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Flavor structure and modular invariance

Feruglio, 1706.08749

Flavor puzzle

What is the origin of the parameters in the flavor sector? Quark

One possibility : Modular symmetry 4 &

Modular invariance can provide rich structures for the flavor sector u ” 7\/ / /’S

Representations of flavor group - Modular group - ind 4
SL(Q,Z){(CCL 2) a,b,c.d €7, adbcl} Lepton

What determines the flavor parameters — Modular forms \’ \/
Py,

f (‘” * b) = (er +d)?*f(7), ((“ ”) e F(N)) A 1 '
cT +d cd ‘,ﬁ :
N - V.
Ve " | ’ J 2
In this way, all the flavor parameters become functions of a complex parameter e kv, vi
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Flavor structure and modular invariance

Flavor puzzle

What is the origin of the parameters in the flavor sector?

One possibility : Modular symmetry

Modular invariance can provide rich structures for the flavor sector

Representations of flavor group - Modular group

SL(2,7) = {(i Z)

What determines the flavor parameters — Modular forms
aT + b o 2%k ab =
F(E53) = r+ s, (( d) e F(N))

Top-down approach : string theory and extra-dimensional theories

a,b,c,d € 7, adbcl}
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Extra-dimensional space

Strominger, Witten, Commun. Math. Phys. 101 (1985) 341
Candelas, Nuclear Physics B 298 (1988) 458

The ﬂavor structure in SM Ishiguro, Kobayashi, Nishimura, Otsuka, JHEP 08 (2024) 088

matter (fermions)

L O © @O
_E u:up C : charm t:top
©
== |
T © @O Yukawa coupling

d : down S : strange b : bottom

O O O Yijk(T)

g € : electron M : muon T & tau
§ Q Q Q Wave functions

V. : electron = muon Vv, :tau
€ neutrino M " neutrino T * neutrino

Geometric degrees of freedom

higgstan.com — size and shape (moduli)

— The input parameters can be determined through the Yukawa couplings described
by geometric degrees of freedom and wave functions
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Extra-dimensional space

Strominger, Witten, Commun. Math. Phys. 101 (1985) 341
Candelas, Nuclear Physics B 298 (1988) 458

The flavor structure in SM Ishiguro, Kobayashi, Nishimura, Otsuka, JHEP 08 (2024) 088

matter (fermions)

L O © @O
f u:up C : charm t:top
©
== |
T © @O Yukawa coupling

d : down S : strange b : bottom

O O O Yijk(T)

g € : electron M : muon T & tau
§ Q Q Q Wave functions

V. : electron = muon -tau
€ neutrino M " neutrino T * neutrino

Geometric degrees of freedom

higgstan.com — size and shape (moduli)

— The input parameters can be determined through the Yukawa couplings described
by geometric degrees of freedom and wave functions

In top-down model building based on heterotic string theory, the Yukawa coupling
can be described as modular forms.
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Symmetry breaking

Font, Ibafiez, List, Quevedo , Phys.Lett.B 245 (1990) 401-408
Constructing a potential for the moduli in the effective theory of heterotic string vacua

— It is possible to dynamically determine the VEVs of the modulus
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Symmetry breaking

Font, Ibafiez, List, Quevedo , Phys.Lett.B 245 (1990) 401-408
Constructing a potential for the moduli in the effective theory of heterotic string vacua

— It is possible to dynamically determine the VEVs of the modulus

v
e When the moduli acquire VEVs,
SNl R ,ﬁ,,, T ll”h the modular symmetry is
e XN spontaneously broken
2 1 AR &9 Ll i
- ) “‘“ LI e ":":"" / |
) Pae iy “\;_Q_t 550 S
: (TR S —
i RS
; ¢ ‘
The VEVs of the modulus Flavor structure of the lepton

directly characterize the values
of masses and flavor mixings
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Pro blems Penedo, Petcov, JHEP 10 (2024) 172

Petcov, Tanimoto, Eur.Phys.).C 84 (2024) 9, 914
Granelli, Meloni, Parriciatu, Penedo, Petcov, 2505.21405

Various modular flavor models have been proposed

In these analyses, the VEV of the modulus is essentially a free parameter, which is fixed by
fitting the data

There is no criterion coming from string theory itself, which is independent of both the flavor models
and the stabilization mechanism
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Problems

Petcov, Tanimoto, Eur.Phys.).C 84 (2024) 9, 914

Penedo, Petcov, JHEP 10 (2024) 172

Granelli, Meloni, Parriciatu, Penedo, Petcov, 2505.21405

Motivation

Using the implications derived from heterotic string theory, we would like to constrain allowed
ranges within the fundamental domain.

