
Production of Purely
Gravitational Dark Matter

Kazunori Nakayama (University of Tokyo)

Y.Ema, KN, Y.Tang, 1804.07471

COSMO18@IBS, Korea (2018/8/28)





Models of dark matter
WIMP DM

Light particle

Purely Gravitational DM (PGDM)

Weak SU(2), sfermion exchangeSUSY neutralino

Anomalous interaction suppressed by PQ scale

Higgs-portal couplingZ2 scalar

Mixing with active neutrino

Only gravitational interaction

Axion

Hidden photon Kinetic mixing with photon

Sterlile neutrino

FIMP, SIMP, …
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Real scalar field interacting only through gravity

Several production mechanisms of PGDM

Thermal scattering of SM particle with graviton exchange
SM+ SM ! graviton ! ��

Garny, Sandora, Sloth (2015);  Tang, Wu (2016)

Gravitational particle creation Ema, KN, Tang (2018)

This is not neglected even if m� � Hinf : it is active for m� . minf



Gravitational Particle Production
L.Parker (1969)

Non-conformal particle “feels” background expansion

production rate in a realistic inflationary cosmology. Sec. 4 is devoted to summary and
discussion.

2 Scalar field in cosmological background

2.1 Model and equations of motion

Let us consider an action
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where MP is the reduced Planck scale, R is the Ricci scalar, � denotes the inflaton field
with V (�) being its potential and � denotes a real scalar field. It has a Z2 symmetry under
which � changes its sign, and hence � is stable and is a candidate of DM. We assume that �
does not have a direct coupling to the inflaton and other standard model fields. It interacts
only through the metric or the gravity. The coupling strength to the gravity is controlled by
the non-minimal coupling ⇠. Pure Einstein gravity corresponds to ⇠ = 0 and the conformal
coupling corresponds to ⇠ = 1/6.

We use the Friedmann-Robertson-Walker metric:

gµ⌫dx
µdx⌫ = a2(⌧)(�d⌧ 2 + d~x2), (2)

where a(⌧) denotes the cosmic scale factor with ⌧ being the conformal time, which is related
to the physical time as dt = ad⌧ . Defining e� ⌘ a�, the action of e� is given by
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where the prime denotes the derivative with respect to ⌧ . Thus e� satisfies the equation of
motion

e�00 � @2
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� e� = 0. (4)

Treated as classical background, � has the following equation of motion,
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where the dot denotes the derivative with respect to the physical time t and the Hubble
parameter H is given by the Friedmann equation,
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Action of PGDM with FRW background

Effective mass is time-dependent particle production

production rate in a realistic inflationary cosmology. Sec. 4 is devoted to summary and
discussion.
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Non-adiabatic change of background leads to efficient production

Transition from dS to MD(RD) era:

Inflaton oscillation era:

Ford (1986)
Chung, Kolb, Riotto (1999)

Ema, Jinno, Mukaida, KN (2015)
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Intuitive estimate
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Note: (massless) scalar is non-conformal

� is coupled to inflaton � only through metric

“Effective” gravitational inflaton-PGDM coupling
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Quantization

with the � contribution to the energy density neglected. Thus for any given inflation model,
we can calculate the production rate of � through the time dependence of the scale factor a
in (3). These equations are written in terms of the conformal time as
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The Friedmann equation of the second kind is given by
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2.2 Quantization and adiabatic vacuum

Since m
(e↵)2
� is time-dependent in the expanding Universe, we should be careful about the

choice of mode function and vacuum state. Let us define the Fourier mode as
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The Fourier mode satisfies the equation of motion:
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From the canonical commutation relation

[e�(~x), e�0(~x0)] = i�(~x� ~x0), (13)

we obtain the normalization condition

�k�
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0
k = i. (14)

The vacuum state |0i is defined as a~k |0i = 0 for some mode function �k at some initial time
⌧ = ⌧i. In the Heisenberg picture, the state does not evolve once we fix it at the initial time.
Instead, the mode function develops with time, which may be interpreted as the particle
production as will be shown later.
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Equation of motion:

General solutionGiven initial conditions, one can directly solve (12), but here we use a di↵erent tech-
nique [18]. Let us rewrite �k(⌧) as follows:

�k(⌧) = ↵k(⌧)vk(⌧) + �k(⌧)v
⇤
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Since both ↵k(⌧) and �k(⌧) are time-dependent, one can always write �k in this form. Still
there is a degree of freedom for the choice of ↵k(⌧) and �k(⌧). One can impose the following
condition, which is consistent with the equation of motion (12):
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k

2!k

v⇤k�k, �0
kv

⇤
k =
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k

2!k

vk↵k. (16)

Instead of solving (12), one may solve (16), which is often much easier for the purpose of
evaluating the particle production numerically. Note that (14) ensures

|↵k(⌧)|2 � |�k(⌧)|2 = 1. (17)

