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Hubble diagramM. Betoule et al.: Joint cosmological analysis of the SNLS and SDSS SNe Ia.

sample �coh
low-z 0.12
SDSS-II 0.11
SNLS 0.08
HST 0.11

Table 9. Values of �coh used in the cosmological fits. Those val-
ues correspond to the weighted mean per survey of the values
shown in Figure 7, except for HST sample for which we use the
average value of all samples. They do not depend on a specific
choice of cosmological model (see the discussion in §5.5).
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Fig. 7. Values of �coh determined for seven subsamples of the
Hubble residuals: low-z z < 0.03 and z > 0.03 (blue), SDSS
z < 0.2 and z > 0.2 (green), SNLS z < 0.5 and z > 0.5 (orange),
and HST (red).

may a↵ect our results including survey-dependent errors in es-
timating the measurement uncertainty, survey dependent errors
in calibration, and a redshift dependent tension in the SALT2
model which might arise because di↵erent redshifts sample dif-
ferent wavelength ranges of the model. In addition, the fit value
of �coh in the first redshift bin depends on the assumed value
of the peculiar velocity dispersion (here 150km · s�1) which is
somewhat uncertain.

We follow the approach of C11 which is to use one value of
�coh per survey. We consider the weighted mean per survey of
the values shown in Figure 7. Those values are listed in Table 9
and are consistent with previous analysis based on the SALT2
method (Conley et al. 2011; Campbell et al. 2013).

6. ⇤CDM constraints from SNe Ia alone

The SN Ia sample presented in this paper covers the redshift
range 0.01 < z < 1.2. This lever-arm is su�cient to provide
a stringent constraint on a single parameter driving the evolu-
tion of the expansion rate. In particular, in a flat universe with
a cosmological constant (hereafter ⇤CDM), SNe Ia alone pro-
vide an accurate measurement of the reduced matter density
⌦m. However, SNe alone can only measure ratios of distances,
which are independent of the value of the Hubble constant today
(H0 = 100h km s�1 Mpc�1). In this section we discuss ⇤CDM
parameter constraints from SNe Ia alone. We also detail the rel-
ative influence of each incremental change relative to the C11
analysis.
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Fig. 8. Top: Hubble diagram of the combined sample. The dis-
tance modulus redshift relation of the best-fit ⇤CDM cosmol-
ogy for a fixed H0 = 70 km s�1 Mpc�1 is shown as the black
line. Bottom: Residuals from the best-fit ⇤CDM cosmology as
a function of redshift. The weighted average of the residuals in
logarithmic redshift bins of width �z/z ⇠ 0.24 are shown as
black dots.

6.1. ⇤CDM fit of the Hubble diagram

Using the distance estimator given in Eq. (4), we fit a ⇤CDM
cosmology to supernovae measurements by minimizing the fol-
lowing function:

�2 = (µ̂ � µ⇤CDM(z;⌦m))†C�1(µ̂ � µ⇤CDM(z;⌦m)) (15)

with C the covariance matrix of µ̂ described in Sect. 5.5 and
µ⇤CDM(z;⌦m) = 5 log10(dL(z;⌦m)/10pc) computed for a fixed
fiducial value of H0 = 70 km s�1 Mpc�1,13 assuming an unper-
turbed Friedmann-Lemaître-Robertson-Walker geometry, which
is an acceptable approximation (Ben-Dayan et al. 2013). The
free parameters in the fit are ⌦m and the four nuisance param-
eters ↵, �, M1

B and �M from Eq. (4). The Hubble diagram for
the JLA sample and the ⇤CDM fit are shown in Fig. 8. We find
a best fit value for ⌦m of 0.295 ± 0.034. The fit parameters are
given in the first row of Table 10.

For consistency checks, we fit our full sample excluding sys-
tematic uncertainties and we fit subsamples labeled according to
the data included: SDSS+SNLS, lowz+SDSS and lowz+SNLS.
Confidence contours for ⌦m and the nuisance parameters ↵, �
and �M are given in Fig. 9 for the JLA and the lowz+SNLS
sample fits. The correlation between ⌦m and any of the nuisance
parameters is less than 10% for the JLA sample.

The ⇤CDM model is already well constrained by the SNLS
and low-z data thanks to their large redshift lever-arm. However,
the addition of the numerous and well-calibrated SDSS-II data
to the C11 sample is interesting in several respects. Most impor-
tantly, cross-calibrated accurately with the SNLS, the SDSS-II
data provide an alternative low-z anchor to the Hubble diagram,
with better understood systematic uncertainties. This redundant

13 This value is assumed purely for convenience and using another
value would not a↵ect the cosmological fit (beyond changing accord-
ingly the recovered value of M1

B).
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of the distribution using:

µi =

P
(µ� hµi)i

Nsn
(11)

where i indicates the order of the moment of the distribution
being estimated.

The methodology we used to estimate the error-bars
by using the di↵erent realizations and defining the standard
deviation as:

�µ =
X

`

D
µ̂2

E
� hµ̂i2 (12)

where µ̂ is the measurement of the moment µ for a given
simulation using Eq. 11

The moments measured for the mock catalogues were
also coherent with the PDF moments used to generate them.

2.7 Theory of the lensing moments

In order to fit the measurements from our mock catalogues,
we need to define our theoretical expectations. Following
Macaulay et al. (2017) we define the variance of the Hubble
diagram residuals by:

µ2 = �
2
lens + �

2
I (13)

where �lens is the lensing dispersion defined by our fiducial
PDF. When considering MQA this is given by Eq. 7 while
when using Holz&Linder the parameter �lens is given by 8.
We include a parameter for the intrinsic dispersion of type
Ia SN, �I . When considering this case, we add an intrinisic
dispersion of �I = 0.14 The third moment, related with the
skewness, is given by

µ3 = µ3,lens + µ3,I (14)

where µ3,lens is defined by MQA theory and µ3,I

parametrizes the intrinsicu skewness of the SN sample. Fi-
nally, the fourth moment is given by

µ4 = µ4,lens + µ4,I + 3µ2
2 � 3�4

lens (15)

where µ4,lens and µ4,I are the theoretical prediction from
MQA and the intrinsic kurtosis, respectively.

