Y. Utsuno T. Otsuka, T. Mizusaki and M. Honma, Phys. Rev. C 60, 054315 (1999).



Occupations plus monopoles gives the ESPE

ESPE(Cl) = &, T+ zVab(nb)
b

1. what the run reports 2. what you build from it
Lo~ 072 —— 1p12 5 0F5/2
—— 1p3/2 == Of5/2
5 3 -4 u 5] P12
= = 250 MeV
9 &
L _8_
\// 0f7/2
. —101 . . .
20 25 30 20 25 30 35
neutron number N neutron number N

Ca isotopes, GXPF1Br2, full pf shell; occupations from the ground state of each diagonalisation

Natural filling configuration (particles occupy the lowest unoccupied orbit) is used for (n,).
In heavier nuclei, (n) of the shell-model results is adopted.



Monopole-based truncation

truncation for "+" parity state in Mg20_w_p.ptn
truncation scheme ?

: No truncation (default)

: particle-hole truncation for orbit(s)

: hw truncation
: Both (1) and (2)
: Monopole-based partition truncation

* Full model space is split into “partitions”, which is labeled a set of

occupation numbers of each orbit : (n{,n,, -, n,).

 Compute monopole energy of each partition and include it into
the model space if the energy is below a certain threshold.

any |M) for (Mleono|M> < Enin T Ecutoft



Monopole truncation 2°°Hg
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The central-force monopole: Federman and Pittel

Federman and Pittel, Phys. Lett. B 69 (1977) 385; Phys. Rev. C 20 (1979) 820

Central monopole follows the radial overlap

Ex(2%) of Zr isotopes

The A = 100 shape transition

. B 2.5 1
' i : ‘ 90ZF:
overlap Og with Og : 1.00 05 (ho Rode)
% overlap Og with 1d : 0.60 / N\ 2.0
<| i \ 1d (one node) .
i / 3
Z 1.5+
ko / =
(2] —
c Fa
S / N 1.0-
5 / =
]
e / / 0.5-
/ / L
< N\ 0.0 I
0 1L 2 3 4 5 48 50 52 54 56 58 60 62 64
r [fm] neutron number N (Zr isotopes, Z = 40)
harmonic-oscillator radial densities, b = 2.2 fm; E(2 ") values experimental ﬁ < > —

Overlap, not alignment

The central monopole tracks the spatial
overlap of the two radial wave
functions — largest between orbits
sharing a node number and a similar
orbital angular momentum. Spin-orbit
partners are the extreme case.

Ng =N,
l, =1,orl,+1

v0g9/2

The strongly attractive Tt 089/2 — v

0g7/2 monopole lowers the proton
g9/2 orbit as neutrons fill g7/2, eroding
the Z = 40 subshell and releasing
guadrupole correlations.

Vlds/z

v0g7,2

7

The signature

E(2+) in Zr collapses from 1223 keV at N
=58 to0 212 keV at N = 60 — one of the
sharpest shape transitions on the chart.

Z=40 subshell gap locates between pf shell and 70gq/,




Tensor force monopole: Otsuka et al.

 Monopole part of the tensor j>=1+1/2

force satisfies: Je=1=1/2
e.g. (Js,j<) = (f7/2:f5/2)

(2j- + l)V} T Q2jct l)Vl’ 2=,

repulsiye: J<~J< J>~J> 7
attractive : j.~J', |, ~ ]

That of the proton-neutron
interaction strongly affects the spin-
orbit splitting.

Filling j> shrinks |s splitting.
Filling j< restores it. proton neutron

Ref. T. Otsuka et al., Phys. Rev. Lett. 95, 232502 (2005)




Tensor force

Ve = (tq - ) f(1)S12, S12 = 3(61 -7)(0; - T) — 0y - 0,

ISRL

2 T : I =
(2.]> + I)Vj>’jl + (2J< T I)Vj<’jf O;

j< > > B

J. P. Schiffer, Viewpoint, Physics 3, 2 (2010)



proton g9/2 occupied in deformed states

Zr 1sotopes agaln [, @ Proton occupation numbers _
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-8 _QSZr (0+1) QSZr (0+2) 1OOZr (0+1)1102r (0+1)11OZ|' (0+2) _
neutron g7/2 drops down by the occupation of
_o| proton g9/2 with the central and tensor

monopoles coherently.

Togashi et al., PRL 117, 172502 (2016)



Energy (MeV)

Protons

>4Ca and N=34 magicity

27T Excitation energies of Ca isotopes
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tensor monpole gives strong attraction between nf;,, and vfs,, orbits

D Steppenbeck et al. Nature 502, 207-210 (2013) doi:10.1038/nature12522
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shell evolution of N=34 isotones by “ab

initio” VS-IMSRG
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* Tensor monopole reduces the N=34 gap as Z increases.
* NNN force enhances the tensor monopole by 17%.

A. Kumar, T. Miyagi, and N. Shimizu, Phys. Lett. B 880 140801 (2026)




Summary

* Shell-model Hamiltonian
— Monopole interaction
e Central monopole is strong for An = 0, Al = 0 pn-pair orbits
* tensor monopole: js —Js, j< — j< repulsive, js — j. attractive
e ESPE, shell gap, shell evolution
— Multipole interaction

e pairing and QQ interactions dominate collectivity

* Effective single-particle energies and shell evolution

— Monopole interaction causes the change of effective single-particle energies
by filling orbits

— It affects shell gap, magic number, and deformation
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