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Dark	 Matter

It is necessary to explain the inconsistencies 
between visible matter and gravitational matter

Existence of some EM/color neutral matters

Astrophysics and Cosmology

No motivation or need in particle physics
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Evidences for dark matter 

In	 1933,	 F.	 Zwicky	 first	 discovered	 Dark	 Matter	 in	 the	 velocity	 
dispersion	 of	 galaxies	 in	 the	 COMA	 cluster.

Now	 there	 are	 many	 evidences	 for	 the	 existence	 of	 dark	 matter

-	 Galactic	 scales	 :	 rotation	 curves	 of	 galaxies

-	 Galaxy	 cluster	 scales	 :	 distribution	 of	 velocities,	 weak	 
gravitational	 lensing,	 profile	 of	 X-ray	 emission	 

-	 Cosmological	 scales	 :	 acoustic	 peaks	 of	 CMB,	 large	 scale	 
structure	 formation

Only Gravitational!

Single	 component	 of	 dark	 matter	 can	 explain	 all	 of	 them!
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2. neutral : NO electromagnetic interaction 

  Only upper bounds on the self interaction

3. 25% of the present energy density of the universe

      stable or lifetime longer than the age of universe

4. cold (or warm) : non-relativistic to seed the structure formation

1. exist in the early Universe and also now around galaxies, clusters

Then how about the interaction is much weaker? They decouple earlier
and the abundance increases. However after inflation epoch there is a highest
temperature, reheating temperature, and the decoupling temperature is higher
than TR, they cannot be in the thermal equilibrium, which means that Y is much
smaller than that in TE. However they can give correct Y for dark matter. That
is E-WIMP for dark matter, and the Y depends on the Tr after inflation. Even
though interaction is extremely weak, still they can be dark matter without any
problem.

The popular example of E-WIMP is gravitino and axino.

m ≫ T σ/m ! 10−24 cm2/GeV (1)

Ωh2
WIMP =≃ ⟨σann⟩ ≃ 10−10 GeV−2 ≃ 10−38 cm2 (2)

Ωh2 = mn ≃ 0.28

(

Y

10−11

)

( m

100 GeV

)

(3)

dn

dt
+ 3Hn = −n2⟨σannv⟩ Y ≃ H

s⟨σannv⟩
(4)

n ∝ a−3 Y ≡ n

s
s ≡ 2π2

45
g∗T

3 sa3 = constant (5)

H =
ȧ

a
(6)

3Hn ≪ (Collision terms) 3Hn ≫ (Collision terms) (7)

dn

dt
+ 3Hn = (Collision terms) (8)

σ∗ ∼ v

σ∗ ≫ v
(9)

λ, v andσ∗ (10)

3 +A2 ̸= 0 fNL ∼
1

f
(11)

2

No lower bound down to gravity!
from bullet cluster

In fact all the evidences of DM are gravitational.

Dark Matter as a particle must (be)
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related to the symmetry. The interactions of new particles can be made weak or
weaker than that. The most non-trivial thing is to explain the relic density. The
dark matter was produced in the early Universe within the expanding history
and the abundance is connected to the interactions and the mass, both are
usually determined in the theory. The coldness of Dark is deeply connected to
the production mechanism of dark matter.

Maybe to explain the relic density is the most non-trivial problem in dark
matter. The present relic density of dark matter can be estimated with the
number density and the average energy in the phase distribution. Here Y is
the abundance, the ratio of number density to the entropy density, which is
constant after DM is decoupled from the thermal equilibrium. The average
energy can be the mass when DM is non-relativistic. The observed relic density
of DM Ωh2 ∼ 0.1 implies the relation between number density Y and the average
energy of DM at present, inversely proportional to each other. For heavy non-
relativistic DM, with the mass 100 GeV, the abundance is around 10−11 or for
the light DM with average energy is around 100 eV then the abundance must
be around 0.01. To be dark matter it must be located on around this red line

One of the famous is the WIMP. It was initially in the thermal equilibrium
and but becomes non-relativistic due to its heavy mass and the number density
is Boltzmann suppressed, which makes the decoupling happen much earlier than
the temperature of MeV for the light weakly interacting particles. So the Y is
really suppressed than 1. For light weakly interacting particles, they decouple
still they are in the relativistic, so Y is around order of 1. For this weakly
interacting particles, we could draw the plot of Y and the mass. For light
particles less than MeV, Y is constant and changes for the mass above MeV and
decreases inversely proportional to cubic of the mass. The line of relic density
Omega 1 is this red line. Above it is overproduced and ruled out. For heavy
neutrino case, the mass must be larger than around 2 GeV, and this is called
Lee-Weinberg bound. For GeV particles with weak interaction, the relic density
can be of the order of 1 for dark matter, it is the WIMP. Yes there is another
cross of red and blue lines with around keV mass range. That is called warm
dark matter.

The light gravitinos or sterile neutrinos with keV mass can be the good can-
didate for this. However at scales smaller than the free-streaming, cosmological
perturbations are erased and gravitational clustering is significantly suppressed.

ΩWDMh2 ≃
( m

1 keV

)

(

106.75

g∗

)

1040 (1)

m ! 10 keV 10−6 eV 10−19 eV 1 keV 100GeV eV ∼ 100GeV 1013GeV
(2)

Y ∼ 10−20 Y ≃ ηB ≃ 10−9 (3)

2

Interaction

Mass

4 H. Baer et al. / Physics Reports 555 (2015) 1–60

Fig. 1. Several well-motivated candidates of DM are shown in the log–log plane of DM relic mass and �int representing the typical strength of interactions
with ordinary matter. The red, pink and blue colors represent HDM, WDM and CDM, respectively. This plot is an update of the previous figures [13,17].
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

of candidate. For reference, a SM neutrino with mass of order 0.1 eV and weak interaction strength of order 10�36 cm2 =
1 pb ' 1 GeV�2/3.92 is shown, although such a candidate would constitute hot DM (HDM) and thus does not meet the
need (of its velocity not exceeding the escape velocity in galaxies) for cold relics. For more details see Section 4.1.

The box marked ‘‘WIMP’’ represents ‘‘generic’’ weakly interacting massive particle candidates as thermal relics. Their
mass can lie in the range between a few GeV [15] (below which it would overclose the Universe) and some ⇠100 TeV from
unitarity constraints [18,19]. Their detection cross section is limited from above by direct DM search limits. Recently, the
strongest of these come from the Xenon100 [20] experiment and the LUX [21] experiment. A firm lower limit on the other
hand does not really exist; it can only be estimated on the basis of some kind of theoretical arguments of ‘‘naturalness’’. A
more detailed discussion of thermal WIMPs will be presented in Section 4.2.

The most highly scrutinized thermal relic is the lightest neutralino particle of supersymmetric (SUSY) theories [22,23],
hereafter referred to as simply the neutralino.5 The neutralino is particularly well-motivated since, in addition to solving
the DM problem, SUSY extensions of the SM contain a number of other attractive features both on the particle physics side
and in early Universe cosmology. From below, the neutralinomass is limited by LEP2 searches to lie above⇠50 GeV in GUT-
based SUSY models, but could be significantly lighter in more general SUSY models [27]. As an upper bound, the neutralino
mass is not expected to significantly exceed the⇠1 TeV scale based on the theoretical expectation of ‘‘naturalness’’. We will
discuss this important candidate in more detail below and in Section 4.2.

Another type of dark matter relic is called asymmetric dark matter (ADM). In this case, in contrast to the standardWIMP
scenario, one postulates both DM and anti-DM particles where an asymmetry can develop between the two, in analogy
to baryonic matter. The ADM possibility has recently received renewed interest and will be discussed in more detail in
Section 4.4.

An alternative possibility consists of strongly interacting massive particles (SIMPs). Candidate SIMP particles with mass
values around the MeV scale have been suggested as a DM possibility in Ref. [28]. While usually DM is not expected to
interact strongly, such candidates have been considered in the past (and for the most part been excluded [29] for instance
by searches for anomalous heavy nuclei or even by collider searches).

Moving down the vertical axis, the axion is a well known example of a non-thermal relic. Its interaction strength is
strongly suppressed relative to the weak strength by a factor (mW/fa)2, where fa ⇠ 1011 GeV is the PQ breaking scale.
Despite being of very light mass (⇠10�5 eV), the axion is nonetheless a CDM candidate since it is produced basically at rest
in the early Universe. The axion is a highly motivated and interesting candidate for CDM. It will be discussed in more detail
below and in Section 3.3.

In SUSY axion models, the axion supermultiplet contains, along with the axion, the spin- 12R-parity odd axino field ã and
the R-parity even spin-0 saxion field s. The axino, as the fermionic partner of the axion, is an example of an extremely–weakly

5 For reviews see, e.g., [24–26].

DM candidates

1 Formulae

2 COSMO15

What is the production mechanism of dark matter? You can think how about
the other relic particles in the SM, photon, neutrino, proton and electrons. They
were in the thermal equilibrium in the early Universe and at some point decou-
pled and the relic remains now. For photon the decoupling happened around
the last scattering moment from EM interactions with nuclei and electron and
neutrino happened just before the BBN at temperature 1 MeV of cosmic age 1
sec from weak interactions.

DM could be similar to neutrinos but more massive. Actually 100 eV with
weak interactions give correct value for DM relic density. We call them warm
dark matter.

What happens then the mass of neutrino becomes larger than MeV? Then
they decouple earlier and that was considered by Weinberg and Benjamin Lee in
1977, in the paper of ”Cosmological Lower Bound on Heavy-Neutrino Masses”.

Asymmetric dark matter. The relic particles of protons and electrons came
from the annihilations in the thermal equilibrium and finally the remnants by
the asymmetry have remained. Maybe that is the same for dark matter, and
the asymmetric might be very natural, since we know already the cases from
proton and electrons. However we still do not know how the asymmetry are
generated even for the protons.

3 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.

1030 (1)

T
freezeout

< mass m ' 100 eV (2)

1
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WIMP Dark Matter
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WIMP :  Weakly Interacting Massive Particle
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f(E) =
1

eE/T � 1
f(E) =

1

eE/T + 1
(1)
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3

4

⇥(3)

⇧2
gT 3 n =

⇥(3)

⇧2
gT 3 (2)
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⇤
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(10)
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⇤
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⇥
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m/Treh

thermal	 equilibrium

31

3. Warm Dark Matter

Besides hot and cold dark matter, the early uni-
verse can also provide warm dark matter (WDM) can-
didates whose velocity dispersion lies between that of
hot and CDM. The presence of WDM reduces the
power at small scales due to larger free-streaming
length compared to that of a CDM (Bode et al., 2001;
Sommer-Larsen and Dolgov, 2001).

The origin of WDM can be found within ster-
ile states. For instance, the see-saw mechanism
for the active neutrino masses from the SM singlet
states (Gell-Mann and Slansky, 1980; Minkowski, 1977;
Mohapatra and Senjanovic, 1981; Yanagida, 1979) would
naturally generate masses to the active m(ν1,2,3) ∼
y2⟨H⟩2/MN , and sterile neutrinos m(νa) ∼ MN (a > 3)
in Eq. (152), if we take i, j = 1, · · ·n + 3. The typi-
cal mixing angles in this case are: θai ∼ y2ai⟨H⟩2/M2

N .
In order to explain the neutrino masses from atmo-
spheric and solar neutrino data, n = 2 is sufficient, how-
ever for pulsar kicks (Kusenko, 2006; Kusenko and Segre,
1996, 1999), supernovae explosion (Fryer and Kusenko,
2006; Hidaka and Fuller, 2006, 2007), as well as sterile
neutrino as a dark matter candidate (Abazajian et al.,
2001; Asaka et al., 2005; Dodelson and Widrow, 1994;
Dolgov and Hansen, 2002; Petraki and Kusenko, 2008;
Shi and Fuller, 1999), we require at least n = 3, so in
total 6 sterile Majorana states, for a review on all these
effects, see (Kusenko, 2009). The presence of such extra
sterile neutrinos is also supported by ν̄µ → ν̄e oscillations
observed at LSND (Aguilar et al., 2001), and the recent
results by MiniBoone (Aguilar-Arevalo et al., 2010).

A sterile neutrino with a KeV mass can be an ideal
WDM candidate which can be produced in the early
universe by oscillation/conversion of thermal active neu-
trinos, with a momentum distribution significantly sup-
pressed from a thermal spectrum (Abazajian et al., 2001;
Dodelson and Widrow, 1994). A typical free-streaming
scale is given by, see (Abazajian and Koushiappas, 2006)

λFS ≈ 840 Kpc h−1

(
1 KeV

ms

)(
< p/T >

3.15

)
, (191)

wherems is the mass of the sterile flavor eigenstate, 0.9 ≥
⟨p/T ⟩/3.15 ≥ 1 is the mean momentum over tempera-
ture of the neutrino distribution and ranges from 1 (for a
thermal) to ∼ 0.9 (for a non-thermal) distribution. Very
stringent bounds on the mass of WDM particles have
been obtained by different groups. Typically, the bounds
range from ms ≥ 10 − 20 KeV (95 % CL) (mWDM ≥
2− 4 KeV), see (Kusenko, 2009). It is quite plausible to
imagine a mixed dark matter scenario, where more than
one species contributed to the total dark matter abun-
dance. If there is a fraction of sterile neutrinos or WDM,
then the above bounds can even be relaxed.