In order to extract the number density from ↵k and �k, we must first specify the initial
condition for the mode function (which corresponds to the choice of the vacuum state) and
the observer state which counts the number density. In general, there is no preferred choice
for the states of the vacuum and the observer in curved spacetime. In our case, however, we
may formally assume that the spacetime is asymptotically static in the far past ⌧ ! �1
(deep in the inflationary era) as well as in the far future ⌧ ! +1 (deep in the MD or RD
era). In such a case, it is natural to take the vacuum/observer as the negative frequency
modes in the limit ⌧ ! �1/1, respectively. The negative frequency mode approaches to

�k(⌧) ! 1p
2k

e�ik⌧ , (18)

in the limit ⌧ ! �1. Thus we take ↵(⌧i) = 1 and �(⌧i) = 0 in the limit ⌧i ! �1 as the
initial condition. Note that it represents the adiabatic vacuum of the infinite order [2], since
the spacetime is assumed to be static in the far past/future regions.#2 In our numerical
calculation, however, it is of course impossible to run from ⌧i = �1, and hence we start
our numerical calculation with ↵(⌧i) = 1 and �(⌧i) = 0 at some large but finite ⌧i. We will
discuss how to infer the result with ⌧i ! �1 from our numerical results with finite ⌧i in the
next section.

Here is a comment on the size of m2
� and ⇠. The exact solution to (12) during the (pure)
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#2 One can show that our definition of f� is equivalent to the number density defined by the Bogoliubov
coe�cient where the vacuum and the observer states are taken as the zero-th order adiabatic vacuum as long
as !0

k/!k = 0 at ⌧ = ⌧i and ⌧f , where ⌧f is the conformal time at which the number density is evaluated.
Since the adiabatic expansion is exact in the limit in the far past/future regions, our f� coincides with the
number density defined by the adiabatic vacuum of the infinite order for �⌧i, ⌧f ! 1 as well.
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our numerical calculation with ↵(⌧i) = 1 and �(⌧i) = 0 at some large but finite ⌧i. We will
discuss how to infer the result with ⌧i ! �1 from our numerical results with finite ⌧i in the
next section.

Here is a comment on the size of m2
� and ⇠. The exact solution to (12) during the (pure)

de Sitter era with the initial condition (18) is given by

�k(⌧) = e
i(2⌫+1)⇡

4
1p
2k

r
�⇡k⌧

2
H(1)

⌫ (�k⌧), ⌫2 ⌘ 9

4
� 12⇠ � m2

�

H2
, (19)

#2 One can show that our definition of f� is equivalent to the number density defined by the Bogoliubov
coe�cient where the vacuum and the observer states are taken as the zero-th order adiabatic vacuum as long
as !0

k/!k = 0 at ⌧ = ⌧i and ⌧f , where ⌧f is the conformal time at which the number density is evaluated.
Since the adiabatic expansion is exact in the limit in the far past/future regions, our f� coincides with the
number density defined by the adiabatic vacuum of the infinite order for �⌧i, ⌧f ! 1 as well.
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a4⇢� =

Z
d3k

(2⇡)3
1

2

⇥
|�0

k|2 + (k2 + a2m2
�)|�k|2

⇤

Energy density

H ! 0at the adiabatic vacuum=

Z
d3k

(2⇡)3
!k

2
(1 + 2|�k|2)

Zero-point energy
(renormalized by cosmologcial constant)

UV finite energy density
interpreted as particle production

We can numerically evaluate f�(k) = |�k|2 given inflation model

�

V (�)

if m� . m� where C is a numerical factor and � denotes the inflaton oscillation amplitude.
Thus the created number density during one Hubble time is given by

n� ' 9C

4⇡
H3. (42)

Again, the dominant contribution comes from the earliest epoch, i.e., H ⇠ Hinf . Similarly
to the case studied in the conformal coupling case, the typical physical momentum of � is
k/a ⇠ m� for each epoch and the final momentum distribution of � is not exponentially
suppressed for large k since the production continues until the inflaton decays. We expect
that the momentum distribution looks like

f�(k, ⌧) ⇠

8
>>><

>>>:

✓
Hinf

m�

◆3

for k < aendm�,
✓
Hinf

m�

◆3 ✓
k

aendm�

◆�9/2

for k > aendm�,

(43)

and there is an exponential cuto↵ at k ⇠ a(t = ��1
inf )m�. It is not suppressed even for m� �

Hinf . Note again that the low momentum behavior of (43) may not be so simple because
of the nontrivial time scale of the inflaton dynamics during the transition from inflation to
the reheating era. As mentioned above, there are another contribution as (40), (33) and
(30). Again we stress that, in realistic situation, these contributions should be smoothly
connected because we cannot strictly define the “end” of inflation and the typical time scale
of the inflaton motion changes from Hinf to m� gradually around the transition epoch. The
number density is dominated by that from the oscillation e↵ect (43) for m� � Hinf and two
contributions are comparable for m� . Hinf . In any case, the number density is given by

n�(⌧) ⇠ CH3
inf

✓
aend
a(⌧)