Therefore, in the full case, we need to fit 5 parameters
given by:

{⌦m,�8,�I , µ3,I , µ4,I} (16)

When we only fit the second moment, we do not consider
intrinsic dispersion.

3 RESULTS

The main goal of this paper is to show how underestimating
the small-scale structure can bias the cosmological parame-
ter estimation when using SN lensing. To illustrate this, we
show in figure 2 the discrepancy between di↵erent descrip-
tions of the lensing PDF dispersion. We show the measured
dispersion from the PDFs given by the MICECATv2 simula-
tion lensing catalogues and the MQA theory. For the latter,
we show di↵erent values for di↵erent cosmologies. We also
show for comparison the results from Holz&Linder, given by
Eq. 8 and other predictions.

We can see that each method gives a di↵erent result.

Figure 2. Comparison between lensing dispersion estimators in
the redshift range 1.4 < z < 4. We show the di↵erent predictions
estimated using di↵erent approaches.

Figure 3. Impact on Cosmology when using a smoothed lensing
map. We compare the same estimators than in Figure 2 but we
sample the lensing dispersion for MQA cosmological parameters
value for 4 di↵erent cosmologies.

In some cases, the di↵erence is up to a 100%. The main
di↵erence between all the methods is how they define the
impact on ray tracing due to small scale inhomogeneities.
We also find a really good agreement between MQA and
MICECATv2 lensing dispersion.

3.1 Impact on Cosmology

After finding huge discrepancies between di↵erent defini-
tions of the dispersion of lensing at a given redshift, we study
the impact that this discrepancy may have on cosmological
parameter estimation. In order to study this impact, we com-
pare the RMS measured for our fiducial PDFs, for a di↵erent
range of cosmological parameter values, and the predictions
of di↵erent models. In Figure 3 we show this comparison.
We can see the huge discrepancy between the detailed ray
tracing model from Holz& Linder and the results given by
large-scale structure N-body simulation models.

As we can see, in order to find a similar value for the
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The e↵ects of velocities and lensing on moments of the Hubble diagram 11

⌦m �8 �I µ3, int (⇥10
�3

) µ4, int (⇥10
�4

) �2/ DoF

Velocities 0.279±0.013 0.315
+0.63
�0.32 0.165±0.015 0.5±2.0 2±2 1.14

Lensing 0.276±0.016 1.56
+0.51
�1.01 0.166±0.016 0.4±2.0 2±2 1.20

Combined 0.274±0.013 0.442
+0.63
�0.44 0.162±0.016 -0.2±2.0 2±2 1.14

Table 1. Results of the fits for the lensing and velocity models, including fits to intrinsic dispersion parameters, all 68% confidence

intervals.

Figure 6. Fitting simulated realisations of the JLA catalogue,

with lensing and velocity e↵ects. Here, we are only fitting for

⌦m and �8, and have kept the model for the intrinsic supernova

dispersion fixed as a Gaussian distribution with dispersion �I =

0.14. For each realisation, we illustrate the best fit value with a

diagonal cross, and the one and two standard deviation contours.

⌦m �8 �2/ DoF

Velocities 0.275±0.012 0.442
+0.76
�0.44 1.26

Lensing 0.278±0.011 1.704
+0.51
�0.76 1.29

Combined 0.278±0.011 1.072
+0.50
�0.76 1.27

Table 2. Results of the fits for the lensing and velocity mod-

els, with intrinsic dispersion parameters fixed, all 68% confidence

intervals.

inferred by Planck Collaboration et al. (2015a) for the lens-
ing, velocity, and combined fits, although we note that in the
simulations, this parametrisation underestimates the value
of �8 by ⇠ 25%. Keeping the intrinsic dispersion fixed at
0.14 mag, we find higher values for �8. The velocity and
combined results are consistent with Planck Collaboration
et al. (2015a), while the lensing-only fit is higher than their
inferred value at above the one standard deviation level.

We now consider some e↵ects which may lead to a
higher than expected value for �8 from lensing. Our analy-
sis has assumed that both the large-scale (k < 0.1h Mpc�1)
density fluctuations relevant to peculiar velocities and the
small-scale (k > 1.0h Mpc�1) fluctuations relevant to lens-

Figure 10. Fitting the genuine JLA survey for ⌦m and �8. We

have kept the model for the intrinsic supernova dispersion fixed

as a Gaussian distribution with dispersion �I = 0.14. The results

for the lensing only fit are shown in blue, the velocity only fit in

magenta, and the combined fit in black. The cross indicates the

value of ⌦m from Betoule et al. (2014) and the value of �8 from

Planck Collaboration et al. (2015a).

ing can both be set by �8. Taking the results at face value,
we might interpret the lensing and velocity results as sugges-
tive of a tilt in the matter power spectrum, suppressing large
scale power and boosting small scale power. The small scale
power spectrum in particular is sensitive to baryonic feed-
back, which remains challenging for theory and simulation
(e.g. Dalla Vecchia & Schaye 2012; Durier & Dalla Vecchia
2012; Stringer et al. 2012; Creasey, Theuns & Bower 2013).