B. WIMP production

1. Thermal relics

At early times it is assumed that the dark matter parti-
cle, denoted by X is in chemical and kinetic equilibrium,
i.e. in local thermodynamic equilibrium. The dark mat-
ter will be in equilibrium as long as reactions can keep
X in chemical equilibrium and the reaction rate can pro-
ceed rapidly enough as compared to the expansion rate
of the universe, H(t). When the reaction rate becomes
smaller than the expansion rate, then the particle X can
no longer be in its equilibrium, and thereafter its abun-
dance with respect to the entropy density becomes con-
stant. When this occurs the dark matter particle is said
to be “frozen out.”
The equilibrium abundance of X relative to the en-

tropy density depends upon the ratio of the mass of
the particle to the temperature. Let us define the vari-
able Y ≡ nX/s, where nX is the number density of
X with mass mX , and s = 2π2g∗T 3/45 is the en-
tropy density, where g∗ counts the number of relativistic
d.o.f. The equilibrium value of Y , YEQ ∝ exp(−x) for
x = mX/T ≫ 1, while YEQ ∼ constant for x ≪ 1.
The precise value of YEQ can be computed exactly

by solving the Boltzmann equation (Kolb and Turner,
1988):

ṅX + 3HnX = −⟨σv⟩(n2
X − (neq

X )2) , (192)

where dot denotes time derivative, σ is the total annihila-
tion cross section, v is the velocity, bracket denotes ther-
mally averaged quantities, and neq is the number density
of X in thermal equilibrium:

neq = g (mT/2π)3/2 e−mX/T , (193)

where T is the temperature. In terms of Y = nX/s and
x = mX/T , and using the conservation of entropy per
comoving volume (sa3 = constant), we rewrite Eq. (192)
as:

dY

dx
= −⟨σv⟩s

Hx

(
Y 2 − (Y eq)2

)
. (194)

In the case of heavyX , the cross section can be expanded
with respect to the velocity in powers of v2, ⟨σv⟩ = a +
b⟨v2⟩ + O(⟨v4⟩) + ... ≈ a + 6b/x, where x = mX/T and
a, b are expressed in GeV−2. Typically a ̸= 0 for s-wave
annihilation, and a = 0 for p-wave annihilation. We
can rewrite Eq. (194) in terms of a new variable: ∆ =
Y − Y eq,

∆′ = −Y eq′ − f(x)∆(2Y eq +∆) , (195)

where prime denotes d/dx, and

f(x) =
πg∗
45

mXMP(a+ 6b/x)x−2 . (196)

annihilation	 cross	 section

=n/s

8

[B. W. Lee and S. Weinberg, PRL 1977]

Y ⟨E⟩ E =
√

m2 + |p⃗|2 Y ≃ H

s⟨σv⟩ ∝ xf√
g∗⟨σv⟩m

(1)

≃ 0.1 Y ≃ 0.01 ⟨E⟩ ≃ 100 eV ⟨E⟩ ≃ m = 100 GeV Y ≃ 10−11

(2)

√
s ≫ mG ψµ = Ψµ − 1√

6
γµψ + i

√

2

3

∂µψ

mG

(3)

⟨v⟩ < 0.01 km/ sec (95%CL) l ≃ 1000 (4)

Ωh2 =
( mG

1 keV

)

(

100

g∗

)

(5)

Y =
n

s

∣

∣

∣

f
=

3
4
ζ(3)
π2 gT 3

2π2

45 g∗T 3
=

135ζ(3)

8π4

g

g∗
(6)

Y0 ≃ ⟨σv⟩MpTR ΓG ≃ 1

32π2

m3
G

M2
p
≃ 107 sec

( mG

1 TeV

)3

(7)

dY

dT
≃ ⟨σv⟩Mp ⟨σv⟩ ≃

1

M2
p

(

Mg

mG

)2

(8)

sR3 = constant t ≃ Mp

T 2
(9)

ṅ+ 3Hn = ⟨σv⟩(n2
eq − neqnG) Y ≡ n

s

Ẏ = ⟨σv⟩neq

s

(10)

mG ≪ Mg σn ∼
(

Mg

mG

)2 T 3

M2
p

H ≃ g1/2∗ T 2 Tf ∼ Mp

(

mG

Mg

)2

(11)

mG ≫ Mg σn ∼ T 3

M2
p

H ≃ g1/2∗ T 2 Tf ∼ Mp (12)

ds2 = (1 + 2φ)dt2 − a2[(1− 2ψ)δij − hij ]dx
idxj (13)

mn −mp ≃ 1.29 MeV (14)

mG > 50 TeV ⟨σannv⟩ ≃ 10−9 GeV−2 (15)

2

Freeze-out temperature < Mass
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WIMP :  Weakly Interacting Massive Particle
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3. Warm Dark Matter

Besides hot and cold dark matter, the early uni-
verse can also provide warm dark matter (WDM) can-
didates whose velocity dispersion lies between that of
hot and CDM. The presence of WDM reduces the
power at small scales due to larger free-streaming
length compared to that of a CDM (Bode et al., 2001;
Sommer-Larsen and Dolgov, 2001).

The origin of WDM can be found within ster-
ile states. For instance, the see-saw mechanism
for the active neutrino masses from the SM singlet
states (Gell-Mann and Slansky, 1980; Minkowski, 1977;
Mohapatra and Senjanovic, 1981; Yanagida, 1979) would
naturally generate masses to the active m(ν1,2,3) ∼
y2⟨H⟩2/MN , and sterile neutrinos m(νa) ∼ MN (a > 3)
in Eq. (152), if we take i, j = 1, · · ·n + 3. The typi-
cal mixing angles in this case are: θai ∼ y2ai⟨H⟩2/M2

N .
In order to explain the neutrino masses from atmo-
spheric and solar neutrino data, n = 2 is sufficient, how-
ever for pulsar kicks (Kusenko, 2006; Kusenko and Segre,
1996, 1999), supernovae explosion (Fryer and Kusenko,
2006; Hidaka and Fuller, 2006, 2007), as well as sterile
neutrino as a dark matter candidate (Abazajian et al.,
2001; Asaka et al., 2005; Dodelson and Widrow, 1994;
Dolgov and Hansen, 2002; Petraki and Kusenko, 2008;
Shi and Fuller, 1999), we require at least n = 3, so in
total 6 sterile Majorana states, for a review on all these
effects, see (Kusenko, 2009). The presence of such extra
sterile neutrinos is also supported by ν̄µ → ν̄e oscillations
observed at LSND (Aguilar et al., 2001), and the recent
results by MiniBoone (Aguilar-Arevalo et al., 2010).

A sterile neutrino with a KeV mass can be an ideal
WDM candidate which can be produced in the early
universe by oscillation/conversion of thermal active neu-
trinos, with a momentum distribution significantly sup-
pressed from a thermal spectrum (Abazajian et al., 2001;
Dodelson and Widrow, 1994). A typical free-streaming
scale is given by, see (Abazajian and Koushiappas, 2006)

λFS ≈ 840 Kpc h−1

(
1 KeV

ms

)(
< p/T >

3.15

)
, (191)

wherems is the mass of the sterile flavor eigenstate, 0.9 ≥
⟨p/T ⟩/3.15 ≥ 1 is the mean momentum over tempera-
ture of the neutrino distribution and ranges from 1 (for a
thermal) to ∼ 0.9 (for a non-thermal) distribution. Very
stringent bounds on the mass of WDM particles have
been obtained by different groups. Typically, the bounds
range from ms ≥ 10 − 20 KeV (95 % CL) (mWDM ≥
2− 4 KeV), see (Kusenko, 2009). It is quite plausible to
imagine a mixed dark matter scenario, where more than
one species contributed to the total dark matter abun-
dance. If there is a fraction of sterile neutrinos or WDM,
then the above bounds can even be relaxed.

B. WIMP production

1. Thermal relics

At early times it is assumed that the dark matter parti-
cle, denoted by X is in chemical and kinetic equilibrium,
i.e. in local thermodynamic equilibrium. The dark mat-
ter will be in equilibrium as long as reactions can keep
X in chemical equilibrium and the reaction rate can pro-
ceed rapidly enough as compared to the expansion rate
of the universe, H(t). When the reaction rate becomes
smaller than the expansion rate, then the particle X can
no longer be in its equilibrium, and thereafter its abun-
dance with respect to the entropy density becomes con-
stant. When this occurs the dark matter particle is said
to be “frozen out.”
The equilibrium abundance of X relative to the en-

tropy density depends upon the ratio of the mass of
the particle to the temperature. Let us define the vari-
able Y ≡ nX/s, where nX is the number density of
X with mass mX , and s = 2π2g∗T 3/45 is the en-
tropy density, where g∗ counts the number of relativistic
d.o.f. The equilibrium value of Y , YEQ ∝ exp(−x) for
x = mX/T ≫ 1, while YEQ ∼ constant for x ≪ 1.
The precise value of YEQ can be computed exactly

by solving the Boltzmann equation (Kolb and Turner,
1988):

ṅX + 3HnX = −⟨σv⟩(n2
X − (neq

X )2) , (192)

where dot denotes time derivative, σ is the total annihila-
tion cross section, v is the velocity, bracket denotes ther-
mally averaged quantities, and neq is the number density
of X in thermal equilibrium:

neq = g (mT/2π)3/2 e−mX/T , (193)

where T is the temperature. In terms of Y = nX/s and
x = mX/T , and using the conservation of entropy per
comoving volume (sa3 = constant), we rewrite Eq. (192)
as:

dY

dx
= −⟨σv⟩s

Hx

(
Y 2 − (Y eq)2

)
. (194)

In the case of heavyX , the cross section can be expanded
with respect to the velocity in powers of v2, ⟨σv⟩ = a +
b⟨v2⟩ + O(⟨v4⟩) + ... ≈ a + 6b/x, where x = mX/T and
a, b are expressed in GeV−2. Typically a ̸= 0 for s-wave
annihilation, and a = 0 for p-wave annihilation. We
can rewrite Eq. (194) in terms of a new variable: ∆ =
Y − Y eq,

∆′ = −Y eq′ − f(x)∆(2Y eq +∆) , (195)

where prime denotes d/dx, and

f(x) =
πg∗
45

mXMP(a+ 6b/x)x−2 . (196)

annihilation	 cross	 section

xf ∼ 20− 25 (1)

τa ∼ 64π

g2aγγm
3
a
≃ 1040

(

fa
1010GeV

)5

sec (2)

∑

mν < 0.17 eV (95%CL) (3)

ρc = 3H2
0M

2
P = 1.88× 10−29g cm−3 ΩDM =

ρDM

ρc
∼ 0.22 (4)

τDM > τage ∼ 1018 sec τDM > 1026 sec Z2 e+, p̄, γ, . . . (5)

SU(3)C × SU(2)L × U(1)Y (6)

(T ≫ m) (T ≪ m) n ∝ a−3 (7)

φ χ (8)

ζ = α
δΓ

Γ
(9)

Pζ = (1− r)2Pinf + r2Pχ (10)

Ωh2
WIMP =≃ ⟨σann⟩ ≃ 10−10 GeV−2 ≃ 10−38 cm2 (11)

Ωh2 = mn ≃ 0.28

(

Y

10−11

)

( m

100 GeV

)

(12)

dn

dt
+ 3Hn = −n2⟨σannv⟩ Y ≃ H

s⟨σannv⟩
(13)

n ∝ a−3 Y ≡ n

s
s ≡ 2π2

45
g∗T

3 sa3 = constant (14)

H =
ȧ

a
(15)

1

=n/s

8

thermal	 equilibrium

[B. W. Lee and S. Weinberg, PRL 1977]

Y ⟨E⟩ E =
√

m2 + |p⃗|2 Y ≃ H

s⟨σv⟩ ∝ xf√
g∗⟨σv⟩m

(1)

≃ 0.1 Y ≃ 0.01 ⟨E⟩ ≃ 100 eV ⟨E⟩ ≃ m = 100 GeV Y ≃ 10−11

(2)

√
s ≫ mG ψµ = Ψµ − 1√

6
γµψ + i

√

2

3

∂µψ

mG

(3)

⟨v⟩ < 0.01 km/ sec (95%CL) l ≃ 1000 (4)

Ωh2 =
( mG

1 keV

)

(

100

g∗

)

(5)

Y =
n

s

∣

∣

∣

f
=

3
4
ζ(3)
π2 gT 3

2π2

45 g∗T 3
=

135ζ(3)

8π4

g

g∗
(6)

Y0 ≃ ⟨σv⟩MpTR ΓG ≃ 1

32π2

m3
G

M2
p
≃ 107 sec

( mG

1 TeV

)3

(7)

dY

dT
≃ ⟨σv⟩Mp ⟨σv⟩ ≃

1

M2
p

(

Mg

mG

)2

(8)

sR3 = constant t ≃ Mp

T 2
(9)

ṅ+ 3Hn = ⟨σv⟩(n2
eq − neqnG) Y ≡ n

s

Ẏ = ⟨σv⟩neq

s

(10)

mG ≪ Mg σn ∼
(

Mg

mG

)2 T 3

M2
p

H ≃ g1/2∗ T 2 Tf ∼ Mp

(

mG

Mg

)2

(11)

mG ≫ Mg σn ∼ T 3

M2
p

H ≃ g1/2∗ T 2 Tf ∼ Mp (12)

ds2 = (1 + 2φ)dt2 − a2[(1− 2ψ)δij − hij ]dx
idxj (13)

mn −mp ≃ 1.29 MeV (14)

mG > 50 TeV ⟨σannv⟩ ≃ 10−9 GeV−2 (15)

2

related to the symmetry. The interactions of new particles can be made weak or
weaker than that. The most non-trivial thing is to explain the relic density. The
dark matter was produced in the early Universe within the expanding history
and the abundance is connected to the interactions and the mass, both are
usually determined in the theory. The coldness of Dark is deeply connected to
the production mechanism of dark matter.

Maybe to explain the relic density is the most non-trivial problem in dark
matter. The present relic density of dark matter can be estimated with the
number density and the average energy in the phase distribution. Here Y is
the abundance, the ratio of number density to the entropy density, which is
constant after DM is decoupled from the thermal equilibrium. The average
energy can be the mass when DM is non-relativistic. The observed relic density
of DM Ωh2 ∼ 0.1 implies the relation between number density Y and the average
energy of DM at present, inversely proportional to each other. For heavy non-
relativistic DM, with the mass 100 GeV, the abundance is around 10−11 or for
the light DM with average energy is around 100 eV then the abundance must
be around 0.01. To be dark matter it must be located on around this red line

One of the famous is the WIMP. It was initially in the thermal equilibrium
and but becomes non-relativistic due to its heavy mass and the number density
is Boltzmann suppressed, which makes the decoupling happen much earlier than
the temperature of MeV for the light weakly interacting particles. So the Y is
really suppressed than 1. For light weakly interacting particles, they decouple
still they are in the relativistic, so Y is around order of 1. For this weakly
interacting particles, we could draw the plot of Y and the mass. For light
particles less than MeV, Y is constant and changes for the mass above MeV and
decreases inversely proportional to cubic of the mass. The line of relic density
Omega 1 is this red line. Above it is overproduced and ruled out. For heavy
neutrino case, the mass must be larger than around 2 GeV, and this is called
Lee-Weinberg bound. For GeV particles with weak interaction, the relic density
can be of the order of 1 for dark matter, it is the WIMP. Yes there is another
cross of red and blue lines with around keV mass range. That is called warm
dark matter.

The light gravitinos or sterile neutrinos with keV mass can be the good can-
didate for this. However at scales smaller than the free-streaming, cosmological
perturbations are erased and gravitational clustering is significantly suppressed.

m ≃ 100 eV 100 GeV logm H ≫ ⟨σv⟩nX (1)

ΩWDMh2 ≃
( m

1 keV

)

(

106.75

g∗

)

1040 (2)

m ! 10 keV 10−6 eV 10−19 eV 1 keV 100GeV eV ∼ 100GeV 1013GeV
(3)

2

Freeze-out temperature < Mass
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Weakly Interacting Massive Particles 

Massive LH neutrino : ruled-out by Direct Detection.

Neutralino : Lightest SUSY Particle in the extension of SM.
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1

1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. Therefore
at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.

' 2.5⇥ 10�10 GeV

h�
ann

vi ' 3⇥ 10�27 cm3 sec�1

h�
ann

vi (1)

�⇢

⇢
⇠ 10�5

�⇢

⇢
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⇢ / R�4 ⇢ / R�3 (3)

⇢r ⇠ E(t)n(t) / R(t)�4

⇢m ⇠ M n(t) / R(t)�3
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1

New physics at weak scale!

