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1   Introduction

Mass hierarchy

CP violation

Flavor mixing 

of quarks and leptons

In order to challenge these questions, one can discuss them 
in the framework of “texture zeros approach”.

Many works in  Quarks and Leptons



4

S. Weinberg, Trans. New York Acad. Sci. 38 (1977) 185

R. Gatto, G. Sartori and M. Tonin, Phys. Lett. B 28 (1968) 128.
GST relation (1968)

2 parameters

one prediction



・   How do we derive Yukawa interaction 𝑌!"𝜓!#𝜓"$𝐻 with 

- Ex., let us consider 𝑈(1) or ℤ% symmetry
- U(1) or ℤ% charges for fermions and Higgs should satisfy

5 charges

Q1
L Q2

L  Q1
R Q2

R  QH

No solutions!

𝑌!" =
0 ∗
∗ ∗

𝑄!" + 𝑄!# + 𝑄$ ≠ 0

𝑄!" + 𝑄%# + 𝑄$ = 0

𝑄%" + 𝑄!# + 𝑄$ = 0

𝑄%" + 𝑄%# + 𝑄$ = 0
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H.Fritzsch and Z.z.Xing, Mass and flavor mixing schemes of quarks and leptons
Prog. Part. Nucl. Phys. 45 (2000) 

Four zero texture of Hermitian quark mass matrices and current experimental tests
Phys. Lett. B 555(2003)
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12 parameters = 10 real ones and 2 phases

Both  up and down
are NNI type
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“Occam’s Razor” approach for quark mass matrices    

9 real parameters and  one phase = CKM phase

For quark masses and CKM,  Tanimoto and Yanagida arXiv:1601.04459 

Three zeros of down-type quark mass matrix

Diagonal basis of  up-type quarks Mu     

P.H. Frampton, S.L. Glashow and D. Marfatia, Phys. Lett. B536 (2002) 79.

Successful neutrino mass matrix with 2 zeros
Lepton sector
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Possible Origin of Texture zeros  

Group theory  
Closure

If a and b are elements of group G,  c=a 〇 b is also its element. 

c is unique

each field corresponds to a (representation of) element of G

Inverse process is realized

2   Non-invertible selection rules

a b=1 

“Modular Zeros “  talk by Michale Ratz
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Fusion Rule

Consider set of elements {Ui}

Let us consider an example,  U1 U2= U3 + U5

Inverse operation cannot be defined !

Right-handed side is not unique.

These fusion rules may be originated from string compactification.
Ex: Type IIB magnetized D-brane models on toroidal orbifolds T.Kobayashi, H.Otsuka
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- Operators：

- Chiral matters:

- Representations:

𝑇&

𝑒
&
'()!

𝑒
&
'()"

ℤ'
)" ∶ 𝑒

&
'()" 𝜓*,' = 𝑒%,&

*
' 𝜓*,'

ℤ'
)! ∶ 𝑒

&
'()! 𝜓*,' = 𝜓*-!,'

𝜓 !,#

Non-invertible symmetries in type IIB string theory
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𝑇&/ℤ&

𝑒'

𝑒&

𝑒'
𝑒&

ℤ% -
twist

H.Otuka torus



- Operators：

- Chiral matters:

- Representations:

𝑗 → 𝑗 ∶ 𝑗 and 𝑀 − 𝑗
Corresponding to the gauging the (outer) automorphism of each ℤ#

$! and ℤ#
$"

𝑇&/ℤ&𝑇&

𝑒
&
'()!

𝑒
&
'()"

,𝑈! ≡ 𝑒
&
'()! + 𝑒.

&
'()!

,𝑈% ≡ 𝑒
&
'()" + 𝑒.

