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1. Bubble collisions in cosmology

<Nucleation of bubbles ⇒ expansion/collision of bubbles>
(Credit: www.damtp.cam.ac.uk)

• First-order phase transitions occur through the formation of bubbles of the
new phase (true vacuum) in the middle of the old phase (false vacuum).

• These bubbles then expand and collide: analogous to bubbles of steam in
boiling water.

• This whole process can be modeled by the Coleman-de Luccia instanton: a
quantum transition between two classically disconnected vacua at di�erent
energies - the higher energy (false vacuum), the lower energy (true vacuum).
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2. Collision mechanism via scalar �eld potential

 

<A real scalar �eld potential model>

• The �eld ϕ initially in the higher energy state (false vacuum) transitions to
the lower energy state (true vacuum) through quantum-mechanical tunnel-
ing.

• As the bubbles continue to collide repeatedly, the �eld ϕ transitions back
and forth repeatedly along the potential and eventually settles down in the
true vacuum as the collision process is gradually terminated.
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3. Gravity-scalar �eld dynamics

• Action for a cosmological system in Einstein gravity coupled with a scalar
�eld ϕ governed by a potential V (ϕ):

S =

ˆ
d4x

√
−g

[
1

16π
R− 1

2
∇µϕ∇µϕ− V (ϕ)

]
.

• Einstein equations for the system:

Rµν −
1

2
Rgµν = 8πTµν

with the stress-energy tensor

Tµν = ϕ;µϕ;ν −
1

2
ϕ;ρϕ;σg

ρσgµν − V (ϕ) gµν.

• Scalar �eld equation for the system:

∇2ϕ =
dV

dϕ
.
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4. Solving �eld equations

Consider two identical bubbles and prescribe a geometry with the hyperbolic
symmetry as an ansatz:

ds2 = −α2
h (u, v) dudv + r2h (u, v) dH

2

flat−→ −dudv +
1

4
(u + v)2 dH2 = dx2 − dτ 2 + τ 2dH2

with u
flat−→ τ − x, v

flat−→ τ + x (double-null coordinates); dH2 ≡ dχ2 + sinh2 χdθ2;
τ 2 ≡ t2 − y2 − z2, t = τ coshχ, y = τ sinhχ sin θ, z = τ sinhχ cos θ;
0 ≤ χ < ∞, 0 ≤ θ < 2π.

In this geometry solve Einstein equations and scalar �eld equation simultane-
ously, given a potential V (ϕ),

Rµν −
1

2
Rgµν = 8π

(
ϕ;µϕ;ν −

1

2
ϕ;ρϕ;σg

ρσgµν − V (ϕ) gµν

)
,

∇2ϕ =
dV

dϕ

to determine guv = −1
2α

2
h (u, v), gχχ = r2h (u, v), and ϕ (u, v): the solutions include

e�ects of radiation reaction.
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5. Numerical results for scalar �eld

To study bubble collisions, solve Einstein equations and scalar �eld equation
with the simplest potential:

V (S) =
3Vf

βS4
f

S4 − 2 (β + 3)Vf

βS3
f

S3 +
3 (β + 1)Vf

βS2
f

S2 ; S ≡
√
4πϕ.

Plots of V (S) with β = 0.1, Vf = 10−4, St =
√
4πϕt = 0 and Sf =

√
4πϕf = 0.1, 0.2, 0.3, 0.4.
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Then obtain the following results for S (u, v) =
√
4πϕ (u, v) [Hwang et al., JCAP

1207, 003 (2012)]:
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Numerical plots of S =
√
4πϕ with Vf = 10−4, St = 0 and Sf = 0.1, 0.2, 0.3, 0.4.

(Credit: [Hwang et al., JCAP 1207, 003 (2012)])
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6. Computation of gravitational waves

In the transverse trace-free gauge, compute GWs in time domain by

hTT
ij (t,x) = h

TT

ij (t,x) =
4G

c4r
Λij,kl (n)

[ˆ
d3x′T kl (tR,x

′)

+
1

c
nm d

dtR

ˆ
d3x′T kl (tR,x

′)x′m

+
1

c2
nmnp d

2

dt2R

ˆ
d3x′T kl (tR,x

′)x′mx
′
p + · · ·

]
tR=t−|x|/c

.

In the thin-wall and quadrupole approximations, it turns out

hTT
ijQ (t,x) =

4

r
Λij,kl (n)

ˆ
d3x′T kl (tR,x

′)

≈ π

r

[
δixδjx − 2δixnj cosϑ +

1

2
ninj

(
1 + cos2 ϑ

)
− 1

2
δij sin

2 ϑ

]
×η2
ˆ xo

−xo

dx′
[
Txx −

1

2
(Tyy + Tzz)

]
tR, y

′=z′=0

; (tR = t− |x|) ,

where n = (nx, ny, nz) = (cosϑ, sinϑ, 0), η ∼ 3
2ϕ

2
f /bVf is a bubble-wall thickness, and

Tij = ϕ;iϕ;j −
1

2
ϕ;µϕ;νg

µνgij − V (ϕ) gij is to be constructed from the numerical data

of ϕ and gµν.
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For computation of GWs, we note the following:

• Bubble-wall thickness η ∼ 3
2ϕ

2
f /bVf is assumed to be thin, tuned by ϕf, Vf and

b (initial half-separation of bubbles): η ≪ t , and hence b ≫ 3
2ϕ

2
f /Vft.

