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Renormalization: QED

 The QED Lagrangian

 The free propagators

 The vertex
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Vacuum polarization

 Simple counting indicates quadratic divergence for p, but in fact the 
divergence is milder (logarithmically divergent)

 use dimensional regularization to regularize the infinities

an extra minus sign 
for a fermion loop
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Dimensional regularization

 the only known scheme that preserve: Lorentz invariance, gauge 
invariance, analytic structure of scattering amplitude, invariance under 
redefinitions of integration variable

 Analytic continuation from integer to noninteger dimensions
4
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 The degree of divergences of loop integrals can be reduced
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 Calculate a divergent integral in lower dimensions and analytically 
continue to d4

 The divergence at d=4 arises as a pole at 

 In general the UV behavior becomes better for >0, while the IR behavior 
becomes better for <0
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Dimensional regularization

 The Feynman rules are not changed except for the change of the 
coupling constants with an arbitrary mass scale  which make the coupling 
constants dimensionless (e.g. in QCD) 

 Relations in d dimensions

4d ε= −

 Scaleless integrals are zero: no available quantity with non-zero mass dim.
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Feynman parametrization

 Combine the products of the denominators of the propagators

 differentiating by B

 by induction
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Wick rotation

 Simplify the numerators

 Wick rotation (the deformation of the contour)

We only have to 
calculate integrals 

of this form
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Scalar integrals

 The Euclidean phase space 

 The d-dimensional solid angle

 The integration in k
_

 The scalar integrals
( )
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Back to vacuum polarization

 Feynman parametrization

 Change of variables
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Vacuum polarization

 Finally one obtains
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Vacuum polarization

 diverges as   0

 The physical meaning of 

at lowest order

1PI diagrams



11

Photon propagator

 The full photon propagator is given by the series of 

 Rewrite the free propagator
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Photon propagator

 The full propagator can be written in terms of transverse and longitudinal 
parts

 The vacuum polarization tensor is transverse at the lowest order

valid to all orders

 This means that the longitudinal part is not renormalized (indep. of         )

 The transverse part is summed as a geometric series



 It is convenient to keep the expressions as close as possible to the free field 
case 
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Counterterm

 The initial Lagrangian starts from the classical theory and in the quantum 
theory all physical parameters must be renormalized to cancel infinities  

 The correct Lagrangian would be obtained by adding the corrections to the 
classical Lagrangian, order by order in perturbation theory  counterterms

 The counterterms are defined from the normalization conditions that are 
imposed on the fields and other parameters of the theory

renormalization condition 
for photon propagator

renormalized 
propagator

 The counterterm lagrangian has to have the same form as the classical 
lagrangian in order to respect the symetries of the theory

in general, the renormalization conditions are 
arbitrary as long as the UV divergences cancel
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Renormalized photon propagator

 The Feynman rule for the counterterm

Counter terms (~(Z-1)) are treated as interaction terms

 The loop correction + counterterm

2k

 The renormalization condition

 The renormalized photon propagator

the photon mass is not 
renormalized because the 
pole is at k2=0
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Electron propagator

 The full propagators

1PI diagrams

self-energy
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Electron propagator

 counterterms (need to renormalize both electron field and mass)

 the self-energy (loop+counterterms)

 the on-shell renormalization scheme (used in QED)

 the pole of the propagator = the physical mass

 the residue of the pole = the same value as the free propagator
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Passarino-Veltman Integrals
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Some formulas



19

Feyncalc
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Vacuum polarization
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Vacuum polarization



22

Vacuum polarization

 In order to obtain the renormalized vacuum polarization, we need to 
calculate 
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Anomalous magnetic moment of lepton

 Dirac equation of a point-like spin one-half particle with an external 
electromagnetic field A(x)

 In the non-relativistic limit, it reduces to the Pauli equation for the 
two-component spinor 

 A magnetic moment of the particle associated with its spin

 A gyromagnetic ratio is predicted to be
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Anomalous magnetic moment of lepton

 Dirac equation of a point-like spin one-half particle with an external 
electromagnetic field A(x)

 In the non-relativistic limit, it reduces to the Pauli equation for the 
two-component spinor 

 A magnetic moment of the particle associated with its spin

 A gyromagnetic ratio is predicted to be

2lg ≠

anomalous magnetic moment



3

The beginning of the g-2
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(g-2) in the QFT

 The most general form following Lorentz invariance, Dirac eq., etc.