RH sneutrino, many WIMP models in SUSY

Kaluza-Klein DM, minimal DM

.......
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Figure 7: (a) Marginalized 2D posterior distribution for the CMSSM with µ > 0 in the (m�, �
SI
p ) plane. The red

solid line shows the 90% C.L. upper bound as given by LUX, here included in the likelihood function. The gray
dot-dashed line shows the 2012 XENON100 90% C.L. bound and the blue dashed line shows projected sensitivity for
2017 at XENON1T. (b) Marginalized 2D posterior distribution for the CMSSM with µ > 0 in the (m�, �v) plane.
The blue dashed line shows the expected sensitivity of CTA under the assumption of a NFW halo profile. The blue
dot-dashed line shows the corresponding sensitivity with Einasto profile. The dotted gray line shows the projected
sensitivity of the CTA expansion considered in [73].

expected reach as a blue dashed line in Figs. 6(a) and 6(b). Approximately 50% of the points in
the A-resonance region fall within the expected sensitivity.

3.2 Prospects for dark matter detection

In Fig. 7(a) we show the 2D posterior distribution in the (m�, �SI
p ) plane for µ > 0. The di�erent

regions are well separated and can be identified from left to right as the stau-coannihilation, A-
resonance and⇥ 1TeV higgsino regions. We show the current LUX 90% C.L. exclusion as a red solid
line, the previous XENON100 [45] bound as a gray dot-dashed line, and the projected sensitivity
of XENON-1T as a blue dashed line. The bino-like neutralino typical of the stau-coannihilation
and A-resonance regions has a suppressed coupling to the nucleus, so that both regions lie well
below the current LUX bound and it is very unlikely they will be tested, even with the improved
sensitivity of XENON-1T. In contrast, the ⇥ 1TeV higgsino region lies almost entirely within the
projected XENON-1T sensitivity. The entire 68% and nearly all of the 95% credibility region have
the potential to be probed in the next few years, encompassing about 70% of the points in the
scan. This makes dark matter direct detection searches the predominant tool for exploration of the
CMSSM.

In the CMSSM the largest cross section values, �SI
p ⇥> 10�8 pb, are obtained in the focus point

region. One can see the beginning of the horizontal branch joining the higgsino and focus point
regions, at m� ⇤ 0.7 � 0.8TeV. The e�ect of the LUX limit in the likelihood is visible, as the
credibility region is cut o� rapidly after crossing the 90% C.L. bound, shown in red. In contrast
to [11], this causes the focus point region to be disfavored by the scan. In the µ < 0 scenario

14

(a) (b)

(c) (d)

Figure 3: Marginalized 2D posterior distribution for the CMSSM in (a) the (m0, m1/2) plane for µ > 0, (b) the
(A0, tan�) plane for µ > 0, (c) the (m0, m1/2) plane for µ < 0, and (d) the (A0, tan�) plane for µ < 0. The 68%
credible regions are shown in dark blue and the 95% credible regions in light blue. For comparison we show the
68% and 95% credible regions of [11] (KRS (2013) hereafter) encapsulated by thin gray dashed lines. The ATLAS
95% C.L. exclusion line is shown in red solid for reference.

95% regions obtained in [11], which we present for comparison to highlight the impact of the new
constraints.

As has been long standing practice, in the CMSSM the modes of the posterior pdf are identified
according to the respective mechanisms to satisfy the relic density constraint. The little, round,
95% credibility region just above the ATLAS line at low m0 is the stau-coannihilation region [62];

8
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• The scattering cross section and chemical/kinetic decoupling

Inelastic scatterings : Number changing interactions  

Elastic scatterings : change momentum (number conserved)

Chemical equilibrium

Kinetic equilibrium

Relic density

Structure formation

- The density perturbation can grow after kinetic decoupling

- This or free-streaming scale determines the minimum scale for the 
structure formation

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.

T
fr

' m

20
(1)

T 0

0

= ⇢, T 0

i = T i
0

= 0, T i
j = p �ij gµ⌫u

µu⌫ = +1 (2)

m = �2.5 log
10

F

F
0

(3)

Fm+1

Fm
= 1001/5 2.5 log

10

Fm+1

Fm
= 1 (4)

�t
1

R(t
1

)
' �t

0

R(t
0

)
(5)

Z t0

t1

dt

R(t)
=

Z t0+�t0

t1+�t1

dt

R(t)
(6)

t
1

t
1

+ �t
1

t
0

t
0

+ �t
0

(7)

(r, ✓,�) 0 = ds2 = dt2 �R2(t)
dr2

1� kr2

Z t0

t1

dt

R(t)
=

Z r

0

drp
1� kr2

(8)

�0

�
=

1 + vrp
1� ~v2

' 1 + vr (9)

dt
0

= dt0 + vrdt
0 = (1 + vr)

�tp
1� ~v2

(10)

1

- Smaller scales are damped during kinetic decoupling
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Figure 1. The left panel shows the phaseplot and solution for the WIMP
temperature evolution, for m� ⇠ 100 GeV and |M|2 ⇠ g4

Y (m�/!)2, expressed
in the dimensionless variables introduced in equations (8) and (9). At T . Tkd,
any departure from thermal equilibrium (T� = T ) is restored almost immediately
(except for a short period around the QCD phase transition); for T & Tkd,
the WIMPs decouple from the thermal bath and cool down with the Hubble
expansion as T� / a�2. In the right panel, the effective number of relativistic
degrees of freedom is plotted as a function of the temperature, implementing the
results of [24] for the evolution of this quantity during the QCD phase transition;
for reference, the decoupling of muons and electrons is also indicated.

In principle, the scattering with all types of SM particles contributes to c(T ), see equation
(A.8). This picture is a bit complicated by the fact that kinetic decoupling in some cases can
take place close to, or even above the QCD phase transition, the details of which are not yet
fully understood. Lattice calculations, however, start to converge at a value for the critical
temperature of Tc ⇡ 170 MeV for the most interesting case of two light (up and down) and
one more massive (strange) quark flavour [22] and indicate that the plasma can be described by
free quarks and gluons only for T & 4Tc [23]. For the effective number of degrees of freedom
during the transition, we adopt the results of [24] as displayed in the right panel of figure 1.
As scattering partners are concerned, we conservatively restrict ourselves to leptons and, for
T > 4Tc, to the three lightest quarks.

The resulting range in Tkd for neutralino DM, obtained after having performed the extensive
scan described in section 2, is shown in figure 2 as a function of the mass m� and gaugino
fraction Zg ⌘ |N11|2 + |N12|2 (in our case dominated by the bino fraction). The grey band
indicates the QCD phase transition; values for Tkd inside or above this band should be interpreted
as upper bounds on the decoupling temperature since the scattering with some of the hadronic
degrees of freedom was not taken into account. On the other hand, as the coupling of WIMPs
to hadrons is usually smaller than to leptons, the difference between this upper bound and the
actual value of Tkd is not expected to be very big; note also that the scattering with bound QCD
states like, e.g. pions is suppressed due to their rather large masses and thus small abundance
(the evolution of density fluctuations, on the other hand, may very well be influenced by the
details of the QCD phase transition, see the next section). In addition to the result of the scan,
the figure also indicates the decoupling temperature for four mSUGRA benchmark models
that were introduced in [16, 25] and present typical examples for neutralinos in the bulk (I 0),

New Journal of Physics 11 (2009) 105027 (http://www.njp.org/)

: gaugino fraction [Bringmann,	 2009]7
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Figure 2. The range of decoupling temperatures for neutralino DM. For models
that fall inside or above the grey band marking the QCD phase transition, the
actual value of Tkd will be slightly smaller than indicated. See text for further
details.

coannihilation (J ⇤), funnel (K 0) and focus point (F⇤) region; the quite different annihilation
spectra in gamma rays for these models, and the resulting prospects for indirect detection, were
recently studied in some detail in [16, 26].

Assuming a constant equation of state and relativistic scattering partners, equation (5) has
actually an analytic solution [21] that can be used for a quick estimate of Tkd. This estimate
proves to be rather good (within 10% of the full result shown here) for masses below a few
hundred GeV; above that, however, the exact mass dependence of the number density of ⌧
leptons, in particular, can be crucial, leading in some cases to differences of more than a factor
of five between the two results. A further observation is that MSSM and mSUGRA models
occupy roughly the same regions in the Tkd–m� plane; the largest values of Tkd for higgsinos
(at high masses) and binos (at intermediate masses), however, corresponds nearly exclusively to
MSSM models, while almost all binos with a decoupling temperature below the band occupied
by mixed neutralino are mSUGRA models.

For illustrative reasons, finally, the right panel of figure 2 compares the kinetic with the
chemical decoupling temperature: as anticipated, kinetic decoupling takes place much later than
chemical decoupling, at temperatures a factor of 10–1000 lower. The possible range in Tkd is,
furthermore, considerably larger than the one in Tcd—which of course simply reflects the fact
that the DM relic density is constrained extremely well while there are so far no observations that
would put stringent bounds on Tkd (see also section 5.1). Note also that Tkd is fairly uncorrelated
with the chemical decoupling temperature, as well as with the neutralino annihilation cross
section.

To conclude this section, let us recall that the formalism presented here keeps the leading
order terms in p

2/m2
� , thus allowing the determination of the decoupling scale to an accuracy

of O(x�1
kd ); while this is usually more than sufficient, it would be straightforward to include also
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Kinetic decoupling takes place much later than chemical decoupling by a factor of 
10 - 1000.

Kinetic decoupling temperature of neutralinos
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Figure 3. The left panel shows the exponential cutoff scales associated to
the main damping mechanisms of the matter power spectrum after kinetic
decoupling, namely free streaming and the effect of acoustic oscillations,
respectively; for models above (below) the dashed line, the former (latter)
mechanism thus provides a stronger suppression of the power spectrum. In
the right panel, the cutoff mass resulting from the dominating of these two
independent effects is plotted against the neutralino mass, indicating the typical
size of the smallest protohalos to be formed.

Following the paradigm of hierarchical structure formation, the smallest scales, and
thus the scales closest to the cutoff, typically enter the nonlinear regime first. The smallest
gravitationally bound objects to be formed in the universe are in that case also the first;
protohalos with a mass of around Mcut. This behaviour has been confirmed numerically, where
these protohalos could be followed until a redshift of z ⇠ 26 [27]. The range of expected
minimal protohalo masses displayed in figure 3 is only slightly smaller than what was found
earlier [28] using an order-of-magnitude estimate for Tkd (based on [13]) instead of the exact
value as defined by the solution of equation (10). For a given model, however, it turns out
that the difference in the inferred cutoff mass still is typically about a factor of 10, rather
independent of m� ; adding to this the effect of identifying Mao (like in [14, 28]) instead of
Mcut = max[M fs, Mao] with the smallest protohalo mass, this difference can in some cases
increase to a factor of almost 1000.

5. Discussion

5.1. Observational prospects

Observational prospects depend crucially on whether the first protohalos survive until today
or whether they are disrupted due to tidal interactions in merger processes or encounters with
stars—an issue that is still under debate. Several studies show that even if the protohalos lose
some of their material on their way, most of the mass resides in a dense and compact core that
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Typical size of the smallest proto-halos :  

[Bringmann,	 2009]
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Finally, if DM consists of superWIMPs that result from the late decay of thermally
produced WIMPs, the actual cutoff in the power-spectrum is not the one from the WIMP
decoupling but the one that is imposed from the kinematics of the decay (through the mass
difference between decaying particle and DM particle). In fact, such models have been proposed
to address a certain tension that is sometimes claimed at ‘small’ scales (in this case Mpc
instead of the pc scales that correspond to Mcut ⇠ 10�5 M�) between observations and numerical
N -body simulations [50]. However, this idea works only partially [51]; what is more, the
evidence for small-scale ‘problems’ of standard 3CDM cosmology may soon well disappear
completely, with more detailed observations and N -body simulations starting to converge [52].
Nevertheless, late-decaying DM is an interesting possibility that does not have to be related
to this particular idea; in contrast to the typical Mcut for WIMPs, a large cutoff in the power
spectrum might even be possible to probe by future micro-lensing missions.

6. Conclusions

The kinetic decoupling process of WIMPs from the thermal bath can be followed in great
detail by solving the full Boltzmann equation in this regime. Extending the formalism presented
in [21], by allowing for non-relativistic scattering partners and taking into account the full time-
dependence of the effective number of degrees of freedom, a highly precise determination of
the decoupling temperature becomes possible that in turn can be translated into a small-scale
cutoff in the spectrum of matter density fluctuations.

An extensive scan over the parameter space for SUSY neutralino DM reveals a slightly
smaller range of cutoff masses, 10�11 M� to a few times 10�4 M�, but basically confirms the
only existing corresponding scan so far [28], which is based on an order-of-magnitude estimate
for the decoupling temperature (given in [13]). The resulting difference in Mcut for individual
WIMP models, however, can be sizable; typically of the order of 10, models with a difference
of almost 103 were found. Another important result of the scan presented here is that whether
free streaming or acoustic oscillations are more effective in the suppression of power on small
scales depends on the DM particle nature (in slight disagreement with the claim of [15] who
presented a very detailed study of the evolution of density contrasts through and after kinetic
decoupling, albeit based only on one particular DM candidate).

The range of decoupling temperatures and cutoff masses presented here is indicative for
the whole class of WIMP DM candidates, though many models—such as Kaluza–Klein DM—
will exhibit a much smaller range. For non-WIMP candidates, the mass of the smallest clumps
can differ significantly from the range derived here; it would be interesting to develop tools that
allow an as precise determination of the cutoff scale for these cases as for the case of WIMPs.
As for detectional prospects of the smallest DM clumps, many interesting ideas have been put
forward. Though challenging, it is an exciting possibility that one may be able to measure
the DM distribution on such scales in the future. In order to really address the connection to
the microphysics of the DM particles, however, one still needs a better understanding of how
the first protohalos evolve and, given their initial distribution, what they are expected to look
like today.

The routines for calculating the kinetic decoupling temperature and the associated cutoff
scale have been implemented in DarkSUSY [17] and will be available with the next release
(see footnote 1).
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Fig. 24. Constraints on the correlated matter isocurvature mode
amplitude parameter ↵, where ↵ = 0 corresponds to purely adia-
batic perturbations. The Planck temperature data slightly favour
negative values, since this lowers the large-scale anisotropies;
however, the polarization signal from an isocurvature mode is
distinctive and the Planck polarization data significantly shrink
the allowed region around the value ↵ = 0 corresponding to adi-
abatic perturbations.

is harder to achieve. Finally, neutrino velocity potential and vor-
ticity modes are other possible consistent perturbations to the
photon-neutrino fluid after neutrino decoupling. However, they
are essentially impossible to excite as they consist of photon
and neutrino fluids coherently moving in opposite directions on
super-horizon scales (despite the fact that the relative velocity
would have been zero before neutrino decoupling).

