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* Renormalization and Muon g-2

— Renormalization and Dimensional Regularization

— Muon g-2



Renormalization: QED

® The QED Lagrangian
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® The free propagators
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Vacuum polarization
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® Simple counting indicates quadratic divergence for p—oo, but in fact the
divergence is milder (logarithmically divergent)

® use dimensional regularization to regularize the infinities



Dimensional regularization

® the only known scheme that preserve: Lorentz invariance, gauge
invariance, analytic structure of scattering amplitude, invariance under
redefinitions of integration variable

® Analytic continuation from integer to noninteger dimensions

d ¢ d%
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® The degree of divergences of loop integrals can be reduced
dk 1
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4
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— no UV divergence ford <4
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® Calculate a divergent integral in lower dimensions and analytically
continue to d=4

® The divergence at d=4 arises as a pole at €

® In general the UV behavior becomes better for €>0, while the IR behavior
becomes better for €<0



Dimensional regularization

® The Feynman rules are not changed except for the change of the
coupling constants with an arbitrary mass scale u which make the coupling
constants dimensionless (e.g. in QCD)
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® Relations in d dimensions
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® Scaleless integrals are zero: no available quantity with non-zero mass dim.

e _o [ dkpki5 ey [ dkg kS =ﬂd(m_ : )—Ezd(i—hm)
. A}l — _d. ; Ly L o - d. A ErE CIR - .




Feynman parametrization

® Combine the products of the denominators of the propagators

1 1 1  dedud(z !
E — L dr [;4—(3—;4}_;"]2_./{] thtf{;’é{F—Fy—l}W

® differentiating by B

Fi'y”_]'

1
v L d‘ﬂfyﬂ‘r_y_“[J_.A_Fyg:rwl

® by induction
2

. ;
— = [ drdydzé(z +y+2 —

.".'1 BC Jo l] [.?." .".'1 T IEJFB + .--'\':'C_“]'3
1 / ' )!
. (n — 1)!
= (dry---dr, o> x;—1) - —
:11:12 s :1.” / ! Z [-1714“11 + -1524“12 + -I"'I?flﬂ]

0

[T " I(my+---+my,)
S e L) D)

1
1 / -
= [dry - dr, 6> x;—1)
m ma M .
4“_11 14"'12 - "*j'l-” .
)

[



Wick rotation

® Simplify the numerators
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® Wick rotation (the deformation of the contour) _
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we do not need the ie anymore because the denominator is positive definite



Scalar integrals

® The Euclidean phase space

I[d.dkg - [ dEE T dy F= (k)2 + |k

® The d-dimensional solid angle
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Back to vacuum polarization
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® Feynman parametrization
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Vacuum polarization
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Vacuum polarization
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® The physical meaning of 11, (k)
@ = ill, (k) = sum of all -C)HE—]JE’IIUC]C irreducible 1PI diagrams
(proper) diagrams to all orders

@ = Q at lowest order
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Photon propagator

® The full photon propagator is given by the series of

® Rewrite the free propagator ¢,
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Photon propagator

® The full propagator can be written in terms of transverse and longitudinal
parts

GH:J:GT +GL GT :PTG

p v L L R

® The vacuum polarization tensor is transverse at the lowest order
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® This means that the longitudinal part is not renormalized (indep. of II,..(k))
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® The transverse part is summed as a geometric series
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Counterterm

® The initial Lagrangian starts from the classical theory and in the quantum
theory all physical parameters must be renormalized to cancel infinities

® The correct Lagrangian would be obtained by adding the corrections to the
classical Lagrangian, order by order in perturbation theory —» counterterms

Liotal = L(e,m,...) + AL

® The counterterms are defined from the normalization conditions that are
imposed on the fields and other parameters of the theory

® It is convenient to keep the expressions as close as possible to the free field
case

lim k%GR = 1. PT renormalization condition

S ; F for photon propagator

renormalized
propagator . . -
in general, the renormalization conditions are
arbitrary as long as the UV divergences cancel

® The counterterm lagrangian has to have the same form as the classical
lagrangian in order to respect the symetries of the theory
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Renormalized photon propagator

® The Feynman rule for the counterterm

k k : kyky
UNNNONNN Y — 1073k (gw — ;12 )

Counter terms (~(Z-1)) are treated as interaction terms

® The loop correction + counterterm
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Electron propagator