&
'()"

ℤ'
)" ∶ 𝑒

&
'()" 𝜓*,' = 𝑒%,&

*
' 𝜓*,'

ℤ'
)! ∶ 𝑒

&
'()! 𝜓*,' = 𝜓*-!,'

𝜓 !,#

,𝑈! 𝜓*,' - = 𝜓*-!,' - + 𝜓*.!,' -

,𝑈% 𝜓*,' - = 2 cos
2𝜋𝑗
𝑀 𝜓*,' -

ℤ! -even : 𝜓",$
% =

&
!
( 𝜓",$ + 𝜓$'",$ )

Non-invertible symmetries in type IIB string theory

13



Selection rules without group actions

- Let us start with ℤ) symmetry (generators : 𝑔 = 𝑒&*!/))

Transformation of fields 𝜙" in 4D QFT :

- Let us consider the automorphism of ℤ), i.e., 𝐷) ≅ ℤ) ⋊ ℤ&

𝜙" → 𝑔,!𝜙"
Charge 𝑘! under ℤ#

T. Kobayashi, H. Otuka, M. Tanimoto, 2409.05270 
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DM group

gM=e    r2=e   rgr-1=g-1
𝐷6 ≅ ℤ6 ⋊ ℤ7

“class” 𝑒𝑔𝑒.' = 𝑔 𝑟𝑔𝑟.' = 𝑔.'

𝑔, = ℎ𝑔,ℎ.' ℎ = 𝑒, 𝑟} = {𝑔, ,𝑔).,} 𝑔./ = 𝑔'./

Example: D5 case   There are 4 classes

C1={e}   C2 
(1) ={g, g4}   C2 

(2) ={g2, g3}   C5 ={r, gr,g2r, g3r g4r} 

Labelling fields by class 𝚽𝒋 = 𝜙" + 𝜙)."

Z2 invariant
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corresponding to ℤ𝟐 invariant modes : 𝚽𝒋 = 𝜙" + 𝜙)."
No definite ZM charge

★ 𝝓𝒋 𝐢𝐬 𝐧𝐨𝐭 𝐢𝐧𝐯𝐚𝐫𝐢𝐚𝐧𝐭 𝐮𝐧𝐝𝐞𝐫 𝐙𝟐𝐨𝐫𝐛𝐢𝐟𝐨𝐥𝐝𝐢𝐧𝐠 𝐓𝟐𝐧/ℤ𝟐
★𝚽𝐣 has both charge j and M-j

𝐓𝐡𝐚𝐭 𝐢𝐬 ℤ𝟐 gauging of ℤD symmetry 

In ℤ𝟐 basis, they have both j and M-j ℤ𝐌charges.

labelling fields by class



～

𝑔," 𝑔,# = 𝑔,"F,# + [𝑔).,"F,#]

Selection rules without group actions
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Suppose that Φ" is labeld by a class 𝑔,! . 
An interaction in the classical Lagrangian

is allowed when

ℒ ⊃ Φ9⋯Φ:

J𝑔,"⋯ J𝑔,$ = 𝑒 (identity) ;𝑔/% ∈ 𝑔/%

Instead of labelling fields by representations,
we label them by class:

𝑔, = {𝑔, 𝑔).,}～

～ ～～

～ ～～

～ ～ ～

～～ ～



How do we understand the Yukawa texture 
without group-like structure?

𝑌!" =
0 ∗
∗ ∗
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- Two different classes :

- Fusion rule :              𝑔G 𝑔G = 𝑔G

𝑔G ,

𝑔G 𝑔' = 𝑔'

𝑔' 𝑔' = 𝑔G + 𝑔'

～

𝑌 = 0 ∗
∗ ∗

T. Kobayashi, H.Otsuka, M. Tanimoto, 2409.05270

𝒈𝒌 ⊃ 𝒈𝒌, 𝒈𝟑.𝒌

M = 3  (ℤ7 gauging of ℤ= ⋊ ℤ7)

19

𝒈𝒌𝟏 𝒈𝒌𝟐 =
𝒈𝒌𝟏"𝒌𝟐 + [𝒈𝑴$𝒌𝟏"𝒌𝟐]

～

- Previous example for two generations of fermions:     

