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Introduction | Proton emitters
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M. Pfützner et al., Prog. Part. Nucl. Phys. 132, 104050 (2023)Adopted from K. Fossez's presentation.

Proton 
dripline 𝐒𝐩 < 𝟎

Proton separation energy



Introduction | Complex radius 
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M. Pfützner et al., Prog. Part. Nucl. Phys. 132, 104050 (2023).

Asymptotic behavior
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T. Berggren, Phys. Lett. B 373, 1 (1996).

T. Myo et al., Prog. Theor. Exp. Phys. 2014, 083D01 (2014).

YL, S. M. Wang, W. Nazarewicz, Phys. Rev. Lett. 136, 122501 (2026).

Rigged Hilbert space: 

'𝐸 = '𝜓 𝐻 𝜓 = 𝑄(	 − 𝑖Γ/2

Hilbert space: 

• Bound state: finite value.
• Resonance: exponential divergence. → ∞

𝑟"#$% = 𝜓 𝑟% 𝜓

Complex expectation values



Introduction | Complex radius

• The concept of complex expectation values has been widely used in atomic, hadronic, and nuclear physics. 

• However, a direct link between the complex radius and experimental observables is still lacking.
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Methods | Complex-energy framework

• Exterior complex scaling
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One-proton emitter
= core + p

𝑟
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B. Buck et al., Phys. Rev. C 45, 1688 (1992).
S. Åberg et al., Phys. Rev. C 56, 1762 (1997).

core

p

T. Berggren, Nucl. Phys. A 109, 265 (1968).
N. Michel et al., J. Phys. G: Nucl. Part. Phys. 36, 013101 (2009).

B. Gyarmati et al., Nucl. Phys. A 160, 523 (1971).

• Berggren basis
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Methods | Time-dependent propagation

• Two potential approach (TPA)
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S. A. Gurvitz et al., Phys. Rev. Lett. 59, 262– 265 (1987). 
S. M. Wang et al., Phys. Rev. Lett. 126, 142501 (2021). 
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Results | Complex radius of 1p emitter 15F

Im(!𝒓𝐫𝐦𝐬)

Re(!𝒓𝐫𝐦𝐬)
HO basis 

YL, S. M. Wang, W. Nazarewicz, Phys. Rev. Lett. 136, 122501 (2026). 6

Mean value

Uncertainty

Re(!𝒓𝐫𝐦𝐬)
HO basis 

Im(!𝒓𝐫𝐦𝐬)

• Enhancement of charge radius (Berggren–HO difference) reflects continuum coupling.



Results | Complex radius integrand and cumulative integral

• The contributions from the asymptotic region to the 
complex radius essentially cancel out. 

• The complex radius is determined by the integral over 
the interior region.
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Which region provides the dominant 
contribution to the radius?

Inner/Outer turning point

YL, S. M. Wang, W. Nazarewicz, Phys. Rev. Lett. 136, 122501 (2026).



Results | Time evolution of radius

8YL, S. M. Wang, W. Nazarewicz, Phys. Rev. Lett. 136, 122501 (2026).
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• Early-time plateau: the evolved radius matches with the complex one.
• Complex radius is experimentally accessible in early-time plateau.

Early-time plateau



Results | Time evolution of radius & Survival probability

9YL, S. M. Wang, W. Nazarewicz, Phys. Rev. Lett. 136, 122501 (2026).
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Zeno effect

• Early non-exponential decay relates to the plateau.
• The plateau for the rms radius due to the quantum Zeno effect.
• The radius evolves quadratically in time at early times.

Non-exponential decay

Exponential decay

When t is small



Results | Complex radius of long-lived nuclei: 105Sb and 147Tm

• For long-lived system, one can extract the radius experimentally.
• The enhancement of the charge radius is also shown in 105Sb and 147Tm.
• The total rms charge radius for experimental comparison requires combine the daughter-core radius with our 

computed 𝑟̃"#$ including mass weighting, center-of-mass, and also nucleonic and relativistic corrections.

10YL, S. M. Wang, W. Nazarewicz, Phys. Rev. Lett. 136, 122501 (2026).



Summary |

The complex radius provides a good description of the resonance radius. Its 
real part corresponds to the spatial mean value, while its imaginary part is 
related to the uncertainty associated with the decay.

.

A proton-halo effect is predicted in proton emitters, characterized by an 
enhanced charge radius.
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The early plateau offers a temporal window for experimental observation.



Thanks for your attention!



Appendix | Benchmark
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Appendix | Formulation

Virial theorem

Ehrenfest Theorem