30F minimal I
2.5
20F .
-
o e <
k= . e *
’ (12.14)
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Stringy constraints

Dixon, Kaplunovsky, Louis, Nucl. Phys. B 355 (1991) 649

At the one-loop level, the renormalized gauge couplings of the effective theory
regarding heterotic string vacua

u : renormalization scale

2 . . . .
1672 16772 M - b, : beta-function coefficient
5 — k., —— + b, log¥ + A, kq : level of Kac-Moody algebra
ga (/‘L) gstring /’L Ystring - string coupllng

Mtring : string scale



Stringy constraints

Dixon, Kaplunovsky, Louis, Nucl. Phys. B 355 (1991) 649

At the one-loop level, the renormalized gauge couplings of the effective theory
regarding heterotic string vacua

u : renormalization scale

2 . . . .
1672 16772 M - b, : beta-function coefficient
5 — k., —— + b, log% +lA, kq : level of Kac-Moody algebra
ga (/J“) gstring /‘1’ Ystring - string coupllng

/ Mtring : string scale

Moduli-dependent threshold correction
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Stringy constraints

Dixon, Kaplunovsky, Louis, Nucl. Phys. B 355 (1991) 649

At the one-loop level, the renormalized gauge couplings of the effective theory
regarding heterotic string vacua

u : renormalization scale

2 . . . .
1672 16772 M= . b, : beta-function coefficient
5 — k., —— + b, log% +lA, kq : level of Kac-Moody algebra
ga (/J“) gstring /‘1’ Ystring - string coupllng

/ Mtring : string scale

Moduli-dependent threshold correction

For conventional modular flavor models, the perturbation theory in the string vacua is necessary

Tree level > One-loop level
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Stringy constraints

Dixon, Kaplunovsky, Louis, Nucl. Phys. B 355 (1991) 649

At the one-loop level, the renormalized gauge couplings of the effective theory
regarding heterotic string vacua

u : renormalization scale

2 . . . .
1672 16772 M= . b, : beta-function coefficient
5 — k., —— + b, log% +lA, kq : level of Kac-Moody algebra
ga (/J“) gstring /‘1’ Ystring - string coupllng

/ Mtring : string scale

Moduli-dependent threshold correction

For conventional modular flavor models, the perturbation theory in the string vacua is necessary

Tree level > One-loop level

Research purpose

Considering this inequality and moduli-dependent threshold correction, we propose new constraints
on the moduli space, which guarantee the perturbation theory of heterotic string vacua
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Outline

2. Moduli-dependent threshold correction
* Explicit threshold correction



Explicit threshold correction

1) PSLp(2,Z) x PSLy (2,7
( ) T< N) ; g7T( ) b} =? : beta-function coefficient
Ay = =D In

3\/_ el Tyln(T)|* Usln(U)|* ye : Euler-Mascheroni constant

Kahler modulus : T =T; +iT,, Complex-structure modulus:U =U; +i U,



Explicit threshold correction

(1) PSLy(2,Z) x PSLy(2,7)

&7
Ay =—bV=21n
33

Kahler modulus : T =T; +iT,, Complex-structure modulus:U =U; +i U,

b} =? : beta-function coefficient
el—E Tg\n(T)\4 Ug\n(U)\ZL ve : Euler-Mascheroni constant

Dedekind eta function

1 > n n (61171)2 1 it
(=g [[1=g¢")= > (D" = =¢=[l-g+...]1, (¢=7)
n=1

n=—0aco

Modular transformation of the eta function

0(=3) = vEmn., atr 1) = e




Explicit threshold correction

(1) PSLy(2,7) x PSLy(2,7)
Ay = —bV=21n il

33"

Kahler modulus : T =T, +iT,, Complex-structure modulus:U =U; +i U,

b} =? : beta-function coefficient
el—E Tg\n(T)\4 UQ‘n(U)“l ve : Euler-Mascheroni constant

Dedekind eta function Shape of the function ImTz|j7(T)|4
T) :qﬁ H(l_qn) _ Z (_an(ﬁ’lg;l) :q;—4[1_q_‘_'_']7 (qEGQTF’iT)
n=1 n=-—0oo

