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Motivations

1. Since the Higgs discovery in 2012, there have not been  
any breakthroughs in BSM.


2. Probing the Higgs self-couplings is vital in understanding  
the EWSB, related to origin of mass.


3. The LHC currently constrains: 
         at 68% C.L.   


4. Even the HL-LHC is projected to constrain 
     at 68% C.L.


5. Muon colliders at TeV could give a sensitivity at (our new results)  
    at 68% C.L.   (3 TeV, 1 ab-1) 
      at 68% C.L.    (10 TeV, 10 ab-1) 
 
 

−0.71 < κ3 < 6.1 (κ3 ≡ λ3h/λsm
3h )

0.5 < κ3 < 1.6

0.8 < κ3 < 1.3
0.96 < κ3 < 1.05



Understand Higgs Interactions 

• Basically the Higgs boson couples to massive 
particles, proportional to the mass. 
•So the Higgs boson mainly interacts with W, Z 
bosons, top quark. Because they are heavy.

C. SM Higgs boson decays

SM Higgs Decay Branching Ratios

HDECAY

The Higgs boson couples to almost everything with a coupling proportional the mass of the

particle. So if kinematically allowed the Higgs boson will decay into the heaviest possible

particle, in general. Especially, the mode into W+W− and ZZ. These two are in general

the most important modes.

Decay Width:

• H → WW, ZZ: The couplings of H to WW and ZZ are

L = gmW H W+µ W−
µ +

1

2
gzmZH Z Z

The decay widths into WW and ZZ can be easily obtained as

Γ(H → W+W−) =
g2

64π

m3
H

m2
W

(1 − 4λW )1/2(1 − 4λW + 12λ2
W )

Similarly, the partial width into ZZ is

Γ(H → ZZ) =
g2

128π

m3
H

m2
W

(1 − 4λZ)1/2(1 − 4λZ + 12λ2
Z)
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where λW = m2
W/m2

H .

For accuracy in the mass range just below WW threshold the off-shell decay should

be taken into account H → WW ∗, ZZ∗.

• H → f f̄ : The decay into a fermion pair is given by

L = −
gmf

2mW
H f̄ f

The partial width is then given by

Γ(H → f f̄) = Nf

g2m2
fmH

32πm2
W

(

1 −
4m2

f

m2
H

)3/2

where Nf = 1 (3) for a lepton (quark).

Large logarithms that appear in QCD radiative corrections can be resummed by using

the running quark mass m̄Q(mH) evaluated at the scale mH . Naively, the running

quark mass is given by

m̄Q(µ) = m̄Q(MQ)
c(αs(µ)/π)

c(αs(MQ)/π)

where the running MS mass m̄Q at the scale of pole mass MQ is given by

m̄Q(MQ) =
MQ

1 + 4
3
αs(MQ)

π + KQ

(

αs(MQ)
π

)2

The function c(x) is given by

c(x) =
(

25

6
x
)

12

25 [

1 + 1.014x + 1.389x2
]

for Mc < µ < Mb

c(x) =
(

23

6
x
)

12
23 [

1 + 1.175x + 1.501x2
]

for Mb < µ < Mt

c(x) =
(

21

6
x
)

12

21 [

1 + 1.398x + 1.793x2
]

for Mt < µ

• H → gg: Higgs decays into a pair of gluons via a triangular loop of quarks. It can be

described by an effective Lagrangian

L = −
g2

2mW

αs(mH)

12π
I Ga

µν Ga µν H

where

I =
∑

q

Iq, Iq = 3[2λq + λq(4λq − 1)f(λq)]
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and

f(λ) =











−2
(

sin−1 1
2
√
λ

)2
, for λ > 1

4

1
2

(

ln η+

η−

)2
− π2

2 + iπ ln η+

η− , for λ < 1
4

with η± = 1
2 ±

√

1
4 − λ. With the effective Lagrangian the partial width into a gluon

pair is calculated to be

Γ(H → gg) =
g2α2

s(mH)

288π3

m3
H

m2
W

|I|2

• H → γγ, Zγ: Higgs decay into a pair of photons via triangular loops of quarks, leptons,

the W boson, and charged bosons if there exist. Again, the decay can be described by

an effective Lagrangian

L = −
g2

2mW

α

8π
I F a

µν F a µν H

where

I =
∑

q

Q2
qIq +

∑

%

Q2
%I% + IW + IS

The individual Ii are given by

Iq = 3[2λq + λq(4λq − 1)f(λq)]

I% = 2λ% + λ%(4λ% − 1)f(λ%)

IW = 3λW (1 − 2λW )f(λW ) − 3λW −
1

2
IS = −λS[1 + 2λSf(λS)]
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Higgs Sector Itself

HKIAS Jan 2016 4

• The mass and interactions of fermions are also fixed in LY :

LY = −
yev√

2
(eLeR + eReL) −

ye√
2
H (eLeR + eReL)

So far, the gauge boson couplings and b, τ, t Yukawa couplings are

consistent with data.