® The full propagators the free field propagator

— S;'(p) = —i(p—m)

k So(p) :15 :

self-energy
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Electron propagator

® counterterms (need to renormalize both electron field and mass)

AL =1(Zy — V)V 0up — (Za —1)mub +  dm
57,
® the self-energy (loop+counterterms)

—i(p) = —iXP(p) +i (p —m) 52y +idm

® the on-shell renormalization scheme (used in QED)

— the pole of the propagator = the physical mass
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— the residue of the pole = the same value as the free propagator
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Passarino-Veltman Integrals
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Feyncalc

### Automatic installation

e Run the following instruction in a Kernel or Notebook session of Mathematica

Import[“https://raw.githubusercontent.com/FeynCalc/feyncalc/master/install.m”]
InstallFeynCalc[]

If the above code fails with URLFetch::invhttp: SSL connect error (e.g. on Mathematica 9
under OS X), try

ImportString[URLFetch["https://raw.githubusercontent.com/FeynCalc/feyncalc/master/install.m"]]
InstallFeynCalc[]

## Loading FeynCalc * To load FeynCalc 9 or newer run

<<FeynCalc’
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Vacuum polarization

(¥ These are some shorthands for the FeynCalc notation *)

dm [mu_] :=DiracMatrix [mu,Dimension->D]
dm[5] :=DiracMatrix[5]

ds [p_] :=DiracSlash[p]

mt [mu_,nu_]J :=MetricTensor [mu,nu]
fv[p_,mu_] :=FourVector [p,mu]

epsilon[a_,b_,c_,d_]:=LeviCivitala,b,c,d]
id[n_] :=IdentityMatrix[n]

splp_,q_] :=ScalarProduct[p,q]

1i[mu_] :=LorentzIndex [mu]

L:=dm[7]

R:=dm[6]
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Vacuum polarization

(¥ Now write the numerator of the Feynman diagram. We define the
constant

C=alpha/(4 pi)
*)

num:= - C Trldm[mu] . (dsl[q] + m) . dm[nu] . (ds[ql+ds[k]+m)]
(¥ Tell FeynCalc to evaluate the integral in dimension D *)

SetOptions [OneLoop,Dimension->D]

(¥ Define the amplitude *)

amp:=num * FeynAmpDenominator [PropagatorDenominator[q+k,m], \
PropagatorDenominator [q,m] ]

(* Calculate the result *)

res:=(-I1 / Pi"2) OneLoopl[q,amp]
ans=Simplify[res]

21



Vacuum polarization

2 2 2 2 2 2 2 2 2
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2 2
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— In order to obtain the renormalized vacuum polarization, we need to
calculate II1(0,z)
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Anomalous magnetic moment of lepton

® Dirac equation of a point-like spin one-half particle with an external
electromagpnetic field A (x)

sl ! _
iﬁ% — [{Z.’ﬂ' : (—iﬁ? — EA) + Bmyc? + EEA[J] i
C c

® In the non-relativistic limit, it reduces to the Pauli equation for the
two-component spinor ¢

ih

0, (—ihV — [C;x’fﬂjA]g eph
ot |i 211 2myc 7 +erdo) ¢

® A magnetic moment of the particle associated with its spin
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® A gyromagnetic ratio is predicted to be
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Anomalous magnetic moment of lepton

® Dirac equation of a point-like spin one-half particle with an external
electromagpnetic field A (x)

aﬁ(;—; — [ca : (—-iﬁ? — EA) + Bmyc® + EE'A[j] i
c

® In the non-relativistic limit, it reduces to the Pauli equation for the
two-component spinor ¢

ih

dpo _ihV — (e, /c)A)? N
ﬁz{u i (e/0)A)? e J_BHEA(]];
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® A magnetic moment of the particle associated with its spin
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® A gyromagnetic ratio is predicted to be
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The beginning of the g-2

® Kusch and Foley 1948:

eh

pE® = 2 (1.00119 & 0.00005)
mc

® Schwinger 1948 (triumph of QED!):

ch (1+ “) _ P o016
,ue = 9mc o)  2me '

e Keep studying the lepton-y vertex: — g 4
u(p )l pu(p) = u(p’) [’Y#Fl (qz) + —&Fg(qz) + .. ]u(p)

F 1 (O) — 1 F: 2(0) - Gil o
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(g-2) in the QFT

= a(p")I’(p’, p)u(p)

ky =p) — D

® The most general form following Lorentz invariance, Dirac eq., etc.