Planck Collaboration XXII (2014) presented constraints on
a variety of general isocurvature models using the Planck tem-
perature data, finding consistency with adiabaticity, though with
some mild preference for isocurvature models that reduce the
power at low multipoles to provide a better match to the Planck
temperature spectrum at multipoles ` <⇠ 50. For matter isocurva-
ture perturbations, the photons are initially unperturbed but per-
turbations develop as the universe becomes more matter domi-
nated. As a result, the phase of the acoustic oscillations di↵ers
from adiabatic modes; this is most clearly distinctive with polar-
ization data (Bucher et al. 2001a)

An extended analysis of isocurvature models is given in
Planck Collaboration XX (2015). Here we focus on a simple il-
lustrative case of a totally-correlated matter isocurvature mode.
We define an isocurvature amplitude parameter ↵, such that22

S m = sgn(↵)

s
|↵|

1 � |↵|⇣, (43)

where ⇣ is the primordial curvature perturbation. Here S m is the
total matter isocurvature mode, defined as the observable sum
of the baryon and CDM isocurvature modes, i.e., S m = S c +
S b(⇢b/⇢c), where

S i ⌘ �⇢i

⇢i
� 3�⇢�

4⇢�
. (44)

22Planck Collaboration XX (2015) gives equivalent one-tailed con-
straints on �iso = |↵|, where the correlated and anti-correlated cases are
considered separately.

All modes are assumed to have a power spectrum with the same
spectral index ns, so that ↵ is independent of scale. For pos-
itive ↵ this agrees with the definition in Larson et al. (2011)
and Bean et al. (2006) for ↵�1, but also allows for the corre-
lation to have the opposite sign. Approximately, sgn(↵)↵2 ⇡
Bc, where Bc is the CDM version of the amplitude defined as
in Amendola et al. (2002). Note that in our conventions, nega-
tive values of ↵ lower the Sachs–Wolfe contribution to the large-
scale TT power spectrum. We caution the reader that this con-
vention di↵ers from e.g., Larson et al. (2011).

Planck constraints on the correlated isocurvature amplitude
are shown in Fig. 24, with and without high multipole polariza-
tion. The corresponding marginalized limit from the temperature
data is

↵ = �0.0025+0.0035
�0.0047 (95%,Planck TT+lowP), (45)

which is significantly tightened around zero when Planck polar-
ization information is included at high multipoles:

↵ = 0.0003+0.0016
�0.0012 (95%,Planck TT,TE,EE+lowP). (46)

This strongly limits the isocurvature contribution to be less than
about 3 % of the adiabatic modes. Figure 25 shows how models
with negative correlation parameter, ↵, fit the temperature data at
low multipoles slightly better than models with ↵ = 0; however,
these models are disfavoured from the corresponding change in
the polarization acoustic peaks.

In this model most of the gain in sensitivity comes from
relatively large scales, ` <⇠ 300, where the correlated isocur-
vature modes with delayed phase change the first polarization
acoustic peak (` ⇡ 140) significantly more than in tempera-
ture (Bucher et al. 2001a). The polarization data are not entirely
robust to systematics on these scales, but in this case the result
appears to be quite stable between the di↵erent likelihood codes.
However, it should be noted that a significantly low point in the
T E spectrum at ` ⇡ 160 (see Fig. 3) pulls in the direction of
positive ↵, and could be giving an artificially strong constraint if
this were caused by an unidentified systematic.

6.2.4. Curvature

The simplifying assumptions of large-scale homogeneity and
isotropy lead to the familiar Friedman-Robertson-Walker (FRW)
metric that appears to be an accurate description of our Universe.
The base ⇤CDM cosmology assumes an FRW metric with a
flat 3-space. This is a very restrictive assumption that needs to
be tested empirically. In this subsection, we investigate con-
straints on the parameter ⌦K , where for ⇤CDM models ⌦K ⌘
1�⌦m�⌦⇤. For FRW models⌦K > 0 corresponds to negatively-
curved 3-geometries while ⌦K < 0 corresponds to positively-
curved 3-geometries. Spatial curvature has often been connected
to the spatial topology of the Universe, closed universes being
positively curved and open ones being negatively curved. Even
if our Universe is topologically flat, a curved FRW model might
be the best description for the contents of our past light cone, the
curvature accounting for the sum total of perturbations remain-
ing super-horizon even today.

The parameter ⌦K decreases exponentially with time during
inflation, but grows only as a power law during the radiation
and matter dominated phases, so the standard inflationary pre-
diction has been that curvature should be unobservably small
today. Nevertheless, by fine-tuning parameters it is possible to
devise inflationary models that generate open (e.g., Bucher et al.
1995; Linde 1999) or closed universes (e.g., Linde 2003). Even
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Isocurvature perturbation

After BBN, there are 4 different species : 

photon, neutrino (w/ velocity), dark matter, baryon

Isocurvature perturbations between these components.
We are focused on the DM isocurvature perturbation
and consider the neutrinos and baryons are produced from the 
photons in the standard scenario in radiation dominated era.
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The adiabatic perturbation of dark matter is damped during the kinetic decoupling due to the
collision with relativistic component on sub-horizon scales. However the isocurvature part is free
from damping and could be large enough to make a substantial contribution to the formation of
small scale structure. We explicitly study the weakly interacting massive particles as dark matter
with an early matter dominated period before radiation domination and show that the isocurvature
perturbation is generated during the phase transition and leaves imprint in the observable signatures
for small scale structure.

PACS numbers: 95.35.+d, 14.80.Ly, 98.80.Cq

Introduction. The formation of large scale structure
is consistent with non-relativistic dark matter (DM) in-
dependent of its nature. Small scale structure, however,
depends on the microphysics of DM and the correspond-
ing evolution in the early universe [1–4]. For weakly in-
teracting massive particles (WIMPs), the kinetic decou-
pling is a crucial stage to determine the size of smallest
object [5, 6]: during the process of kinetic decoupling col-
lisional damping smears out the inhomogeneities below
the corresponding damping scale. After kinetic decou-
pling WIMPs can move freely and this leads to additional
damping below the free streaming scale. For neutralino
DM, the kinetic decoupling scale is set when the temper-
ature is 10 MeV - 1 GeV for the mass between 100 GeV
and TeV [7].

In radiation dominated era (RD), while the “adiabatic”
component of DM perturbation on sub-horizon scales ex-
periences oscillations followed by collisional damping [8],
the isocurvature perturbation between DM and radia-
tion,

S ⌘ 3H

✓
�⇢m
⇢̇m

� �⇢r
⇢̇r

◆
= �m � 3

4
�r , (1)

remains constant without damped oscillations [9, 10].
This property was used to explain large scale structure
with baryon isocurvature perturbation [9], which is ruled
out now by the adiabatic constraint from the cosmic mi-
crowave background (CMB) [11]. However, large isocur-
vature perturbation on small scales is not constrained by
the CMB observations and can give observable signatures
in small scale structure.

In this article, we show how large isocurvature pertur-
bation of WIMPs can be generated for scales that enter
the horizon before the kinetic decoupling. If S = 0 at the
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onset of RD, it remains so during kinetic equilibrium. In-
stead, if an early matter dominated era precedes RD, a
sizable amount of S can be generated. We note that this
isocurvature perturbation will not be damped even if the
kinetic decoupling happens after the transition to RD.
Dark matter in non-thermal background. In the early

universe, it happens often that the energy density of the
universe is dominated by a non-relativistic matter which
subsequently decays into relativistic particles. This non-
relativistic matter includes a coherently oscillating scalar
field like an inflaton, or massive fields which decay very
late, such as curvaton, moduli and so on. As an illustra-
tion, we consider this dominating non-relativistic mat-
ter as a scalar � with a decay rate ��. Accordingly,
we call the epoch during which � dominates the energy
density as the scalar dominated era (SD). In the back-
ground, then there are three species of fluid: �, radiation
and DM. Their evolutions are governed by the continuity
equations,

⇢̇� + 3H⇢� = ���⇢� , (2)

⇢̇r + 4H⇢r = (1� fm)��⇢� +
h�avi
M

h
⇢2m � (⇢eqm )2

i
,

(3)

⇢̇m + 3H⇢m = fm��⇢� � h�avi
M

h
⇢2m � (⇢eqm )2

i
, (4)

where M is the mass of the DM particle, fm is the frac-
tion of the decay of � into DM, h�avi is the thermal
averaged annihilation cross section of DM and ⇢eqm ⇡
M4(2⇡M/T )�3/2 exp(�M/T ) is the energy density of
DM in thermal equilibrium. Here radiation is the rela-
tivistic particles thermalized quickly when produced from
the decay of �, and thus the temperature T is prop-
erly defined by its energy density ⇢r = ⇡2g⇤T

4/30 with
g⇤ being the e↵ective degrees of freedom of the rela-
tivistic particles in thermal equilibrium. The reheat-
ing temperature is then approximately given by T

reh

⇡
(⇡2g⇤/90)�1/4

p
m

Pl

��. For successful big bang nucle-
osynthesis, we require that T

reh

must be larger than
O(MeV) [12].
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Fig. 24. Constraints on the correlated matter isocurvature mode
amplitude parameter ↵, where ↵ = 0 corresponds to purely adia-
batic perturbations. The Planck temperature data slightly favour
negative values, since this lowers the large-scale anisotropies;
however, the polarization signal from an isocurvature mode is
distinctive and the Planck polarization data significantly shrink
the allowed region around the value ↵ = 0 corresponding to adi-
abatic perturbations.

is harder to achieve. Finally, neutrino velocity potential and vor-
ticity modes are other possible consistent perturbations to the
photon-neutrino fluid after neutrino decoupling. However, they
are essentially impossible to excite as they consist of photon
and neutrino fluids coherently moving in opposite directions on
super-horizon scales (despite the fact that the relative velocity
would have been zero before neutrino decoupling).

Planck Collaboration XXII (2014) presented constraints on
a variety of general isocurvature models using the Planck tem-
perature data, finding consistency with adiabaticity, though with
some mild preference for isocurvature models that reduce the
power at low multipoles to provide a better match to the Planck
temperature spectrum at multipoles ` <⇠ 50. For matter isocurva-
ture perturbations, the photons are initially unperturbed but per-
turbations develop as the universe becomes more matter domi-
nated. As a result, the phase of the acoustic oscillations di↵ers
from adiabatic modes; this is most clearly distinctive with polar-
ization data (Bucher et al. 2001a)

An extended analysis of isocurvature models is given in
Planck Collaboration XX (2015). Here we focus on a simple il-
lustrative case of a totally-correlated matter isocurvature mode.
We define an isocurvature amplitude parameter ↵, such that22

S m = sgn(↵)

s
|↵|

1 � |↵|⇣, (43)

where ⇣ is the primordial curvature perturbation. Here S m is the
total matter isocurvature mode, defined as the observable sum
of the baryon and CDM isocurvature modes, i.e., S m = S c +
S b(⇢b/⇢c), where

S i ⌘ �⇢i

⇢i
� 3�⇢�

4⇢�
. (44)

22Planck Collaboration XX (2015) gives equivalent one-tailed con-
straints on �iso = |↵|, where the correlated and anti-correlated cases are
considered separately.

All modes are assumed to have a power spectrum with the same
spectral index ns, so that ↵ is independent of scale. For pos-
itive ↵ this agrees with the definition in Larson et al. (2011)
and Bean et al. (2006) for ↵�1, but also allows for the corre-
lation to have the opposite sign. Approximately, sgn(↵)↵2 ⇡
Bc, where Bc is the CDM version of the amplitude defined as
in Amendola et al. (2002). Note that in our conventions, nega-
tive values of ↵ lower the Sachs–Wolfe contribution to the large-
scale TT power spectrum. We caution the reader that this con-
vention di↵ers from e.g., Larson et al. (2011).

Planck constraints on the correlated isocurvature amplitude
are shown in Fig. 24, with and without high multipole polariza-
tion. The corresponding marginalized limit from the temperature
data is

↵ = �0.0025+0.0035
�0.0047 (95%,Planck TT+lowP), (45)

which is significantly tightened around zero when Planck polar-
ization information is included at high multipoles:

↵ = 0.0003+0.0016
�0.0012 (95%,Planck TT,TE,EE+lowP). (46)

This strongly limits the isocurvature contribution to be less than
about 3 % of the adiabatic modes. Figure 25 shows how models
with negative correlation parameter, ↵, fit the temperature data at
low multipoles slightly better than models with ↵ = 0; however,
these models are disfavoured from the corresponding change in
the polarization acoustic peaks.

In this model most of the gain in sensitivity comes from
relatively large scales, ` <⇠ 300, where the correlated isocur-
vature modes with delayed phase change the first polarization
acoustic peak (` ⇡ 140) significantly more than in tempera-
ture (Bucher et al. 2001a). The polarization data are not entirely
robust to systematics on these scales, but in this case the result
appears to be quite stable between the di↵erent likelihood codes.
However, it should be noted that a significantly low point in the
T E spectrum at ` ⇡ 160 (see Fig. 3) pulls in the direction of
positive ↵, and could be giving an artificially strong constraint if
this were caused by an unidentified systematic.

6.2.4. Curvature

The simplifying assumptions of large-scale homogeneity and
isotropy lead to the familiar Friedman-Robertson-Walker (FRW)
metric that appears to be an accurate description of our Universe.
The base ⇤CDM cosmology assumes an FRW metric with a
flat 3-space. This is a very restrictive assumption that needs to
be tested empirically. In this subsection, we investigate con-
straints on the parameter ⌦K , where for ⇤CDM models ⌦K ⌘
1�⌦m�⌦⇤. For FRW models⌦K > 0 corresponds to negatively-
curved 3-geometries while ⌦K < 0 corresponds to positively-
curved 3-geometries. Spatial curvature has often been connected
to the spatial topology of the Universe, closed universes being
positively curved and open ones being negatively curved. Even
if our Universe is topologically flat, a curved FRW model might
be the best description for the contents of our past light cone, the
curvature accounting for the sum total of perturbations remain-
ing super-horizon even today.

The parameter ⌦K decreases exponentially with time during
inflation, but grows only as a power law during the radiation
and matter dominated phases, so the standard inflationary pre-
diction has been that curvature should be unobservably small
today. Nevertheless, by fine-tuning parameters it is possible to
devise inflationary models that generate open (e.g., Bucher et al.
1995; Linde 1999) or closed universes (e.g., Linde 2003). Even
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Fig. 24. Constraints on the correlated matter isocurvature mode
amplitude parameter ↵, where ↵ = 0 corresponds to purely adia-
batic perturbations. The Planck temperature data slightly favour
negative values, since this lowers the large-scale anisotropies;
however, the polarization signal from an isocurvature mode is
distinctive and the Planck polarization data significantly shrink
the allowed region around the value ↵ = 0 corresponding to adi-
abatic perturbations.

is harder to achieve. Finally, neutrino velocity potential and vor-
ticity modes are other possible consistent perturbations to the
photon-neutrino fluid after neutrino decoupling. However, they
are essentially impossible to excite as they consist of photon
and neutrino fluids coherently moving in opposite directions on
super-horizon scales (despite the fact that the relative velocity
would have been zero before neutrino decoupling).

