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Introduction

GRis 1) a theory of massless spin-2 field
2) a theory of curved geometry

Extensions of GR (focusing on 1?)
Massless — massive: massive gravity, bigravity...
Spin-2 — other spin: scalar-tensor, vector-tensor...

We have to take care 2 when extending GR.

Physics should require how to measure the distance and the derivative.
— two independent objects, metric .., and connection I' ;.

Riemannian geometry: metric is only independent object

1 v
Top = {a”ﬁ} = 59" (Bagpy + Opgor — Ovgap)

2
Just a special case!
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Metric and Metric-affine formalisms

O Metric formalism: Gravity is a theory of metric (= spin-2 field)
— Gravitational theory determines only metric (Riemannian geometry)

O Metric-affine (Palatini) formalism: Gravity is a theory of geometry
— Gravitational theory determines not only metric but also connection.

No assumption on the connection.

GR in metric formalism is obtained from GR in metric-affine formalism.
(Giachetta and Mangiarotti 1997, Dadhich and Pons, 2012 for example)

Seravity (9, ') = /d4x\/ p R(g, [') 4+ higher curvatures
EH term

r r r

. r
RMV@ﬁ(F) o= aargu - aﬁl—‘gu + FZUFEV - Fgargw R := Q‘U’VR,um Rm/ r= Raﬂ B
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Metric-affine formalism

For convenience, we introduce the distortion tensor k
BTk n
R™ ap «— Fa,@ {aﬁ}

The metric-affine formalism = The metric formalism with k.

T

Rua@’Y(F) — RMC‘UB’Y (g) —|_ Qv[aﬁg]u —|_ ﬁﬁﬂaﬁ’g]u

Len ~ M3R(g) + M3k* : mass term of distortion

higher curvature D (Vk)? : kinetic term of distortion

When higher curvatures can be ignored, k can be integrated out.
= k"4 = 0 : Riemannian geometry I‘Zﬁ = {Q“B} = %g““(aagﬁy + 989ar — 0vgap)

We don't need to assume anything on the connection to get GR.
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Metric or Metric-affine?

O Einstein gravity: Riemannian = beyond Riemannian

O Beyond Einstein: Riemannian # beyond Riemannian

For example, higher curvature corrections

e.g. f(R), f(Ruw)

We consider scalar-tensor theories with higher derivatives.
I T
VVo D k¢
v Uniqueness of Galileon

v Simple reformulation of DHOST (no fine-tuning)
v" Scalar-fermion non-minimal coupling

A point: metric-affine formalism can have an additional symmetry.
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Projective invariance

Mg v M
Leu(g,T) = 7PR = Tp (R(g) + k%apr”y — K*P K7 45) + total divergence

The EH action has an additional symmetry, “projective invariance”,
s = Top T05Ua(z)  or  Klap — KFap + 05U (T)
which preserves the geodesic equation

d\2 af dx d\

and the angle for the parallel transport (a kind of conformal symmetry)

Also, all standard matter Lagrangians are projective invariant.

Let’s assume Galileon is projective invariant — Uniqueness of Galileon
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Galileon scalar field

O Flat spacetime (Euclidean geometry): we have only one Galileon
L8 = €€(0¢)?(00¢)" 2 = (0¢)?€e(DDP)" 2 + total divergence

e.g., L5 =10 58, 00n $D0s D0 d
_ M¢3“¢ea675ea’ﬁ’758a’aa $0p 0@ + total divergence

Two are same via integration by parts.

O Curved spacetime (Riemannian geometry): we have two Galileons
€e(Vp)?(VV )" 2 £ (Vo)*ee(VVP)"? + total divergence

GLPV (covariantized) Horndeski (covariant)

Two are not same.
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Galileon with projective invariance

O Curved spacetime (metric-affine geometry):
Due to the projective invariance Galileon must be

LN (V 0,V Vs gu) = ee(Vo)*(VVP)" > (GLPV type)

Ml
= E(ga Fa Cb) — —pgﬂyR,u,z/ + Z

with E%a’lr — ee(%@)Q(%%Qb)n_z D ’fn_2(3€b)n

Up to quartic order (n < 4) = k can be explicitly solved.
(The equation of k becomes nonlinear when including quintic order)

After integrating out k, we obtain...
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Galileon with projective invariance

Effective action in Riemannian geometry X = (99)%,
M?2 3(e2 — deocs) X3 /A8 L8 = ee(Ve)*(VVe)" 2
£(g,T(g,9),) = =2 R(g) + 8 — 2o 4; 8/ = A A
2 1+ 2c4 X2 /A5 2 34Vpl
1 ! 1 1
Ega g _ﬁga g ﬁga g
T T 20 X2 /A8 (C2 2Tt T A6 )

v' does not coincide with either covariantized or covariant Galileon.

v' can yield the non-minimal coupling to the fermion current

1 363 .
Lin — X (X B ) - @

1 - 1 . /) ) Ja = @Voﬂpa qb =V (]5
L = — D) _ —aByo 2 — glohl i Iz pus
D =¥V Duy D =1 € W Rapjs + 5K pdar s g sy g, = V.6
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Generalized Galileon is DHOST