• We have no information about V (Φ) except that it gives a nontrivial
VEV. In the SM,

V (φ) = −
λ

4
v4 +

1

2
m2

HH2 +
m2

H

2v
H3 +

λ

4
H4

This is the simplest structure. The self couplings are fixed. But for

extended Higgs sector it is not the case.

Probing self interactions of the Higgs boson 
becomes an important avenue to understand the 
Higgs sector.







HL-LHC (3 ab-1) projection:   (68% CL)0.5 < κ3 < 1.6



Why a Muon Collider?

8

This work: two energy stages

Advantages over LHC for κ₃ measurement

Stage 1

√s = 3 TeV
ℒ = 1 ab⁻¹

Stage 2

√s = 10 TeV
ℒ = 10 ab⁻¹

Ring: ~4.5 km Ring: ~10 km

1 Point-like muon

Full √s available; no PDF dilution from parton distributions

3 QCD suppression

EW backgrounds only (WW, ZZ, tt)̄ — no QCD multijet flood

4 No synchrotron loss

200× heavier than e⁺e⁻ → compact multi-TeV ring feasible

2 Clean lepton-collider environment

No underlying event, no QCD multijet — but BIB mitigation required
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Special thanks to Soojin for using some of her slides



Probing Trilinear Higgs Coupling at Muon Collider

Central part λ3

Involve  κ3 ≡ λ3/λsm
3 , κ2V, κV



• In the SM Higgs potential:  
the trilinear coupling is fixed: 
  


• Current ranges of ’s: 
   
  , CMS + ATLAS 
  , CMS + ATLAS


• Channels:   
 , 
followed by  
       


• We fix 


• Scan 

V(H) = − μ2H†H + λ(H†H)2

λ3 = m2
H /(2v) = λv

κ
κW = 1.02 ± 0.08, κZ = 1.04 ± 0.07
0.73 < κ2V < 1.3 (95 % CL)
−0.71 < κ3 < 6.1(95 % CL)

μ−μ+ → νμν̄μHH , μ−μ+ → μ−μ+HH

HH → bb̄bb̄

κV = κ2V = 1

0.2 ≤ κ3 ≤ 1.8



• For muons in the neutral current final state:  to escape detection


•  at 3 TeV (10 TeV).


• For   at 3 TeV (10TeV)

|ημ | > 2.5

κmin
3 = 1.68 (1.75)

κ3 = 1, σ(HH) × [B(H → bb̄)]2 = 0.312 (1.27) fb



Strategies 

• Goals:  
case 1 — Observability of HH production above the SM bkgd. 
      null hypothesis :: SM background 
      test hypothesis :: SM background + HH (various ) 
 
case 2 — Discrimination of HH with  from  
    null hypothesis :: SM background + HH ( ) 
    test hypothesis :: SM background + HH ( )


• Divide the kinematic regions exclusively with  
             for resolved region 
             for boosted region 
 
  because  behaves quite differently, as  

           for   

 
 

κ3

κ3 ≠ 1 κ3 = 1
κ3 = 1
κ3 ≠ 1

pT(H) < 200 GeV
pT(H) > 200 GeV

H → bb̄
ΔR(b, b̄) ∼

2mH

pT
≃ 1 pT(H) = 200 GeV



Two Complementary Regions: Resolved and Boosted

Special thanks to Soojin for using some of her slides



Signal and Background Processes

14

Resolved  (4 small-R jets, R=0.5)

S μ⁺μ⁻ → HH νν ̄ (W-fusion) 4b + MET

S μ⁺μ⁻ → HH μ⁺μ⁻  (Z-fusion) 4b + μμ (forward)

B μ⁺μ⁻ → H qq̄ νν̄ 2b2j + MET

B μ⁺μ⁻ → W⁺W⁻ νν̄ 4j + MET

B μ⁺μ⁻ → ZZ νν̄ 4j + MET

B μ⁺μ⁻ → tt ̄νν̄ 4j + MET  (hadronic top)

B μ⁺μ⁻ → W⁺W⁻ 4j  (s-channel)

B μ⁺μ⁻ → ZZ 4j  (s-channel)

