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◮ Matter perturbations can be characterized by the
“growth function” f = d ln δ

d ln a ≡ d ln δ
dN

df
dN

+ f 2 +
1
2
(1 − 3 weff) f =

3
2

g Ωm

Geff

G
≡ g

◮ A convenient “parameterization” f = Ωγ
m .

Actually
δm(z, k) ⇔ γ = γ(z, k)

◮ In ΛCDM: γ ≃ 0.55
Quasi-constant
It can be very different in modified gravity models!
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0.54 0.545 0.55 0.555 0.56 0.565 0.57
Γ0

-0.08
-0.06
-0.04
-0.02

0
0.02
0.04
0.06

Γ
’ 0

Ωm,0 = 0.3 and from top to bottom:
wDE ,0 = −1.4, −1.3, −1.2, −1, −0.8.

The black line gives the true value of γ0 realized:
same non vanishing γ′0 ≈ −0.02.
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Exact results in GR (g=1) when γ is constant

All background quantities given in parametric form:

a(Ωm), t(Ωm),H(Ωm), z(Ωm), ...

◮ In particular:

wDE = −
1

3(2γ − 1)
1 + 2Ωγ

m − 3gΩ1−γ
m

1 − Ωm

◮ Asymptotic future (Ωm → 0)

w∞ = −
1

3(2γ − 1)
⇒ 0.5 < γ < 1

Asymptotic past (Ωm → 1)

w−∞ =
5γ − 3

3(2γ − 1)
⇒ 0.5 < γ < 0.6

◮

⇒ 0.5 < γ ≤ 0.6
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0.554 ≤ γ ≤ 0.568 ⇔ −1.2 ≤ w0 ≤ −0.8
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◮ Further consequences:

0.5 < γ <
6

11
⇔ w−∞ < −1

0.5 < γ <
2
3

⇔ w∞ < −1

Deep in the DE dominated era:
phantom regime unavoidable!

◮ γ = 0.6 : w−∞ = 0

γ = 6
11 = 0.545454 : w−∞ = −1

γ = 2
3 : w∞ = −1
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⇒ Cannot be realized by quintessence!

....Unless tracking DE (Ω−∞ ≡ Ωm(N)|N→−∞ 6= 1)

Tracking models correspond to the roots of F (Ωm; γ)

F (Ωm; γ) ≡
1 + 2Ωγ

m − 3Ω1−γ
m

1 − Ωm

Infinite number of roots Ω−∞ < 1 for 0.6 < γ < 1
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Particular cases:

γ = 0.6 +
3

125
ǫ , ǫ ≡ 1 − Ω−∞ ≪ 1 ,

From observations (CMB) ǫ < 1%, anyway w∞ < −1

The following cases avoid w∞ < −1 but Ω−∞ too small

γ =
2
3
, Ω−∞ =

1
8

γ = 1 −
ln 3

lnΩ−1
−∞

, Ω−∞ → 0

Constant γ is ruled out for quintessence and for constant
wDE
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A constant wDE possible beyond GR

◮ wDE constant during all the expansion

Geff

G
≡ g =

1
3

(

Ωγ
m + 2Ω2γ−1

m

)

◮ weaker: wDE constant during part of the expansion

g0 =
1
3

[

(1 − β) Ωγ−1
m,0 + β Ωγ

m,0 + 2 Ω2γ−1
m,0

]

β ≡ −3w0(2γ − 1)

Strongly violated in many modified gravity DE models
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◮ (massless) ST model

L = 1
2

(

F (Φ) R−Z (Φ) gµν∂µΦ∂νΦ
)

−U(Φ)+Lm(gµν)

Geff =
1

8πF

(

1 +
1

2ωBD + 3

)

G = Geff,0 ≈
1

8πF0
⇒ g0 = 1

◮ f (R) model

g(z, k) =
(

df
dR

)

−1
[

1 +
1
3

(

λc
λ

)2

1 +
(

λc
λ

)2

]

df
dR

(R ≫ R0) ≃ 1 ,
d2f
dR2 > 0 ⇒ g ≥ 1 ∀z, k
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True evolution inside GR

6wDE Ωm lnΩm
dγ

dΩm
+ 3wDE(2γ − 1) + F (Ωm; γ) = 0

Simple examples: wDE =constant

γ−∞ =
3(1 − wDE)

5 − 6 wDE
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γ(Ωm) = γ−∞ +
(3 − α)(2 − α)

2(2α− 5)2(5 − 4α)
(1 − Ωm)

+
(3 − α)(2 − α)(36α2 − 140α+ 97)

12(5 − 2α)3(5 − 4α)(5 − 6α)
(1 − Ωm)

2

+ O

(

(1 − Ωm)
3
)

α = 3wDE

Remarkably accurate at 1st order for γ0 = γ(Ωm,0)
For assessment of DE models: γ(z) around γ0

γ = γ0 + γ′0
z

1 + z
+ O

[

(

z
1 + z

)2
]

γ′0 =
1 − Ωm,0

2 lnΩm,0

[

3w0(2γ0 − 1) + F (Ωm,0; γ0)
]

γ0 is calculated numerically

Accuracy below the percent level up to z ∼ 3
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Interesting problem: asymptotic future

γ ∼
3w∞ − 1

6w∞

+
C

lnΩm
→ γ∞ =

3w∞ − 1
6w∞

Ωm → 0

In particular: γ∞(w) = γ(w∞ = w)

However :
dγ

dΩm
∼ −C

(

[lnΩm]
2 Ωm

)

−1
diverges!

dγ
dz

∼ 3CwDE [lnΩm]
−2 diverges too!

But: dγ
d ln a → 0 (w∞ is finite)

Asymptotic past: γ ∼ γ−∞ + D
1−Ωm
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2 lnΩm
dγ
dN

+ (2γ − 1)
d lnΩm

dN
+ (1 − Ωm)F (Ωm, γ, g)

Assume the behaviour: γ = γ0 + γ1(1 − x) x ≡ a
a0

We can reconstruct the background evolution in function
of the parameters γ0, γ1

From low z SNIa data: γ0 & 0.53 and γ1 & −0.15
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◮ (massless) ST model

L = 1
2

(

F (Φ) R−Z (Φ) gµν∂µΦ∂νΦ
)

−U(Φ)+Lm(gµν)

Geff =
1

8πF

(

1 +
1

2ωBD + 3

)

G = Geff,0 ≈
1

8πF0
⇒ g0 = 1

◮ On low redshifts:

Geff ≃ G[1 + A(wDE ,0,Ωm,0,ΩDE ,0) z2]

◮ For ΛCDM, we obtain (generic case):

Geff ≃ G[1 +∆2 z2]

Always increasing for wDE ,0 < −1
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Conclusion

Constant γ in GR:
Constant wDE not possible during the entire evolution
w∞ < −1 for non-tracking DE
For tracking DE, either w∞ < −1 or Ωm,−∞ too small

True evolution in GR:
γ is quasi-constant for wCDM in the past
Constant γ is strongly violated for Ωm → 0 with dγ

dz → −∞

Constant γ beyond GR: constant wDE requires Geff < G,
not possible in f (R), (massless) ST
Tracking DE possible with Geff > G or Geff < G

Background reconstruction: γ0 & 0.53, γ1 & −0.15 in GR
using SNIa data on z ≤ 0.3
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