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Properties of dark matter

We know several properties, but do not know the identity
- long-lived over the age of the Universe
- feebly-interacting with photon and baryon
- not too hot; otherwise smear out primordial density contrast 
- accounts for about 30% of the present energy density of 
the Universe

! DM > 1010 yr
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Accumulated evidences from observations of the Universe

Weakly-interacting massive particle (WIMP) paradigm
- satisfying the above properties w/ 
- realized in TeV-scale new physics (e.g., supersymmetry)
- extensively investigated in nuclear recoil/cosmic ray/particle collider
there has been no convincing experimental evidence so far

new     symmetry! 2

beyond WIMP?
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Small-scale issues

Galactic matter distribution is difÞcult to explain in the cold dark 
matter (CDM) model
- missing satellite problem
   - observed number of dwarf spheroidal galaxies is          times 
smaller than the prediction
- cusp vs core problem
   - low-surface brightness galaxies show       times smaller inner 
rotation velocities than the prediction

Complex astrophysical processes may explain them
- gas heating from ionizing photons 
- mass loss by supernova explosions
while subgrid physics is unconstrainedÉ

Bullock et al. , Annu. Rev. Astron. Astrophys., 2018

APSOTLE (Sawala et al.), MNRAS, 2016

NIHAO (Dutton et al.), MNRAS, 2016

FIRE (Wetzel et al.), ApJ , 2016

Moore et al., ApJ , 1999

Moore et al., MNRAS, 1999
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WIMP!  cold dark matter for structure formation of the Universe
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Small-scale issues - alternatives to CDM

Alternatives to CDM are intriguing
- warm dark matter (WDM) 

- self-interacting dark matter (SIDM)
mwdm = O(1) keV
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Tulin et al. , Phys. Rept., 2018

Bode et al. , ApJ, 2001 Lovell et al. , MNRAS, 2012

Spergel et al. , PRL, 2000

Galactic matter distribution is difÞcult to explain in the cold dark 
matter (CDM) model
- missing satellite problem
   - observed number of dwarf spheroidal galaxies is          times 
smaller than the prediction
- cusp vs core problem
   - low-surface brightness galaxies show       times smaller inner 
rotation velocities than the prediction

Moore et al., ApJ , 1999

Moore et al., MNRAS, 1999
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Bullock et al. , Annu. Rev. Astron. Astrophys., 2018

Solve the two issues simultaneously?
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SIMP as self-interacting dark matter

self-scattering cross section per DM mass:!

contact-interaction !  sub-GeV DM mass

! self

m!
=

1
64"

|M self |2

m3
!

! 1 cm2/ g
!

|M self |
0.9

" 2 !
10 MeV

m!

" 2
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Strongly Interacting Massive Particles (SIMPs) 
- hidden pions in a hidden conÞnement sector, parametrizing 
unbroken ßavor symmetry !  the stability of pions
two parameters in pion phenomenology: 
     : pion mass &     : pion decay constant
Wess-Zumino-Witten term !  3! 2 process
m! f !

Hochberg et al.,  PRL, 2015

G/H

3

weakening direct detection bounds

4 $ 64!
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semi-annihilation :

Semi-annihilation to an axion-like particle (ALP)

improving the perturbativity of the non-linear sigma model:                                            

where                              from the na•ve dimensional analysis! cut ! 2! f ! /
!

Nc

m! ! ! cut " m! < ! cut

Manohar et al.,  Nucl. Phys. B, 1984

pion-ALP mixing through the anomalous coupling:

!

g2
H

32! 2

!
"
f

+ #H

"
H i

µ !
#H iµ !

únDM + 3Hn DM = !
1
2

"! semi vrel #(n2
DM ! nDM neq

DM )

                          &
w/                              & f ! 100Ð1000 GeV
! ! h2 = ! DM h2 ! self /m DM ! 0.1Ð10 cm2/ g

AK, Kim, and Sekiguchi, PRD, 2017

f! # m! %1GeV



Closer look at thermal freeze out
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Assumption in Boltzmann equations

WIMP pair annihilation:

thermally averaged 
annihilation cross section

Hubble expansion rate

(non-relativistic) 
equilibrium number density 
w/ # of spin d.o.f being g:                       

neq
DM = g

!
mDM T

2!