Modular transformation of the eta function

0(=3) = vEmn., atr 1) = e

Tree level = Threshold correction — Contour line
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Outline

3. Stringy constraints for moduli
 Analysis of stringy constraints
 Various analyses
* Numerical analysis



Analysis of stringy constraints

Ishiguro, TK, Kobayashi, Otsuka, 2508.12392
The inequality to guarantee the perturbation theory

Axio-dilaton : S = C, + ie™?
1672k, Im A _ 0
67k ImS > ‘ a‘ gstiing ~ImS + 0(1)

Left hand side: The tree-level contribution, which is proportional to gs‘tf.ing

Right hand side: the one-loop contribution, including the threshold correction

Requiring that the tree-level contribution is larger than the absolute value of the threshold correction,
we obtain this simple inequality



Analysis of stringy constraints

Ishiguro, TK, Kobayashi, Otsuka, 2508.12392
The inequality to guarantee the perturbation theory

Axio-dilaton : S = Cy + ie™?

2
167 kaImS > ‘Aa‘ gs_t%ing ~ ImS + 0(1)

Left hand side: The tree-level contribution, which is proportional to gs‘tf.ing

Right hand side: the one-loop contribution, including the threshold correction

The case of large imaginary part: ImU >» 1 (T = e?™/3) Dedekind eta function : n(UJ) ~ e 21
, : , ) 16m°ImS 8T 1 V3 4
We rewrite the inequality approximately Nz g0z —Inlz —In 375 S Inw)l

Solving this inequality for the imaginary part of U, we obtain an analytic expression written in terms of
the Lambert W function



Analysis of stringy constraints

The constraints for the imaginary part of the CS modulus

3 e—l—l-"/E _ 1672ImS
e ()
T 4ln(w)|

W_,(2) : Lambert W function
(-1 branch)

In the red region, the threshold correction is not only comparable
to the tree-level contribution, but also larger than it

In other words, the one-loop term dominates over the tree-level
term, so the perturbative expansion is no longer under control and
the effective theory loses its predictive power

2026/08/18 FLASY 2026 in Gyeongju
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Various analyses (T = U)

Ishiguro, TK, Kobayashi, Otsuka, 2508.12392

Stringy constraints 49— ————

—3 7r2.mf5‘
Us < —§W_1 T (8_W€1—7E> ’ e_SbTI_—z
T 3 3\/§

the boundaries concerning T = U when
the dilaton is varied over the range of
typical values 0(0.1) — 0(1) E

- —— ImS=4
- — ImS=2
' ImS=1

The larger b} =2, the stronger the stringy constraints Im$=0.5

The smaller ImS, the stronger the stringy constraints
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Various analyses (T = aU)

Ishiguro, TK, Kobayashi, Otsuka, 2508.12392

Stringy constraints S A
6 (et 8n g \TF i
RN ( o (e ™) ) |
19+ -
Boundaries concerning T = aU and ImS = 2
when the parameter is varied over the range _ ac
froma=1toa=7 B 10 - — a3
I — a=5
The larger b)Y =2, the stronger the stringy constraints — a=7
The larger the ratio between T and U, the stronger i ]
the stringy constraints
0_ 1 | 1 |

0 20 40 60 80 100 120 140
baN=2
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Various analyses (T = aU)

Stringy constraints
6 (a+ D) [ 87 _ —3 T
Uy < — W_.| = e ey

Boundaries concerning T = aU and ImS = 2
when the parameter is varied over the range
froma=1toa=7

The larger b)Y =2, the stronger the stringy constraints

The larger the ratio between T and U, the stronger
the stringy constraints

For the region ImU < 1, the numerical analysis
IS necessary to investigate the stringy constraints

15

20

Ishiguro, TK, Kobayashi, Otsuka, 2508.12392
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Numerical analyses

Stringy constraints

3v3 , 1672k, ImS |
Wc 75 exp { = ] < TUy|n(TU)|* Us|n(U)|*
T=7U
Dilaton : ImS = 2
Dotted line b)Y =2 =60
Dash-dotted line : b} =2 = 70
Dashed line b =2 =80
Solid line b2 =90

The red region is the parameter space where the
perturbative theory cannot be guaranteed.

The region framed by the green curve is the
fundamental region of PSL(2,Z).