M(p'.p) = Fi(k0" + o Ba(k)0™ky — Fy(k2)ys0™ky + Fy(K?) K> — 2mek?]s
FATLY

F.(k?): the Diracformfactor ~ normalized as F,(0)=1
F,(k?): the Pauli form factor

F,(k?): the EDM form factor P and T violation

F,(k?): the anapole moment P violation

® At the tree level in the SM

Fltl’l'_i'{kg} =1 .. P;_tFGE(IJQJ — U, i—= 2" 3 4



(g-2) in the QFT

¥

p P

= 1(p )" (p’,p)u(p)
ke = Pl — Pyl
® The most general form following Lorentz invariance, Dirac eq., etc.

I?(p’,p) = Fi(K*)" + —:,;n Fy(k*) o™k, — Fa(k*)y50™k, + Fy(k*) k7" — 2mek?]ys
EATIN

F.(k?): the Diracformfactor ~ normalized as F,(0)=1

F,(k?): the Pauli form factor

F,(k*): theEDM formfactor | P and T violation vanishing
2 . . in QED
F,(k?): the anapole moment P violation an((:IQQCD

® At the tree level in the SM

F" (k%) =1, F"(k*) =0,i=2, 3, 4



(g-2) in the QFT

= a(p")I’(p’, p)u(p)

[ku = Py — Pul

® The most general form following Lorentz invariance, Dirac eq., etc.

P(p'.p) = Fi(E*)y" + ?EFz[A o™k, — F3(k*)ys0™ky + Fy(k*)[k*y” — 2mekf]vys

F.(k?): the Diracformfactor ~ normalized as F,(0)=1
F,(k?): the Pauli form factor

F,(k?): the EDM form factor P and T violation

F,(k?): the anapole moment P violation

I*-...l||—l

~(9¢ —2) = F»(0) anomalous magnetic moment
dp = egF3(0) electric dipole moment

Fy(0) anapole moment



(g-2) in the QFT

P P

= a(p")I"(p", p)u(p)
[ku = Py — Pul
® The most general form following Lorentz invariance, Dirac eq., etc.

T°(p’,p) = Fy(k2)H" + ﬁﬁz{k%ﬂ“kﬂ, — Fy(k)y50™ky, + Fy(k2) k2P — 2mek?]ys

® project out form factors

Fi(k*) = tr [AY(p',p)(B' +ma)To(p’,p)(¥ + me)]

| 11 3my
Pin' _ ~P ! p
MWD = e T o P
2 2 2
. < 1 my k< +2ms
Pl oy my P £ £ (! L )P
Lp) = Y TR mEoamep TP
. i 1
A(p'p) = -5 R vs(p' +p)’
11
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Muon magnetic moment: EXp

B-Field
Spin precession: &

—_ —e B S
Hmagnetic - _2(1 + a!’)2m# B-5

Circular motion: 2

&

H
qB
We = — cyclotron precession
mry
99B qB
we =22 1)
2m mry
spin precession (Larmor) Sﬁ\;l
momentum
g—2\4B a5
Wag = Wsg — We = — ; = —Q,—
2 m m

Pere Masjuan, Prague, FPCP |7



Muon g-2: the QED contribution

a“QED - (1 I2)(C(ITC) Schwinger 1948 <,
{T.;:
+ 0.765857426 (16) (a/r)? e
Sommerfield; Petermann; Suura&Wichmann *57; Elend '66; MP "04 et

+ 24.05050988 (28) (ai/n)3 : o o :
Remiddi, Laporta, Barbieri ... ; Czarnecki, Skrzypek; MP '04;

Friot, Greynat & de Rafael '05, Mohr, Taylor & Newell 2012 ! ! !

+ 130.8773 (61) (a/m)* ﬂ NGO N
Kinoshita & Lindquist "81, ..., Kinoshita & Nio '04, '05;

Aoyama, Hayakawa,Kinoshita & Nio, 2007, Kinoshita et al. 2012 & 2015; K K K

Lee, Marquard, Smirnov2, Steinhauser 2013 (electron loops, analytic),
Kurz, Liu, Marquard, Steinhauser 2013 (1 loops, analytic);
Steinhauser et al. 2015 & 2016 (all electron & 1 loops, analytic).

+ 752.85 (93) (at/m)°> COMPLETED!