B μ⁺μ⁻ → tt̄ 4j  (s-channel)

VBF-like (νν̄) topologies dominate after basic selection

Boosted  (2 fat jets, R=1.0)

S μ⁺μ⁻ → HH νν ̄ (W-fusion) 2 fat b-jets + MET

S μ⁺μ⁻ → HH μ⁺μ⁻  (Z-fusion) 2 fat b-jets + μμ (fwd)

B μ⁺μ⁻ → jj 2 fat jets

B μ⁺μ⁻ → HZ νν̄ fat b-jet + fat Z-jet + MET

B μ⁺μ⁻ → bbx 2 fat b-jets

B μ⁺μ⁻ → W⁺W⁻ νν̄ 2 fat jets + MET

B μ⁺μ⁻ → W⁺W⁻ 2 fat jets

B μ⁺μ⁻ → ZZ νν̄ 2 fat jets + MET

B μ⁺μ⁻ → ZZ 2 fat jets

B μ⁺μ⁻ → tt̄ 2 fat jets

Special thanks to Soojin for using some of her slides



Resolved Region

• Pre-selection: 
 1. Four b jets with  
 2. No isolated leptons 
 3. Both Higgs 

R = 0.5, pT( j) > 20 GeV, |ηj | < 2.5

pT(H) < 200 GeV





Machine Learning Model

Multi-stream classifier (right) used in the resolved analysis.SPANet



• Pairing of the 4 jets into the correct Higgs Boson, traditionally 
done by minimizing the variable: 

    

 with choices of 


• But the jet-to-Higgs assignment in this work performed by SPANet network,  
which classifies the three possible pairings of the four jets directly and  
keeps only the symmetry-preserving structure. 

XHH = (
mH1

− M1

0.1MH1
)

2

+ (
mH2

− M2

0.1MH2
)

2

M1, M2



• Four input streams: 
 1. 4 jets:  
 2. Higgs candidates:  
 3. Global features:  
    scalar sum of energies, five TDA descriptors  
 4. Particle Cloud: for the ten leading EFlow constituents of each jet, 
        particle type code 

ln pj
T, ηj, sin ϕj, cos ϕj, ln(1 + mj /m0), |Δϕ( j, Emiss

T ) | , b − tag

mHH, pHH
T , XHH, Δϕ(HH, Emiss

T ), ΔRH1,H2
, b − tag, Emiss

T ,
H0, H1, S0, S1, LB1

Separates the  signal from 
the bulk of the background

H → 4b  clearly discriminates various mHH κ3



Two Machine Learning Approaches  

• ML1: HH signal vs SM background :  
 Null hypothesis :: SM background 
 test hypothesis :: SM background + HH (various ) 
  —> Classifier 


• ML2 :  shape discriminant :  
   null hypothesis :: SM background + HH ( ) 
   test hypothesis :: SM background + HH ( ) 
   Trained on signal only with  
    —> Classifier 

κ3
DHH

κ3
κ3 = 1
κ3 ≠ 1

κ3 = 0.4 and κ3 = 1.6
Dκ3



Boosted Region

• Pre-selection: 
 1. Two fat jets with  
 2.  
 3.  
 4. 

R = 1.0, |ηJ | < 2.5
200 GeV < PT(J1) < 800 GeV
200 GeV < PT(J2) < 600 GeV
65 GeV < M(J1,2) < 150 GeV





Architecture

• Two branches: high-level and low-level features


• Fat jets:  
Global features:  
Particle Cloud: low-level features of the two fat jets

M(J), pT(J), Btag(J)
Emiss

T , XHH, M(JJ), PT(JJ), ΔηJJ, 5 TDA H0, H1, S0, S1, LB1





 score separates the  signal 
from the bulk of the background
DHH H → 4b  discriminates various Dκ3

κ3



Statistical Analysis

• We define the likelihood as the product of Poisson probabilities  
of each bin  with signal  and bkgd  , observed number  
 
          


• Expected significance is given by  
The resolved and boosted values for  can be simply added to see  
combined effects.

i si(κ3) bi ni

L = ∏
i

[μi(κ3)]ni e−μi(κ3)

ni!
μi(κ3) = si(κ3) + bi

Z = −2Δ ln L
−Δ ln L(κ3)



• Case 1 : Observability of HH production versus SM background only              


• Expected significance is given by 


• For resolved region only, the SM value  achieves  at 3 (10) TeV.


• The boosted region achieves  at 3 (10) TeV.


• Combined, he SM value  achieves  at 3 (10) TeV.


