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Introduction to worldline formalism

Worldline method: Quantum field theory results from quantization of
Quantum models.

@ Main tools in use:
particle actions:

S, v, 6] = /Tdr(x2 +1 %+ V(x %%, G))

0

x — Bosonic 1) — Fermionic G — External
@ Canonical quantization

@ Path integral (integral over trajectories)



Purely Bosonic

@ Dirichlet boundary conditions (topology of a line)

x(T)=x
(x|le T |x'y = / Dx(7) eS¢
x(0)=x’

@ Periodic boundary conditions (topology of a closed line)

Z(T) = / Dx(r)e>t¢l
x(0)=x(T)

-
N



Tools to compute:
o Green function (propagators)

o Effective action. i.e. functional generators of effective vertices using
particle models.
review by Schubert 2001

Why develop alternative (to 2nd gzn) tools?

@ in some cases conventional QFT is not the most effective way to compute

@ other methods have proved very succesful in the computation of S-matrix
elements:

o MHYV amplitudes, holomorphic methods,... Bern, Kosower, Cachazo,....
mostly at tree level with massless particle

worldline formalism works well also with massive particle and at one loop



@ no need to compute momentum integrals or Dirac traces explicitly
o efficient way to path order

o directly obtain off-shell Feynman amplitudes, rather than single Feynman
diagrams
Example: Compton scattering in scalar QED:

@ gauge-invariance efficiently guaranteed



Worldline Green's function

(— 90" + m2)A(X, X)=b6(x—x) = T
o Massive scalar field (Feynman) propagator
/ e P
A(x,x") = )—/d4 2+m2

@ Schwinger representation

(¢(x)e(x")) = /OO dT/d4p e P =X ) =T (PP +m?)
0
:/OO dT/C"’P (xle T ) (plx')
0

@ Replacing p with p can integrate over p

(B(x)(x)) = / dT e ™ (xle” TP |x), H=p? = 5u,p"p”



o Path integral representation of transition element

oo o [X(T)=x
@t = [ ar e [ U Dy et

(0)=x’

1
S[x(r)] = % /O d7 6 iP5

(p(x)¢(x")) — Worldline representation for the free scalar field propagator
= path integral on the line

S[x(7)] — Worldline action



Tree-level scalar QED

Coupling to external photons: replace p, with I, = p, + gA,

(T)=x
(p(x)p(x")) / dT e *T””/) Dx e~ *bAul

:X/

S[x(7), Au] = /0 dr (ﬁawx“k”qu”Au(x(r)))

o treat A, perturbatively: the latter reproduces all tree-level diagrams of
scalar QED with 2 scalars and n photons, the " n-propagator”

(BFN, = X a{z*%;

x4 q q’

o the WL linear coupling also reproduces the sea-gull coupling of QFT



Tree-level scalar QED

Recipe:
@ Write potential as trivial background plus sum of photons
n
Au(x(7)) = 3 10
i=1
@ expand e /¥4 and pick up terms linear in all polarizations: it involves a
QM correlation function

e} n 1
Al X ks exi -y n] = q"/ dTe*TmZH/ dri
0 =170

x(1)=x
% / @ Dx e*% IS e € X(Ti)+iki-x(i)
x(0)=x’

@ split x(7) = xpg(7) + yg):ocon y(0)=y(1)=0
o then (M) ~ [ Dy y(ry(r)e I = —2TA(n )

y(0)=0
A(7, ') particle Green's function

°° dT —Tm?— L (x—x")? n 1
Alx, X' ki, e1; -+ kn, €n :q"/ o~ Tm =37 (x—x') /dT,‘
[ ] o (4nT)? E o

eEf (ikf‘xl+(i7iki+€i)'(x_xl)) T3 <‘<f'ijU*’?‘f'kj.Aij*‘i"j.xy) ‘
e

m.l.€;



To get a full momentum amplitude, use Fourier transform fdxdx’e"("‘””/'xl)

oo n 1
Alp,p' ki, e+ i knyen] = q"/ dar efT(mhpz)H/ dri
0 =170

eT(p*p,)-Zi(fT,-ki#»ie,-) el Xi (k;-ij,/ 7,‘25,-‘ij,-1-+5,-~5in]-)

m.l.€;

where ;= Lri—7l, = j=lsign(n-n), 5=0(n )

RN
RIRE

@ integrals over T and 7; are the Feynman parametrization of scalar free
propagators

on-shell the integrand is fully 7-translation invariant

the external scalar lines aren’t (yet) truncated

see: N. Ahmadiniaz, F. Bastianelli and O. Corradini; arXiv:1508.05144
N. Ahmadiniaz, A. Bashir and C. Schubert (to appear soon)



Worldline formalism in curved space

Nonlinear Sigma Model:
@ Allows to compute amplitudes with gravitons.
@ Scalar field line with external gravitons: described by scalar worldline

actions in curved space.

x(1)=x
(P(x)p(x)g = / Dx e~ Skel

x(0)=x"

Stigl = 37 | drulx(

Einstein-invariant measure Dx = [[_+/g(x(7))d*x(7)

@ can be reproduced via the path integral of auxiliary fields
j Dx = j DxDaDbDc e’ﬁ J guv(ata?+bHc”)

a — bosonic ghost field — (a"(71)a" (7)) = 26(m1 — 12)0"
@ b, c— fermionic ghost fields — (b*(m1)c”(12)) = —46(11 — 12)5*".



Tree-level graviton amplitudes

Recipe:

@ Write g, as a sum of gravitons
-
g;w(X) = 5uu + KZ C‘W,/ e
/
@ get a vertex operator

1 & TR L v TR ik-x(T
Vilk, ¢l = ﬁ/ Cuv (X5 4 33" + b))
0

gu,u = Eoufov

@ coupling is "abelian” — no path ordering.