Left   : ( 𝑔G , [𝑔'] )
Right : ( 𝑔G , [𝑔'])
Higgs : [𝑔']

𝑔' = {𝑔1, 𝑔&}～～



- Three different classes :

- Yukawa couplings for 3 generations of fermions :

𝒈𝒌𝟏 𝒈𝒌𝟐 =
𝒈𝒌𝟏F𝒌𝟐 + [𝒈𝑴.𝒌𝟏F𝒌𝟐]

𝑔G , 𝑔' , [𝑔&]

Fusion rules :             
𝑔( 𝑔( = 𝑔(
𝑔) 𝑔) = 𝑔( + 𝑔*
𝑔* 𝑔* = 𝑔( + 𝑔)
𝑔) 𝑔* = 𝑔) + 𝑔*

Left   : ( 𝒈𝟎 , [𝒈𝟏], [𝒈𝟐])
Right : ( 𝒈𝟎 , [𝒈𝟏],[𝒈𝟐])
Higgs : [𝒈𝟏]

𝒈𝒌 ⊃ 𝒈𝒌,𝒈𝟓.𝒌

M = 5  (ℤ7 gauging of  ℤB ⋊ ℤ7)

20

～～
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ℤ& gaugings of ℤ𝐌×ℤ𝐌’ symmetries

Consider Direct product group theory

Two multiplication rules 

ℤ𝐌×ℤ𝐌’ ⋊ ℤ𝟐
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3 classesℤ𝟓×ℤ𝟓 ⋊ ℤ𝟐

which are obtained  in “Occam’s Razor” approach

Fusion rules :             
𝑔( 𝑔( = 𝑔(
𝑔) 𝑔) = 𝑔( + 𝑔*
𝑔* 𝑔* = 𝑔( + 𝑔)
𝑔) 𝑔* = 𝑔) + 𝑔*

Hu :                   ,     Hd :    
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3 classesℤ𝟓×ℤ𝟓 ⋊ ℤ𝟐

3  Textures of dim.6 operators in SMEFT

Impose                                      for  assingnment of Class

T. Kobayashi, H. Otuka, M. Tanimoto, K. Yamamoto, arXiv xxxx

Let us take a simple set of quark  and lepton mass matrices. 
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ℤ𝟓×ℤ𝟓 ⋊ ℤ𝟐

𝐂𝐚𝐬𝐞 𝐚

There are  other 4 independent assignments.
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4 fermi Semi-leptonic operator  (LL) (LL)

i, j = leptons
k, ℓ= quarks

Flavor basis

- -

21 non-zero entries
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59 dim.6 operators in Warsaw basis

MFV

Our case (a)      693     953 Introducing Suprions
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Let us move to the mass basis
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b → cτν

Flavor basis

Mass basis

PMNS   CKM

b → cτν

b → ｃμν

b → c eν λ2 suppressed

Consider a few examples of operators  
not complehensive analyses

Charged current
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0

b → s νi νj

Flavor basis

Mass basis

Taking i=j and r=2, s=3

b → s ν2 ν3 b → s ν3 ν2

For the case i ≠ j
and are not Cabibbo suppressed.

Neutral current

b → s νi νj
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4  Summary and Outlook

These are obtained by the String (Orbifold) compactification

Applications of non-invertible selection rules are   
progressive in particle physics:
(Yukawa couplings, SMEFT .....)

◎ Desired texture zeros of Yukawas are realized simply. 

◎ Texture zeros in coefficients of dim.6 operators can predict
the flavor structure of the new physics, which will be 
testable in the rare deacy processes of quarks and leptons.

B anomaly,  LFV,  g-2, EDM,  Higgs decays

Non-invertible selection rules give us new aspects
in flavor physics
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Back up slide
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“Occam’s Razor” approach for quark mass matrices Tanimoto, Yanagida 2016

3 classes

ℤ𝟓×ℤ𝟓 ⋊ ℤ𝟐

10 5*