" 3/ 2

e! m DM /T

Derived under the two assumptions:

kinetic equilibrium <—                                               : SM temperature

únDM + 3Hn DM = !" ! ann vrel #
!

n2
DM ! neq 2

DM

"
pair creationpair annihilation

    invariance <—                                          w/ spin and momentum ßipped

!  detailed balance: (r.h.s) = 0 for nDM = neq
DM
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Kolb et al. , Nucl Phys, 1980

|M forward |2 = |M backward |2
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f DM =
nDM

neq
DM (T)

exp(! E/T )
<latexit sha1_base64="d+QWWEFyonY2EBuRHvG6ULeEfTA="></latexit><latexit sha1_base64="d+QWWEFyonY2EBuRHvG6ULeEfTA="></latexit><latexit sha1_base64="d+QWWEFyonY2EBuRHvG6ULeEfTA="></latexit><latexit sha1_base64="d+QWWEFyonY2EBuRHvG6ULeEfTA="></latexit>

How to validate it?
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Elastic and inelastic processes of WIMPs

: elastic process  (kinetic interaction)
- DM number is conserved
- DM energy & momentum are redistributed

DM DM

SM SM

: inelastic process (chemical interaction)
- number of DM is changed
- energy & momentum of DM are redistributed

crossing symmetry !  elastic process <— inelastic process
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Kinetic equilibration rate

__
momentum transfer squared

______
thermal momentum squared

differential cross 
section

C[f DM ] = mDM
!

! pDM i

!

"
"

mDM T
! f DM

! pDM i
+ ( pDM i ! mDM ui )f DM

# $

! =
1

6mDM T

!

sTP

"
d3pTP

(2" )3 f eq
TP (1 ! f eq

TP )
" 0

! 4p 2
TP

dt(" t)
d#
dt

v

! q2

Binder et al. , PRD, 2017

!  kinetic equilibrium is usually a valid assumption 
exception: resonant annihilation

Fokker-Planck approximation: 
expanding the collision term w.r.t.     q/p ! 1

Binder, Covi, AK, Murayama, Takahashi, and Yoshida, JCAP, 2016

    : temperature
           : bulk velocity
of thermal bath plasma

T
uµ (x)

& p2
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WHAT guarantees                             ?TDM = T ! 1/a

solely w/ 3! 2 process <— isolated DM ßuid

!                         (from comoving entropy density conservation)
&                              until the decoupling of 3! 2 process 

TDM ! 1/ ln a
nDM /s ! 1/ ln a

Carlson et al.,  APJ, 1992

DM DM

DM TP

inelastic processes have nothing 
to do with elastic processes

co-evolution of
        & TDMnDM

Elastic and inelastic processes of SIMPs



co-evolution equations:
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Semi-annihilating SIMP

!!

! !

!

! !

!!

!

!

!

! !

f ! =
n!

neq
! (T! )

exp (! E! /T ! )

d
dx

Y! = !
!
x2 Y!

!
Y! ! Y eq

! (x! )J (x! , x)
"

! 2
E ! /m !

d
dx

x! =
3
x

1
x!

+
ø"
x2

!
Y! ! Y eq

! (x! )K(x! , x)
"

adiabatic cooling

heating through 
semi-annihilation

!
f !