◆3

, (44)

for Hinf < m� < m� where we numerically find C ⇠ 10�2. The present DM energy density
from gravitational production divided by the entropy density is then given by

⇢
(GP)
�

s
⇠ C

4

m�HinfTR

M2
P

' 3⇥ 10�10 GeV C
⇣ m�

109 GeV

⌘✓
Hinf

109 GeV

◆✓
TR

1010 GeV

◆
, (45)

for m� < m� and TR denotes the reheating temperature after inflation and we assumed that
the inflaton coherent oscillation behaves as non-relativistic matter.

3.2 Numerical simulation in realistic inflation model

Let us now calculate the phase space density numerically. As a concrete inflation model, let
us consider the hilltop inflation or new inflation models [19–25]. The inflaton potential is
given by

V (�) = M4


1�

✓
�

v�

◆n�2
, (46)

10

Hilltop inflation
where n � 6 is favored from the recent cosmological data [26]. In a numerical calculation
we take n = 6. This model is of our interest because it in general predicts a large hierarchy
between m� and Hinf . Actually we have m� =

p
2nM2/v� � Hinf ' M2/(

p
3MP ) for

v� ⌧ MP . The field value at the end of inflation is defined by

�end = v�

✓
v�p
2nMP

◆1/(n�1)

, (47)

where the slow-roll parameter ✏ ⌘ (MP@V/@�)2/(
p
2V )2 becomes equal to unity. The di-

mensionless power spectrum of the large scale curvature perturbation is given by

P⇣ '
⇥
2n ((n� 2)Ne)

n�1⇤2/(n�2)

12⇡2

M4

(vn�M
n�4
P )2/(n�2)

, (48)

where Ne ' 50–60 denotes the e-folding number at which the perturbation with the present
horizon scale exits the horizon. The Planck observation suggests P⇣ ' 2.2⇥ 10�9 [28].

We numerically solved (16) along with the background (7) and (8). Fig. 1 shows the
resulting phase space distribution f�(k) for the conformal coupling case ⇠ = 1/6 (left) and the
minimal coupling case ⇠ = 0 (right). We have taken v� = 0.5MP , which meansm�/Hinf ' 29,
and M is taken to satisfy the observed density perturbation. Three lines correspond to
m� = (0.2, 0.5, 1, 2)⇥m�, respectively. The initial condition is set to be �(⌧i) ' 0.4�end with
⌧i = �1/(a(⌧i)Hinf) where a(⌧i) can be arbitrary value. The final evaluation time is taken
to be ⌧f = �⌧i. The wave number in the horizontal axis is normalized by aendm� where aend
denotes the scale factor at the end of slow-roll regime � = �end. The results are consistent
with (33) for the conformal coupling case ⇠ = 1/6 and (43) for the minimal coupling ⇠ = 0
for the high momentum mode k & aendm�. In particular, the overall size of f� is almost the
same as long as m� & m� for ⇠ = 0, and hence we conclude that the particles with m� & m�

are indeed produced even if m� � Hinf . On the other hand, the overall size of f� decreases
as m� increases beyond m� even for ⇠ = 0 (see the m� = 2m� line in the right panel).
The lower momentum behavior comes mainly from the transition epoch from inflation to
the oscillation epoch, which is di�cult to discuss analytically, but the estimations (36) and
(45) remain valid because the number or energy density is dominated by the mode around
k ⇠ aendm�.#7

Now we comment on subtlety in evaluating f�(k). As we discussed in the previous section,
we formally define the particle number density by taking �⌧i, ⌧f ! 1. In our numerical
calculation, however, we take some finite ⌧i and ⌧f due to the limitation of computational
cost, and hence we should carefully subtract e↵ects of finite ⌧i and ⌧f . More precisely,
we want to take the limit �k⌧i, k⌧f ! 1, since ⌧i itself can be taken arbitrarily. For

#7 If v� is much smaller than MP , the coherent oscillation just after inflation is not harmonic and the
oscillation period can be much longer than m�1

� . Moreover, tachyonic instability makes the inflaton field
inhomogeneous [27]. These facts make robust calculation extremely di�cult, although still the inflaton
remains non-relativistic and we expect that the estimation here makes sense.
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Figure 1: The phase space density of � after the gravitational particle production in hilltop
inflation model with v� = 0.5MP . (Left) The case of conformal coupling ⇠ = 1/6. We have
taken m� = (0.2, 0.5, 1, 2) ⇥ m� for each line. (Right) The same as the left but for the
minimal coupling ⇠ = 0.

