
Angular Inflation in α-attractors

Evangelos Sfakianakis

Nikhef & University of Leiden

COSMO 2018

with Perseas Christodoulidis & Diederik Roest
arXiv:1803.09841 [hep-th]



Hints from the sky

Plateau models of inflation are consistent with Planck data.
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Hints from the sky

Planck Collaboration: Constraints on Inflation
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Fig. 8. Marginalized joint 68 % and 95 % CL regions for ns and r at k = 0.002 Mpc�1 from Planck alone and in combination with
BK14 or BK14 plus BAO data, compared to the theoretical predictions of selected inflationary models. Note that the marginalized
joint 68 % and 95 % CL regions assume dns/d ln k = 0.

limits obtained from a ⇤CDM-plus-tensor fit. We refer the inter-
ested reader to PCI15 for a concise description of the inflationary
models studied here and we limit ourselves here to a summary
of the main results of this analysis.

– The inflationary predictions (Mukhanov & Chibisov 1981;
Starobinsky 1983) originally computed for the R2 model
(Starobinsky 1980) to lowest order,

ns � 1 ' � 2
N
, r ' 12

N2 , (48)

are in good agreement with Planck 2018 data, confirm-
ing the previous 2013 and 2015 results. The 95 % CL al-
lowed range 49 < N⇤ < 58 is compatible with the R2 ba-
sic predictions N⇤ = 54, corresponding to Treh ⇠ 109 GeV
(Bezrukov & Gorbunov 2012). A higher reheating temper-
ature Treh ⇠ 1013 GeV, as predicted in Higgs inflation
(Bezrukov & Shaposhnikov 2008), is also compatible with
the Planck data.

– Monomial potentials (Linde 1983) V(�) = �M4
Pl (�/MPl)p

with p � 2 are strongly disfavoured with respect to the
R2 model. For these values the Bayesian evidence is worse
than in 2015 because of the smaller level of tensor modes
allowed by BK14. Models with p = 1 or p = 2/3
(Silverstein & Westphal 2008; McAllister et al. 2010, 2014)
are more compatible with the data.

– There are several mechanisms which could lower the pre-
dictions for the tensor-to-scalar ratio for a given potential
V(�) in single-field inflationary models. Important exam-
ples are a subluminal inflaton speed of sound due to a non-
standard kinetic term (Garriga & Mukhanov 1999), a non-
minimal coupling to gravity (Spokoiny 1984; Lucchin et al.

1986; Salopek et al. 1989; Fakir & Unruh 1990), or an ad-
ditional damping term for the inflaton due to dissipation in
other degrees of freedom, as in warm inflation (Berera 1995;
Bastero-Gil et al. 2016). In the following we report on the
constraints for a non-minimal coupling to gravity of the type
F(�)R with F(�) = M2

Pl + ⇠�
2. To be more specific, a quartic

potential, which would be excluded at high statistical signif-
icance for a minimally-coupled scalar inflaton as seen from
Table 5, can be reconciled with Planck and BK14 data for
⇠ > 0: we obtain a 95 % CL lower limit log10 ⇠ > �1.6 with
ln B = �1.6.

– Natural inflation (Freese et al. 1990; Adams et al. 1993) is
disfavoured by the Planck 2018 plus BK14 data with a Bayes
factor ln B = �4.2.

– Within the class of hilltop inflationary models
(Boubekeur & Lyth 2005) we find that a quartic poten-
tial provides a better fit than a quadratic one. In the quartic
case we find the 95 % CL lower limit log10(µ2/MPl) > 1.1.

– D-brane inflationary models (Kachru et al. 2003; Dvali et al.
2001; Garcı́a-Bellido et al. 2002) provide a good fit to
Planck and BK14 data for a large portion of their parame-
ter space.

– For the simple one parameter class of inflationary potentials
with exponential tails (Goncharov & Linde 1984; Stewart
1995; Dvali & Tye 1999; Burgess et al. 2002; Cicoli et al.
2009) we find ln B = �1.0.

– Planck 2018 data strongly disfavour the hybrid model driven
by logarithmic quantum corrections in spontaneously broken
supersymmetric (SUSY) theories (Dvali et al. 1994), with
ln B = �5.0.