f
<latexit sha1_base64="HGMxMlzPxrPmA+R0rp9T78jDoUQ=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FQSEfRY9OKxgv2AJoTNdtMu3WzC7kQoIV78K148KOLVf+HNf+O2zUFbHww83pthZl6YCq7Bcb6tysrq2vpGdbO2tb2zu2fvH3R0kinK2jQRieqFRDPBJWsDB8F6qWIkDgXrhuObqd99YErzRN7DJGV+TIaSR5wSMFJgH3nAY6axFylC8yjIvZQXRR4VgV13Gs4MeJm4JamjEq3A/vIGCc1iJoEKonXfdVLwc6KAU8GKmpdplhI6JkPWN1QSs9bPZx8U+NQoAxwlypQEPFN/T+Qk1noSh6YzJjDSi95U/M/rZxBd+TmXaQZM0vmiKBMYEjyNAw+4YhTExBBCFTe3YjoiJgswodVMCO7iy8ukc95wnYZ7d1FvXpdxVNExOkFnyEWXqIluUQu1EUWP6Bm9ojfryXqx3q2PeWvFKmcO0R9Ynz9eNZd5</latexit><latexit sha1_base64="HGMxMlzPxrPmA+R0rp9T78jDoUQ=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FQSEfRY9OKxgv2AJoTNdtMu3WzC7kQoIV78K148KOLVf+HNf+O2zUFbHww83pthZl6YCq7Bcb6tysrq2vpGdbO2tb2zu2fvH3R0kinK2jQRieqFRDPBJWsDB8F6qWIkDgXrhuObqd99YErzRN7DJGV+TIaSR5wSMFJgH3nAY6axFylC8yjIvZQXRR4VgV13Gs4MeJm4JamjEq3A/vIGCc1iJoEKonXfdVLwc6KAU8GKmpdplhI6JkPWN1QSs9bPZx8U+NQoAxwlypQEPFN/T+Qk1noSh6YzJjDSi95U/M/rZxBd+TmXaQZM0vmiKBMYEjyNAw+4YhTExBBCFTe3YjoiJgswodVMCO7iy8ukc95wnYZ7d1FvXpdxVNExOkFnyEWXqIluUQu1EUWP6Bm9ojfryXqx3q2PeWvFKmcO0R9Ynz9eNZd5</latexit><latexit sha1_base64="HGMxMlzPxrPmA+R0rp9T78jDoUQ=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FQSEfRY9OKxgv2AJoTNdtMu3WzC7kQoIV78K148KOLVf+HNf+O2zUFbHww83pthZl6YCq7Bcb6tysrq2vpGdbO2tb2zu2fvH3R0kinK2jQRieqFRDPBJWsDB8F6qWIkDgXrhuObqd99YErzRN7DJGV+TIaSR5wSMFJgH3nAY6axFylC8yjIvZQXRR4VgV13Gs4MeJm4JamjEq3A/vIGCc1iJoEKonXfdVLwc6KAU8GKmpdplhI6JkPWN1QSs9bPZx8U+NQoAxwlypQEPFN/T+Qk1noSh6YzJjDSi95U/M/rZxBd+TmXaQZM0vmiKBMYEjyNAw+4YhTExBBCFTe3YjoiJgswodVMCO7iy8ukc95wnYZ7d1FvXpdxVNExOkFnyEWXqIluUQu1EUWP6Bm9ojfryXqx3q2PeWvFKmcO0R9Ynz9eNZd5</latexit><latexit sha1_base64="HGMxMlzPxrPmA+R0rp9T78jDoUQ=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FQSEfRY9OKxgv2AJoTNdtMu3WzC7kQoIV78K148KOLVf+HNf+O2zUFbHww83pthZl6YCq7Bcb6tysrq2vpGdbO2tb2zu2fvH3R0kinK2jQRieqFRDPBJWsDB8F6qWIkDgXrhuObqd99YErzRN7DJGV+TIaSR5wSMFJgH3nAY6axFylC8yjIvZQXRR4VgV13Gs4MeJm4JamjEq3A/vIGCc1iJoEKonXfdVLwc6KAU8GKmpdplhI6JkPWN1QSs9bPZx8U+NQoAxwlypQEPFN/T+Qk1noSh6YzJjDSi95U/M/rZxBd+TmXaQZM0vmiKBMYEjyNAw+4YhTExBBCFTe3YjoiJgswodVMCO7iy8ukc95wnYZ7d1FvXpdxVNExOkFnyEWXqIluUQu1EUWP6Bm9ojfryXqx3q2PeWvFKmcO0R9Ynz9eNZd5</latexit>

!
f 2

!