Betoule et al. (2014) note that due to Malmquist bias,
the intrinsic dispersion of the highest redshift supernova
magnitudes may decrease by 0.01 mag (for comparison, at
z = 1, the dispersion due to lensing for �8 = 0.8 is 0.04
mag). In our model of a constant intrinsic dispersion, this
would lead to an overestimate of the lensing dispersion to
compensate. For example, at z = 1, �8 = 0.8, and an in-
trinsic dispersion of 0.150 mag, the combined dispersion is
0.155 mag. To get the same total dispersion with an intrinsic
dispersion 0.01 mag lower, we require a value of �8 = 1.3.

This result is higher than that found by Castro & Quar-
tin (2014), who found �8 = 0.84+0.28

�0.65 at the 68% confidence
level, or �8 < 1.45 at the 95% confidence level. We note
that using the moments estimator in equation 27, and the
covariance matrix from equation 24 from Quartin, Marra &
Amendola (2014), we can reproduce the value of �8 from
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C. Modeling Shear Systematics

The shear multiplicative bias is modeled as [131, 132]

⇠
ij = (1 + m

i)(1 + m
j)⇠ij

true, (11)

where m
i are free to independently vary in each tomographic

bin. We do not explicitly marginalize over the potential im-
pact of additive systematics. We use a Gaussian prior on
m

i of 0.012 ± 0.023 for METACALIBRATION, given in Ta-
ble II, which is rescaled from the non-tomographic prior
m = 0.012 ± 0.013 due to potential correlations between
tomographic bins as discussed in Appendix D of [54]. The
equivalent IM3SHAPE prior on m

i is 0.0 ± 0.035. Both are
allowed to vary independently in each tomographic bin.

The only potential source of additive systematics we have
identified in [54] is related to incorrect modeling of the PSF.
We can model the impact of the PSF model errors in cosmic
shear and this is described in detail in Appendix A along with
a discussion of the residual mean shear in each tomographic
bin, which is not fully described by PSF model errors. We find
that after correcting the signal for the mean shear, the effect
of PSF modeling errors is negligible.

D. Modeling Photo-z Systematics

The photo-z bias is modeled as an additive shift of the n(z)

n
i = n

i

PZ(z � �z
i), (12)

where �z
i are free to independently vary in each tomographic

bin. As discussed in Sec. II B, this is a sufficient approx-
imation for the DES Y1 cosmic shear analysis, and this is
further validated in Sec. IX C. The Gaussian priors on �z

i

for the METACALIBRATION measurements are listed in Ta-
ble II. We separately calibrate priors for the IM3SHAPE mea-
surements, which have Gaussian priors of �z

i = (0.004 ±
0.015; �0.024 ± 0.013; �0.003 ± 0.011; �0.057 ± 0.022)
[39, 42]. When using the resampled COSMOS n

i(z), the
same width for the prior on �z

i is used, but it is centered
at zero. All �z

i are allowed to vary independently in each to-
mographic bin. As in the case of shear calibration, the width
of these priors accounts for correlations between tomographic
bins as described in Appendix A of [39].

VIII. COSMOLOGICAL PARAMETER CONSTRAINTS

Given the size and quality of the DES Y1 shape catalogs,
we are able to make a highly significant statement about the
robustness of the standard ⇤CDM cosmological model. Our
measurements of cosmic shear probe the evolution of nonlin-
ear fluctuations in the underlying matter field and expansion
of space across a very large volume around z ⇡ 0.6. By com-
parison, equally constraining measurements of the CMB at
z = 1100 use information from linear perturbations in the ra-
diation field to constrain the same model eight billion years
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FIG. 7. Fiducial constraints on the clustering amplitude �8 and S8

with the matter density ⌦m in ⇤CDM. The fiducial DES Y1 cosmic
shear constraints are shown by the gray filled contours, with Planck
CMB constraints given by the filled green contours, and cosmic shear
constraints from KiDS-450 by unfilled blue contours. In all cases,
68% and 95% confidence levels are shown.

before light left the galaxies we now observe in DES. Com-
paring the prediction of these very different probes at the same
redshift via the parameter S8 allows us to test whether these
results are consistent within the ⇤CDM model to high preci-
sion.

Using the fiducial modeling choices described in the pre-
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bins as described in Appendix A of [39].

VIII. COSMOLOGICAL PARAMETER CONSTRAINTS

Given the size and quality of the DES Y1 shape catalogs,
we are able to make a highly significant statement about the
robustness of the standard ⇤CDM cosmological model. Our
measurements of cosmic shear probe the evolution of nonlin-
ear fluctuations in the underlying matter field and expansion
of space across a very large volume around z ⇡ 0.6. By com-
parison, equally constraining measurements of the CMB at
z = 1100 use information from linear perturbations in the ra-
diation field to constrain the same model eight billion years
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before light left the galaxies we now observe in DES. Com-
paring the prediction of these very different probes at the same
redshift via the parameter S8 allows us to test whether these
results are consistent within the ⇤CDM model to high preci-
sion.

Using the fiducial modeling choices described in the pre-
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⌦m �8 �I µ3, int (⇥10
�3

) µ4, int (⇥10
�4

) �2/ DoF

Velocities 0.279±0.013 0.315
+0.63
�0.32 0.165±0.015 0.5±2.0 2±2 1.14

Lensing 0.276±0.016 1.56
+0.51
�1.01 0.166±0.016 0.4±2.0 2±2 1.20

Combined 0.274±0.013 0.442
+0.63
�0.44 0.162±0.016 -0.2±2.0 2±2 1.14

Table 1. Results of the fits for the lensing and velocity models, including fits to intrinsic dispersion parameters, all 68% confidence

intervals.

Figure 6. Fitting simulated realisations of the JLA catalogue,

with lensing and velocity e↵ects. Here, we are only fitting for

⌦m and �8, and have kept the model for the intrinsic supernova

dispersion fixed as a Gaussian distribution with dispersion �I =

0.14. For each realisation, we illustrate the best fit value with a

diagonal cross, and the one and two standard deviation contours.