18

Plateau models of inflation are STILL consistent with Planck data,
⇒ the time of horizon-exit is being constrained.
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Field-space effects to the rescue

Non-minimal coupling to gravity:

L ⊂ ξφ2R

Example: Higgs inflation

The conformal transformation from the Jordan
to the Einstein frame leads to

Ṽ ∼ λφ4 → V ∼ λ

ξ2

(
1− 2

ξφ2

)
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The predictions are those of the Starobinsky model L = R + ξR2

ns ' 1− 2

N
, r ' 12

N2
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α-attractors

3.3 Comparison with other models

Fibre Inflation, as well as the original Kähler [18] and polyinstanton [19] inflation scenarios,

can be seen as stringy realisations of a general class of potentials of the form V ⇠ V0 �
V1 e�(�/f)n

+ · · · ; and (as argued earlier) because this class includes exponential potentials it

also includes the Starobinsky model and what have come to be called ‘↵-attractors’. Models

in this class with n = 1 have V 0 ⇠ V 00 and so ✏ ⇠ ⌘2 which gives the r-ns relation:

r = 3↵ (ns � 1)2 , (3.40)

with ↵ given as in the introduction in terms of f/Mp. Models with larger n do not quite so

simply relate V 0 and V 00, but usually predict smaller values for r. Fig. 3.3 — adapted from

[49] — plots these predictions in the r-ns plane, showing the range of r that would have to

be probed to distinguish several benchmark models.

Figure 3: Fibre inflation fits in the ↵ attractors class of models corresponding to ↵ = 2 and can be

seen as a stringy realisation of ↵ attractors (figure adapted from [49]). Other string scenarios such

as Kähler moduli inflation and Poly-instanton inflation are also in this class but with much smaller

values of r and then unobservable tensor modes.

Stringy realisations identified to date only cover a relatively small range of values of ns

and r in this plot, since arbitrary values of ↵ are not (yet) available from string constructions.

So far two general classes of stringy models have emerged: in one r is essentially zero and

never within observational reach; for the other — which includes Fibre Inflation [17] (for

which ↵ = 2 and r is predicted to be r ⇠ 6 ⇥ 10�3) — fits precisely in the observationally

interesting region that will be testable in the next few years. Observation of tensor modes

(and the measurement of r) could therefore provide a good way to distinguish amongst the

various proposals.

– 23 –

Burgess et al. 2016

String theory
compactification:
Fibre inflation

Supergravity:
T-model & E-model

all lead to a hyperbolic field-space. Canonically normalizing
the inflaton leads to a potential

V ∼ V0

(
1− e−#φ

)
and the “universal” predictions ns ' 1− 2

N
, r ' 12α

N2

Evangelos Sfakianakis Angular Inflation 4/16



Inflation and multiple fields

Only one scalar field at high energies is rather unlikely.
How does the forest of models cope with many scalar fields?

Easther, Frazer, Peiris, Price

Simple models shift ns predictions ↑↑
Non-minimal couplings lead to strong

single-field attractors −→ −→ −→
Kaiser & EIS 2014
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Multi-field α-attractors

S =

∫
d4x
√−g

[
M2

Pl

2
R − 1

2
GIJgµν∂µφI∂νφJ − V (φI )

]
.

with background quantities

H2 =
1

3M2
Pl

[
1

2
GIJ φ̇I φ̇J + V (φI )

]
, Ḣ = − 1

2M2
Pl

GIJ φ̇I φ̇J .

and equations of motion for the fields

Dtϕ̇
I + 3Hϕ̇I + GIJV,J = 0 ,

The field-space has a constant curvature

R = − 4

3α

GIJ is defined in equivalent ways. We use Poincare disk variables:

GIJ =
6α

(1− φ2 − χ2)2
δIJ
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Model and conventions

On the Poincare disk −1 < {φ, χ} < 1, the two Cartesian
fields are equivalent.

We use the transformation

ψ =
√

6α tanh−1(r)

where 0 < ψ <∞ for r = φ2 + χ2 for visualization only.

We use the simplest quadratic potential

V (φ, χ) =
α

2

(
m2
φφ

2 + m2
χχ

2
)

with the mass hierarchy parameter R ≡ m2
χ

m2
φ
> 1 .
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Multi-field α-attractors

Figure 4: Rolling on the ridge: the form of the potential is given by the toy model (3.17)
with A = 0.2, n = 4 and initial angle ✓i = ⇡/8; the orange dots show a typical background
trajectory, while the interval between the neighboring dots corresponds to one e-folding
time.

Numerical result

Analytical approximation
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Figure 5: The evolution of � and ✏ in the toy model (3.17) with A = 0.2, n = 4 and initial
angle ✓i = ⇡/8.