fixed physical momentum k/aend, such a limit can be achieved by taking the duration of
inflation long in a numerical calculation. In order to identify such e↵ects, we plot f�(k)
for di↵erent initial condition in Fig. 2. Three lines correspond to di↵erent initial condition,
�i = (0.38, 0.41, 0.44) ⇥ �end for “long,” “mid” and “short,” respectively. The DM mass is
taken to be m� = m� (left) and m� = 2m� (right). The wave number in the horizontal
axis is normalized by aendm�. As seen from the left panel, the flat part at large k is initial
condition dependent and becomes smaller as the initial time is taken to be earlier. The
following simple example may be helpful to understand this behavior. Let us consider the
integral:

I(k) =

Z ⌧f

⌧i

eik⌧

⌧ 2 + ⌧ 20
d⌧, (49)

where ⌧0 is a real number. In the limit �⌧i = ⌧f = 1, we can exactly solve it by using the
residue theorem and obtain exponential form: I(k) = ⇡e�k⌧0/⌧0. If we take large but finite
�⌧i = ⌧f (� ⌧0), we instead have power law tail as I(k) ⇠ ⇡e�k⌧0/⌧0+1/(⌧ 2f k). The integrand
is more complicated in a realistic situation, but we expect that a similar phenomena occur
in our numerical calculation. Therefore the flat part at large k is interpreted as an e↵ect of
finite ⌧i and ⌧f , and we expect that it disappears for �⌧i, ⌧f ! �1. On the other hand, the
modes with smaller k are not a↵ected by the change of the initial condition, and hence are
expected to be intact in the limit �⌧i, ⌧f ! 1. We have checked that the result in Fig. 1 is
not a↵ected by the change of the initial condition, and hence we expect that it provides good
estimation of f� in the limit �⌧i, ⌧f ! 1. This issue is related to the choice of the initial
condition at ⌧ = ⌧i. If we could carefully choose the initial conditions of ↵k and �k at ⌧ = ⌧i
so that they match the solution with ↵k = 1 and �k = 0 at ⌧ = �1, the ⌧i dependence
would be gone.
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Figure 1: The phase space density of � after the gravitational particle production in hilltop
inflation model with v� = 0.5MP . (Left) The case of conformal coupling ⇠ = 1/6. We have
taken m� = (0.2, 0.5, 1, 2) ⇥ m� for each line. (Right) The same as the left but for the
minimal coupling ⇠ = 0.

fixed physical momentum k/aend, such a limit can be achieved by taking the duration of
inflation long in a numerical calculation. In order to identify such e↵ects, we plot f�(k)
for di↵erent initial condition in Fig. 2. Three lines correspond to di↵erent initial condition,
�i = (0.38, 0.41, 0.44) ⇥ �end for “long,” “mid” and “short,” respectively. The DM mass is
taken to be m� = m� (left) and m� = 2m� (right). The wave number in the horizontal
axis is normalized by aendm�. As seen from the left panel, the flat part at large k is initial
condition dependent and becomes smaller as the initial time is taken to be earlier. The
following simple example may be helpful to understand this behavior. Let us consider the
integral:

I(k) =

Z ⌧f

⌧i

eik⌧

⌧ 2 + ⌧ 20
d⌧, (49)

where ⌧0 is a real number. In the limit �⌧i = ⌧f = 1, we can exactly solve it by using the
residue theorem and obtain exponential form: I(k) = ⇡e�k⌧0/⌧0. If we take large but finite
�⌧i = ⌧f (� ⌧0), we instead have power law tail as I(k) ⇠ ⇡e�k⌧0/⌧0+1/(⌧ 2f k). The integrand
is more complicated in a realistic situation, but we expect that a similar phenomena occur
in our numerical calculation. Therefore the flat part at large k is interpreted as an e↵ect of
finite ⌧i and ⌧f , and we expect that it disappears for �⌧i, ⌧f ! �1. On the other hand, the
modes with smaller k are not a↵ected by the change of the initial condition, and hence are
expected to be intact in the limit �⌧i, ⌧f ! 1. We have checked that the result in Fig. 1 is
not a↵ected by the change of the initial condition, and hence we expect that it provides good
estimation of f� in the limit �⌧i, ⌧f ! 1. This issue is related to the choice of the initial
condition at ⌧ = ⌧i. If we could carefully choose the initial conditions of ↵k and �k at ⌧ = ⌧i
so that they match the solution with ↵k = 1 and �k = 0 at ⌧ = �1, the ⌧i dependence
would be gone.
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Figure 1: The phase space density of � after the gravitational particle production in hilltop
inflation model with v� = 0.5MP . (Left) The case of conformal coupling ⇠ = 1/6. We have
taken m� = (0.2, 0.5, 1, 2) ⇥ m� for each line. (Right) The same as the left but for the
minimal coupling ⇠ = 0.