f 2
<latexit sha1_base64="2WRvOi8yGUXygK6z5gAxLNjwKa4=">AAACCXicbVDLSsNAFJ34rPUVdelmsAiuSlIEXRbduKxgH9DUMJlO2qGTSZi5EUrI1o2/4saFIm79A3f+jdM0C209MMzhnHu5954gEVyD43xbK6tr6xubla3q9s7u3r59cNjRcaooa9NYxKoXEM0El6wNHATrJYqRKBCsG0yuZ373gSnNY3kH04QNIjKSPOSUgJF8G3vAI6axFypCs9DPvITn91kjz7Ow+Hy75tSdAniZuCWpoRIt3/7yhjFNIyaBCqJ133USGGREAaeC5VUv1SwhdEJGrG+oJGb8ICsuyfGpUYY4jJV5EnCh/u7ISKT1NApMZURgrBe9mfif108hvBxkXCYpMEnng8JUYIjxLBY85IpREFNDCFXc7IrpmJhMwIRXNSG4iycvk06j7jp19/a81rwq46igY3SCzpCLLlAT3aAWaiOKHtEzekVv1pP1Yr1bH/PSFavsOUJ/YH3+AIRrmtk=</latexit><latexit sha1_base64="2WRvOi8yGUXygK6z5gAxLNjwKa4=">AAACCXicbVDLSsNAFJ34rPUVdelmsAiuSlIEXRbduKxgH9DUMJlO2qGTSZi5EUrI1o2/4saFIm79A3f+jdM0C209MMzhnHu5954gEVyD43xbK6tr6xubla3q9s7u3r59cNjRcaooa9NYxKoXEM0El6wNHATrJYqRKBCsG0yuZ373gSnNY3kH04QNIjKSPOSUgJF8G3vAI6axFypCs9DPvITn91kjz7Ow+Hy75tSdAniZuCWpoRIt3/7yhjFNIyaBCqJ133USGGREAaeC5VUv1SwhdEJGrG+oJGb8ICsuyfGpUYY4jJV5EnCh/u7ISKT1NApMZURgrBe9mfif108hvBxkXCYpMEnng8JUYIjxLBY85IpREFNDCFXc7IrpmJhMwIRXNSG4iycvk06j7jp19/a81rwq46igY3SCzpCLLlAT3aAWaiOKHtEzekVv1pP1Yr1bH/PSFavsOUJ/YH3+AIRrmtk=</latexit><latexit sha1_base64="2WRvOi8yGUXygK6z5gAxLNjwKa4=">AAACCXicbVDLSsNAFJ34rPUVdelmsAiuSlIEXRbduKxgH9DUMJlO2qGTSZi5EUrI1o2/4saFIm79A3f+jdM0C209MMzhnHu5954gEVyD43xbK6tr6xubla3q9s7u3r59cNjRcaooa9NYxKoXEM0El6wNHATrJYqRKBCsG0yuZ373gSnNY3kH04QNIjKSPOSUgJF8G3vAI6axFypCs9DPvITn91kjz7Ow+Hy75tSdAniZuCWpoRIt3/7yhjFNIyaBCqJ133USGGREAaeC5VUv1SwhdEJGrG+oJGb8ICsuyfGpUYY4jJV5EnCh/u7ISKT1NApMZURgrBe9mfif108hvBxkXCYpMEnng8JUYIjxLBY85IpREFNDCFXc7IrpmJhMwIRXNSG4iycvk06j7jp19/a81rwq46igY3SCzpCLLlAT3aAWaiOKHtEzekVv1pP1Yr1bH/PSFavsOUJ/YH3+AIRrmtk=</latexit><latexit sha1_base64="2WRvOi8yGUXygK6z5gAxLNjwKa4=">AAACCXicbVDLSsNAFJ34rPUVdelmsAiuSlIEXRbduKxgH9DUMJlO2qGTSZi5EUrI1o2/4saFIm79A3f+jdM0C209MMzhnHu5954gEVyD43xbK6tr6xubla3q9s7u3r59cNjRcaooa9NYxKoXEM0El6wNHATrJYqRKBCsG0yuZ373gSnNY3kH04QNIjKSPOSUgJF8G3vAI6axFypCs9DPvITn91kjz7Ow+Hy75tSdAniZuCWpoRIt3/7yhjFNIyaBCqJ133USGGREAaeC5VUv1SwhdEJGrG+oJGb8ICsuyfGpUYY4jJV5EnCh/u7ISKT1NApMZURgrBe9mfif108hvBxkXCYpMEnng8JUYIjxLBY85IpREFNDCFXc7IrpmJhMwIRXNSG4iycvk06j7jp19/a81rwq46igY3SCzpCLLlAT3aAWaiOKHtEzekVv1pP1Yr1bH/PSFavsOUJ/YH3+AIRrmtk=</latexit>



