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Core idea: string theory predicts its own gravity rather than GR
In General Relativity the metric gµν is the only geometric and gravitational field, whereas in
string theory the closed-string massless sector comprises a two-form potential Bµν and the
string dilaton φ in addition to the metric gµν. Furthermore, these three fields transform into
each other under T-duality. This hints at a natural augmentation of GR: upon treating the
whole closed string massless sector as stringy graviton fields, Double Field Theory [1, 2] may
evolve into ‘Stringy Gravity’. Equipped with an O(D,D) covariant differential geometry be-
yond Riemann [3], we spell out the definitions of the stringy Einstein curvature tensor and the
stringy Energy-Momentum tensor. Equating them, all the equations of motion of the closed
string massless sector are unified into a single expression [4],

GAB = 8πGTAB (1)

which we dub the Einstein Double Field Equations.

Double Field Theory as Stringy Gravity
• Built-in symmetries & Notation:
– O(D,D) T-duality
– DFT diffeomorphisms (ordinary diffeomorphisms plus B-field gauge symmetry)
– Twofold local Lorentz symmetries, Spin(1, D−1)× Spin(D−1, 1)

⇒ Two locally inertial frames exist separately for the left and the right modes.

Index Representation Metric (raising/lowering indices)

A,B, · · · ,M,N, · · · O(D,D) vector JAB =


0 1

1 0


p, q, · · · Spin(1, D−1) vector ηpq = diag(− + + · · ·+)

α, β, · · · Spin(1, D−1) spinor Cαβ, (γp)T = CγpC−1

p̄, q̄, · · · Spin(D−1, 1) vector η̄p̄q̄ = diag(+−− · · ·−)

ᾱ, β̄, · · · Spin(D−1, 1) spinor C̄ᾱβ̄, (γ̄p̄)T = C̄γ̄p̄C̄−1

The O(D,D) metric JAB divides doubled coordinates into two: xA = (x̃µ, x
ν), ∂A = (∂̃µ, ∂ν).

• Doubled-yet-gauged spacetime:
The doubled coordinates are ‘gauged’ through a certain equivalence relation, xA ∼ xA + ∆A, such
that each equivalence class, or gauge orbit in RD+D, corresponds to a single physical point in RD [5].
This implies a section condition, ∂A∂A = 0, which can be conveniently solved by setting ∂̃µ ≡ 0.

• Stringy graviton fields (closed-string massless sector),
{
d, VMp, V̄Nq̄

}
:

Defining properties of the DFT-metric,

HMN = HNM , HKLHMNJLN = JKM , (2)

set a pair of symmetric and orthogonal projectors,

PMN = PNM = 1
2(JMN +HMN ) , PL

MPM
N = PL

N ,

P̄MN = P̄NM = 1
2(JMN −HMN ) , P̄L

M P̄M
N = P̄L

N , PL
M P̄M

N = 0 .

Further, taking the “square roots” of the projectors, we acquire a pair of DFT vielbeins,

PMN = VM
pVN

qηpq , P̄MN = V̄M
p̄V̄N

q̄η̄p̄q̄ ,

satisfying their own defining properties,

VMpV
M
q = ηpq , V̄Mp̄V̄

M
q̄ = η̄p̄q̄ , VMpV̄

M
q̄ = 0 , VM

pVNp + V̄M
p̄V̄Np̄ = JMN .

The most general solutions to (2) can be classified by two non-negative integers (n, n̄) [6],
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 Hµν −HµσBσλ + Y
µ
i X
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where 1 ≤ i ≤ n, 1 ≤ ı̄, i ≤ n̄ and

HµνXi
ν = 0 , HµνX̄ ı̄

ν = 0 , KµνY
ν
i = 0 , KµνȲ

ν
ı̄ = 0 , HµρKρν + Y

µ
i X

i
ν + Ȳ

µ
ı̄ X̄

ı̄
ν = δ

µ
ν .

Strings become chiral and anti-chiral over n and n̄ directions: Xi
µ∂+x

µ = 0, X̄ ı̄
µ∂−x

µ = 0. Examples
include (0, 0) Riemannian geometry as Kµν = gµν, Hµν = gµν, (1, 1) Gomis-Ooguri non-relativistic
background, (1, 0) Newton-Cartan gravity, and (D − 1, 0) Carroll gravity.

• Covariant derivative:
The ‘master’ covariant derivative, DA = ∂A + ΓA + ΦA + Φ̄A, is characterized by compatibility:

DAd = DAVBp = DAV̄Bp̄ = 0 , DAJBC = DAηpq = DAη̄p̄q̄ = DACαβ = DAC̄ᾱβ̄ = 0 .

The stringy Christoffel symbols are [3]

ΓCAB = 2
(
P∂CPP̄

)
[AB] + 2

(
P̄[A

DP̄B]
E − P[A

DPB]
E
)
∂DPEC

−4
(

1
PMM−1

PC[APB]
D + 1

P̄MM−1
P̄C[AP̄B]

D
)(
∂Dd + (P∂EPP̄ )[ED]

)
,

and the spin connections are ΦApq = V Bp(∂AVBq + ΓAB
CVCq), Φ̄Ap̄q̄ = V̄ Bp̄(∂AV̄Bq̄ + ΓAB

CV̄Cq̄).
In Stringy Gravity, there are no normal coordinates where ΓCAB would vanish point-wise: the Equiv-
alence Principle holds for point particles but is generically broken for strings (i.e. extended objects).