fixed physical momentum k/aend, such a limit can be achieved by taking the duration of
inflation long in a numerical calculation. In order to identify such e↵ects, we plot f�(k)
for di↵erent initial condition in Fig. 2. Three lines correspond to di↵erent initial condition,
�i = (0.38, 0.41, 0.44) ⇥ �end for “long,” “mid” and “short,” respectively. The DM mass is
taken to be m� = m� (left) and m� = 2m� (right). The wave number in the horizontal
axis is normalized by aendm�. As seen from the left panel, the flat part at large k is initial
condition dependent and becomes smaller as the initial time is taken to be earlier. The
following simple example may be helpful to understand this behavior. Let us consider the
integral:

I(k) =

Z ⌧f

⌧i

eik⌧

⌧ 2 + ⌧ 20
d⌧, (49)

where ⌧0 is a real number. In the limit �⌧i = ⌧f = 1, we can exactly solve it by using the
residue theorem and obtain exponential form: I(k) = ⇡e�k⌧0/⌧0. If we take large but finite
�⌧i = ⌧f (� ⌧0), we instead have power law tail as I(k) ⇠ ⇡e�k⌧0/⌧0+1/(⌧ 2f k). The integrand
is more complicated in a realistic situation, but we expect that a similar phenomena occur
in our numerical calculation. Therefore the flat part at large k is interpreted as an e↵ect of
finite ⌧i and ⌧f , and we expect that it disappears for �⌧i, ⌧f ! �1. On the other hand, the
modes with smaller k are not a↵ected by the change of the initial condition, and hence are
expected to be intact in the limit �⌧i, ⌧f ! 1. We have checked that the result in Fig. 1 is
not a↵ected by the change of the initial condition, and hence we expect that it provides good
estimation of f� in the limit �⌧i, ⌧f ! 1. This issue is related to the choice of the initial
condition at ⌧ = ⌧i. If we could carefully choose the initial conditions of ↵k and �k at ⌧ = ⌧i
so that they match the solution with ↵k = 1 and �k = 0 at ⌧ = �1, the ⌧i dependence
would be gone.
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Figure 1: The phase space density of � after the gravitational particle production in hilltop
inflation model with v� = 0.5MP . (Left) The case of conformal coupling ⇠ = 1/6. We have
taken m� = (0.2, 0.5, 1, 2) ⇥ m� for each line. (Right) The same as the left but for the
minimal coupling ⇠ = 0.

fixed physical momentum k/aend, such a limit can be achieved by taking the duration of
inflation long in a numerical calculation. In order to identify such e↵ects, we plot f�(k)
for di↵erent initial condition in Fig. 2. Three lines correspond to di↵erent initial condition,
�i = (0.38, 0.41, 0.44) ⇥ �end for “long,” “mid” and “short,” respectively. The DM mass is
taken to be m� = m� (left) and m� = 2m� (right). The wave number in the horizontal
axis is normalized by aendm�. As seen from the left panel, the flat part at large k is initial
condition dependent and becomes smaller as the initial time is taken to be earlier. The
following simple example may be helpful to understand this behavior. Let us consider the
integral:

I(k) =

Z ⌧f

⌧i

eik⌧

⌧ 2 + ⌧ 20
d⌧, (49)

where ⌧0 is a real number. In the limit �⌧i = ⌧f = 1, we can exactly solve it by using the
residue theorem and obtain exponential form: I(k) = ⇡e�k⌧0/⌧0. If we take large but finite
�⌧i = ⌧f (� ⌧0), we instead have power law tail as I(k) ⇠ ⇡e�k⌧0/⌧0+1/(⌧ 2f k). The integrand
is more complicated in a realistic situation, but we expect that a similar phenomena occur
in our numerical calculation. Therefore the flat part at large k is interpreted as an e↵ect of
finite ⌧i and ⌧f , and we expect that it disappears for �⌧i, ⌧f ! �1. On the other hand, the
modes with smaller k are not a↵ected by the change of the initial condition, and hence are
expected to be intact in the limit �⌧i, ⌧f ! 1. We have checked that the result in Fig. 1 is
not a↵ected by the change of the initial condition, and hence we expect that it provides good
estimation of f� in the limit �⌧i, ⌧f ! 1. This issue is related to the choice of the initial
condition at ⌧ = ⌧i. If we could carefully choose the initial conditions of ↵k and �k at ⌧ = ⌧i
so that they match the solution with ↵k = 1 and �k = 0 at ⌧ = �1, the ⌧i dependence
would be gone.
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Figure 1: The phase space density of � after the gravitational particle production in hilltop
inflation model with v� = 0.5MP . (Left) The case of conformal coupling ⇠ = 1/6. We have
taken m� = (0.2, 0.5, 1, 2) ⇥ m� for each line. (Right) The same as the left but for the
minimal coupling ⇠ = 0.