⌦m �8 �2/ DoF

Velocities 0.275±0.012 0.442
+0.76
�0.44 1.26

Lensing 0.278±0.011 1.704
+0.51
�0.76 1.29

Combined 0.278±0.011 1.072
+0.50
�0.76 1.27

Table 2. Results of the fits for the lensing and velocity mod-

els, with intrinsic dispersion parameters fixed, all 68% confidence

intervals.

inferred by Planck Collaboration et al. (2015a) for the lens-
ing, velocity, and combined fits, although we note that in the
simulations, this parametrisation underestimates the value
of �8 by ⇠ 25%. Keeping the intrinsic dispersion fixed at
0.14 mag, we find higher values for �8. The velocity and
combined results are consistent with Planck Collaboration
et al. (2015a), while the lensing-only fit is higher than their
inferred value at above the one standard deviation level.

We now consider some e↵ects which may lead to a
higher than expected value for �8 from lensing. Our analy-
sis has assumed that both the large-scale (k < 0.1h Mpc�1)
density fluctuations relevant to peculiar velocities and the
small-scale (k > 1.0h Mpc�1) fluctuations relevant to lens-

Figure 10. Fitting the genuine JLA survey for ⌦m and �8. We

have kept the model for the intrinsic supernova dispersion fixed

as a Gaussian distribution with dispersion �I = 0.14. The results

for the lensing only fit are shown in blue, the velocity only fit in

magenta, and the combined fit in black. The cross indicates the

value of ⌦m from Betoule et al. (2014) and the value of �8 from

Planck Collaboration et al. (2015a).

ing can both be set by �8. Taking the results at face value,
we might interpret the lensing and velocity results as sugges-
tive of a tilt in the matter power spectrum, suppressing large
scale power and boosting small scale power. The small scale
power spectrum in particular is sensitive to baryonic feed-
back, which remains challenging for theory and simulation
(e.g. Dalla Vecchia & Schaye 2012; Durier & Dalla Vecchia
2012; Stringer et al. 2012; Creasey, Theuns & Bower 2013).

Betoule et al. (2014) note that due to Malmquist bias,
the intrinsic dispersion of the highest redshift supernova
magnitudes may decrease by 0.01 mag (for comparison, at
z = 1, the dispersion due to lensing for �8 = 0.8 is 0.04
mag). In our model of a constant intrinsic dispersion, this
would lead to an overestimate of the lensing dispersion to
compensate. For example, at z = 1, �8 = 0.8, and an in-
trinsic dispersion of 0.150 mag, the combined dispersion is
0.155 mag. To get the same total dispersion with an intrinsic
dispersion 0.01 mag lower, we require a value of �8 = 1.3.

This result is higher than that found by Castro & Quar-
tin (2014), who found �8 = 0.84+0.28

�0.65 at the 68% confidence
level, or �8 < 1.45 at the 95% confidence level. We note
that using the moments estimator in equation 27, and the
covariance matrix from equation 24 from Quartin, Marra &
Amendola (2014), we can reproduce the value of �8 from
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1) Log-normal approach
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Figure 2. Comparison between the N-body lensing PDF
of T11 [20] (in the source plane) and turboGL for di�erent
choices of Ÿcut and for both z = 1 and z = 2. Ÿcut is the
convergence above which we set the PDF to zero. The agree-
ment is very good for z = 1 but gets slightly worse for the
higher moments at higher redshifts, especially for µ3. Since
most supernovae lie in the z < 1 region, we conclude that we
can rely on turboGL to very good accuracy. We have chosen
Ÿcut = 0.35 for our fits. All plots are in units of magnitudes,
see Eq. (3). See Section III A for more details.

fixed at the 9-year WMAP-only fiducial values [45] and
z = 1. As we described above, we are assuming a non-flat
wCDM model throughout this paper. It is clear from Fig-
ure 3 that ‡8 and �m0 are the dominant parameters, con-
sistently producing variations ≥10 larger in observation-
ally comparable ranges. This is what one would expect,
as lensing is mostly governed by the amount of matter
and related clustering. The dependence on �k0, w and ns

(and on h and �b0, which were also computed but are not
shown in Figure 3) is almost negligible. The dependence
on w is weak because most of the lensing comes from ha-
los (M ≥ 1013M§) which are not substantially a�ected
by a 30%-di�erent dark-energy equation of state. Based
on these findings we decided to consider in the following
only the dependence of lensing on z, ‡8 and �m0.

C. Fitting functions for the moments

Here we give analytical fitting functions for the second-
to-fourth central moments µ2≠4,lens as a function of
{z, ‡8, �m0} which are very accurate in the domain

0 Æ z Æ 3 ,

0.35 Æ ‡8 Æ 1.25 ,

0.1 Æ �m0 Æ 0.52 .

(5)

In fact, in this entire domain, the average RMS error is
only 4% for all three moments. Using magnitudes (see
Eq. (3)), the fitting formulae are:

‡lens(z, ‡8, �m0) = 0.0004 ≠ 0.00176‡8 + (≠0.035 + ‡8 �m0 + 0.0453‡8)z!
2.19 + ‡2

8
"
�m0z + 3.19 exp

#
0.365/(0.193 + z)

$ ; (6)

µ1/3
3,lens(z, ‡8, �m0) = ‡2

8 �m0 z2

‡8
Ô

z + 1.1z +
!
4.24‡2

8 ≠ �2
m0

"
�m0 z2 + 0.118(1 ≠ ‡8)z3 ; (7)

µ1/4
4,lens(z, ‡8, �m0) = (≠0.029 + 0.1‡8 + 0.47�m0‡8)z

exp
Ë
(≠0.029 + 0.1‡8 + 0.47�m0‡8)z + 0.021

0.018+�m0‡8z

È
+ 0.3z

. (8)

Figure 4 depicts the fits for ‡lens for di�erent parame-
ters. The first row cover the full range of validity of the

fitting functions. The middle row represents the same

Marra, Quartin & Amendola, 2013

Create realizations for different parameter values and estimate fitting formulas.
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2) Ray tracing including compact objects

with intrinsic noise given by a Gaussian in flux with !int ¼ 0:1.
The results can be well approximated by a linear fit,

!eA ¼ 0:088z; ð9Þ

for the case of perfect standard candles. In terms of magnitudes,
we find

!eA;m ¼ 0:093z ð10Þ

(to be used if taking !int as Gaussian in magnitude).