Kinoshita et al. "90, Yelkhovsky, Milstein, Starshenko, Laporta, ...
Aoyama, Hayakawa, Kinoshita, Nio 2012 & 2015

Adding up, we get:

2,00 = 116584718.941 (21)(77) x 10"

from coeffs, mainly from 4-loop unc from da(Rb)

wih ®=1/137.035999049(90) [0.66 ppb]

M. Passera KIAS Oct26 2016



Muon g-2: the EW contribution

® One-loop term: V i‘\gf”f “H%

G#m‘[ 5 m2
1 1 — 4sin0y, O~ ~ 195x 1011
24+/272 MG ( H) * Mz ZW,H

1972: Jackiv, Weinberg; Bars, Yoshimura; Altarelli, Cabibbo, Maiani; Bardeen, Gastmans)\Lautrup; Fujikawa, Lee, Sanda;
Studenikin et al. "80s

5
ag" (1-loop) =

® One-loop plus higher-order terms:

Kukhto et al. '92; Czarnecki, Krause, Marciano "95; Knecht, Peris,
Perrottet, de Rafael '02; Czarnecki, Marciano and Vainshtein '02;
Degrassi and Giudice '98; Heinemeyer, Stockinger, Weiglein '04;
Gribouk and Czarnecki '05; Vainshtein '03; Gnendiger, Stockinger,
Stockinger-Kim 2013.

Hadrens

a,EW=153.6 (1) x 10"

T z0

with Muiggs = 125.6 (1.5) GeV

Hadronic loop uncertainties
and 3-loop nonleading logs.

y

M. Passera KIAS Oct26 2016 10



Muon g-2: the HVP contribution

DHMZ , TAU 2016, arXiv:1612.02743

Diavi er-Heacker-Malaesou-Zhary, Sep-201 6
T T T

Hadrons E 6 N T T T T T T T [ T T T T | : T T T i T | T T T
o T P b i wi2s), .
51— : ' _
4 —
3 -
ol
— * {HYPTaools compilation)
o(e'e” —y — hadrons) i § Bes =
R(S) = N i KEDR ]
g (€+€- —= IJ. * M - ) - | | | _| pQCD {masslesls} -
0 1 L 1 1 1 1 1
0 1 2 3 4 5
Vs [GeV]

amy\2 [ R(s)K (s Ototal (€€~ — hadrons N ' 552(1 —T)
a,’’ = ( ) [nno < 2)X(o) = O'EEPLe_ — ptp) ) J K(s) = fo e 2 + (1 —x)(s/m?)

a,"t%=6870 (42)tot x 1011 F. Jegeriehner, arXiv:1511.04473 (includes BESIII 2r)

= 6928 (33)tot x 10-11 Davier et al, Tau2016, Beijing, Sep 2016, Preliminary

= 6949 (3 7)exp (21 )rad x 10-11 Hagiwara et al, JPG 38 (2011) 085003




Muon g-2: the LBL contribution

e HNLO: Light-by-light contribution - i

@ Unlike the HLO term, the hadronic I-b-l term

relies at present on theoretical approaches. Hadrons

€ This term had a troubled life! Latest values:

a,"NO(Ibl) = + 80 (40) x 10" Knecht & Nyffeler ‘02
a,"NLO(Ibl) = +136 (25) x 10°""  Melnikov & Vainshtein 03
au”NLO(IbI) = +105 (26) X 1011 prades, de Rafael, Vainshtein '09

a,"NO(Ibl) = +102 (39) x 10" Jegerishner, arxiv:1511.04473

Results based also on Hayakawa, Kinoshita "98 & '02; Bijnens, Pallante, Prades "96 & '02
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Muon g-2: the LBL contribution

e HNLO: Light-by-light contribution - i

@ Unlike the HLO term, the hadronic I-b-l term

relies at present on theoretical approaches. Hadrons

€ This term had a troubled life! Latest values:

Contribution Result in 107 units
QED(leptons) 11658471.885 + 0.004 NO HLBL
HVP (leading order) 690.8 = 4.7
HVP(NLO) —9.93 £ 0.07
HVP(NNLO) 1.22 +£0.01
HEBEANEO 40—
EW 154+0.1
Total 1165917 +=62—> 116591674+ 4.7

a, "’ — aiM = 41.7(7.9) x 107" = 530 oen

13



Muon g-2: Exp. Vs Theory

® The E821 experiment at BNL

a5’ = 11659209.1(6.3) x 10~'°

® In the SM

Contribution Result in 10~ 1% units

QED(leptons) 11658471.885 &£ 0.004 Kinoshita et al 2012, Remiddi

HVP(leading order) 690.8 £4.7 Davier et al 201 |
HVP(NLO) —9.93 + 0.07 Hagiwara et al 2009
HVP(NNLO) 1.22 + 0.01 Kurz et al 2014
HLBL (+NLO)" 11.7 £ 4.0 Jegerlehner, Nyffeler 2009
EW 15.44+ 0.1 Czarnecki 2003, Gnendinger 2013
Total 11659179.1 £ 6.2

* NLO: Colangelo et al 2014

al® —a)™ =28.0(8.8) x 107" =B3.20
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Muon g-2: uncertainty budget in the SM

Table 1: Summary of the Standard-Model contributions to the muon anomaly., Two val-
ues are quoted becanse of the two recent evaluations of the lowest-order hadronic vacuum
polarization.

VALUE (x 10~') uNITS
QED (y+¥¢) 116584718.951 + 0.009 &+ 0.019 £ 0.007 £ 0.077,

HVP(lo) [20] 6023 4 42

HVP(lo) [21] 6 949 + 43 } 0.6%, from e+e- exp.
HVP (ho) [21] —O84F0.7

HLbL 105+ 26 25%, from hadronic models
EW S

Total SM [20] 116591802 % 42, 10 & 261 110 + 2ommer (£49,.,)

Total SM [21] 116 591 828 = 43, 1.0 & 26110 £ Zorner (£50,00)

Experimental uncertainty: 63x10-"" now,
goal: 17x10-11.
Blum et al., arXiv:1311.2198v] [hep-ph]



Electron g-2

® The 2008 measurement of the electron g-2 is:

aEEXP = 11596521807.3 (2.8) x 1013 Hanneke, Fogwell, Gabrielse
B — ' PRL100 (2008) 120801

® Using a«=1/137.035 999 049 (90) from h/M measurement
of 8’Rb (2011), the SM prediction for the electron g-2 is

a.5M =115 965 218 16.5 (0.2) (0.2) (0.2) (7.6) x 1013 '

0C,ed dCyeed  da had  from du

® The EXP-SM difference is (note the negative sign):

Aae = aF*F - a.5M=-9.2 (8.1) x 1013

The SM is in very good agreement with experiment (10).

M. Passera KIAS Oct26 2016



g-2 at one loop

® one loop diagrams

—
= L.#:piu—p'u

The (g-2) term does not diverge because
there is no counter term at the tree level

these diagrams are proportional to y#
which does not contribute to (g-2)




g-2 at one loop

® one loop diagram

r.ﬁ‘{p p)|1 loop {_ EJ / :"T)d ﬂ;_i_ ;;_m-e o b+ ;;_ p— v
® ¢ dependent terms affect F{(0)
(1= 9ip") dr—m ¥ 5 up) = (1= 3 ipin()
\ : J
Cp+g+m, —qp+2p-q+q¢* +megj

E(p T qu(p) =1 212 q u(p) = iu(p)
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g-2 at one loop

Fi(k*) = tr [AY(p',p)(P' +me)Tp(p’,p)(¥ + mye)]

® After evaluating the trace for i=2, one finds

R0 = —ie* () [ i N
k2(k? —rmg)? ) ] (2m)* ¢*[(p' + q)* — mZ][(p + q)* — m{]
N = Te[K" (' + me)T,(p + me)]
K = mo(k? — 4m2)y* + (K + 2m2)(p' + p)?
Tp =" +d+me)y(p+ ¢ +me)y,
® Using the standard Feynman parametrization

1 2

1 1—x
: _ = dr [ dy
¢[(p" +q)* — mZ][(p + q)* — mZ] ﬂ Jo (g +zp' +yp)? — (zp' + yp)*]?
® Change of variables

g+zp'+yp=4q'



g-2 at one loop

® Then one obtains

2m diq’ \
(7.2 g = o
Fo(k*) = ?-lra —am?)? /d:a:/d'y/ A

® Remove the linear terms of q' and average over g2 terms

N(d) = 5N(¢) + N(g" — —4))
(¢ -k’ =K¢"/4, (¢ -p*=p"d"/4 (¢ -k)(d-p)=Fk pd*/4
kp=—k/2, kp =k*/2, pp =(—k*+2m?)/2, p*=p° =m?