DM DM

DM TP

 14
Semi-annihilating SIMP freeze out

!" ! !" " !" #

!" ! !"

!" ! !$

!" ! %

!" ! &

!" ! '

!" ! " m! = 1 GeV
m! /m " = 0

(! semi vrel ) = 6 ! 10! 26cm3/ s

m! /m " = 0

m! /m " = 0 .7

m! /m " = 0 .9

m
! /m

" = 1

!" !"" !""" !" !

"#"$

"#!"

"#$"

!

$

!"

x
fo /x

~30% difference 
between the co-

evolution and 
T! = T ! 1/a

no conversion  
! adiabatic cooling

mass deÞcit converted into 
the kinetic energy

!  self-heating
T! ! 1/a

T! ! 1/a 2

1

2
3

1

2 3

AK, Kim, Kim, and Sekiguchi, PRL, 2018

!

!
<latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit><latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit><latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit><latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit>

!
<latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit><latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit><latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit><latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit>

!
<latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit><latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit><latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit><latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit>
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Mass fraction of the hot component
 15

Decoupling of self-scattering:!

After the Decoupling of elastic scattering,!

of the whole dark matter particles are boosted 
though the semi-annihilation !  hot component

! t now

t self

dt ! ! semi vrel "n! # 2 $ 10! 8
"

Tself

1 eV

# "
50 MeV

Tfo

#

TSM , self !

!
"#

"$

0.5 eV
%

1 cm 2 / g
! self /m !

&2/ 3 ' m !

50 MeV

( 1/ 3
%

TDR
TSM

&! 1/ 3

self

%
T!

T"

&! 1/ 3

asy
for TSM , self > T SM , eq

0.5 eV
%

1 cm 2 / g
! self /m !

&1/ 2 ' m !

50 MeV

( 1/ 4
%

TDR
TSM

&! 1/ 4

self

%
T!

T"

&! 1/ 4

asy
for TSM , self < T SM , eq

<latexit sha1_base64="6wemP5bAGnujOn2ko0Rfeq8DuXg="></latexit><latexit sha1_base64="6wemP5bAGnujOn2ko0Rfeq8DuXg="></latexit><latexit sha1_base64="6wemP5bAGnujOn2ko0Rfeq8DuXg="></latexit><latexit sha1_base64="6wemP5bAGnujOn2ko0Rfeq8DuXg="></latexit>

self-scattering !
!  sharing the mass deÞcit w/ others

DM DM

DM DM



for                  ,

Warmness
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m! /m " = 0

m! /m " = 0 .7

m! /m " = 0 .9

m
! /m

" = 1

!" !"" !""" !" !

"#"$

"#!"

"#$"

!

$

!"

x
fo /x

Jeans scale at the matter-radiation 
equality:

kJ = a

!
4! G" m

!#v2"

"
"
"
"
"
a= aeq

AK, Yoshida, Kohri, and Takahashi, JCAP, 2013

kJ = 2⇥ 106 Mpc�1
⇣ m�

1GeV

⌘1/2
✓

Tfo

50GeV

◆1/2
m� = m�

early decoupled warm dark matter:!

                                  !
Ly-" constraint:! mWDM > 5.3 keV

kJ = 210 Mpc! 1
! mWDM

6 keV

" 4/ 3

for                    ,
 

m! ! m"

kJ ! 220 Mpc! 1
! m!