4. COSMOLOGICAL PARAMETER ESTIMATION
IN THE PRESENCE OF LENSING

To map the expansion history of the universe and reveal
properties of the dark energy, next-generation experiments are
being designed to observe the luminosity distance–redshift
curve to 1% precision out to high redshifts; for example, this is
a primary science goal of the Supernova/Acceleration Probe2

(SNAP; Aldering et al. 2004). From the cosmological inverse
square law, the luminosity distance, dL, is related to the fluxmag-
nification, ", by " $ d% 2

L
. The errors on distance are then given

by #dL/dL ¼ (% 1/2)#"/" $ !" /2. It follows from x 3 (e.g., see
Fig. 5) that the distance dispersion due to gravitational lensing
of any given SN at zk 0:5 is on the order of or greater than
1%. Figures 1–4 and equations (9) and (10) illustrate the way
to overcome this noise: observations of sufficient numbers of
SNe per redshift ‘‘bin’’ convert a high-dispersion, non-Gaussian
lensing distribution to a narrow, Gaussian-like one. For example,
if the desired measurement accuracy for the apparent brightness
of a standard candle is given by !goal and the intrinsic disper-
sion is described by !int, then the needed number of sources to
overcome lensing and achieve the goal as a function of red-
shift is givenbyN ¼ (!2

lens þ !2
int)/!

2
goal ¼ ½(0:088z)2 þ !2

int(/!2
goal.

Thus, if we desire a 1% measurement of luminosity distance,
then for perfect standard candles (!int ¼ 0) we require 19 sources

at z ¼ 1 and 44 at z ¼ 1:5. For standard candles with a 10%
intrinsic dispersion (e.g., as in the case of Type Ia SNe), these
numbers increase to 44 at z ¼ 1 and 69 at z ¼ 1:5. Without
lensing, of course, a single perfect standard candle would be
sufficient for an infinitely precise measurement of distance at any
redshift. For 10% standard candles, the absence of lensing would
require 25 sources at any given redshift to achieve percent-level
precision in luminosity distance.
It is to be noted that, since gravitational lensing is achromatic,

the redshifts of the sources are unaffected. Thus, the effects of
lensing are confined to changing the inferred luminosity dis-
tance.3 This compromises the determination of the luminosity
distance–redshift curve and thus impacts the estimation of cos-
mological parameters.

4.1. Fisher Approximation

Given an observable quantity and amodel for its measurement
errors, the most straightforward method for generating con-
straints on dependent cosmological parameters is the Fisher
matrix approach. For a supernova survey, the data consist of
magnitudes at several redshifts, and the Fisher matrix is

Fij ¼
X

z

@hmi(z)
@$i

@hmi(z)
@$j

N (z)

!2
m(z)

; ð11Þ

where N(z) is the number of supernovae in a redshift bin. This
formalism can treat both offset effects in the observed magni-
tudes hm(z)i and dispersion effects in !m.
We take as a set of cosmological parameters $i ¼ fM; !m;

w0; wag, where M is a nuisance parameter involving the ab-
solute magnitude of the supernova and the absolute distance
scale (i.e., the Hubble constant), !m is the dimensionless matter
density (we assume a flat universe), and w0 and wa parameterize
the dark energy equation of state ratio w(z) ¼ w0 þ wa(1 % a)
(Linder 2003).
As a fiducial cosmology we adopt !m ¼ 0:28, w0 ¼ % 1, and

wa ¼ 0 and either include a Gaussian prior of !(!m) ¼ 0:03 or a
Wilkinson Microwave Anisotropy Probe (WMAP) cosmic mi-
crowave background constraint on the distance to the last scat-
tering surface. We also explore variations of the fiducial model.
The increased magnification dispersion from lensing, as a

function of redshift, is shown in Figure 5 and given in the fitting
function of equation (10). The total dispersion !m(z) is then
obtained by adding in quadrature the intrinsic SN luminosity
dispersion and the lensing effect:

!2
m(z) ¼ !2

eA; m(z) þ !2
int: ð12Þ

One can verify from Figure 5 that the fitting form convolved
with the intrinsic dispersion is a good approximation to the full
numerical solution.
Before we study the effect of increased dispersion on the de-

termination of cosmological parameters, we obtain a first indi-
cation of the influence of lensing by asking how many SNe are
required to offset the increased dispersion. We can then correct
for this extra scatter by increasing the sample size. If we want the

Fig. 5.—Effective standard deviation in flux (see text) plotted as a function
of redshift, including lensing. For perfect standard candles (dashed line) this
illustrates the pure lensing contribution; also plotted is the convolution with SN
intrinsic dispersion given by a Gaussian with standard deviation 0.1 in flux
(solid line). [See the electronic edition of the Journal for a color version of this
figure.]

2 See http://snap.lbl.gov.

3 Lensing amplification can also alter which sources enter a flux-limited
survey (Malmquist bias). However, most surveys are designed to be forgiving of
small fluctuations in the flux threshold.