® decouple the xy integration

(z,y) = (s,1)

r=st, y=s(1l—1t)

1—x
[dr/ du—[ 5(1?5/ dt

20



g-2 at one loop

® Then one obtains
N = dmk*(k* — 4m?)*s(1 — s)

ol k2) = 1dmon dm. ke —4dm
F5(k%) = idma R — amd)? sdm k™ (k m;)

-1;
fdss 1—5/df/d A)

® g’ integration [ d'q’ 1 i

1
) (@2 —AF 0= 3mpea

® F,(k%) is given by

Fy (k%) = dra 8m?

1 by |
S dss“(1 — s [ dt—
2(4m)? A ( ) 0 A

A = s*m? — *t(1 — t)k?
® In the limit of k* -0
A = s*m? — *t(1 — t)k? — *m?

@ o

F5(0) = —m

m Jo J0

1 1 1 o
21 _ « _ o
'e[ dss*(1 — 5)/ dtsﬂmg =5~ Schiwinger term



g-2 at two loops

® two-loop result

+ spm

197 1 . 3
As = 111 + (E - 31112) ¢(2) + 1(:[3}

= —0.328478965...



Muon g-2 and new physics

2 1
_ —q ey [ ) 2( 2imy ) 1 3 5
a =——-72 | dx | C —x“Yx+— =2 — x“(mp—m

M
X X M ‘
+x*(mf — mﬁ}(l 721——13-)
- my .

+Chime > -]

X {mix? + M%(1 —x) +x m} —m2)} !

2 1 2
_4qxm 4mt.- m
[2,]p = 3173” f dx[C%‘_m x? - 2x%(1 +x)+ﬁ%[—x2(x— 1)
ua

X

| m 3
B e X) T (2%~ 3% +x%) 4 -’?_;(x_f)]
my, my My

+ 3 Imp —mp}] ([m2x? + (M3 — m2)x + md(1 —x)]} "

my
[Cé[xa'—-f e (xz—x)} +C3 {my: = -mr}]
my
mix? + (mf — mix + mE(1 —x)

fme
[‘Iﬂ]c"_’g-i_ﬂfdx

2 4 [CFE x?—x3t—Lx?) + Cf{mp > —my }]
la,]q = FF" fdx L S L TR
#id = g2 Zxt+ (my — ml)x + my(1 —x)



o

Muon g-2 and new physics

L= gi{ﬁ,y“ Pit+ EH}»H P{LJT]ZEI + gk[ﬁy&PRT]Za +H.c.

[
m2 1 5 .
L 2 2 My
n, =——= | dx|C X —X X+ -2
. 4n20f ["{‘ "*( M. )
2

X m
~omz, _m”}z( _m_r—l)}+fi{mr—> _mrﬂ
z ~ H

—1

X [mfﬂ:2 +m2.(1 —x) +x(m? —mi}]
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1—>ey

® In the SM, u — ey is forbidden, but the neutrino oscillation may
induce the flavor changing process

® The would-be-Goldstone boson contribution is not negligible (R, gauge)
® The amplitude can be written as
T(n — ey) = &*elJT >
elJT > = Up — g)ig* (4 + Bys) + y:(C + Dys) + g:(E + Fys)]u,(p)
® From the charge conservation d%J§" =0

—m(C + Dys) + m(C — Dys) + g*(E + Fys) = 0

C=D=0 for an on-shell photon !



1—>ey

® Only the magnetic transition appears
T(p — ey) = e'0p — g)[ig"s,(A4 + Bys)Ju(p)

— dimension-5 operators
— no counterterm to absorb infinities - must be finite

® Strictly forbidden in the SM, but if there is mixing in the lepton sector
like in the quark sector, this flavor-changing process can be generated

® Assume that neutrinos have Dirac masses and mixing between them

Vo= Upvi  a=e,pti=1,273

® keep the terms which produce the magnetic transition




1—>ey

® adopt the massless electron m, = 0.
A=B

— because the final electron is left-handed (couples to W)

T = Au(p — g)(1 + y5)ic;,q"e"u,(p)
= AU(p — q)(1 + y5)(2p & — myy-e)u(p)
— keep only the p-e term