fixed physical momentum k/aend, such a limit can be achieved by taking the duration of
inflation long in a numerical calculation. In order to identify such e↵ects, we plot f�(k)
for di↵erent initial condition in Fig. 2. Three lines correspond to di↵erent initial condition,
�i = (0.38, 0.41, 0.44) ⇥ �end for “long,” “mid” and “short,” respectively. The DM mass is
taken to be m� = m� (left) and m� = 2m� (right). The wave number in the horizontal
axis is normalized by aendm�. As seen from the left panel, the flat part at large k is initial
condition dependent and becomes smaller as the initial time is taken to be earlier. The
following simple example may be helpful to understand this behavior. Let us consider the
integral:

I(k) =

Z ⌧f

⌧i

eik⌧

⌧ 2 + ⌧ 20
d⌧, (49)

where ⌧0 is a real number. In the limit �⌧i = ⌧f = 1, we can exactly solve it by using the
residue theorem and obtain exponential form: I(k) = ⇡e�k⌧0/⌧0. If we take large but finite
�⌧i = ⌧f (� ⌧0), we instead have power law tail as I(k) ⇠ ⇡e�k⌧0/⌧0+1/(⌧ 2f k). The integrand
is more complicated in a realistic situation, but we expect that a similar phenomena occur
in our numerical calculation. Therefore the flat part at large k is interpreted as an e↵ect of
finite ⌧i and ⌧f , and we expect that it disappears for �⌧i, ⌧f ! �1. On the other hand, the
modes with smaller k are not a↵ected by the change of the initial condition, and hence are
expected to be intact in the limit �⌧i, ⌧f ! 1. We have checked that the result in Fig. 1 is
not a↵ected by the change of the initial condition, and hence we expect that it provides good
estimation of f� in the limit �⌧i, ⌧f ! 1. This issue is related to the choice of the initial
condition at ⌧ = ⌧i. If we could carefully choose the initial conditions of ↵k and �k at ⌧ = ⌧i
so that they match the solution with ↵k = 1 and �k = 0 at ⌧ = �1, the ⌧i dependence
would be gone.
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Figure 1: The phase space density of � after the gravitational particle production in hilltop
inflation model with v� = 0.5MP . (Left) The case of conformal coupling ⇠ = 1/6. We have
taken m� = (0.2, 0.5, 1, 2) ⇥ m� for each line. (Right) The same as the left but for the
minimal coupling ⇠ = 0.

fixed physical momentum k/aend, such a limit can be achieved by taking the duration of
inflation long in a numerical calculation. In order to identify such e↵ects, we plot f�(k)
for di↵erent initial condition in Fig. 2. Three lines correspond to di↵erent initial condition,
�i = (0.38, 0.41, 0.44) ⇥ �end for “long,” “mid” and “short,” respectively. The DM mass is
taken to be m� = m� (left) and m� = 2m� (right). The wave number in the horizontal
axis is normalized by aendm�. As seen from the left panel, the flat part at large k is initial
condition dependent and becomes smaller as the initial time is taken to be earlier. The
following simple example may be helpful to understand this behavior. Let us consider the
integral:

I(k) =

Z ⌧f

⌧i

eik⌧

⌧ 2 + ⌧ 20
d⌧, (49)

where ⌧0 is a real number. In the limit �⌧i = ⌧f = 1, we can exactly solve it by using the
residue theorem and obtain exponential form: I(k) = ⇡e�k⌧0/⌧0. If we take large but finite
�⌧i = ⌧f (� ⌧0), we instead have power law tail as I(k) ⇠ ⇡e�k⌧0/⌧0+1/(⌧ 2f k). The integrand
is more complicated in a realistic situation, but we expect that a similar phenomena occur
in our numerical calculation. Therefore the flat part at large k is interpreted as an e↵ect of
finite ⌧i and ⌧f , and we expect that it disappears for �⌧i, ⌧f ! �1. On the other hand, the
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so that they match the solution with ↵k = 1 and �k = 0 at ⌧ = �1, the ⌧i dependence
would be gone.
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PGDM energy density from gravitaional production

if m� . m� where C is a numerical factor and � denotes the inflaton oscillation amplitude.
Thus the created number density during one Hubble time is given by
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H3. (42)
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and there is an exponential cuto↵ at k ⇠ a(t = ��1
inf )m�. It is not suppressed even for m� �

Hinf . Note again that the low momentum behavior of (43) may not be so simple because
of the nontrivial time scale of the inflaton dynamics during the transition from inflation to
the reheating era. As mentioned above, there are another contribution as (40), (33) and
(30). Again we stress that, in realistic situation, these contributions should be smoothly
connected because we cannot strictly define the “end” of inflation and the typical time scale
of the inflaton motion changes from Hinf to m� gradually around the transition epoch. The
number density is dominated by that from the oscillation e↵ect (43) for m� � Hinf and two
contributions are comparable for m� . Hinf . In any case, the number density is given by
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for Hinf < m� < m� where we numerically find C ⇠ 10�2. The present DM energy density
from gravitational production divided by the entropy density is then given by
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for m� < m� and TR denotes the reheating temperature after inflation and we assumed that
the inflaton coherent oscillation behaves as non-relativistic matter.