Planck Collaboration XXII (2014) presented constraints on
a variety of general isocurvature models using the Planck tem-
perature data, finding consistency with adiabaticity, though with
some mild preference for isocurvature models that reduce the
power at low multipoles to provide a better match to the Planck
temperature spectrum at multipoles ` <⇠ 50. For matter isocurva-
ture perturbations, the photons are initially unperturbed but per-
turbations develop as the universe becomes more matter domi-
nated. As a result, the phase of the acoustic oscillations di↵ers
from adiabatic modes; this is most clearly distinctive with polar-
ization data (Bucher et al. 2001a)

An extended analysis of isocurvature models is given in
Planck Collaboration XX (2015). Here we focus on a simple il-
lustrative case of a totally-correlated matter isocurvature mode.
We define an isocurvature amplitude parameter ↵, such that22

S m = sgn(↵)

s
|↵|

1 � |↵|⇣, (43)

where ⇣ is the primordial curvature perturbation. Here S m is the
total matter isocurvature mode, defined as the observable sum
of the baryon and CDM isocurvature modes, i.e., S m = S c +
S b(⇢b/⇢c), where

S i ⌘ �⇢i

⇢i
� 3�⇢�

4⇢�
. (44)

22Planck Collaboration XX (2015) gives equivalent one-tailed con-
straints on �iso = |↵|, where the correlated and anti-correlated cases are
considered separately.

All modes are assumed to have a power spectrum with the same
spectral index ns, so that ↵ is independent of scale. For pos-
itive ↵ this agrees with the definition in Larson et al. (2011)
and Bean et al. (2006) for ↵�1, but also allows for the corre-
lation to have the opposite sign. Approximately, sgn(↵)↵2 ⇡
Bc, where Bc is the CDM version of the amplitude defined as
in Amendola et al. (2002). Note that in our conventions, nega-
tive values of ↵ lower the Sachs–Wolfe contribution to the large-
scale TT power spectrum. We caution the reader that this con-
vention di↵ers from e.g., Larson et al. (2011).

Planck constraints on the correlated isocurvature amplitude
are shown in Fig. 24, with and without high multipole polariza-
tion. The corresponding marginalized limit from the temperature
data is

↵ = �0.0025+0.0035
�0.0047 (95%,Planck TT+lowP), (45)

which is significantly tightened around zero when Planck polar-
ization information is included at high multipoles:

↵ = 0.0003+0.0016
�0.0012 (95%,Planck TT,TE,EE+lowP). (46)

This strongly limits the isocurvature contribution to be less than
about 3 % of the adiabatic modes. Figure 25 shows how models
with negative correlation parameter, ↵, fit the temperature data at
low multipoles slightly better than models with ↵ = 0; however,
these models are disfavoured from the corresponding change in
the polarization acoustic peaks.

In this model most of the gain in sensitivity comes from
relatively large scales, ` <⇠ 300, where the correlated isocur-
vature modes with delayed phase change the first polarization
acoustic peak (` ⇡ 140) significantly more than in tempera-
ture (Bucher et al. 2001a). The polarization data are not entirely
robust to systematics on these scales, but in this case the result
appears to be quite stable between the di↵erent likelihood codes.
However, it should be noted that a significantly low point in the
T E spectrum at ` ⇡ 160 (see Fig. 3) pulls in the direction of
positive ↵, and could be giving an artificially strong constraint if
this were caused by an unidentified systematic.

6.2.4. Curvature

The simplifying assumptions of large-scale homogeneity and
isotropy lead to the familiar Friedman-Robertson-Walker (FRW)
metric that appears to be an accurate description of our Universe.
The base ⇤CDM cosmology assumes an FRW metric with a
flat 3-space. This is a very restrictive assumption that needs to
be tested empirically. In this subsection, we investigate con-
straints on the parameter ⌦K , where for ⇤CDM models ⌦K ⌘
1�⌦m�⌦⇤. For FRW models⌦K > 0 corresponds to negatively-
curved 3-geometries while ⌦K < 0 corresponds to positively-
curved 3-geometries. Spatial curvature has often been connected
to the spatial topology of the Universe, closed universes being
positively curved and open ones being negatively curved. Even
if our Universe is topologically flat, a curved FRW model might
be the best description for the contents of our past light cone, the
curvature accounting for the sum total of perturbations remain-
ing super-horizon even today.

The parameter ⌦K decreases exponentially with time during
inflation, but grows only as a power law during the radiation
and matter dominated phases, so the standard inflationary pre-
diction has been that curvature should be unobservably small
today. Nevertheless, by fine-tuning parameters it is possible to
devise inflationary models that generate open (e.g., Bucher et al.
1995; Linde 1999) or closed universes (e.g., Linde 2003). Even
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Fig. 24. Constraints on the correlated matter isocurvature mode
amplitude parameter ↵, where ↵ = 0 corresponds to purely adia-
batic perturbations. The Planck temperature data slightly favour
negative values, since this lowers the large-scale anisotropies;
however, the polarization signal from an isocurvature mode is
distinctive and the Planck polarization data significantly shrink
the allowed region around the value ↵ = 0 corresponding to adi-
abatic perturbations.
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super-horizon scales (despite the fact that the relative velocity
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some mild preference for isocurvature models that reduce the
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ization data (Bucher et al. 2001a)

An extended analysis of isocurvature models is given in
Planck Collaboration XX (2015). Here we focus on a simple il-
lustrative case of a totally-correlated matter isocurvature mode.
We define an isocurvature amplitude parameter ↵, such that22

S m = sgn(↵)

s
|↵|

1 � |↵|⇣, (43)

where ⇣ is the primordial curvature perturbation. Here S m is the
total matter isocurvature mode, defined as the observable sum
of the baryon and CDM isocurvature modes, i.e., S m = S c +
S b(⇢b/⇢c), where

S i ⌘ �⇢i

⇢i
� 3�⇢�

4⇢�
. (44)

22Planck Collaboration XX (2015) gives equivalent one-tailed con-
straints on �iso = |↵|, where the correlated and anti-correlated cases are
considered separately.

All modes are assumed to have a power spectrum with the same
spectral index ns, so that ↵ is independent of scale. For pos-
itive ↵ this agrees with the definition in Larson et al. (2011)
and Bean et al. (2006) for ↵�1, but also allows for the corre-
lation to have the opposite sign. Approximately, sgn(↵)↵2 ⇡
Bc, where Bc is the CDM version of the amplitude defined as
in Amendola et al. (2002). Note that in our conventions, nega-
tive values of ↵ lower the Sachs–Wolfe contribution to the large-
scale TT power spectrum. We caution the reader that this con-
vention di↵ers from e.g., Larson et al. (2011).

Planck constraints on the correlated isocurvature amplitude
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�0.0047 (95%,Planck TT+lowP), (45)

which is significantly tightened around zero when Planck polar-
ization information is included at high multipoles:

↵ = 0.0003+0.0016
�0.0012 (95%,Planck TT,TE,EE+lowP). (46)

This strongly limits the isocurvature contribution to be less than
about 3 % of the adiabatic modes. Figure 25 shows how models
with negative correlation parameter, ↵, fit the temperature data at
low multipoles slightly better than models with ↵ = 0; however,
these models are disfavoured from the corresponding change in
the polarization acoustic peaks.

In this model most of the gain in sensitivity comes from
relatively large scales, ` <⇠ 300, where the correlated isocur-
vature modes with delayed phase change the first polarization
acoustic peak (` ⇡ 140) significantly more than in tempera-
ture (Bucher et al. 2001a). The polarization data are not entirely
robust to systematics on these scales, but in this case the result
appears to be quite stable between the di↵erent likelihood codes.
However, it should be noted that a significantly low point in the
T E spectrum at ` ⇡ 160 (see Fig. 3) pulls in the direction of
positive ↵, and could be giving an artificially strong constraint if
this were caused by an unidentified systematic.

6.2.4. Curvature

The simplifying assumptions of large-scale homogeneity and
isotropy lead to the familiar Friedman-Robertson-Walker (FRW)
metric that appears to be an accurate description of our Universe.
The base ⇤CDM cosmology assumes an FRW metric with a
flat 3-space. This is a very restrictive assumption that needs to
be tested empirically. In this subsection, we investigate con-
straints on the parameter ⌦K , where for ⇤CDM models ⌦K ⌘
1�⌦m�⌦⇤. For FRW models⌦K > 0 corresponds to negatively-
curved 3-geometries while ⌦K < 0 corresponds to positively-
curved 3-geometries. Spatial curvature has often been connected
to the spatial topology of the Universe, closed universes being
positively curved and open ones being negatively curved. Even
if our Universe is topologically flat, a curved FRW model might
be the best description for the contents of our past light cone, the
curvature accounting for the sum total of perturbations remain-
ing super-horizon even today.

The parameter ⌦K decreases exponentially with time during
inflation, but grows only as a power law during the radiation
and matter dominated phases, so the standard inflationary pre-
diction has been that curvature should be unobservably small
today. Nevertheless, by fine-tuning parameters it is possible to
devise inflationary models that generate open (e.g., Bucher et al.
1995; Linde 1999) or closed universes (e.g., Linde 2003). Even
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• The primordial power spectrum of the curvature 
perturbation is adiabatic, Gaussian, and almost scale invariant.

• In Fourier space, with power law spectrum, 

Planck Collaboration: Cosmological parameters

2.1.2. Ionization history

To make accurate predictions for the CMB power spectra, the
background ionization history has to be calculated to high ac-
curacy. Although the main processes that lead to recombina-
tion at z ⇡ 1090 are well understood, cosmological param-
eters from Planck can be sensitive to sub-percent di↵erences
in the ionization fraction xe (Hu et al. 1995; Lewis et al. 2006;
Rubino-Martin et al. 2009; Shaw & Chluba 2011). The process
of recombination takes the Universe from a state of fully ion-
ized hydrogen and helium in the early Universe, through to the
completion of recombination with residual fraction xe ⇠ 10�4.
Sensitivity of the CMB power spectrum to xe enters through
changes to the sound horizon at recombination, from changes
in the timing of recombination, and to the detailed shape of the
recombination transition, which a↵ects the thickness of the last-
scattering surface and hence the amount of small-scale di↵usion
(Silk) damping, polarization, and line-of-sight averaging of the
perturbations.

Since the pioneering work of Peebles (1968) and
Zeldovich et al. (1969), which identified the main physical
processes involved in recombination, there has been signif-
icant progress in numerically modelling the many relevant
atomic transitions and processes that can a↵ect the details of
the recombination process (Hu et al. 1995; Seager et al. 2000;
Wong et al. 2008; Hirata & Switzer 2008; Switzer & Hirata
2008; Rubino-Martin et al. 2009; Chluba & Thomas 2011;
Ali-Haimoud & Hirata 2011). In recent years a consen-
sus has emerged between the results of two multi-level
atom codes HyRec5 (Switzer & Hirata 2008; Hirata 2008;
Ali-Haimoud & Hirata 2011), and CosmoRec6 (Chluba et al.
2010; Chluba & Thomas 2011), demonstrating agreement at a
level better than that required for Planck (di↵erences less that
4 ⇥ 10�4 in the predicted temperature power spectra on small
scales).

These recombination codes are remarkably fast, given the
complexity of the calculation. However, the recombination his-
tory can be computed even more rapidly by using the sim-
ple e↵ective three-level atom model developed by Seager et al.
(2000) and implemented in the recfast code7, with appropri-
ately chosen small correction functions calibrated to the full
numerical results (Wong et al. 2008; Rubino-Martin et al. 2009;
Shaw & Chluba 2011). We use recfast in our baseline param-
eter analysis, with correction functions adjusted so that the pre-
dicted power spectra C` agree with those from the latest ver-
sions of HyRec (January 2012) and CosmoRec (v2) to better than
0.05%8. We have confirmed, using importance sampling, that
cosmological parameter constraints using recfast are consis-
tent with those using CosmoRec at the 0.05� level. Since the re-
sults of the Planck parameter analysis are crucially dependent on
the accuracy of the recombination history, we have also checked,
following Lewis et al. (2006), that there is no strong evidence for
simple deviations from the assumed history. However, we note
that any deviation from the assumed history could significantly
shift parameters compared to the results presented here and we
have not performed a detailed sensitivity analysis.

The background recombination model should accurately
capture the ionization history until the Universe is reionized
at late times via ultra-violet photons from stars and/or active

5http://www.sns.ias.edu/˜yacine/hyrec/hyrec.html
6http://www.chluba.de/CosmoRec/
7http://www.astro.ubc.ca/people/scott/recfast.html
8The updated recfast used here in the baseline model is publicly

available as version 1.5.2 and is the default in camb as of October 2012.

galactic nuclei. We approximate reionization as being relatively
sharp, with the mid-point parameterized by a redshift zre (where
xe = f /2) and width parameter �zre = 0.5. Hydrogen reion-
ization and the first reionization of helium are assumed to oc-
cur simultaneously, so that when reionization is complete xe =
f ⌘ 1 + fHe ⇡ 1.08 (Lewis 2008), where fHe is the helium-
to-hydrogen ratio by number. In this parameterization, the opti-
cal depth is almost independent of �zre and the only impact of
the specific functional form on cosmological parameters comes
from very small changes to the shape of the polarization power
spectrum on large angular scales. The second reionization of he-
lium (i.e., He+ ! He++) produces very small changes to the
power spectra (�⌧ ⇠ 0.001, where ⌧ is the optical depth to
Thomson scattering) and does not need to be modelled in detail.
We include the second reionization of helium at a fixed redshift
of z = 3.5 (consistent with observations of Lyman-↵ forest lines
in quasar spectra, e.g., Becker et al. 2011), which is su�ciently
accurate for the parameter analyses described in this paper.

2.1.3. Initial conditions

In our baseline model we assume purely adiabatic scalar per-
turbations at very early times, with a (dimensionless) curvature
power spectrum parameterized by

PR(k) = As

 
k
k0

!ns�1+(1/2)(dns/d ln k) ln(k/k0)

, (2)

with ns and dns/d ln k taken to be constant. For most of this
paper we shall assume no “running”, i.e., a power-law spec-
trum with dns/d ln k = 0. The pivot scale, k0, is chosen to be
k0 = 0.05 Mpc�1, roughly in the middle of the logarithmic range
of scales probed by Planck. With this choice, ns is not strongly
degenerate with the amplitude parameter As.

The amplitude of the small-scale linear CMB power spec-
trum is proportional to e�2⌧As. Because Planck measures this
amplitude very accurately there is a tight linear constraint be-
tween ⌧ and ln As (see Sect. 3.4). For this reason we usually use
ln As as a base parameter with a flat prior, which has a signifi-
cantly more Gaussian posterior than As. A linear parameter re-
definition then also allows the degeneracy between ⌧ and As to be
explored e�ciently. (The degeneracy between ⌧ and As is broken
by the relative amplitudes of large-scale temperature and polar-
ization CMB anisotropies and by the non-linear e↵ect of CMB
lensing.)