• Integration is performed over a volume of thin cylindrical shell ,V ∼ π
4η

2∆x,
with the integral domain along the collision axis ∆x ≫ 2b. V is equivalent to
a long thin cylinder with the diameter η surrounding the axis.

• In the causal relationship between two colliding bubbles and an observer,
the observer is reasonably far away from the collision region.

 : collision event  : observer : time-like zone
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<Left> The kinetic energy of the bubble walls K plotted against ρ ≡
√
y2 + z2. The colored

region represents where K is concentrated; in a small region around the x-axis of a wall
thickness 2ρ ∼ η [Hawking et al., Phys. Rev. D 26, 2681 (1982)].

<Right> The kinetic energy of the bubble walls K plotted against t =
√
τ 2 − ρ2. The two

curves here represent K (t) for ρ = 0 (solid line) and ρ = η/2 (dotted line), respectively.
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(I) Strong collision regime

Given the numerical solutions, guv = −1
2α

2
h (u, v), gχχ = r2h (u, v), ϕ (u, v) in the

double-null coordinates, u
flat−→ τ − x, v

flat−→ τ + x, compute instead

hTT
ijQ (t,x) ≈ 2π

r

[
δixδjx − 2δixnj cosϑ +

1

2
ninj

(
1 + cos2 ϑ

)
− 1

2
δij sin

2 ϑ

]
×η2

[ˆ xo

0

duTuu (tR ± u, tR ∓ u)− 2

ˆ xo

0

duTuv (tR ± u, tR ∓ u)

+

ˆ xo

0

duTvv (tR ± u, tR ∓ u)− 1

2t2R

ˆ xo

0

duTχχ (tR ± u, tR ∓ u)

]
;

(tR = t− |x|) ,

where n = (nx, ny, nz) = (cosϑ, sinϑ, 0), η ∼ 3
2ϕ

2
f /bVf is a bubble-wall thickness, and

Tab = ϕ;aϕ;b −
1

2
ϕ;µϕ;νg

µνgab − V (ϕ) gab is to be constructed from the numerical

data of guv = −1
2α

2
h (u, v), gχχ = r2h (u, v), ϕ (u, v).
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(1) (2)

(3) (4)

Numerical plots of hTT
ijQ (t) with Vf = 10−4, St = 0 and Sf = (1) 0.1, (2) 0.2, (3) 0.3, (4) 0.4.
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(II) Weak collision regime

Neglecting the gravitational e�ects on bubbles by following [Kosowsky et al.,
Phys. Rev. D45, 4514 (1992)], compute

hTT
ijQ (t,x) ≈ 2π

r

[
δixδjx − 2δixnj cosϑ +

1

2
ninj

(
1 + cos2 ϑ

)
− 1

2
δij sin

2 ϑ

]
×η2
ˆ xo

0

dx′
(
∂ϕ

∂x′

)2

τ=tR

; (tR = t− |x|) ,

where n = (nx, ny, nz) = (cosϑ, sinϑ, 0), η ∼ 3
2ϕ

2
f /bVf is a bubble-wall thickness, and

the scalar �eld solution ϕ is obtained from

�ϕ (τ, x) ≈ 6 (β + 1)Vf

βS2
f

ϕ (τ, x)

⇒ ϕ (τ, x) ≈ ϕo

J1
(
ωt

√
τ 2 − x2

)
ωt

√
τ 2 − x2

; ωt =
√
6 (β + 1)Vf/ (βS2

f ).
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Plots of hTT
ijQ (t) with Vf = 10−4, St = 0 and Sf = (1) 0.1, (2) 0.2, (3) 0.3, (4) 0.4 by MAPLE.
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7. Conclusions and discussion

• We model two equal-sized colliding bubbles using a real scalar �eld poten-
tial, and compute gravitational waves produced from the collisions.

• Time-domain gravitational waveforms are directly computed by integrating
the stress-energy tensors, which are expressed in terms of the scalar �eld,
the local geometry and the potential; therefore, containing all necessary in-
formation of bubble collisions.

• For accurate computation of gravitational waves, it is necessary to include
higher order multipole moments than quadrupole: our sources (expanding
bubbles) are highly relativistic. Also, our investigation should be extended
beyond the thin-wall approximation. [Future Studies]

• The energy spectrum of gravitational waves will reveal how the gross features
of bubble collisions, such as the vacuum energies and collision time scale,
are associated with the gravitational waves. [Future Studies]
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[Future Studies]

For accurate computation of GWs, we must include higher order multipole
moments than quadrupole because our sources (expanding bubbles) are highly
relativistic:

hTT
ij (t,x) = h

TT

ij (t,x) =
4G

c4r
Λij,kl (n)

[ˆ
d3x′T kl (tR,x

′)

+
1

c
nm d

dtR

ˆ
d3x′T kl (tR,x

′)x′m

+
1

c2
nmnp d

2

dt2R

ˆ
d3x′T kl (tR,x

′)x′mx
′
p + · · ·

]
tR=t−|x|/c

.

Further, we should calculate the energy spectrum of GWs in frequency-domain
by

dE

dωdΩ
= 2Gω2Λij,kl (n)T

ij∗ (k, ω)T kl (k, ω)

to study how the gravitational radiation energy is released; to investigate how
the gross features of bubble collisions, such as the vacuum energies and collision
time scale, are associated with the GWs.
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This investigation should be compared with [Kosowsky et al., Phys. Rev. D45,
4514 (1992)]:

 

Energy spectrum in quadrupole vs. full linearized gravity approximations.
(Credit: [Kosowsky et al., Phys. Rev. D45, 4514 (1992)])
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