3.2 Numerical simulation in realistic inflation model

Let us now calculate the phase space density numerically. As a concrete inflation model, let
us consider the hilltop inflation or new inflation models [19–25]. The inflaton potential is
given by

V (�) = M4


1�

✓
�

v�

◆n�2
, (46)
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In most cases, this is much larger than thermal production

m� . m�This applies for even if m� > Hinf

PGDM energy density from coherent oscillation

generated during inflation,#8 and it will be e↵ectively regarded as the homogeneous mode,
which results in the coherent oscillation of � field after inflation. This is another source of
the DM production. Typical field variance averaged over the superhorizon mode is derived
from the solution (19) as [29, 30]

⌦
�2

↵ ' 3H4
inf

8⇡2m2
�

. (50)

In a horizon patch, the � field is almost homogeneous with its typical value given by
ph�2i.

The � field then begins a coherent oscillation when H ⇠ m�. The abundance of the coherent
oscillation is estimated as
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Here we assumed that � begins to oscillate before the reheating is completed: �inf < m�.
Otherwise, the abundance is suppressed by the factor ⇠ p

m�/�inf . This also contributes to

the DM density. One crucial di↵erence from the gravitationally produced contribution ⇢(GP)
�

is that the large scale fluctuation of � has an (uncorrelated) isocurvature perturbation, which
is severely constrained from observation.#9 The magnitude of DM isocurvature perturbation
is estimated as

SDM ' R�
Hinf

⇡
ph�2i = R�

r
8

3

m�

Hinf

, (52)

where R� ⌘ ⇢
(CO)
� /⇢DM denotes the fraction of � coherent oscillation energy density in the

total DM energy density. The observational constraint is SDM . 9⇥10�6 [28]. Note however
that (50) is an asymptotic averaged value when the inflation lasts long enough and it may
be possible to have larger/smaller field value in the actual Universe if m� ⌧ Hinf . It is also
a↵ected by other terms like L ⇠ ���4.

Scattering of standard model particles in thermal bath also produces PGDM through
the graviton exchange [11–14]. The cross section for the process like   ! ��, where  
collectively denotes the standard model fields that are in thermal bath with temperature T ,
is

�(  ! ��) ' A T 2

M4
P

, (53)

#8 The condition of the growth of long wavelength mode in the dS era is ⌫2 > 1/4 in (19), or m2
� <

(2� 12⇠)H2
inf .

#9 Note on terminology: coherent oscillation may also be regarded as gravitational production, since (50)
is induced gravitationally. We just call such long wavelength (superhorizon modes) contribution as coherent
oscillation and short wavelength (subhorizon modes) one as gravitational production.
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Figure 3: Illustration with reheating temperature TR = 109 GeV (107 GeV) and inflaton mass
m� = 1012 GeV (1013 GeV) for minimal coupling ⇠ = 0 in the left (right) panel. Four di↵erent
lines (dot-dashed, solid, dashed, and dotted) correspond to ⌦� = (4, 1, 0.1, 0.01)⇥⌦DM. The
long dashed red line shows the isocurvature perturbation limit and region above this line is
excluded. The dominant production mechanism is coherent oscillation for m� <

p
2Hinf and

gravitational production for m� >
p
2Hinf .

for T � m�, A ' 1/24⇡, 1/48⇡ and 1/12⇡ for complex scalar, Dirac fermion and massless
vector, respectively. The final DM abundance from thermal production is dominated by
those produced in the earliest epoch and estimated as

⇢
(TP)
�

s
⇠ Am�TRT

8
max

M6
PH

3
inf

⇠ A m�T
5
R

M4
PHinf

(54)

where Tmax ⇠ (T 2
RHinfMP )1/4 is the maximum cosmic temperature of the dilute plasma

after inflation. Compared with the inflaton-induced gravitational contribution (45), the
thermal production contribution is suppressed by T 4

R/(H
2
infM

2
P ). Thus thermal contribution

is subdominant in most cases, and some DM scenarios implementing thermal production
solely were discussed in Ref. [31–35], for examples. However, it is possible that � is much
heavier than the inflaton, m� � m�, so that all the gravitational production is not e↵ective,
while Tmax > m� and hence thermal production is active. In such a case, thermal production
can give a dominant contribution to the PGDM abundance.