1 GeV

" 1/ 2
#

Tself

Teq

$ 1/ 2 #
T!

T

$ ! 1/ 2

asy

GeV mass warm 
dark matter!!

MeV

Ir!i" et al. , PRD, 2017



mwdm = 4.09 keV

mwdm = 5.3 keV

100 101 102 103

10-1

100

Linear matter power spectrum
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Ir!i" et al. , PRD, 2017

SIDM <— WDM!

Baur et al. , JCAP, 2016
m� = 0.1GeV

<latexit sha1_base64="j/c7Y9zWdo3me8+f6dKoe15Rfjo=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwICURQS9C0YMeK9gPaELYbKft0t0k7G6EEnLw4l/x4kERr/4Ib/4bt20O2vpg4PHeDDPzwoQzpR3n21paXlldWy9tlDe3tnd27b39lopTSaFJYx7LTkgUcBZBUzPNoZNIICLk0A5H1xO//QBSsTi61+MEfEEGEeszSrSRArsigsyjQ5bjS+zUXOyd4MyTAt9AKw/sqlNzpsCLxC1IFRVoBPaX14tpKiDSlBOluq6TaD8jUjPKIS97qYKE0BEZQNfQiAhQfjZ9IsdHRunhfixNRRpP1d8TGRFKjUVoOgXRQzXvTcT/vG6q+xd+xqIk1RDR2aJ+yrGO8SQR3GMSqOZjQwiVzNyK6ZBIQrXJrWxCcOdfXiSt05pr4rs7q9avijhKqIIO0TFy0Tmqo1vUQE1E0SN6Rq/ozXqyXqx362PWumQVMwfoD6zPH7pZljY=</latexit><latexit sha1_base64="j/c7Y9zWdo3me8+f6dKoe15Rfjo=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwICURQS9C0YMeK9gPaELYbKft0t0k7G6EEnLw4l/x4kERr/4Ib/4bt20O2vpg4PHeDDPzwoQzpR3n21paXlldWy9tlDe3tnd27b39lopTSaFJYx7LTkgUcBZBUzPNoZNIICLk0A5H1xO//QBSsTi61+MEfEEGEeszSrSRArsigsyjQ5bjS+zUXOyd4MyTAt9AKw/sqlNzpsCLxC1IFRVoBPaX14tpKiDSlBOluq6TaD8jUjPKIS97qYKE0BEZQNfQiAhQfjZ9IsdHRunhfixNRRpP1d8TGRFKjUVoOgXRQzXvTcT/vG6q+xd+xqIk1RDR2aJ+yrGO8SQR3GMSqOZjQwiVzNyK6ZBIQrXJrWxCcOdfXiSt05pr4rs7q9avijhKqIIO0TFy0Tmqo1vUQE1E0SN6Rq/ozXqyXqx362PWumQVMwfoD6zPH7pZljY=</latexit><latexit sha1_base64="j/c7Y9zWdo3me8+f6dKoe15Rfjo=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwICURQS9C0YMeK9gPaELYbKft0t0k7G6EEnLw4l/x4kERr/4Ib/4bt20O2vpg4PHeDDPzwoQzpR3n21paXlldWy9tlDe3tnd27b39lopTSaFJYx7LTkgUcBZBUzPNoZNIICLk0A5H1xO//QBSsTi61+MEfEEGEeszSrSRArsigsyjQ5bjS+zUXOyd4MyTAt9AKw/sqlNzpsCLxC1IFRVoBPaX14tpKiDSlBOluq6TaD8jUjPKIS97qYKE0BEZQNfQiAhQfjZ9IsdHRunhfixNRRpP1d8TGRFKjUVoOgXRQzXvTcT/vG6q+xd+xqIk1RDR2aJ+yrGO8SQR3GMSqOZjQwiVzNyK6ZBIQrXJrWxCcOdfXiSt05pr4rs7q9avijhKqIIO0TFy0Tmqo1vUQE1E0SN6Rq/ozXqyXqx362PWumQVMwfoD6zPH7pZljY=</latexit><latexit sha1_base64="j/c7Y9zWdo3me8+f6dKoe15Rfjo=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwICURQS9C0YMeK9gPaELYbKft0t0k7G6EEnLw4l/x4kERr/4Ib/4bt20O2vpg4PHeDDPzwoQzpR3n21paXlldWy9tlDe3tnd27b39lopTSaFJYx7LTkgUcBZBUzPNoZNIICLk0A5H1xO//QBSsTi61+MEfEEGEeszSrSRArsigsyjQ5bjS+zUXOyd4MyTAt9AKw/sqlNzpsCLxC1IFRVoBPaX14tpKiDSlBOluq6TaD8jUjPKIS97qYKE0BEZQNfQiAhQfjZ9IsdHRunhfixNRRpP1d8TGRFKjUVoOgXRQzXvTcT/vG6q+xd+xqIk1RDR2aJ+yrGO8SQR3GMSqOZjQwiVzNyK6ZBIQrXJrWxCcOdfXiSt05pr4rs7q9avijhKqIIO0TFy0Tmqo1vUQE1E0SN6Rq/ozXqyXqx362PWumQVMwfoD6zPH7pZljY=</latexit>