We shall also consider extended models with a significant
amplitude of primordial gravitational waves (tensor modes).
Throughout this paper, the (dimensionless) tensor mode spec-
trum is parameterized as a power-law with9

Pt(k) = At

 
k
k0

!nt

. (3)

We define r0.05 ⌘ At/As, the primordial tensor-to-scalar ratio at
k = k0. Our constraints are only weakly sensitive to the tensor
spectral index, nt (which is assumed to be close to zero), and
we adopt the theoretically motivated single-field inflation con-
sistency relation nt = �r0.05/8, rather than varying nt indepen-
dently. We put a flat prior on r0.05, but also report the constraint
at k = 0.002 Mpc�1 (denoted r0.002), which is closer to the scale

9For a transverse-traceless spatial tensor Hi j, the tensor part of the
metric is ds2 = a2[d⌘2 � (�i j + 2Hi j)dxidx j], and Pt is defined so that
Pt(k) = @ln kh2Hi j2Hi ji.
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1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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Adiabatic perturbation is damped during the kinetic decoupling,
for the smaller scales than the kinetic decoupling.

Isocurvature perturbation of WIMP

WIMP dark matter is adiabatic on both large and small scales

However the isocurvature perturbation is not damped.

- Is it possible to have a large isocurvature perturbation at small scales
with adiabatic at large scales?
- No in the standard WIMP.

- since it is produced from the relativistic thermal plasma 
   when it was in the thermal equilibrium in standard Universe. 
- It is consistent with observation, adiabatic power spectrum

- However there is a one case, where the generation is possible.

[Peebles 1987]

Dark matter with ultra compact mini halos Ki-Young Choi

suppression of the smaller scales than the kinetic decoupling is considered to give a lower bound
for the structure formation at small scales [11, 12, 13].

However it is not true for the isocurvature mode of dark matter. The evolution of the isocurva-
ture perturbation is given by [14]

Ṡ = qr �qm, (2.3)

where qm and qr are the divergence of the velocity of dark matter and radiation respectively. During
the kinetic equilibrium, DM is tightly coupled to the radiation, and thus the divergence of the ve-
locity are roughly the same for dark matter and radiation, qr = qm. Therefore we can see easily that
the isocurvatutre component remains constant and does not oscillate even in the kinetic equilibrium
with radiation.

This property of isocurvature perturbation was used in the past for baryon isocurvature per-
turbation to explain the large structure formation [15]. However now it is ruled out by the pre-
cise observation of the acoustic peaks of the cosmic microwave background (CMB) temperature
anisotropy though.

3. Generation of the isocurvature perturbation of WIMP

In the standard model of cosmology, the WIMP as well as baryons are in the thermal equi-
librium with relativistic particles in the early Universe and then decoupled later. In this case the
perturbation of WIMP and baryons are exactly the same as that of their mother particles, thus adia-
batic. However there is a situation when the isocurvature perturbation is generated for dark matter
in the non-standard cosmology. One of the case is when the dark matter freeze-out during the epoch
of the early matter domination prior to the radiation domination [10].

WIMP has weak interaction with the ordinary particles and thus they are in the thermal equilib-
rium in the early Universe until they become non-relativistic. Once the WIMPs are non-relativistic,
sine the temperature of the background becomes smaller than the mass of WIMP, the production
of WIMP is significantly reduced and only the annihilation of WIMP occurs, which soon stops too
due to the expansion of the Universe. This is why the relic density of the WIMP is determined by
the annihilation cross section of them [16] and the freeze-out temperature is around Mdm/20 [13].
After chemical decoupling, the number density of the WIMP decreases only by the expansion of the
Universe and therefore the comoving number density preserves. However through the elastic scat-
tering of WIMP with relativistic particles, the WIMPs could till maintain the kinetic equilibrium
with radiation by exchanging the momentum each other until later time.

In many non-standard cosmological model, or even in the standard inflationary model, there
appears often the early matter domination epoch before the radiation domination. Those include the
the inflaton oscillation, heavy partilce domination such as moduli, curvaton, gravitino, or axino [17,
18, 19, 20]. The relativistic particles are produced again from the decay of the heavy particles
which dominated before and soon the standard radiation domination begins with a given reheating
temperature.

When the reheating temperature is low enough than the freeze-out temperature of the WIMP
dark matter, the dark matter freeze-out during matter domination. After that the dominating matter
decays and produce radiation. If dark matter production is negligible form the direct decay, the dark

3

divergence of velocity
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WIMP isocurvature perturbation and small scale structure
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The adiabatic perturbation of dark matter is damped during the kinetic decoupling due to the
collision with relativistic component on sub-horizon scales. However the isocurvature part is free
from damping and could be large enough to make a substantial contribution to the formation of
small scale structure. We explicitly study the weakly interacting massive particles as dark matter
with an early matter dominated period before radiation domination and show that the isocurvature
perturbation is generated during the phase transition and leaves imprint in the observable signatures
for small scale structure.

PACS numbers: 95.35.+d, 14.80.Ly, 98.80.Cq

Introduction. The formation of large scale structure
is consistent with non-relativistic dark matter (DM) in-
dependent of its nature. Small scale structure, however,
depends on the microphysics of DM and the correspond-
ing evolution in the early universe [1–4]. For weakly in-
teracting massive particles (WIMPs), the kinetic decou-
pling is a crucial stage to determine the size of smallest
object [5, 6]: during the process of kinetic decoupling col-
lisional damping smears out the inhomogeneities below
the corresponding damping scale. After kinetic decou-
pling WIMPs can move freely and this leads to additional
damping below the free streaming scale. For neutralino
DM, the kinetic decoupling scale is set when the temper-
ature is 10 MeV - 1 GeV for the mass between 100 GeV
and TeV [7].

In radiation dominated era (RD), while the “adiabatic”
component of DM perturbation on sub-horizon scales ex-
periences oscillations followed by collisional damping [8],
the isocurvature perturbation between DM and radia-
tion,

S ⌘ 3H

✓
�⇢m
⇢̇m

� �⇢r
⇢̇r

◆
= �m � 3

4
�r , (1)

remains constant without damped oscillations [9, 10].
This property was used to explain large scale structure
with baryon isocurvature perturbation [9], which is ruled
out now by the adiabatic constraint from the cosmic mi-
crowave background (CMB) [11]. However, large isocur-
vature perturbation on small scales is not constrained by
the CMB observations and can give observable signatures
in small scale structure.

In this article, we show how large isocurvature pertur-
bation of WIMPs can be generated for scales that enter
the horizon before the kinetic decoupling. If S = 0 at the
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onset of RD, it remains so during kinetic equilibrium. In-
stead, if an early matter dominated era precedes RD, a
sizable amount of S can be generated. We note that this
isocurvature perturbation will not be damped even if the
kinetic decoupling happens after the transition to RD.
Dark matter in non-thermal background. In the early

universe, it happens often that the energy density of the
universe is dominated by a non-relativistic matter which
subsequently decays into relativistic particles. This non-
relativistic matter includes a coherently oscillating scalar
field like an inflaton, or massive fields which decay very
late, such as curvaton, moduli and so on. As an illustra-
tion, we consider this dominating non-relativistic mat-
ter as a scalar � with a decay rate ��. Accordingly,
we call the epoch during which � dominates the energy
density as the scalar dominated era (SD). In the back-
ground, then there are three species of fluid: �, radiation
and DM. Their evolutions are governed by the continuity
equations,

⇢̇� + 3H⇢� = ���⇢� , (2)

⇢̇r + 4H⇢r = (1� fm)��⇢� +
h�avi
M

h
⇢2m � (⇢eqm )2

i
,

(3)

⇢̇m + 3H⇢m = fm��⇢� � h�avi
M

h
⇢2m � (⇢eqm )2

i
, (4)

where M is the mass of the DM particle, fm is the frac-
tion of the decay of � into DM, h�avi is the thermal
averaged annihilation cross section of DM and ⇢eqm ⇡
M4(2⇡M/T )�3/2 exp(�M/T ) is the energy density of
DM in thermal equilibrium. Here radiation is the rela-
tivistic particles thermalized quickly when produced from
the decay of �, and thus the temperature T is prop-
erly defined by its energy density ⇢r = ⇡2g⇤T

4/30 with
g⇤ being the e↵ective degrees of freedom of the rela-
tivistic particles in thermal equilibrium. The reheat-
ing temperature is then approximately given by T

reh

⇡
(⇡2g⇤/90)�1/4

p
m

Pl

��. For successful big bang nucle-
osynthesis, we require that T

reh

must be larger than
O(MeV) [12].
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The generation of the isocurvature perturbation in the subhorizon 
scales can happen when

1.  During the matter domination, WIMP is chemically decoupled but still 
kinetically coupled to radiation,

2.  After chemical decoupling, the phase transition happens from the 
matter-dom. to the radiation-dom. 
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• Inflaton oscillation

Early matter dominated epoch with low-reheating temperature

• Thermal inflation

• Curvaton domination

- During this period, the perturbation grows linearly inside horizon.

Non-standard cosmology with early matter-dominated era 
and all radiation and DM are generated from the scalar again:

- The signatures of the large density perturbation on small scales
- It is not suppressed by the kinetic equilibrium
- It can be erased by free streaming
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Non-thermal Universe dominated 
by a non-relativistic field 
(scalar domination)

Rad.-dominated

Scalar-dominated

The perturbation equations we need to solve can be microscopically derived from the Boltzmann
equation, and for each component ↵ are given by

�̇↵ + (1 + w↵)
✓↵
a

� 3(1 + w↵) ̇ =
1

⇢↵
(�Q↵ �Q↵�↵ +Q↵�) , (13)

✓̇↵ + (1� 3w↵)H✓↵ +
��

a
+

w↵

1 + w↵

��↵
a

=
1

⇢↵

"
@iQ

i
(↵)

1 + w↵

�Q↵✓↵

#
, (14)

where ✓↵ ⌘ r · v↵ = @iv
i
↵ is the velocity divergence field. The energy-momentum transfer

functions Q↵, �Q↵ and @iQ
i
(↵) are derived in Appendix A and are given by

Q� = ���⇢� , (15)

Qr = ��⇢� +
h�vi
M

⇥
⇢2m � (⇢eqm)2

⇤
, (16)

Qm = �h�vi
M

⇥
⇢2m � (⇢eqm)2

⇤
, (17)

�Q� = ���⇢���, (18)

�Qr = ��⇢��� +
2h�vi
M


⇢2m�m � (⇢eqm)2

M

T

�r
4

�
, (19)

�Qm = �2h�vi
M


⇢2m�m � (⇢eqm)2

M

T

�r
4

�
, (20)

@iQ
i
(�) = ���⇢�✓� (21)

@iQ
i
(r) = ��⇢�✓� +

h�vi
M

"
⇢2m✓m � (⇢eqm)2

✓
M

2⇡T

◆1/2

✓r

#
� 4

3

�e

M
⇢m⇢r (✓r � ✓m) , (22)

@iQ
i
(m) = �h�vi

M

"
⇢2m✓m � (⇢eqm)2

✓
M

2⇡T

◆1/2

✓r

#
+

4

3

�e

M
⇢m⇢r (✓r � ✓m) , (23)

where we put fm = 0. In this perturbation equations, we included the elastic scattering
cross section between radiation and DM, �e, which makes DMs are coupled kinetically to the
radiation before they reaches the kinetic decoupling. The 00 component of the perturbed
Einstein equation governs the evolution of the metric perturbations,

�

a2
 � 3H

⇣
 ̇+H�

⌘
=

1

2m2
Pl

(⇢��� + ⇢r�r + ⇢m�m) . (24)

Note that in the absence of the anisotropic tensor as in our setup, � =  which then closes the
set of equations we need to solve.

3.1 Perturbations with WIMP DM

We first consider WIMP DM. For M = O(100) GeV, the chemical freeze-out temperature Tfr

is around several GeV, but DM is still in kinetic equilibrium. For usual WIMP, the kinetic
decoupling arises at Tkd = O(1� 10) MeV. Thus, as a benchmark scenario, we consider Treh =
O(10� 100) MeV so that

Tfr > Treh > Tkd . (25)
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FIG. 1: The evolution of the energy densities of the scalar
(black), radiation (red) and DM (blue) respectively with re-
spect to the initial total energy density. Blue dashed line is the
equilibrium energy density of WIMP, and green dashed lines
denote the asymptotic behavior of radiation energy density.
DM freezes out at a/ai ' 20 and RD starts from a/ai ' 300.

While radiation is produced directly from the decay of
�, DM can be produced in several di↵erent ways [13]. For
simplicity, we assume that DM is produced only from ra-
diation by scatterings and set fm = 0. Even in this case,
a sizable amount of DM can be produced from thermal

plasma. If the interaction of DM with plasma is large
enough, they could be in thermal equilibrium. WIMP
is one such example, which is intimately coupled to the
relativistic plasma and decoupled when T/M ⇠ 1/20, de-
pending on the annihilation cross section h�avi [14]. The
freeze-out may happen during SD or RD after the scalar
decay. For the latter case, there will be no di↵erence from
the thermal WIMP in the standard scenario. Therefore,
in our study, we will focus on the case that WIMPs are
decoupled during SD.

In Figure 1, we show the evolution of the background
energy densities of �, radiation and DM by solving (2)-
(4). During SD, ⇢r scales as ⇢r / a�3/2 due to the con-
tinuous production from the scalar decay and thus the ef-
fective equation of state during SD is �1/2. DM is frozen
during SD, and its energy density decreases simply pro-
portional to a�3 after then. However the interactions by
collisions continue until RD.

Evolution of perturbations. Now we consider the evo-
lution of perturbations. For this, we use the Newtonian
gauge with the metric

ds2 = �(1 + 2�)dt2 + a2(1� 2 )�ijdx
idxj . (5)

The perturbation equations can be derived from the
Boltzmann equation for each component (↵ = �, r and
m) and they are given by

�̇↵ + (1 + w↵)
✓↵
a

� 3(1 + w↵) ̇ =
1

⇢↵
(�Q↵ �Q↵�↵ +Q↵�) , (6)
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#
, (7)

where ✓↵ ⌘ r ·v↵ = @iv
i
↵ is the velocity divergence field,

w� = wm = 0 and wr = 1/3. At leading order of T/M ,
the energy-momentum transfer functions Q↵ and �Q↵

are given by

Q� = ���⇢� , (8)
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and @iQ
i
(↵) by
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where we have put fm = 0. In the above equations,
we have included the elastic scattering cross section be-
tween radiation and DM �e which keeps DM and radi-
ation in kinetic equilibrium until they decouple at T

kd

set by ceh�evi⇢r/M |T=Tkd = H(T
kd

), with ce = O(1) be-
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FIG. 1: The evolution of the energy densities of the scalar
(black), radiation (red) and DM (blue) respectively with re-
spect to the initial total energy density. Blue dashed line is the
equilibrium energy density of WIMP, and green dashed lines
denote the asymptotic behavior of radiation energy density.
DM freezes out at a/ai ' 20 and RD starts from a/ai ' 300.

While radiation is produced directly from the decay of
�, DM can be produced in several di↵erent ways [13]. For
simplicity, we assume that DM is produced only from ra-
diation by scatterings and set fm = 0. Even in this case,
a sizable amount of DM can be produced from thermal

plasma. If the interaction of DM with plasma is large
enough, they could be in thermal equilibrium. WIMP
is one such example, which is intimately coupled to the
relativistic plasma and decoupled when T/M ⇠ 1/20, de-
pending on the annihilation cross section h�avi [14]. The
freeze-out may happen during SD or RD after the scalar
decay. For the latter case, there will be no di↵erence from
the thermal WIMP in the standard scenario. Therefore,
in our study, we will focus on the case that WIMPs are
decoupled during SD.