Using the full numerical solution, we can check the validity of the large-' and slow-roll
approximations by looking at the evolution of background parameters. For example, within
our analytical treatment, the � parameter is given by (3.12) as

� ' � nA sin(n✓)

1 + nA cos(n✓)
. (3.18)

It is nearly constant, since ✓ ' ✓i during inflation. And the above choice of parameter
values gives us � ' �0.8, which agrees well with the numerical result as shown in Figure 5.
Next, let us look at the slow-roll parameter ✏. Solving (3.11) gives us its behaviour in terms
of e-folding number as

✏ ' 1 + �2

4N2
, (3.19)

where (3.14) is used. As shown in Figure 5, this provides a good approximation until the
last several e-foldings of inflation, where ' � 1 is not valid any more. It is interesting to

– 12 –

Achucarro et al 2017

For mild fild-space curvature
α = O(1), the fields perform a
slow-turn motion along the
potential ridge
⇒ the same CMB predictions.
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A new curvature-supported regime

r̈ +
2r ṙ2

1− r2
− r(r2 + 1)

1− r2
θ̇2+3Hṙ+m2

φ(1− r2)2r
f (R, θ)

2
= 0 ,

where f (R, θ) = 1 + R + (1− R) cos(2θ)
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

θ̈+
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ṙ θ̇+ 3H θ̇+

m2
φ

2
(R − 1)

(
1− r2

)2
sin(2θ) = 0 ,
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A new attractor

Analytical progress can be made
for the trajectory r(θ)

1− r2 ' 9α(cot2 θ + R tan2 θ)2

2(R − 1)2
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Fluctuations

D2
tQ

I + 3HDtQ
I +

[
k2

a2
δIJ +MI

J −
1

M2
Pla

3
Dt

(
a3

H
φ̇I φ̇J

)]
QJ = 0

we can define

σ̇ ≡ |ϕ̇I | =
√
GIJ ϕ̇I ϕ̇J , σ̂I ≡ ϕ̇I

σ̇
, ωI = Dt σ̂

I , ŝ I ≡ ωI

ω
.

Decompose perturbations:

Qσ ≡ σ̂IQ I , Qs ≡ ŝIQ
I

Define the entropic mass:

µ2
s =Mss + 3ω2

where Mss = ŝI ŝ
JMI

J

and ησσ ≡ Mσσ
V , ηss ≡ Mss

V

Adiabatic & entropy perturbations

Rc =
H

σ̇
Qσ , S =

H

σ̇
Qs

in the super-horizon limit

Ṙc ' αHS , Ṡ ' βHS

α =
2ω

H
, β = −2ε− ηss + ησσ −

4ω2

3H2
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Slow-roll quantities
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Super-horizon evolution

Isocurvature mode is heavy and decays with −β ≥ 12/R
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Observables
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Summary

The good:

• α-attractors and related models are excellent candidates for
explaining CMB data
• Several constructions of α-attractors follow from String

Theory or Supersymmetry
• So far α-attractors have lead to very robust predictions

The bad:

• A new attractor was found, leading to shifting predictions for
CMB observables

The useful:

• Shifted predictions can bound field-space curvature and
constrain high energy theories

A systematic study of α-attractors in view of angular
inflation is essential, anticipating new data
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Thank you . . .

This work is supported by the
Dutch Organisation for Scientific Research (NWO)
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Equations of motion

Backrgound fields:

Dt φ̇
I + 3Hφ̇I + GIKV,K = 0

Perturbations Q I = δφI + φ̇I

H ψ:

D2
tQ

I
k + 3HDtQ

I
k +

[
k2

a2
δIJ +MI

J −
1

M2
Pla

3
Dt

(
a3

H
φ̇I φ̇J

)]
Q I

k = 0

where
MI

J = GIKDJDKV −RI
LMJ φ̇

Lφ̇M
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Fluctuation decomposition

Fluctuations along the background trajectory (adiabatic)

Q̈σ + 3HQ̇σ +

[
k2

a2
+Mσσ − ω2 − 1

M2
pla

3

d

dt

(
a3σ̇2

H

)]
Qσ

= 2
d

dt
(ωQs)− 2

(
V,σ
σ̇

+
Ḣ

H

)
ωQs

and perpendicular to it (isocurvature)

Q̈s + 3HQ̇s +

[
k2

a2
+Mss + 3ω2

]
Qs = 4M2

pl

ω

σ̇

k2

a2
Ψ
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Numerics

We checked the simple relation

ns = 1− 2

N − N(θ0)

using mTransport, by Dias, Frazer & Seery, finding excellent
agreement.
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