® The momentum assignment

-



1—>ey

® diagram (a) p pik

o [d% T i i i
Ii(a) = —1 J(zn)** [ue(p - q)(——2 ﬁz) Uyl — ?5)}’,_}_/!(_ - (2\9;2)
Y i
x Uyr1 — muu(p)} A (k)ILA(Kk + g))(—ie)T g’
— the W boson-photon vertex for incoming momenta
[yaplky, kyy ks) = [(ks — ky)agyp + (ks — k3), 0.5 + (ky = k3)pg,.]
E?r}laﬁ("—‘?a k + E "'k) = rr.tﬁ = [(2k ‘E)gaﬁ - (k + 2‘?);95.:: — (}Ic — Q)aaﬂ]

— the W boson propagator

A k) = =[g, — (1 = Ok,k,/(k* — EM?)]/(k* — M?)



1—>ey

— sum over three intermediate mass eigenstates P ptk  p
GIM|Z; UXU,; = 0

UsU,k | o o 1 m?
.Z{(p TRy - mf} =2 Uil {(p? o i gt }

U*U,m}

HitrE

AT

— then the amplitude becomes
d*k R
2n)* [(p + k)*]*

I(a) = ) Tia) = ic J

2
c=£;ZU$U-mf

i~ i

R = AP(k)A*(k + q)N,,T,;

Ny =10p — @)y, (F+ K1 — y5)u.(p)



1—>ey

k k+q
— W boson propagators ; PR
A*'(k) = AY'(k) + AS'(k)
A (K) = — (g™ — k*k*IMP))(k? — M?) (k +q)k’I,; =0

AP (k)M k + @) = 0

AY(k) = — (K"K /M) /(k* — EM?)

. d*k |
Na) = e f @n)* [k + )7

g { S, =8, -8, N S,
(k* = M?)[(k + q)* — M?*]  (k* — EM?)[(k + q)* — EM %]

S3
TR MOk + 9 — sz]}

S, = T¥N,,
Sl = (kﬂrﬁ)(kauv)/Mz
Sy = [k + q)'T41[(k + q)"N,,J/M*



1—>ey

=Y

— Feynman parametrization

| d* [$5,-85,-3 S S
T(a) =13!c j:xl det, da, {J.(Zﬁ)“ [ = —zaz)‘ 3 4 i —2b2)4 + m}

a>=(l —a )M?* + ...
bz =[(l —Cll —[12)<§+0:2]M2+.,.
d? =[(1 — oy —ay) + 0, EIM* + .. ..

— Picking out only the p-e term

S, = 8, = (p-ofull + ys)uJ2m,[2(1 — &;)* + 20ty — Dat, ]
S, = 8§, = =k (p-e)[ul + y5)u,)(m,/M?)
x {(3at; — 1) + [20F — oty + o320, — 1/2)]}
Sy — Sy = —k2(p-e)[udl + 75)uJ0m,/MH)[263 + a; + ay — 1/2)a;]



1—>ey

k k+g
— Momentum integration i p+k  p—gq
A% 1
J@n)* (k* —a*)*  96n’a*
(A% k2 =i 1
J @n)* (k* — a*)*  48zn* a?

— After integrating «;, one obtains

c m, 1 In¢ I \(éIng
A(“}:mfn_ﬁ[l_a:—l+(¢~1)(:*1 l)]

® Similarly, one can calculate

c m([5 4mm& 7/ 1 e
A(b}zﬁﬁlnzml:ﬁ-l_gé—l_5(5—1)(5—1 lﬂ

c m |5 In¢ 1 I ¢In¢
A(C)Iﬁﬁﬁt[ﬁé_c—l+§(§-1)(¢-1_1)]




U —> €y f(&)=n¢

-1
| . | 6(6)= ( ](f'“f_lj
® Summing the contributions of all diagrams £-1)\ £-1
ll,t gauge 't Hooft gauge (£ = 1) unitary gauge ({ — oo)
5
;2-7_1 1 ——f(ff] + 29(%) 3 1
7
2'1. 2. f{ﬂ—*g{ﬂ 1 0
6
5 I
— —fl&) + - y{¢} 0 0
6¢
} 5 5
< — - 0
3¢ 3

m
I —ey)= E,‘—,‘,I"(L'ﬂ2 + |BJ?)

2
g~ m,

=B=
A ¢ SM? 3212

Z U%U,(mi/M?)
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Lepton flavor violation in u

History of i — ey, uN — eN, and u — 3e
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