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Non-gaussianities in the squeezed limit
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Well Known Consistency Relations
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Well Known Consistency Relations

Maldacena’s relation for inflation
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3(N � 1) +
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General form:

[Assassi, Baumann & Green ’12; Hinterbichler, Hui & Khoury, ’13] 
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The leading analytic structure of the soft momentum:

Symmetry:
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~q!0

@

@qi

✓
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P (q)
h⇣~q⇣~k1

· · · ⇣~kN
i0
◆

=
1

2

NX

a=1

⇣
�6ri

ka
+ kiar2

ka
� 2~ka · ~rkari

ka

⌘
h⇣~k1

· · · ⇣~kN
i0

General form:

[Creminelli, Norena & Simonovic ’12; Hinterbichler, Hui & Khoury, ’13] 
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A Puzzle

A Challenger Comes in…

Ultra Slow Roll



�D⇣ = 1 + ~x · ~r⇣,

�Ki⇣ = 2xi +
⇣
2xi~x · ~r� x2ri

⌘
⇣.

Ultra slow roll: same action as in slow roll

✏ ⇡ ✏0
a6

, ⌘ = �6 + 2✏.

lim
~q!0

1

P⇣(q)
h⇣~q⇣~k1

⇣~k2
i0 ⇡ 6P⇣(k1) 6= (�3� k1@k1)h⇣~k1

⇣�~k1
i0

[Namjoo, Firouzjahi & Sasaki ’12] 
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�Ki⇣ = 2xi +
⇣
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⌘
⇣.

Ultra slow roll: same action as in slow roll
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a6

, ⌘ = �6 + 2✏.
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P⇣(q)
h⇣~q⇣~k1

⇣~k2
i0 ⇡ 6P⇣(k1) 6= (�3� k1@k1)h⇣~k1

⇣�~k1
i0

Non conservation of     outside the horizon ⟶ non-local action.⇣

[Namjoo, Firouzjahi & Sasaki ’12] 
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⌘
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Z
dtd3xf(t)
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⌘
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Z
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⌘
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Flat space: f(t) = constant
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Identities Satisfied in The Toy Model

lim
~q!0

�̂NL(~q)

✓
1

P⇣(q)
h⇣~q⇣~k1

⇣~k2
i0
◆

= �̂Lh⇣~k1
⇣�~k1

i0�⇣ = �NL + �L⇣

�D⇣ = 1 + ~x · ~r⇣,

�Ki⇣ = 2xi +
⇣
2xi~x · ~r� x2ri

⌘
⇣.

�T ⇣ = 1� t@t⇣

�T ⇣ =
1

t3
+

1

2t2
@t⇣

S = M2

Z
dtd3xf(t)

⇣
e3⇣ ⇣̇2 � e⇣(r⇣)2

⌘
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Identities Satisfied in The Toy Model

Flat space: f(t) = constant

“Slow roll”: f(t) = (Ht)�2

“Ultra-slow roll”: f(t) = (Ht)4

f(t) = (Ht)2n, n  �1

Dilation SCT Accidental Shift

✔ ✗ NA

✔ ✔ ✔

✗ ✗ ✔

✔ ✔ NA
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Initial-late time identity:

�̂NL(~q, ti)
⇣
GqhO'f (~k1, · · · ,~kN )'i(~q)i

0
c

⌘ ����
~q=0

+ c.c. = �̂LhO'f (~k1, · · · ,~kN )i0c

Ward Identity From Path Integral

Ward Identity From Path Integral

�⇣ = �NL + �L⇣

Spontaneously broken symmetry, change of vacuum under symmetry

 0['i] / exp

✓
�1

2

Z
d3k

(2⇡)3
Gk'i(~k)'i(�~k)

◆

…

ti = �1

…
~

…

Previous identities



Initial-late time identity:

Example: flat space theory with shift symmetry 

�̂NL(~q, ti)
⇣
GqhO'f (~k1, · · · ,~kN )'i(~q)i

0
c

⌘ ����
~q=0

+ c.c. = �̂LhO'f (~k1, · · · ,~kN )i0c

� ! �+ c

⇣
Gqh�f (~k1) · · ·�f (~kN )�i(~q)i0c

⌘ ����
~q=0

+ c.c. = 0

Ward Identity From Path Integral

Ward Identity From Path Integral



Initial-late time identity:

Flat space: f(t) = constant

“Slow roll”: f(t) = (Ht)�2

“Ultra-slow roll”: f(t) = (Ht)4

Dilation SCT

✔ ✔

✔ ✔

✔ ✔

�̂NL(~q, ti)
⇣
Gqh⇣f (~k1)⇣f (~k2)⇣i(~q)i0

⌘ ����
~q=0

+ c.c. = �̂Lh⇣f (~k1)⇣f (�~k1)i0

Ward Identity From Path Integral

Ward Identity From Path Integral



Initial-late time identity:

Flat space: f(t) = constant

“Slow roll”: f(t) = (Ht)�2

“Ultra-slow roll”: f(t) = (Ht)4

Dilation SCT

✔ ✔

✔ ✔

✔ ✔

�̂NL(~q, ti)
⇣
Gqh⇣f (~k1)⇣f (~k2)⇣i(~q)i0

⌘ ����
~q=0

+ c.c. = �̂Lh⇣f (~k1)⇣f (�~k1)i0

Observable: equal time correlation 
When does it imply the equal time identity?