In Fig. 3, we show the total contribution for PGDM’s relic abundance ⌦� as functions of
Hinf and DM mass m�. We have chosen the reheating temperature TR = 109 GeV (107 GeV)
and inflaton mass m� = 1012 GeV (1013 GeV) for minimal coupling ⇠ = 0 in the left (right)
panel. From top to down, di↵erent lines (dot-dashed, solid, dashed, and dotted) correspond
to ⌦� = (4, 1, 0.1, 0.01) ⇥ ⌦DM. The long dashed line marks the isocurvature perturbation
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Summary

Abundance of PGDM from gravitational production 
after inflation is calculated.

Gravitational production is effective as long as PGDM
is lighter than the inflaton mass.

In most cases it is dominant contribution,
compared with e.g. thermal production.

“Minimal” dark matter model:
purely gravitational dark matter (PGDM)
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Non-minimal coupling

production rate in a realistic inflationary cosmology. Sec. 4 is devoted to summary and
discussion.

2 Scalar field in cosmological background

2.1 Model and equations of motion

Let us consider an action

S =

Z
d4x

p�g
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where MP is the reduced Planck scale, R is the Ricci scalar, � denotes the inflaton field
with V (�) being its potential and � denotes a real scalar field. It has a Z2 symmetry under
which � changes its sign, and hence � is stable and is a candidate of DM. We assume that �
does not have a direct coupling to the inflaton and other standard model fields. It interacts
only through the metric or the gravity. The coupling strength to the gravity is controlled by
the non-minimal coupling ⇠. Pure Einstein gravity corresponds to ⇠ = 0 and the conformal
coupling corresponds to ⇠ = 1/6.

We use the Friedmann-Robertson-Walker metric:

gµ⌫dx
µdx⌫ = a2(⌧)(�d⌧ 2 + d~x2), (2)

where a(⌧) denotes the cosmic scale factor with ⌧ being the conformal time, which is related
to the physical time as dt = ad⌧ . Defining e� ⌘ a�, the action of e� is given by

S =
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where the prime denotes the derivative with respect to ⌧ . Thus e� satisfies the equation of
motion

e�00 � @2
i e�+m(e↵)2

� e� = 0. (4)

Treated as classical background, � has the following equation of motion,

�̈+ 3H�̇+
@V
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= 0, (5)

where the dot denotes the derivative with respect to the physical time t and the Hubble
parameter H is given by the Friedmann equation,
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a

◆2

=
1

3M2
P

✓
1

2
�̇2 + V (�)

◆
, (6)
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Figure 1: The phase space density of � after the gravitational particle production in hilltop
inflation model with v� = 0.5MP . (Left) The case of conformal coupling ⇠ = 1/6. We have
taken m� = (0.2, 0.5, 1, 2) ⇥ m� for each line. (Right) The same as the left but for the
minimal coupling ⇠ = 0.

fixed physical momentum k/aend, such a limit can be achieved by taking the duration of
inflation long in a numerical calculation. In order to identify such e↵ects, we plot f�(k)
for di↵erent initial condition in Fig. 2. Three lines correspond to di↵erent initial condition,
�i = (0.38, 0.41, 0.44) ⇥ �end for “long,” “mid” and “short,” respectively. The DM mass is
taken to be m� = m� (left) and m� = 2m� (right). The wave number in the horizontal
axis is normalized by aendm�. As seen from the left panel, the flat part at large k is initial
condition dependent and becomes smaller as the initial time is taken to be earlier. The
following simple example may be helpful to understand this behavior. Let us consider the
integral:

I(k) =

Z ⌧f

⌧i

eik⌧

⌧ 2 + ⌧ 20
d⌧, (49)

where ⌧0 is a real number. In the limit �⌧i = ⌧f = 1, we can exactly solve it by using the
residue theorem and obtain exponential form: I(k) = ⇡e�k⌧0/⌧0. If we take large but finite
�⌧i = ⌧f (� ⌧0), we instead have power law tail as I(k) ⇠ ⇡e�k⌧0/⌧0+1/(⌧ 2f k). The integrand
is more complicated in a realistic situation, but we expect that a similar phenomena occur
in our numerical calculation. Therefore the flat part at large k is interpreted as an e↵ect of
finite ⌧i and ⌧f , and we expect that it disappears for �⌧i, ⌧f ! �1. On the other hand, the
modes with smaller k are not a↵ected by the change of the initial condition, and hence are
expected to be intact in the limit �⌧i, ⌧f ! 1. We have checked that the result in Fig. 1 is
not a↵ected by the change of the initial condition, and hence we expect that it provides good
estimation of f� in the limit �⌧i, ⌧f ! 1. This issue is related to the choice of the initial
condition at ⌧ = ⌧i. If we could carefully choose the initial conditions of ↵k and �k at ⌧ = ⌧i
so that they match the solution with ↵k = 1 and �k = 0 at ⌧ = �1, the ⌧i dependence
would be gone.
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