• Scalar and ‘Ricci’ curvatures:
The semi-covariant Riemann curvature in Stringy Gravity is defined by

SABCD := 1
2

(
RABCD + RCDAB − ΓEABΓECD

)
,

whereRCDAB = ∂AΓBCD−∂BΓACD+ΓACEΓB
E
D−ΓBCEΓA

E
D (the “field strength” of ΓCAB).

The completely covariant ‘Ricci’ and scalar curvatures are, with SAB = SACB
C ,

Spq̄ := V ApV̄
B
q̄SAB , S(0) :=

(
PACPBD − P̄ACP̄CD

)
SABCD .

While e−2dS(0) corresponds to the original DFT Lagrangian density [1, 2], or the ‘pure’ Stringy Grav-
ity, the master covariant derivative fixes its minimal coupling to extra matter fields, e.g. type II maxi-
mally supersymmetric DFT [7] or the Standard Model [8].

Derivation of Einstein Double Field Equations
Variation of the action for Stringy Gravity coupled to generic matter fields, Υa, gives

δ

∫
e−2d

[
1

16πGS(0) + Lmatter

]
=

∫
e−2d

[
1

4πGV̄
Aq̄δVA

p(Spq̄ − 8πGKpq̄)− 1
8πGδd(S(0) − 8πGT(0)) + δΥa

δLmatter

δΥa

]
=

∫
e−2d

[
1

8πGξ
BDA {GAB − 8πGTAB} + (L̂ξΥa)

δLmatter

δΥa

]
,

where the second line is for generic variations and the third line is specifically for diffeomorphic
transformations. We are naturally led to define

Kpq̄ :=
1

2

(
VAp

δLmatter

δV̄A
q̄ − V̄Aq̄

δLmatter

δVA
p

)
, T(0) := e2d ×

δ
(
e−2dLmatter

)
δd

,

and subsequently the stringy Einstein curvature, GAB, and Energy Momentum tensor, TAB ,

GAB = 4V[A
pV̄B]

q̄Spq̄ − 1
2JABS(0) , DAGAB = 0 (off-shell) ,

TAB := 4V[A
pV̄B]

q̄Kpq̄ − 1
2JABT(0) , DATAB = 0 (on-shell) .

The equations of motion of the stringy graviton fields are thus unified into a single expression, the
Einstein Double Field Equations (1). Note that GAA = −DS(0), TAA = −DT(0).
Restricting to the (0, 0) Riemannian background, the Einstein Double Field Equations reduce to

Rµν + 25µ(∂νφ)− 1
4HµρσHν

ρσ = 8πGK(µν) ,

5ρ
(
e−2φHρµν

)
= 16πGe−2φK[µν] ,

R + 4�φ− 4∂µφ∂
µφ− 1

12HλµνH
λµν = 8πGT(0) ,

which imply the conservation law, DATAB = 0, given explicitly by

∇µK(µν) − 2∂µφK(µν) + 1
2Hν

λµK[λµ] − 1
2∂νT(0) = 0 , ∇µ

(
e−2φK[µν]

)
= 0 .

The Einstein Double Field Equations also govern the dynamics of other non-Riemannian cases,
(n, n̄) 6= (0, 0), where the Riemannian metric, gµν, cannot be defined.

Examples
– Pure Stringy Gravity with cosmological constant:

1
16πGe

−2d (S(0) − 2ΛDFT) , Kpq̄ = 0 , T(0) = 1
4πGΛDFT .

– RR sector, given by a Spin(1, 9)× Spin(9, 1) bi-spinorial potential, Cαᾱ :

LRR = 1
2Tr(FF̄) , Kpq̄ = −1

4Tr(γpF γ̄q̄F̄) , T(0) = 0 ,

where F = D+C = γpDpC + γ(11)Dp̄Cγ̄p̄ is the RR flux set by an O(D,D) covariant “H-twisted”
cohomology, (D+)2 = 0, and F̄ = C̄−1FTC is its charge conjugate [7].

– Spinor field: Lψ = ψ̄γpDpψ + mψψ̄ψ , Kpq̄ = −1
4(ψ̄γpDq̄ψ −Dq̄ψ̄γpψ) , T(0) = 0 .

– Green-Schwarz superstring (κ-symmetric):

e−2dLstring = 1
4πα′

∫
d2σ

[
−1

2

√
−hhijΠMi ΠNj HMN − εijDiyM (AjM − iΣjM )

]
δD
(
x− y(σ)

)
,

Kpq̄(x) = 1
4πα′

∫
d2σ
√
−hhij(ΠMi VMp)(Π

N
j V̄Nq̄) e

2dδD
(
x− y(σ)

)
, T(0) = 0 ,

where ΣMi = θ̄γM∂iθ + θ̄′γ̄M∂iθ′ and ΠMi = ∂iy
M −AMi − iΣ

M
i (doubled-yet-gauged) [9].

Gravitational effect
The regular spherical solution to theD = 4 Einstein Double Field Equations shows that Stringy Grav-
ity modifies GR (Schwarzschild geometry), in particular at “short” dimensionless scales, R/MG,
i.e. distance normalized by mass times Newton constant. This might shed new light upon the dark
matter/energy problems, as they arise essentially from “short distance” observations. Furthermore, it
would be intriguing to view the B-field and DFT dilaton d as ‘dark gravitons’, since they decouple
from the geodesic motion of point particles, which should be defined in string frame [10].
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