HOLZ & LINDER682 Vol. 631

Holz & Linder 2005

Ray tracing including small 
scales clustering
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to be negligible. This is not very surprising because the difference
between the extinction-corrected and -uncorrected residuals is on
average only 0.000 ± 0.005 mag.

Since we have information about the foreground galaxies, the
effect of a more detailed extinction correction, where the contribu-
tion from each individual galaxy is added to the total extinction,
can be studied. According to the measurements of Ménard et al.
(2009a), the mean extinction profile around the galaxies in their
sample, which spans the brightness range 17 < mi < 21, follows

⟨AV ⟩(ξ ) = 4.14 × 10−3

(
ξ

100 h−1 kpc

)−0.84

. (24)

The extinction in the B band can be obtained from the V-band
extinction via AB = (RB/RV )AV . We assume the value RV = 3.1
corresponding to Milky Way dust. For our sample of SNe Ia, the
more detailed model predicts larger extinctions (⟨AB⟩ = 0.05 mag)
than the redshift-dependent model (⟨AB⟩ = 0.03 mag). Also for this
model the differences in "M,M, α and β are small compared to
the uncorrected case (see Table 4). For the residuals, the mean dif-
ference is 0.000 ± 0.009 mag. The value of β is, however, slightly
larger than for the redshift-dependent extinction model. The halo pa-
rameters σ p

∗ and σ sf
∗ are slightly increased by 10 km s−1 each, when

the extinction-corrected residuals are used in the fitting procedure.
Consequently, neither of the two dust extinction models have a

significant impact on the results. We conclude therefore that dust
extinction is not a plausible explain for the small values of the
velocity dispersion normalizations we find for r t = rvir.

6 G R AV I TAT I O NA L L E N S I N G B R I G H T N E S S
SCATTER

The results of the previous sections allow us to investigate the
implications for supernova cosmology. We restrict ourselves to the
model investigated in Section 4.3, where passive and star-forming
galaxies are described by different velocity dispersion scaling laws.
This model is more realistic than the ones where all galaxies are
treated as if they were of the same type.

As already stated in the introduction, gravitational magnification
leads to additional SN Ia brightness scatter. This scatter is expected
to increase with redshift. The thick solid curve in Fig. 7 indicates
the dispersion in &mlens as a function of redshift computed for
the best-fitting model after marginalization over r∗ using randomly
selected lines of sight. We use the best-fitting truncation radius, r∗ =
45 h−1 kpc. The light and dark shaded regions indicate the scatter
at the 68.3 and 95 per cent confidence level translated from Fig. 6.

Using simulations, Holz & Linder (2005) predicted the increase
in lensing dispersion to be approximately proportional to the SN Ia
redshift, σ&mlens = BzSN, with B = 0.088 mag. In Fig. 7, we show
the predicted dispersion for constants of proportionality in the range
B = 0.01, 0.02, . . . , 0.15 mag. From the figure, we conclude that
it is reasonable to describe the redshift dependence of the lensing
scatter as proportional to the SN Ia redshift. Other authors have
found lower values for the dispersion than Holz & Linder (2005).
Bergström et al. (2000) find σ&mlens ≃ 0.04 mag for zSN = 1 using
simulations and assuming smooth halo profiles.

From Fig. 7, we find B ≃ 0.055+0.039
−0.041 mag. At the 95 per cent con-

fidence level, we find B ! 0.12 mag. The results are thus consistent
with the simulations of Holz & Linder (2005) and Bergström et al.
(2000) at the 68.3 per cent confidence level.

The value of the gravitational lensing dispersion is very sensitive
to the high magnification tail. For small samples of SNe Ia, which
fail to sample the high magnification tail, we might therefore find

Figure 7. Gravitational lensing scatter as a function of redshift. The thick
solid curve shows the dispersion for the best-fitting model found in Sec-
tion 4.3. Light and dark shaded regions correspond to 68.3 and 95 per cent
confidence level, respectively. Predictions for a simple model of the lensing
scatter, σ&mlens = BzSN, for B = 0.01, 0.02, . . . , 0.15 mag are indicated by
the thin lines. The circles show the scatter in the magnification computed in
four redshift bins for the sample of SNe Ia used in the analysis. Horizontal
error bars indicate the width of the redshift bins. The thick dashed curve
shows the dispersion for the best-fitting model when SNe Ia with &mSN <

−0.25 mag have been discarded.

a smaller dispersion. This appears to be the case for our sample
of 175 SNe Ia. The circles in Fig. 7 show the lensing scatter of
these SNe Ia computed for four redshift bins with ≃ 44 objects in
each bin. The circles are consistent with B ≃ 0.035 mag, which is
smaller than the value predicted by the best-fitting model. Rejecting
simulated SNe Ia with &mlens < − 0.25 mag leads to the dispersion
shown by the thick dashed curve, which agrees with the scatter for
the SN Ia sample. Only 0.3 (0.7) per cent of the SNe Ia would be
brighter than −0.25 mag for SNe with redshift 0.7 (1.0). For the
whole sample of 243 SNe Ia, the best-fitting model predicts
the number of supernovae brighter than −0.25 mag to be 0.8. For the
subsample of SNe Ia used in the lensing analysis, the corresponding
number is 0.6. Since the number of SNe Ia belonging to the tail is
expected to be very small, our sample of SNe Ia is probably not
sampling the high-redshift tail brighter than &mlens ≃ −0.25 mag.

7 D I S C U S S I O N A N D SU M M A RY

We have used presumably lensed SNe Ia from 3-yr of the SNLS
to investigate properties of dark matter haloes of galaxies in the
deep CFHTLS fields. The dark matter haloes were modelled as
truncated SISs with velocity dispersion and truncation radius given
by luminosity-dependent scaling laws.