2
1( ) :  the Dirac form factorF k

2
2 ( ) :  the Pauli form factorF k

2
3 ( ) :  the EDM form factorF k

2
4 ( ) :  the anapole momentF k

P and T violation

P violation

normalized as F1(0)=1

 At the tree level in the SM
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(g-2) in the QFT

 The most general form following Lorentz invariance, Dirac eq., etc.

2
1( ) :  the Dirac form factorF k

2
2 ( ) :  the Pauli form factorF k

2
3 ( ) :  the EDM form factorF k P and T violation

normalized as F1(0)=1

 At the tree level in the SM

vanishing 
in QED 
and QCD

2
4 ( ) :  the anapole momentF k P violation
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(g-2) in the QFT

 The most general form following Lorentz invariance, Dirac eq., etc.

2
1( ) :  the Dirac form factorF k

2
2 ( ) :  the Pauli form factorF k

2
3 ( ) :  the EDM form factorF k P and T violation

normalized as F1(0)=1

anomalous magnetic moment

electric dipole moment

anapole moment

2
4 ( ) :  the anapole momentF k P violation
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(g-2) in the QFT

 The most general form following Lorentz invariance, Dirac eq., etc.

 project out form factors
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Muon magnetic moment: Exp
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Muon g-2: the QED contribution
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Muon g-2: the EW contribution
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Muon g-2: the HVP contribution
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Muon g-2: the LBL contribution
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Muon g-2: the LBL contribution
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Muon g-2: Exp. Vs Theory

 The E821 experiment at BNL

 In the SM
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Muon g-2: uncertainty budget in the SM



16

Electron g-2
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g-2 at one loop

p p′γ

q
p q′ +p q+

e− e−

 one loop diagrams

these diagrams are proportional to 

which does not contribute to (g-2)

The (g-2) term does not diverge because 
there is no counter term at the tree level
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g-2 at one loop

p p′γ

q
p q′ +p q+

e− e−

  dependent terms affect F1(0)

 one loop diagram

2

q q
q
µ ν



19

g-2 at one loop

 Using the standard Feynman parametrization

 After evaluating the trace for i=2, one finds

 Change of variables
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g-2 at one loop

 decouple the x,y integration

 Then one obtains

 Remove the linear terms of q’ and average over q^2 terms
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g-2 at one loop

 q’ integration

 Then one obtains

 is given by

 In the limit of 2 0k →

Schiwinger term

2
2 ( )F k
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g-2 at two loops

 two-loop result
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Muon g-2 and new physics

NPB137 (1978) 63
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Muon g-2 and new physics

PLB762 (2016) 389
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 In the SM,           is forbidden, but the neutrino oscillation may 
induce the flavor changing process 

 The would-be-Goldstone boson contribution is not negligible (R gauge)

eµ γ→

eµ γ→

 The amplitude can be written as

 From the charge conservation

for an on-shell photon
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 Only the magnetic transition appears

 dimension-5 operators

eµ γ→

 no counterterm to absorb infinities  must be finite

 Strictly forbidden in the SM, but if there is mixing in the lepton sector 
like in the quark sector, this flavor-changing process can be generated

 Assume that neutrinos have Dirac masses and mixing between them

 keep the terms which produce the magnetic transition

∝
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 adopt the massless electron

eµ γ→

 because the final electron is left-handed (couples to W)

 keep only the p term 

 The momentum assignment
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 diagram (a)

eµ γ→

 the W boson-photon vertex for incoming momenta

 the W boson propagator
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eµ γ→

 sum over three intermediate mass eigenstates
GIM

 then the amplitude becomes
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eµ γ→

 W boson propagators
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eµ γ→

 Feynman parametrization

 Picking out only the p term 
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eµ γ→

 Momentum integration

 After integrating    , one obtains

 Similarly, one can calculate 

iα
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 Summing the contributions of all diagrams

eµ γ→ ln( )
1

f ξξ
ξ

=
−

1 ln( ) 1
1 1

g ξ ξξ
ξ ξ
  

= −  − −  
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Lepton flavor violation in 
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