@ Vertex operator is quadratic.

Single worldline diagrams are singular — need regularization.

After regularization, the ghost field contributions will cancel all divergent
terms.



Amplitude with two scalars, one-graviton and N-photons

Almost the same way that we found the master formula for N-photon one gets:
for x-space

1 oo > _ ey
Al xi kg s £0i kp, €15 - - :kN.EN]:(—ZM‘,)(fr'E)N/O =T =7 D) (4

T N N (x=x") x—x ’ N ok 21O e ki —OA® e e ] — c-e
X/THdT;sZ/’:O (e X +iki (X )"/”kr”x>ez:./:0 [Djjki ki —2i®Ajie; k; Nei €j]—=25(0)eg-eg
0 :
i=0

which one must take terms which are linear in all photon polarizations and
multilinear in graviton’s polarization.



An in momentum space:

1 N oo (22
Al pi kg cgi ki e1i - i kyh eyl = (—;m)(—fs)N(21r)D5D(P/ vpe > k,-)/o dT e~ T(m™+p%)
=0

N . Iri—7il Tt L
y /T 11 dT_ez{\{jzo [—Zk;-pri+215;-p+(l42L—ITL)k,--kj—I(slgn(ri—Tj)—l)si-kj+5(ﬂ'i—Tj)si-sj}—25(0)50-50
i
[
i=0

@ Some especial cases:

o N =0 —no photon — graviton coupling to scalar propagator!
o N =1 — Compton scattering with one photon and one graviton!

ko, €0

1 K 1
. /_k _ 2 D ¢D / ke s Y o v
"A[pr P 0750] +( 7T) 4 (P +p + 0)(m2 ¥ p2) [280,“ p-p ] (m2 T p,2)



ko, €0 fe

Ke 1
= @mPel (e’ +p+ ko + k)

’
0 kgs €0i k -
Alpipiikos 0tk 21| e ey h (m2 1 p2)(m2 + p2)

X{[4(Eo P )2(e1 - p) +4(e1 - P)(eg - P )eq - ko) + 2Aeg - P)(eg  Kyd(en - K1)

1

+2(eg - k)2 (e1 - k1) — 2(e1 - ki)(eg - P)(eg - P)) + (e0 - k)P [(e1 - P) + S(er k)]
1

.k -k k) —
+2(<q - k1)(o - ko)le1 - k1) 21 (o k)l
+[ —4(cq - p)2(e1 - p') — 2eg - p)P(e1 - k1) — 4(=q - P)(eo - ko)le1 -+ p)
+4(e1 - Ko)(eo < ko)® + 2(eq - ko)P(e1 - p)
1 Ck)(eg - ko)? = (g - sg)[2e1 - P + & -k]]%}

> 1 1 0 0 0 0 1 1 1 [mz 4 (P+ ko)zl

2Ke
D D
+T(27\') P (0 +p+ko+ ki)eg - e1)eg - (P — ')



Alp; p; ko, €0; ki, £1] T 2re(2m)?5° (p+ p' + ko + k1)
(0-p)(e1-P)  (e1-p)(eo-p')°

X
p/'kl p’~k0

—(e0-e1)e0- (p' — P)]

These results are in agreement with previous calculations (on-shell),
e B. R. Holstein, PRD, 74, 085002 (2006)
@ S. Y. Chai, J. Lee, J. S. Shim, and H. S. Sang, PRD, 48, 769 (1993)



Amplitude with two scalars and N gravitons:

1 ! C s v vy ik-x(T
Vh[k,C]:ﬁ/O Con (K"5H 4 "3 + b))

A(x, x5 ki, Cas o ks Cn) ~ Hn<Vh[k1-, Gl Vh[kN~<N]>

ko ko kg ky

. / /
Write Cup =: epey, and €, :=¢y + ¢,

S ik- ik ete’) (% e-bte’
C}A.V(XMX“ + auau + bucz/)er X~ e/ x+(e+e’)-(x+a)+e-b+e’-c

m.l., no mix



n 1 H . ’ ’ ’
<Vh[k17 Q] R \/h[k,17 Cn]> = H % eZ/ [/k/-(x +(x=x")7)+e (x—x )]
=170

eT S [k,»k//A,,/ —2ie -k By 76/»5,/('3”/+Agh,,,/ )}

m.l.,

A, x5 ki, G ki, ) ~ 'i”<Vh[k1,C1] o Vh[kN,CN]>

And from this master formula after some algebra one get the Gravitational
Compton Scattering (N = 2)

o~
o
-

ki, ey




and its on-shell version
2k2
(m? + p2)(m?* + p?)
[(51 P)(e2-p) | (e1-p)(e2- P’)z]
X +
ka-p ki-p

A b[p; P/; ki, e1; ko, €2] (27T)D5D (p +p ki k2>

(1)

@ We do not have the result for the seagull diagram yet.

@ From our method we do not calculate the g-pole diagram, we are trying to
find a way to include this diagram into our master formula.

%@@@%@@@




Conclusions and Outlook

Worldline formalism efficient alternative to standard QFT

Obtained several new applications of the method, at one-loop level tree
level, for QED and QCD

o Fields with spin at tree-level: abelian and non-abelian spinning particles.

Ball-Chiu vertices anhmadiniaz and Schubert, 2013 and 2014
@ Bound states. Done for scalar fields sastianelii, Huet et al 2014

@ KLT relations between graviton amplitudes and gauge amplitudes
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