Another way to probe dark matter haloes is via galaxy–galaxy
lensing (Tyson et al. 1984; Brainerd, Blandford & Smail 1996;
Hudson et al. 1998; Fischer et al. 2000; McKay et al. 2001; Guzik
& Seljak 2002; Hoekstra et al. 2003; Hoekstra, Yee & Gladders
2004; Kleinheinrich et al. 2006; Mandelbaum et al. 2006; Parker
et al. 2007; Mandelbaum, Uros & Hirata 2008; Mandelbaum et al.
2009), which relies upon measurement of shear via the ellipticity of
lensed galaxies rather than the convergence. In the galaxy–galaxy

C⃝ 2010 The Authors. Journal compilation C⃝ 2010 RAS, MNRAS 405, 535–544
Downloaded from https://academic.oup.com/mnras/article-abstract/405/1/535/1024050
by University of Queensland user
on 25 January 2018

Measure the dispersion obtained 
by fitting halo model to observed 
dispersion in the Hubble diagram 

Jonsson et al. 2010
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Figure 5. Top panels: (Left) 7x7 sq.deg patch showing the fluctuations in the convergence field (the bar at the bottom of each panel
shows the gray scale/color code used to depict the field value, which is dimensionless) and shear vectors (scale for vector length displayed
is shown at the bottom left; field is dimensionless) from dark-matter “onion shells” of the MICE-GC simulation, for sources at z = 1.
Rectangular grid has cells of 1 sq.deg, corresponding to comoving transverse lengths of 21 Mpc/h. Shear amplitude is given by length of
the vectors, with scale as given in the bottom left of the plot. (Right) Zoom-in: central 1 sq.deg grid cell of patch shown in left panel. It
shows shear vectors are tangential to matter over-densities, as expected. Bottom Panels: Same as Top panels but for the “Intermediate”
resolution simulation MICE-IR, which has a factor of 8 lower mass resolution. Mass resolution e↵ects are reflected in the lack of small-mass
halos (or substructure in the convergence/shear maps). This is more clearly seen in the zoom-in picture (right panels).

c� 0000 RAS, MNRAS 000, 000–000

MICE simulations, Fosalba et al, 2014
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Fig. 6.— κgal when a fixed angular radius of 12 arcminutes is considered compared to residuals from the Hubble diagram for the 608
SNe Ia in our sample, shown in grey. A line of best fit is shown in red, while the correlation between the two quantities is also given. The
anticipated correlation for our sample, assuming a conservative range of b = 0.5 to 2 is shown in light blue. The mean values in bins of
κgal are shown in light blue. The case of no correlation is shown as a green dashed line.

TABLE 3
Priors imposed on the fitted cosmological

parameters for the results in Table 4.

Parameter Fixed Cosmology Fitted Cosmology

Ωb 0.045 0.01,0.2
ΩDM 0.25 -0.2,1.2
Ωk 0.0 -1.0,1.0
w -1.0 -3.0,1.0
α 0.01,0.5 0.01,0.5
β 1.0,5.0 1.0,5.0
γκ -15.0,15.0 -15.0,15.0

observed, with ∆χ2 = 1.5. When we vary σint we find
that the value of γκ changes negligibly and the value of
σint that gives a reduced χ2 = 1 does not depend on the
inclusion of the γκ parameter.

4.3. Cosmological implications

Having shown that we can attempt to use the esti-
mated value of κgal in our estimation of µ for SNe Ia,
we now consider the implications that this additional
correlation can have on the inferred cosmological pa-
rameters. In this analysis we combine the 749 SNe Ia
in our sample with cosmological information from the
full seven-year Wilkinson Microwave Anisotropy Probe
(WMAP7) CMB power spectrum (Larson et al. 2011),
Baryon Acoustic Oscillation (BAO) results at z = 0.2
and z = 0.35 determined using the SDSS DR7 main
and LRG galaxy samples combined with 2dFGRS data
(Percival et al. 2010) and the SH0ES measurement of H0

(Riess et al. 2011). We adopt prior ranges on the cos-
mological parameters, as given in Table 3, and using
cosmoMC, constrain them simultaneously with the su-
pernova nuisance parameters, α and β and consider the
implications when γκ is included in the fit. The resulting
marginalised constraints are given in Table 4. The cen-
tral values and uncertainties on Ωm and w are unaffected
by the addition of an additional parameter. The value
of γκ = 4.0± 3.6 is consistent with that found when the
cosmology is held fixed. The resulting best-fit χ2 reduced
by ∼ 1.5 when γκ is included.

4.4. Constraining the bias of our galaxy sample

We now use the results from §4.2 to study the bias
of our foreground galaxy sample. Jönsson et al. (2010)
show that to first order δDL/DL = −κ and δDL/DL =
∆µ ln(10)/5 for the change in DL due to lensing. There-
fore, for each SN, the estimated distance modulus should
have increased scatter from lensing, such that ∆µ =

Smith M. et al, 2014
Lensing magnification
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Figure 1. Cross-correlation between simulated �m and estimated g from the simulation using the MICECATv1 catalogue, for an
angular aperture of radius 12’. On the left a brighter population was used to estimate g and on the right we show the results for the
main sample from MICECATv1.

2 METHODS

We can estimate the magnification of a given SN by using the
foreground density field. If the foreground sample of galaxies
is divided in redshift bins where we can estimate the density
contrast in a given area. The definition of that area will
impact the results as it will act as a smoothing scale. Then
we can define the local density of galaxies contrast, �g, with
respect to the mean galaxy density of our survey:

�g =
ng � n̄g

n̄g
(1)

The change on brightness of an object due to gravita-
tional lensing, at first order, is given by:

A ' 1 + 2 (2)

where  is the lensing convergence.
If we measure a density field along the line of sight to

a given SN, we can obtain a biased estimator of the conver-
gence on a source s using:

gi =
3H2

0⌦m

2c2

X

j

�gi,j

(rs � rj)rj
rsaj

drj (3)

where i refers to the particular line of sight, whatever its
definition is, and j corresponds to a particular redshift bin.