In Figure 1, we show the evolution of the background
energy densities of �, radiation and DM by solving (2)-
(4). During SD, ⇢r scales as ⇢r / a�3/2 due to the con-
tinuous production from the scalar decay and thus the ef-
fective equation of state during SD is �1/2. DM is frozen
during SD, and its energy density decreases simply pro-
portional to a�3 after then. However the interactions by
collisions continue until RD.

Evolution of perturbations. Now we consider the evo-
lution of perturbations. For this, we use the Newtonian
gauge with the metric

ds2 = �(1 + 2�)dt2 + a2(1� 2 )�ijdx
idxj . (5)

The perturbation equations can be derived from the
Boltzmann equation for each component (↵ = �, r and
m) and they are given by
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where ✓↵ ⌘ r ·v↵ = @iv
i
↵ is the velocity divergence field,

w� = wm = 0 and wr = 1/3. At leading order of T/M ,
the energy-momentum transfer functions Q↵ and �Q↵
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where we have put fm = 0. In the above equations,
we have included the elastic scattering cross section be-
tween radiation and DM �e which keeps DM and radi-
ation in kinetic equilibrium until they decouple at T

kd

set by ceh�evi⇢r/M |T=Tkd = H(T
kd

), with ce = O(1) be-
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FIG. 1: The evolution of the energy densities of the scalar
(black), radiation (red) and DM (blue) respectively with re-
spect to the initial total energy density. Blue dashed line is the
equilibrium energy density of WIMP, and green dashed lines
denote the asymptotic behavior of radiation energy density.
DM freezes out at a/ai ' 20 and RD starts from a/ai ' 300.

While radiation is produced directly from the decay of
�, DM can be produced in several di↵erent ways [13]. For
simplicity, we assume that DM is produced only from ra-
diation by scatterings and set fm = 0. Even in this case,
a sizable amount of DM can be produced from thermal

plasma. If the interaction of DM with plasma is large
enough, they could be in thermal equilibrium. WIMP
is one such example, which is intimately coupled to the
relativistic plasma and decoupled when T/M ⇠ 1/20, de-
pending on the annihilation cross section h�avi [14]. The
freeze-out may happen during SD or RD after the scalar
decay. For the latter case, there will be no di↵erence from
the thermal WIMP in the standard scenario. Therefore,
in our study, we will focus on the case that WIMPs are
decoupled during SD.

In Figure 1, we show the evolution of the background
energy densities of �, radiation and DM by solving (2)-
(4). During SD, ⇢r scales as ⇢r / a�3/2 due to the con-
tinuous production from the scalar decay and thus the ef-
fective equation of state during SD is �1/2. DM is frozen
during SD, and its energy density decreases simply pro-
portional to a�3 after then. However the interactions by
collisions continue until RD.

Evolution of perturbations. Now we consider the evo-
lution of perturbations. For this, we use the Newtonian
gauge with the metric

ds2 = �(1 + 2�)dt2 + a2(1� 2 )�ijdx
idxj . (5)

The perturbation equations can be derived from the
Boltzmann equation for each component (↵ = �, r and
m) and they are given by
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↵ is the velocity divergence field,
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where we have put fm = 0. In the above equations,
we have included the elastic scattering cross section be-
tween radiation and DM �e which keeps DM and radi-
ation in kinetic equilibrium until they decouple at T

kd

set by ceh�evi⇢r/M |T=Tkd = H(T
kd

), with ce = O(1) be-
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WIMP isocurvature perturbation and small scale structure
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The adiabatic perturbation of dark matter is damped during the kinetic decoupling due to the
collision with relativistic component on sub-horizon scales. However the isocurvature part is free
from damping and could be large enough to make a substantial contribution to the formation of
small scale structure. We explicitly study the weakly interacting massive particles as dark matter
with an early matter dominated period before radiation domination and show that the isocurvature
perturbation is generated during the phase transition and leaves imprint in the observable signatures
for small scale structure.

PACS numbers: 95.35.+d, 14.80.Ly, 98.80.Cq

Introduction. The formation of large scale structure
is consistent with non-relativistic dark matter (DM) in-
dependent of its nature. Small scale structure, however,
depends on the microphysics of DM and the correspond-
ing evolution in the early universe [1–4]. For weakly in-
teracting massive particles (WIMPs), the kinetic decou-
pling is a crucial stage to determine the size of smallest
object [5, 6]: during the process of kinetic decoupling col-
lisional damping smears out the inhomogeneities below
the corresponding damping scale. After kinetic decou-
pling WIMPs can move freely and this leads to additional
damping below the free streaming scale. For neutralino
DM, the kinetic decoupling scale is set when the temper-
ature is 10 MeV - 1 GeV for the mass between 100 GeV
and TeV [7].

In radiation dominated era (RD), while the “adiabatic”
component of DM perturbation on sub-horizon scales ex-
periences oscillations followed by collisional damping [8],
the isocurvature perturbation between DM and radia-
tion,

S ⌘ 3H

✓
�⇢m
⇢̇m

� �⇢r
⇢̇r

◆
= �m � 3

4
�r , (1)

remains constant without damped oscillations [9, 10].
This property was used to explain large scale structure
with baryon isocurvature perturbation [9], which is ruled
out now by the adiabatic constraint from the cosmic mi-
crowave background (CMB) [11]. However, large isocur-
vature perturbation on small scales is not constrained by
the CMB observations and can give observable signatures
in small scale structure.

In this article, we show how large isocurvature pertur-
bation of WIMPs can be generated for scales that enter
the horizon before the kinetic decoupling. If S = 0 at the

⇤
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onset of RD, it remains so during kinetic equilibrium. In-
stead, if an early matter dominated era precedes RD, a
sizable amount of S can be generated. We note that this
isocurvature perturbation will not be damped even if the
kinetic decoupling happens after the transition to RD.
Dark matter in non-thermal background. In the early

universe, it happens often that the energy density of the
universe is dominated by a non-relativistic matter which
subsequently decays into relativistic particles. This non-
relativistic matter includes a coherently oscillating scalar
field like an inflaton, or massive fields which decay very
late, such as curvaton, moduli and so on. As an illustra-
tion, we consider this dominating non-relativistic mat-
ter as a scalar � with a decay rate ��. Accordingly,
we call the epoch during which � dominates the energy
density as the scalar dominated era (SD). In the back-
ground, then there are three species of fluid: �, radiation
and DM. Their evolutions are governed by the continuity
equations,

⇢̇� + 3H⇢� = ���⇢� , (2)

⇢̇r + 4H⇢r = (1� fm)��⇢� +
h�avi
M

h
⇢2m � (⇢eqm )2

i
,

(3)

⇢̇m + 3H⇢m = fm��⇢� � h�avi
M

h
⇢2m � (⇢eqm )2

i
, (4)

where M is the mass of the DM particle, fm is the frac-
tion of the decay of � into DM, h�avi is the thermal
averaged annihilation cross section of DM and ⇢eqm ⇡
M4(2⇡M/T )�3/2 exp(�M/T ) is the energy density of
DM in thermal equilibrium. Here radiation is the rela-
tivistic particles thermalized quickly when produced from
the decay of �, and thus the temperature T is prop-
erly defined by its energy density ⇢r = ⇡2g⇤T

4/30 with
g⇤ being the e↵ective degrees of freedom of the rela-
tivistic particles in thermal equilibrium. The reheat-
ing temperature is then approximately given by T

reh

⇡
(⇡2g⇤/90)�1/4

p
m

Pl

��. For successful big bang nucle-
osynthesis, we require that T

reh

must be larger than
O(MeV) [12].
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FIG. 1: The evolution of the energy densities of the scalar
(black), radiation (red) and DM (blue) respectively with re-
spect to the initial total energy density. Blue dashed line is the
equilibrium energy density of WIMP, and green dashed lines
denote the asymptotic behavior of radiation energy density.
DM freezes out at a/ai ' 20 and RD starts from a/ai ' 300.

While radiation is produced directly from the decay of
�, DM can be produced in several di↵erent ways [13]. For
simplicity, we assume that DM is produced only from ra-
diation by scatterings and set fm = 0. Even in this case,
a sizable amount of DM can be produced from thermal

plasma. If the interaction of DM with plasma is large
enough, they could be in thermal equilibrium. WIMP
is one such example, which is intimately coupled to the
relativistic plasma and decoupled when T/M ⇠ 1/20, de-
pending on the annihilation cross section h�avi [14]. The
freeze-out may happen during SD or RD after the scalar
decay. For the latter case, there will be no di↵erence from
the thermal WIMP in the standard scenario. Therefore,
in our study, we will focus on the case that WIMPs are
decoupled during SD.

In Figure 1, we show the evolution of the background
energy densities of �, radiation and DM by solving (2)-
(4). During SD, ⇢r scales as ⇢r / a�3/2 due to the con-
tinuous production from the scalar decay and thus the ef-
fective equation of state during SD is �1/2. DM is frozen
during SD, and its energy density decreases simply pro-
portional to a�3 after then. However the interactions by
collisions continue until RD.

Evolution of perturbations. Now we consider the evo-
lution of perturbations. For this, we use the Newtonian
gauge with the metric

ds2 = �(1 + 2�)dt2 + a2(1� 2 )�ijdx
idxj . (5)

The perturbation equations can be derived from the
Boltzmann equation for each component (↵ = �, r and
m) and they are given by

�̇↵ + (1 + w↵)
✓↵
a

� 3(1 + w↵) ̇ =
1

⇢↵
(�Q↵ �Q↵�↵ +Q↵�) , (6)

✓̇↵ + (1� 3w↵)H✓↵ +
��

a
+

w↵

1 + w↵

��↵
a

=
1

⇢↵

"
@iQ

i
(↵)

1 + w↵
�Q↵✓↵

#
, (7)

where ✓↵ ⌘ r ·v↵ = @iv
i
↵ is the velocity divergence field,

w� = wm = 0 and wr = 1/3. At leading order of T/M ,
the energy-momentum transfer functions Q↵ and �Q↵

are given by
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where we have put fm = 0. In the above equations,
we have included the elastic scattering cross section be-
tween radiation and DM �e which keeps DM and radi-
ation in kinetic equilibrium until they decouple at T

kd

set by ceh�evi⇢r/M |T=Tkd = H(T
kd

), with ce = O(1) be-

We consider that the radiation is generated by the decay of the 
scalar and quickly thermalized.  The DMs are produced from the 
annihilation of radiations like WIMP.
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The adiabatic perturbation of dark matter is damped during the kinetic decoupling due to the
collision with relativistic component on sub-horizon scales. However the isocurvature part is free
from damping and could be large enough to make a substantial contribution to the formation of
small scale structure. We explicitly study the weakly interacting massive particles as dark matter
with an early matter dominated period before radiation domination and show that the isocurvature
perturbation is generated during the phase transition and leaves imprint in the observable signatures
for small scale structure.
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Introduction. The formation of large scale structure
is consistent with non-relativistic dark matter (DM) in-
dependent of its nature. Small scale structure, however,
depends on the microphysics of DM and the correspond-
ing evolution in the early universe [1–4]. For weakly in-
teracting massive particles (WIMPs), the kinetic decou-
pling is a crucial stage to determine the size of smallest
object [5, 6]: during the process of kinetic decoupling col-
lisional damping smears out the inhomogeneities below
the corresponding damping scale. After kinetic decou-
pling WIMPs can move freely and this leads to additional
damping below the free streaming scale. For neutralino
DM, the kinetic decoupling scale is set when the temper-
ature is 10 MeV - 1 GeV for the mass between 100 GeV
and TeV [7].

In radiation dominated era (RD), while the “adiabatic”
component of DM perturbation on sub-horizon scales ex-
periences oscillations followed by collisional damping [8],
the isocurvature perturbation between DM and radia-
tion,

S ⌘ 3H

✓
�⇢m
⇢̇m

� �⇢r
⇢̇r

◆
= �m � 3

4
�r , (1)

remains constant without damped oscillations [9, 10].
This property was used to explain large scale structure
with baryon isocurvature perturbation [9], which is ruled
out now by the adiabatic constraint from the cosmic mi-
crowave background (CMB) [11]. However, large isocur-
vature perturbation on small scales is not constrained by
the CMB observations and can give observable signatures
in small scale structure.

In this article, we show how large isocurvature pertur-
bation of WIMPs can be generated for scales that enter
the horizon before the kinetic decoupling. If S = 0 at the

⇤
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onset of RD, it remains so during kinetic equilibrium. In-
stead, if an early matter dominated era precedes RD, a
sizable amount of S can be generated. We note that this
isocurvature perturbation will not be damped even if the
kinetic decoupling happens after the transition to RD.
Dark matter in non-thermal background. In the early

universe, it happens often that the energy density of the
universe is dominated by a non-relativistic matter which
subsequently decays into relativistic particles. This non-
relativistic matter includes a coherently oscillating scalar
field like an inflaton, or massive fields which decay very
late, such as curvaton, moduli and so on. As an illustra-
tion, we consider this dominating non-relativistic mat-
ter as a scalar � with a decay rate ��. Accordingly,
we call the epoch during which � dominates the energy
density as the scalar dominated era (SD). In the back-
ground, then there are three species of fluid: �, radiation
and DM. Their evolutions are governed by the continuity
equations,

⇢̇� + 3H⇢� = ���⇢� , (2)

⇢̇r + 4H⇢r = (1� fm)��⇢� +
h�avi
M

h
⇢2m � (⇢eqm )2

i
,

(3)

⇢̇m + 3H⇢m = fm��⇢� � h�avi
M

h
⇢2m � (⇢eqm )2

i
, (4)

where M is the mass of the DM particle, fm is the frac-
tion of the decay of � into DM, h�avi is the thermal
averaged annihilation cross section of DM and ⇢eqm ⇡
M4(2⇡M/T )�3/2 exp(�M/T ) is the energy density of
DM in thermal equilibrium. Here radiation is the rela-
tivistic particles thermalized quickly when produced from
the decay of �, and thus the temperature T is prop-
erly defined by its energy density ⇢r = ⇡2g⇤T

4/30 with
g⇤ being the e↵ective degrees of freedom of the rela-
tivistic particles in thermal equilibrium. The reheat-
ing temperature is then approximately given by T

reh

⇡
(⇡2g⇤/90)�1/4

p
m

Pl

��. For successful big bang nucle-
osynthesis, we require that T

reh

must be larger than
O(MeV) [12].
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The perturbation equations we need to solve can be microscopically derived from the Boltzmann
equation, and for each component ↵ are given by
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a

� 3(1 + w↵) ̇ =
1

⇢↵
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✓̇↵ + (1� 3w↵)H✓↵ +
��

a
+

w↵

1 + w↵

��↵
a

=
1

⇢↵

"
@iQ

i
(↵)

1 + w↵

�Q↵✓↵

#
, (14)

where ✓↵ ⌘ r · v↵ = @iv
i
↵ is the velocity divergence field. The energy-momentum transfer

functions Q↵, �Q↵ and @iQ
i
(↵) are derived in Appendix A and are given by

Q� = ���⇢� , (15)

Qr = ��⇢� +
h�vi
M

⇥
⇢2m � (⇢eqm)2

⇤
, (16)

Qm = �h�vi
M

⇥
⇢2m � (⇢eqm)2

⇤
, (17)

�Q� = ���⇢���, (18)

�Qr = ��⇢��� +
2h�vi
M


⇢2m�m � (⇢eqm)2

M

T

�r
4

�
, (19)

�Qm = �2h�vi
M


⇢2m�m � (⇢eqm)2

M

T

�r
4

�
, (20)

@iQ
i
(�) = ���⇢�✓� (21)

@iQ
i
(r) = ��⇢�✓� +

h�vi
M

"
⇢2m✓m � (⇢eqm)2

✓
M

2⇡T

◆1/2

✓r

#
� 4

3

�e

M
⇢m⇢r (✓r � ✓m) , (22)

@iQ
i
(m) = �h�vi

M

"
⇢2m✓m � (⇢eqm)2

✓
M

2⇡T

◆1/2

✓r

#
+

4

3

�e

M
⇢m⇢r (✓r � ✓m) , (23)

where we put fm = 0. In this perturbation equations, we included the elastic scattering
cross section between radiation and DM, �e, which makes DMs are coupled kinetically to the
radiation before they reaches the kinetic decoupling. The 00 component of the perturbed
Einstein equation governs the evolution of the metric perturbations,

�

a2
 � 3H

⇣
 ̇+H�

⌘
=

1

2m2
Pl

(⇢��� + ⇢r�r + ⇢m�m) . (24)

Note that in the absence of the anisotropic tensor as in our setup, � =  which then closes the
set of equations we need to solve.