In metric formalism, generalizations of Galileon = Horndeski, GLPV

A straightforward generalization (up to quadratic in connection)
ﬁ(g’ Fa ¢) — fl (Qb, X)R -+ f2(¢a X)GW/VMQbVVQb
+ Fa(, X) + F3(¢, X) L5 + Fa(o, X) L5

= Non-minimal couplings + generalized Galileon

o r r r r X :=g""0,00,0
where Ricci scalar R:=g¢""R,,, R,,:=R%,p3
. . r ]_ ¢ L
Einstein tensor (Gof .— ZEWW'/@YW Y Ryt

Need fine-tuning of functions to be ghost-free?
— Don't need! This action yields class N-1/la of DHOST = ghost-free
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Metric formalism of DHOST

L(g,¢) = fR(9) + P+ Q19" v + Q20" 0@’ + C*P7 000

1
CHP7 = ayg? g7 + g 9”7 + §a3(¢”¢ygpg + ¢P9%g"")
1
+ 50a(9794 g7 + ¢76HgP) + asgh ¢ P
DHOST is defined by Dyo=D1 =Dy =0 f=F(¢X), = a;(¢,X)

Do := —4(a1 + @) [X f(2a1 + Xag +4fx) — 2f%* — 8X?f%],
Dy := 4[X? o (a1 + 3a) — 2f% — 4X faz)as +4X% f(ar + ag)as + 8Xaf
—4(f +4X fx —6Xaz)as — 16(f +5X fx)aras
+4X(3f —4X fx)aras — X% fa?
+32fx(f +2X fx)az — 16f fxar — 8f(f — X fx)as +48f % ,
Dy :=42f? + 4X fas — X%04 (0 + 30w)]as + 4o}
+ 4200 — Xag — 4fx)at + 3X?a1a3 — 4X fa3
+8(f + X fx)aras — 32fxajas + 16 f5aq + 32fvas — 16f fxas fx =0f/dX



Metric-affine formalism of DHOST

L(g.T.6) = fi(¢, X)R+ fa(6, X)GH'V .6V,
+ a6 X) + Fal, X) L5 + Fy(6, X) L5

= Non-minimal couplings + generalized Galileon
in metric-affine formalism
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Metric-affine formalism of DHOST

Integrating out k,

E(g, F(g, Qb)v ¢) — fR(g) -+ P + ng'uycb,uv + QQ(JbMéuu(fby + C'uyvpoqb,uvgbpa
CHP7 = oy gPH g% + angh’ g7 + %%(qﬁ%"gp“ + ¢P 7 g"")
1
+ (@997 + ¢7¢V ") + a5l ¢ 67
3X(f1p — F3X)? Gp = V@, 0uy =V, V0
2f1 — foX +2F, X2
Af1(f1p — F3X) 0 = 2fe  4(fL —3fix)(fig — F3X)
21 — X +2F,X2° T X X(2fi — LX +2F,X2)
J2 fi(fe = 2F4X) 4f1Fy + (4fix — f2)(f2 — 2F4 X)

= — = —— — =2
“ @ 2 2f1 — foX +2F X%’ a3 = 2fax + 2f1 — fo X +2F, X2 ’
f2—AafiFy —2f2F, X

s = —2fax +2f7 ' fix(B3fix — f2) + fi 2 hix X (fix fo — 4f1 fax) + 2f1 — foX +2F, X2

2fix{4fiFs+ Bfix — f2)(fo — 2F4 X))}
fi(2f1 — f2X +2F4X?) ’ X :=¢""0,00,¢

1
where f=f- kX, P=F+

Q1= —-2f4 +

as = —f; 2fix(fixfo — Afi fax) +

satisfy the degeneracy conditions Dy = D; = D5 = 0 (in class N-1/Ia)
Same number of arbitrary functions!



Specific model

We now know meaning of each function of DHOST.

L(g,T,8) = f(&, X)R + f2(6, X)G" V16V,
+ FQ(Qb, X) + Fg(qb, X)ﬁ%alr + F4(gb’ X)[:ialr

O Kinetic coupling to Ricci scalar

r r 6 2
£(R,X) = FOOR+ P(X) & £=F(X)R(g) + P(X)+ " 5676"0,,0]
Generalized k-essence? = Simplest theory of DHOST?
X = gﬂya,u(baugb qb,u — v,uﬂsa Qb,u,u = v’,u,vuq5

The counter term is NOT artifact! Automatically obtained.

One of the simplest DHOST without changing the speed of GWs.



Summary and Discussions

O Metric-affine formalism: metric and connection are independent.

O The covariant Galileon is unique due to the projective invariance.

O Class N-1/la DHOST is F L
E(gara gb) — fl (an X)R =+ f2(§b, X)Guyvﬂcbvvqb
+ Fy(¢, X) + F3(¢, X)L§" + Fu(¢, X) L5

O These theories may predict fermion-scalar coupling. _
]

*Cint — 5‘%[@[3’]5(9’ gb)ja
O Phenomenology? o = Bt

Inflation or dark energy/matter in specific models?
Non-minimal fermion-scalar coupling?
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