The error of each measurement is given by:

�
2
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n̄gj

drj (4)

Let us recall that the we have to assume a value for cos-
mological parameters when estimating the previous quanti-
ties.

Following Smith et al. (2014), we can define a circular
aperture centered in a SN to define the density contrast in
each redshift bin that we consider for our line of sight. In this
approach, the density is traced in the aperture by counting
the number of galaxies within the circular aperture around

This estimator is biased with respect to the total con-
vergence field due to the all the matter along the line of
sight. Therefore, the real lensing convergence  and g are

related by  = g/bg where bg is the galaxy bias (Kaiser
1984).

Lensing is related with the magnitude dispersion �m =
µ � µ⇤CDM on the distance-modulus µ of each SN in the
Hubble diagram by:

�m ⇡ � 5
ln 10

 (5)

and therefore the relation with our estimator is:

�m ⇡ � 5
ln 10bg

g (6)

Obviously, when fitting real data the whole dispersion
of the Hubble diagram includes other terms needed to fit the
light curves to measure the luminosity of our standard can-
dles. Adding the lensing expression to the standard distance-
modulus expression, e.g Betoule et al. (2014); Smith et al.
(2014)

µ = mb � (Mb � ↵x1 + �c)� 5
ln 10bg

g (7)

Therefore, we can fit the value of galaxy bias as a bench-
mark quantity for our tests before jumping into fitting of
proper cosmological parameters. We basically did a linear
fit to �m � g and propagate the best fit slope to a bg

value.
The best fit values of the galaxy bias that we measure

from our mock catalogues:

bg,BF (i < 22) = 0.33± 0.54, (8)

bg,BF (i < 24) = 0.54± 0.80 (9)

These values are lower than the true value for the MICE-
CATv1 simulation, with an average bias in the considered
redshift range of bg ⇡= 1.5. They are within 2��. Smith et
al. (2014) et al also found a low bias for their measurements
so maybe there is an intrinsic problem with this method that
produces significant low values for the bias.

c� 0000 RAS, MNRAS 000, 000–000

Galaxy bias not well recovered

2

Figure 1. Cross-correlation between simulated �m and estimated g from the simulation using the MICECATv1 catalogue, for an
angular aperture of radius 12’. On the left a brighter population was used to estimate g and on the right we show the results for the
main sample from MICECATv1.

2 METHODS

We can estimate the magnification of a given SN by using the
foreground density field. If the foreground sample of galaxies
is divided in redshift bins where we can estimate the density
contrast in a given area. The definition of that area will
impact the results as it will act as a smoothing scale. Then
we can define the local density of galaxies contrast, �g, with
respect to the mean galaxy density of our survey:

�g =
ng � n̄g

n̄g
(1)

The change on brightness of an object due to gravita-
tional lensing, at first order, is given by:

A ' 1 + 2 (2)

where  is the lensing convergence.
If we measure a density field along the line of sight to

a given SN, we can obtain a biased estimator of the conver-
gence on a source s using:
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Let us recall that the we have to assume a value for cos-
mological parameters when estimating the previous quanti-
ties.

Following Smith et al. (2014), we can define a circular
aperture centered in a SN to define the density contrast in
each redshift bin that we consider for our line of sight. In this
approach, the density is traced in the aperture by counting
the number of galaxies within the circular aperture around

This estimator is biased with respect to the total con-
vergence field due to the all the matter along the line of
sight. Therefore, the real lensing convergence  and g are

related by  = g/bg where bg is the galaxy bias (Kaiser
1984).

Lensing is related with the magnitude dispersion �m =
µ � µ⇤CDM on the distance-modulus µ of each SN in the
Hubble diagram by:

�m ⇡ � 5
ln 10
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and therefore the relation with our estimator is:
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Obviously, when fitting real data the whole dispersion
of the Hubble diagram includes other terms needed to fit the
light curves to measure the luminosity of our standard can-
dles. Adding the lensing expression to the standard distance-
modulus expression, e.g Betoule et al. (2014); Smith et al.
(2014)

µ = mb � (Mb � ↵x1 + �c)� 5
ln 10bg

g (7)

Therefore, we can fit the value of galaxy bias as a bench-
mark quantity for our tests before jumping into fitting of
proper cosmological parameters. We basically did a linear
fit to �m � g and propagate the best fit slope to a bg

value.
The best fit values of the galaxy bias that we measure

from our mock catalogues:

bg,BF (i < 22) = 0.33± 0.54, (8)

bg,BF (i < 24) = 0.54± 0.80 (9)

These values are lower than the true value for the MICE-
CATv1 simulation, with an average bias in the considered
redshift range of bg ⇡= 1.5. They are within 2��. Smith et
al. (2014) et al also found a low bias for their measurements
so maybe there is an intrinsic problem with this method that
produces significant low values for the bias.
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Conclusions & Outlook

- Supernova brightness is affected by gravitational lensing.  The relevance of 
this effect increases with redshift. The effect of small-scale clustering on 
the type Ia SN lensing is important and cannot be neglected. Include 
different set of 4-moments and smoothing scales in the analysis.

- We need to develop ray-tracing simulations that include the properties 
of compact structures along the line of sight to define the theoretical 
model for the lensing PDFs.

-  Alternative is to measure direct correlation between the dispersion in 
the Hubble diagram and lensing maps. If using density fields to 
reconstruct magnification we must find a better estimator for 
magnification.

-  Other systematics adding intrinsic skewness may affect the lensing 
detection.



Thank you!
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