2026/08/18 FLASY 2026 in Gyeongju

ImU

Ishiguro, TK, Kobayashi, Otsuka, 2508.12392

0.6+

0.2} : . : .
-1.0 -0.5 0.0 0.5 1.0

P07 T L L

1.1+

0.9+

0.8+

04l /

—07—06 -05 -04 -03 -02 -01 00

ReU

27



N U merica I ana Iyses Ishiguro, TK, Kobayashi, Otsuka, 2508.12392

Granelli, Meloni, Parriciatu, Penedo, Petcov, 2505.21405

Comparing our result with modular flavor models T4r
1.2¢
They can produce the lepton data equally well, on the other _ 1.0
hand, the bottom-up approach gives no principle to tell which £°¢
fixed point should be chosen osp
04l /
0.2} E | ; p
-1.0 -0.5 0.0 0.5 1.0
Examples I . ReU
7D(No)7H==7CUU) 0.04 7 L L B L B L B
7 | Slight deviation TR R
2 F a 0.92 b0 Ar ]
D N
E E 0.90 g S T0 ] Sl il
[ 056 ]
1 7 m
. o B . | | 0.8
e v (v R U T 07 08 <05 04 03 02 04 00
Re Tt Rel
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Numerical analyses

Granell,

Comparing our result with modular flavor models

If they restrict ImU from above, the region with a large
imaginary part is the first one to be affected, while the
region close to T~w survives up to a larger value of the beta-

function coefficient

Examples -
D(NO) 7QE— C(10)
2
D
=
E
1] L]
V32 :
VT 0 1/2
Re 7
2026/08/18

Im7

0.94

0.92

0.90 4

0.88 1

Slight deviation
/B(NO)

T
—0.50

T T T
—0.48 —0.46 —0.44

Rer

FLASY 2026 in Gyeongju

ImU
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Ishiguro, TK, Kobayashi, Otsuka, 2508.12392

14+
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0.6+

020

Meloni, Parriciatu, Penedo, Petcov, 2505.21405

04l /
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ReU
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Outline

4. Summary



Summary

Main idea

For modular flavor models, the perturbation theory in the string vacua is necessary

Considering the renormalized gauge couplings of the effective theory regarding heterotic string,

Tree level > One-loop level

Conclusion

1. The larger b}’ =2, the stronger the constraints
2. The smaller ImS, the stronger the constraints
3. The larger the ratio between T and U, the stronger the constraints

The stringy constraints can provide interesting insights when we construct modular flavor models

Future work

Construction of the modular flavor models and the modular inflation models,
which are consistent with these stringy constraints
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Target space duality symmetries

Here, we introduce the target space duality symmetry (or modular symmetry) to classify
the threshold correction systematically




Target space duality symmetries

Here, we introduce the target space duality symmetry (or modular symmetry) to classify
the threshold correction systematically
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Target space duality symmetries

Here, we introduce the target space duality symmetry (or modular symmetry) to classify
the threshold correction systematically

SL(2,7) = {(i Z)

PSL(2,7) group : SL(2,7) /{1, —1I}

B (0 1 (1 1 4 3
cub,qciEZZ,adbcl} S = (1 0), 71—-(0 1), S*=1,(58T)" =1

Linear fractional transformation: 7 —

b ]_ ]
o7+ , ST ———= T:7—7+1, S?=1, (ST)* =1
cT +d T

Congruence subgroup e.g. IP(2) x (To(2)
T
T'— 1+ 2, T%T:T
U
2U — 1’
We can classify the threshold corrections by
invariance under each modular transformation

U—-U+1, U— —

|
o
=
]
—N—
T N
Q
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General structure

Ishiguro, TK, Kobayashi, Otsuka, 2508.12392
The threshold corrections based on other modular symmetries

(2) T9(2) x (Dy)o(2) (3) T9(2) x PSL(2,.Z)y
A= b=t [ 2= Ty |y (5 )| Caln(@) o) Ap= V=21 | 2= o b (LN vy
‘ 3v3 2 O - SR U 2|n(U)]

(4) T9:(3) x (Tv)o(3) and PSL;(2,Z) x PSLy;(2,7) (5) TH-(3) x (T'w)o(3) and TE}(?)