Ward Identity From Path Integral

Ward Identity From Path Integral



Physical Modes

Physical Modes and Late Time Identity

Physical Symmetry: The non-linear part of the symmetry �NL must match the
time dependence of a physical mode in the |~k| ! 0 limit.

lim
~k!0

⇣k(t) / �NL(t)



• ~ Weinberg’s adiabatic mode 

• Not residual gauge symmetry  

• Not associated to adiabatic quantities

Physical Modes

Physical Modes and Late Time Identity

Physical Symmetry: The non-linear part of the symmetry �NL must match the
time dependence of a physical mode in the |~k| ! 0 limit.

lim
~k!0

⇣k(t) / �NL(t)



For any symmetry with non-linear transformation and linear transformation, 

the identity 

holds when it is a physical symmetry.

�⇣ = �NL + �L⇣

lim
~q!0

�̂NL(~q)
1

P⇣(q)
h⇣f (~q)⇣f (~k1)⇣f (~k2)i0 = �̂Lh⇣f (~k1)⇣f (�~k1)i0

Equal Time Identities

Physical Modes and Late Time Identity

Physical Symmetry: The non-linear part of the symmetry �NL must match the
time dependence of a physical mode in the |~k| ! 0 limit.

lim
~k!0

⇣k(t) / �NL(t)



|~q| ! 0

L(3)[uk1 , uk2 , uq]

�NLL(n+1)[⇣] + �LL(n)[⇣] = @µK
µ
(n)[⇣]

�⇣ = �NL + �L⇣

Perturbative Proof

Physical Modes and Late Time Identity
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time dependence of a physical mode in the |~k| ! 0 limit.
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Identities Satisfied In the Toy Model

“Ultra-slow roll”: uk(t) =
ip

4k3MH2t3
(1� ikt)eikt �T ⇣ =

1

t3
+

1

2t2
@t⇣

“Slow roll”: uk(t) =
Hp

4k3M
(1� ikt)eikt �D⇣ = 1 + ~x · ~r⇣ �T ⇣ = 1� t@t⇣

Flat space: uk(t) =
1p
4kM

eikt �D⇣ = 1 + ~x · ~r⇣

Flat space: f(t) = constant

“Slow roll”: f(t) = (Ht)�2

“Ultra-slow roll”: f(t) = (Ht)4

f(t) = (Ht)2n, n  �1

Dilation SCT Accidental Shift

✔ ✗ NA

✔ ✔ ✔

✗ ✗ ✔

✔ ✔ NA
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• Slow roll:  

should work even at finite time if     approaches a constant in the 
zero momentum limit 

lim
~q!0

1

P⇣(q)
h⇣f (~q)⇣f (~k1)⇣f (~k2)i0 = �(3 + k1@k1)h⇣f (~k1)⇣f (�~k1)i0

⇣

Comment on Inflation

Inflation



• Slow roll:  

should work even at finite time if     approaches a constant in the 
zero momentum limit 

lim
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P⇣(q)
h⇣f (~q)⇣f (~k1)⇣f (~k2)i0 = �(3 + k1@k1)h⇣f (~k1)⇣f (�~k1)i0

⇣

• Ultra slow roll:  

Physical symmetry:  

Identity:

�⇣k = (2⇡)3�(~k)

✓
H

�̇
+

1

2

Z t

dt
0�̇

◆
+

1

a�̇
⇣
0
k � 1

2

✓Z t

dt
0�̇

◆
(3 + ~k · @~k)⇣k

�� = c

lim
~q!0

✓
H

�̇
+

1

2

Z t

dt
0�̇

◆
1

P⇣(q)
h⇣f (~q)⇣f (~k1)⇣f (~k2)i0

=
1

a�̇

@

@⌧
h⇣f (~k1)⇣f (�~k1)i0 �

1

2

✓Z t

dt
0�̇

◆
(3 + k1@k1)h⇣f (~k1)⇣f (�~k1)i0
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• Ward Identity: initial-final correlation 

• Physical mode —> late time consistency relation! 

• Trivial current??? 

• Adiabatic mode (physical mode) in gauge theory, especially gravity? 

• Generalization to interesting cases, quasi single field, tensor? 

• Non-perturbative proof for the use of physical symmetry???

Summary and Outlook

Conclusion
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• Physical mode —> late time consistency relation! 

• Trivial current??? 

• Adiabatic mode (physical mode) in gauge theory, especially gravity? 

• Generalization to interesting cases, quasi single field, tensor? 

• Non-perturbative proof for the use of physical symmetry???

Thank You!!

Summary and Outlook

Conclusion