3.1 Perturbations with WIMP DM

We first consider WIMP DM. For M = O(100) GeV, the chemical freeze-out temperature Tfr

is around several GeV, but DM is still in kinetic equilibrium. For usual WIMP, the kinetic
decoupling arises at Tkd = O(1� 10) MeV. Thus, as a benchmark scenario, we consider Treh =
O(10� 100) MeV so that

Tfr > Treh > Tkd . (25)
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The perturbation equations we need to solve can be microscopically derived from the Boltzmann
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where ✓↵ ⌘ r · v↵ = @iv
i
↵ is the velocity divergence field. The energy-momentum transfer
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where we put fm = 0. In this perturbation equations, we included the elastic scattering
cross section between radiation and DM, �e, which makes DMs are coupled kinetically to the
radiation before they reaches the kinetic decoupling. The 00 component of the perturbed
Einstein equation governs the evolution of the metric perturbations,
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Note that in the absence of the anisotropic tensor as in our setup, � =  which then closes the
set of equations we need to solve.

3.1 Perturbations with WIMP DM

We first consider WIMP DM. For M = O(100) GeV, the chemical freeze-out temperature Tfr

is around several GeV, but DM is still in kinetic equilibrium. For usual WIMP, the kinetic
decoupling arises at Tkd = O(1� 10) MeV. Thus, as a benchmark scenario, we consider Treh =
O(10� 100) MeV so that

Tfr > Treh > Tkd . (25)
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Perturbation equations
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FIG. 1: The evolution of the energy densities of the scalar
(black), radiation (red) and DM (blue) respectively with re-
spect to the initial total energy density. Blue dashed line is the
equilibrium energy density of WIMP, and green dashed lines
denote the asymptotic behavior of radiation energy density.
DM freezes out at a/ai ' 20 and RD starts from a/ai ' 300.

While radiation is produced directly from the decay of
�, DM can be produced in several di↵erent ways [13]. For
simplicity, we assume that DM is produced only from ra-
diation by scatterings and set fm = 0. Even in this case,
a sizable amount of DM can be produced from thermal

plasma. If the interaction of DM with plasma is large
enough, they could be in thermal equilibrium. WIMP
is one such example, which is intimately coupled to the
relativistic plasma and decoupled when T/M ⇠ 1/20, de-
pending on the annihilation cross section h�avi [14]. The
freeze-out may happen during SD or RD after the scalar
decay. For the latter case, there will be no di↵erence from
the thermal WIMP in the standard scenario. Therefore,
in our study, we will focus on the case that WIMPs are
decoupled during SD.

In Figure 1, we show the evolution of the background
energy densities of �, radiation and DM by solving (2)-
(4). During SD, ⇢r scales as ⇢r / a�3/2 due to the con-
tinuous production from the scalar decay and thus the ef-
fective equation of state during SD is �1/2. DM is frozen
during SD, and its energy density decreases simply pro-
portional to a�3 after then. However the interactions by
collisions continue until RD.

Evolution of perturbations. Now we consider the evo-
lution of perturbations. For this, we use the Newtonian
gauge with the metric

ds2 = �(1 + 2�)dt2 + a2(1� 2 )�ijdx
idxj . (5)

The perturbation equations can be derived from the
Boltzmann equation for each component (↵ = �, r and
m) and they are given by
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where ✓↵ ⌘ r ·v↵ = @iv
i
↵ is the velocity divergence field,

w� = wm = 0 and wr = 1/3. At leading order of T/M ,
the energy-momentum transfer functions Q↵ and �Q↵

are given by
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where we have put fm = 0. In the above equations,
we have included the elastic scattering cross section be-
tween radiation and DM �e which keeps DM and radi-
ation in kinetic equilibrium until they decouple at T

kd

set by ceh�evi⇢r/M |T=Tkd = H(T
kd

), with ce = O(1) be-

Monday, October 12, 15



(IV) The modes that enter the horizon during SD

Questions: 1. All the perturbation below k�1
kd is suppressed? 2. Why not the case for Treh <

Tkd < kfr? Then, we may consider the evolution of perturbations in four di↵erent regimes of
scales:

(I) The modes that remain outside the horizon even after reheating and kinetic decoupling.

(II) The modes that enter the horizon during RD after kinetic decoupling (k�1
kd < k�1).

(III) The modes that enter the horizon during RD before kinetic decoupling
(k�1

reh < k�1 < k�1
kd ).

(IV) The modes that enter the horizon during SD (k�1 < k�1
reh).

(Notation of perturbation equation is di↵erent from that of Sigurdson’s paper.
Then it seems that notation �0 in our note below should change to � 0 or ��0. I
didn’t change it for a moment, just because then I should change the sign of figures
also. ) We give initial conditions for the perturbation when it is far outside the horizon where
the perturbations do not evolve but remain constant and the gravitational potential, � = �0.
Since the radiation and DMs are produced from the single source, the decaying scalar, the
perturbation is adiabatic by definition. Using the relation for the adibacity,

�⇢↵
⇢̇↵

=
�⇢�
⇢̇�

(26)

between di↵erent species ↵ and � on super-horizon scales during SD and much before the
reheating (Hi > ��), and we obtain [[[ JG: NEED TO CHECK – NO JUMP IN �m IN
THIS CASE??? ]]] we easily find the initial values for the density contrast,

��(ai) = 2�0 , (27)

�r(ai) = �0 , (28)

�m(ai) ⇡ M

4Ti

�r(ai) =
M

4Ti

�0 (WIMP in thermal equilibrium), (29)

�m(ai) = ��(ai) = 2�0 (E-WIMP), (30)

(31)

with Ti = [30⇢r(ai)/(g⇤⇡2)]1/4 as given in (6). Note that these can be also derived from the
Boltzmann equations.

3.1.1 Super-horizon scales

Let us see the first case (I), super-horizon scales. During SD, as mentioned above, �� and
�r retain their initial values as given by (27) and (28), respectively. After � decays and the
universe becomes RD, � rescales from �0 to 10�0/9. Accordingly, �r grows from 2�0 to
2(10/9)�0. Meanwhile, ⇢� decreases exponentially as ⇢� / exp(���t). Thus from (13) we can
find �� during RD increases proportional to a2 as [[[ JG: SIGN OF �??? ]]]

�� ' ��

4H
�r / a2 . (32)
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Figure 6: Absolute value of density contrast of the dark matter for WIMP (blue), and E-WIMP
(orange) at scale a = 107aI . kreh = 0.015HI is the mode that enter the horizon around transition
era between SD and RD. Draw vertical dashed lines corresponding to each momentum ranges:
kfr, kreh, kkd, and k(a)

(I) k . 5⇥ 10�4kreh: �m is outside the horizon and thus is nearly constant.

(II) 5 ⇥ 10�4kreh . k . 0.05kreh: �m enters the horizon during RD after kinetic decoupling,
and grows according to the following fitting formula:

�m(a) =
10

9
�0A log


Ba

ahor(k)

�
, (39)

where A = 9.11, B = 0.594, and ahor(k) ⇠ (k/Hreg)�1 is the scale at which the mode k
enters the horizon [Sigurdson].

(III) 0.05kreh . k . 5kreh: �m enters the horizon during RD before kinetic decoupling, which
induces both oscillations and damping.

(IV) 5kreh . k: �m enters the horizon during SD and follows (38).

�m ⇡ �1.9⇥ 103 �0

✓
k

aiHi

◆2

/ k2 . (40)

Throughout the period when the dark matter density is subdominant, the perturbation of
DM does not a↵ect each other. However the situation changes when DM relic density becomes
important in the matter dominant epoch (MD). The behaviour is shown in the next subsection.

3.3 Perturbation during MD

In the previous sections, we have obtained the non-trivial evolution of perturbations during SD
and the subsequent RD. After kinetic decoupling, the interactions between DM and radiation
become negligible and the evolution of perturbations follows the standard picture. Here we

10

The growth and suppression of the density perturbation.

super
horizon

reheating

kinetic 
decoupling

suppression by 
kinetic eq.

enhancement 
during SD

Monday, October 12, 15



Small scale suppression of power spectrum

• Free streaming

The free streaming (collision-less damping, Landau damping) of dark 
matter from dense regions to under-dense regions smoothes out 
inhomogeneities for the smaller than the free streaming length scale.  

separates the gravitationally stage and unstable modes. The smaller scale is stable and

larger scale is unstable.

This is same for the expanding Universe, and the jeans wave number is given by

k

J

=

✓
4⇡G⇢0R

2

v

2
s

◆1/2

,

(10)

where R is the scale factor. k
J

/R gives the physical wave number.

The free streaming (collisionless dampling, Landau damping) of dark matter from dense

regions to underdense regions smoothes out inhomogeneities. The free streaming length is
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V. DIRECT DETECTION

The dark matter scatters with Nuclei. The interaction rate is given by R = KF�, with

K is the number of target Nuclei, F is flux of DM and � is the scattering cross section. For

one-kilogram detection with mass number A, A = Z +N , (Z is the number of protons and

N is the number of neutrons), K = 6.0⇥ 1026/A. The counting rate per kilogram detector

per day is
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The scattering of dark matter with the Nucelon is mediated by another field.

A. Dark matter - nucleon interaction

(Axial-) vectore medaition

The general interaction of fermonic dark matter is [4]
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Details are in Zaldarriaga). The density contrast of the modes that enters during SD,
�m(aeq) is mostly determined as �m(a⇤) ' �1.9⇥ 103�0(k/Hi)2 given in (38). The asymptotic
value of density contrast of DM during MD is
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(51)

(Here I use �0 as the same notation used in the pervious section) Note that if there
is no SD period at early universe, for the modes that enter before the kinetic decoupling, the
density contrast of dark matter during RD is mainly evolved by ✓r after kinetic decoupling as
(??). The coe�cients in (??) Ak ' 6�0, �k ' 0 for modes k/a⇤ � H⇤. Therefore,
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where we used a2⇤H⇤ = a2IHI during RD. Because in deep inside the horizon aI ⌧ a⇤, �m(a) can
be much suppressed compared to that with SD period.

However there is a collision less and/or collisional damping after reheating which can erase
the enhancement of the perturbations. The samping scale depends on the properties of DM
candidates. For WIMP, the free-streaming length after kinetic decoupling is given by [15, 20]
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. Note that the suppression by kinetic coupling is already included in our equations (check!).
The important things is that the existence of SD can enhance the perturbation at small scales
which is not suppressed by the kinetic coupling with radiation.

For E-WIMP, assuming that most of them are generated at the highest temperature during
SD, the free-streaming scale can be obtained as []

kfs '
⇣ m
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⌘✓ 7

1 + 0.03 ln( m
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)

◆
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. (54)

For axion-like DM, the smallest scale is given by the Jeans scale [22, 23]
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(55)

3.3.2 Mixed DM

Since this part is one of our main result, we need a figure which shows a enhancement of WIMP
due to E-WIMP for di↵erent ratios of DMs.

For WIMP DM, the scales which enter the horizon during RD is highly suppressed due to
the kinetic interactions with plasma. However when there is a E-WIMP component that is
decoupled from the relativistic plasma, the WIMP perturbation could grow fast during MD
due to the gravitational potential made by the E-WIMP density perturbation. 1

1
That is similar to the growth of baryon density following the DM potential during MD.
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Details are in Zaldarriaga). The density contrast of the modes that enters during SD,
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value of density contrast of DM during MD is
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where we used a2⇤H⇤ = a2IHI during RD. Because in deep inside the horizon aI ⌧ a⇤, �m(a) can
be much suppressed compared to that with SD period.

However there is a collision less and/or collisional damping after reheating which can erase
the enhancement of the perturbations. The samping scale depends on the properties of DM
candidates. For WIMP, the free-streaming length after kinetic decoupling is given by [15, 20]
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. where

c2s(Tkd) ' Tkd
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Note that the suppression by kinetic coupling is already included in our equations (check!).
The important things is that the existence of SD can enhance the perturbation at small scales
which is not suppressed by the kinetic coupling with radiation.

For E-WIMP, assuming that most of them are generated at the highest temperature during
SD, the free-streaming scale can be obtained as []
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For axion-like DM, the smallest scale is given by the Jeans scale [22, 23]
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3.3.2 Mixed DM

Since this part is one of our main result, we need a figure which shows a enhancement of WIMP
due to E-WIMP for di↵erent ratios of DMs.
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with effective sound speed squared of DM
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FIG. 3: Density contrast of DM with M = 5TeV, Treh =
0.1GeV and Tkd = 0.01MeV.

scale DM clumps [18]. The annihilation of DM in such
objects may produce observable signatures of gamma-
rays, cosmic rays, or neutrinos [19–23] and also may
be the source for the observed anomalous spectrum.
The DM clumps may change also the direct detection
rate [24], a↵ect the gravitational wave signals [25], and
form the DM stars [26].
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Discussion

 1. Isocurvature perturbation of DM is not suppressed. 
and can be probed in the small scale dark matter clumps. 

28

3. The power spectrum of  WIMP shows non-trivial shape of 
structure formation at small scales. It implies one way to see 
the early Universe before BBN.

2. The isocurvature perturbation of WIMP can be 
generated during the early matter domination.

3. The WIMP DM inside the small scale objects can be 
observed in the gamma-ray, cosmic rays or neutrinos and in 
the direct detection rate.
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