: (2 : 2
= 8T .. : T . i - 87 ‘ T : ‘
Ay =)= In | —=e" 7% Tyn(T)|? (—) Us|n(U)[?n(30) 7 = V2 1= T (T2 |9 | = .. *In(3U)
_ ; n [3\@6 5[n(T)|= [n 3 2[n(U)|*[n(30)] A, by " In 5\/_(’ Toln(T)|* |n 3 Us|n(U) |7 |1n(3U)]
. 8 - Al A L
by =2 In | —=e' 7 Da|n(D)|*Us|n(U)[* - 81 4, - T 3
a n lgﬁf 2|U( )‘ 2|U( )| *bj}iz In ™ CI'_ YE T2 n| = \/_n(w,)rt
| 33T e 2)] 2

Target space duality symmetry (or modular symmetry) can classify
the threshold corrections systematically
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Large volume limit

Large volume regime T > 1 is very interesting
in the context of string compactification and
modular flavor model

Abe, Kobayashi, Otsuka, JHEP 04 (2015) 160
Ding, Jiang, Zhao, JCAP 10 (2024) 016
King, Wang, JCAP 07 (2024) 073

Stringy constraints

3V3 1t exp | 167k, ImS
8 pN=2

Dilaton : ImS = 2

Beta-function coefficient : b}’ =2 = 60

] < Taln(T)|* Uz|n(U)[*

The allowed region of the complex-structure modulus
is severely restricted

Ishiguro, TK, Kobayashi, Otsuka, 2508.12392

14]

1.2}

A\

06

ImU

04 -02 00 02 04 06

ReU

Green, dark green, blue and purple curves are
respectively the boundaries with T = 10i, T = 10.02{, T =
10.04i and T = 10.06i. The perturbative description is
valid inside of these curves.
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Constraints based on other modular symmetries

e I'=alU

1 .
3 ((I, -+ 2)’}1’ QT 1 2 _811‘;:111‘15'

s < — W_ o J1-7E g_bg'?j .

RGEL ( 8va (m" ) ‘f -
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Constraints based on other modular symmetries

T =alU al =U
S —— D0
15- - 15F
: a=1
|_ I
E 10 £ 100 — a=3
: | — a5
: \ — a=7
L ;
5_ ¥ 5_ &
0__ : R T T S S S S S 0_. | I - P T — PN SR [T T N S S S NS S S S —
0 20 40 60 80 100 120 140 0 20 40 60 8 100 120 140
b,N=2 b, N=2
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Constraints based on other modular symmetries

2026/08/18

0.8F

ImT

0.6(-====--
0.4

0.2

Figure 10:

T T T T T T T T T T ¥ T
1 + ]
1 '
. . 1.0 : 1
1 r ]
i + i
1 | ]
1 ]
] 7 08_ i T
L AL s | r '
............................... - ] -
....... = B :
e e i el Pl Wl e Py = = qr=r= . | !
' - -
] TR e I | E 06_ ' -
- P = ]
-‘-"‘-.. “...‘
' 0.4 .
'f‘ﬁ‘ 1 1
- A 1 1
1y
02 |
il r | !
PR T T R IS S R - Jd

These are the boundaries concerning 71" = U and ImS = 2. Dotted red, dash-dotted
red, dashed red curves are respectively the boundaries with ¥V=2 = 60, bVN=2 = 70,
f,r::f =2 = 80 in the left panel, and solid red curve is the boundary with Ff)\af =2 = 90 in the
right panel. In both panels, the shaded regions are outside the perturbative theory,
and in the left panel, when the bg increases, the lighter the color is. The region framed
by the green curve is the fundamental region of I'g(2).
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Constraints based on other modular symmetries
e T =qU, T=0U, U=bcU

36
(2a +6 + 3b(c+ 1))m

| 1 2 (5.17)
o - (2a + 6 +13bl(f:l—}— 1))m ( 8 (fl—"fE) p (3_4_%,2_2‘? |
3V3

36a1bzca

Uy < —

e aT =U, T =bT, U = beT

36
(2+6a+3b(c+1))m

‘ ' -3 = 5.18
x W_1 (_ (24+6a+ 3b(c+ 1)) ( 8 ,l—fm) > ﬁ—”%»jrlf?—f) | (5.18)

e
36ai bzci 3v/3

T2<_




Constraints based on other modular symmetries

aU,
bU,
= bcU

Q~
I

2026/08/18
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1.0~ 1
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Figure 13: These are the boundaries concerning 71" = U, T = T, U = T and ImS = 2. Dotted
red, dash-dotted red, dashed red and solid red curves are respectively the boundaries
with b¥=2 = 60, bV=2 = 70, bV=2 = 80 and »Y=2 = 90. The region framed by the
green curve is the fundamental region of I'y(3). The perturbative description is valid
below these curves.
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