• Minimum occurs at , which gives  at 3 (10) TeV.

−Δ ln L(κ3) = ln L(si = 0) − ln L(κ3)

Z = −2Δ ln L

κ3 = 1 4.7σ (28σ)

2.8σ (23σ)

κ3 = 1 5.4σ (36σ)

κ3 ≈ 1.7 4σ (28σ)



• Case 2: Discrimination of HH with  from  
 
  


• Minimum at , the profile is fitted to a 4th order polynomial.  
 

κ3 ≠ 1 κ3 = 1
−Δ ln L(κ3) = ln L(κ3 = 1) − ln L(κ3)

κ3 = 1

Resolved Region

 at 3 TeV0.78 < κ3 < 1.34(68 % CL), 0.60 < κ3 < − (95 % CL)

 at 10 TeV0.94 < κ3 < 1.06(68 % CL), 0.89 < κ3 < 1.13(95 % CL)



Boosted Region

 at 3 TeV0.55 < κ3 < − (68 % CL), 0.22 < κ3 < − (95 % CL)

 at 10 TeV0.94 < κ3 < 1.08(68 % CL), 0.88 < κ3 < 1.15(95 % CL)



 at 3 TeV, 1 ab-10.80 < κ3 < 1.2,(68 % CL), 0.63 < κ3 < − (95 % CL)

 at 10 TeV, 10 ab-10.96 < κ3 < 1.05,(68 % CL), 0.92 < κ3 < 1.10 (95 % CL)

% level

Combined



Conclusions

• Muon collider is a useful machine in probing Higgs self couplings.


• SPANet Higgs b-jet pairing improves the conventional  method.


• Topological Data Analysis (TDA) variables capture multi-scale  
geometry of energy flow.


• Two neural networks, two classifiers,  trained on orthogonal 
targets. 


1. Observability of HH production above the SM bkgd :: 


2. Discrimination of HH with  from  :: 


• Resolved  Boosted: independent kinematic regions combined


• Combined results at 68% CL:   at  
 √s = 3 TeV, 1 ab-1 (√s = 10 TeV, 10 ab-1) 
 

XHH

DHH, Dκ3

DHH

κ3 ≠ 1 κ3 = 1 Dκ3

⊕

0.8 < κ3 < 1.3 (0.96 < κ3 < 1.05)
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ML Pipeline Overview

17

①  SPANet

Jet → Higgs pairing 
(which 2 jets form H₁, H₂?)

②  ML1

Signal vs Background 
(binary classifier)

③  ML2

κ₃ shape discriminant 
(κ=0.4 vs κ=1.6, signal only)

4 b-jets  →  SPANet pairing  →  (ML1 score, ML2 score)  →  2D template  →  Asimov DLL  →  poly-4 fit  →   sensitivityκ3

• Backbone: PyTorch (SPANet)  ·  TensorFlow / Keras (ML1, ML2) 
• Hyperparameters tuned with Optuna (anti-overparameterisation cap on truth-valid subset) 
• 70 / 15 / 15 stratified train / val / test split  ·  seed 42  ·  test rescaled ×6.67 to recover full luminosity

ML1 / ML2 motivated by arXiv:2405.19314
SPANet motivated by arXiv: 2106.03898
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Resolved Region
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Special thanks to Soojin for using some of her slides



Topological Data Analysis: variable definitions

20

Total angular scale over which separate energy “clusters” merge into one.

Large: angularly spread-out, isotropic events  
small: compact, low-multiplicity events

Total weight of angular “loops” enclosed by particle rings.

Large: many particle rings enclosing empty regions 
small: few loops 

Shannon entropy of the normalised H0 / H1 lifetime spectra.

Large: many features of comparable persistence (multi-scale)  
small: one feature dominates

Birth-scale–weighted sum of 1-D loops.

Large: big, late-forming loops 
small: small, early-forming loops

H0 = ∑
kℒdgm0

κk

H1 = ∑
kℒdgm1

κk

Si = ⊃ ∑
k

κk
Hi

log2
κk
Hi

L B1 = ∑
kℒdgm1

bk κk

1 · Build the filtration
Vietoris–Rips filtration on detector EFlow constituents in the 
(η, φ) plane, using the cylindrical angular distance

2 · Track birth & death
As the scale grows, features appear and merge. For each 
homology class k with birth bk and death dk, define the 
persistence lifetime

H0: connected components   
H1: loops

dij = (−λij)2 + (2 sin
−μij

2 )
2

κk ≡ dk ⊃ bk

Birth

Death

κ
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