m! = 1 GeV
<latexit sha1_base64="qTUE/dFm+xen54htTwnSw3FJKaQ=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCBymJCHoRih70WMF+QBPKZjtpl+4mYXcjlBC8+Fe8eFDEq7/Cm//GbZuDtj4YeLw3w8y8IOFMacf5thYWl5ZXVktr5fWNza1te2e3qeJUUmjQmMeyHRAFnEXQ0ExzaCcSiAg4tILh9dhvPYBULI7u9SgBX5B+xEJGiTZS194X3cyjA5bjS+xi7wRnnhT4Bpp51644VWcCPE/cglRQgXrX/vJ6MU0FRJpyolTHdRLtZ0RqRjnkZS9VkBA6JH3oGBoRAcrPJi/k+MgoPRzG0lSk8UT9PZERodRIBKZTED1Qs95Y/M/rpDq88DMWJamGiE4XhSnHOsbjPHCPSaCajwwhVDJzK6YDIgnVJrWyCcGdfXmeNE+rrlN1784qtasijhI6QIfoGLnoHNXQLaqjBqLoET2jV/RmPVkv1rv1MW1dsIqZPfQH1ucP1HSVxA==</latexit><latexit sha1_base64="qTUE/dFm+xen54htTwnSw3FJKaQ=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCBymJCHoRih70WMF+QBPKZjtpl+4mYXcjlBC8+Fe8eFDEq7/Cm//GbZuDtj4YeLw3w8y8IOFMacf5thYWl5ZXVktr5fWNza1te2e3qeJUUmjQmMeyHRAFnEXQ0ExzaCcSiAg4tILh9dhvPYBULI7u9SgBX5B+xEJGiTZS194X3cyjA5bjS+xi7wRnnhT4Bpp51644VWcCPE/cglRQgXrX/vJ6MU0FRJpyolTHdRLtZ0RqRjnkZS9VkBA6JH3oGBoRAcrPJi/k+MgoPRzG0lSk8UT9PZERodRIBKZTED1Qs95Y/M/rpDq88DMWJamGiE4XhSnHOsbjPHCPSaCajwwhVDJzK6YDIgnVJrWyCcGdfXmeNE+rrlN1784qtasijhI6QIfoGLnoHNXQLaqjBqLoET2jV/RmPVkv1rv1MW1dsIqZPfQH1ucP1HSVxA==</latexit><latexit sha1_base64="qTUE/dFm+xen54htTwnSw3FJKaQ=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCBymJCHoRih70WMF+QBPKZjtpl+4mYXcjlBC8+Fe8eFDEq7/Cm//GbZuDtj4YeLw3w8y8IOFMacf5thYWl5ZXVktr5fWNza1te2e3qeJUUmjQmMeyHRAFnEXQ0ExzaCcSiAg4tILh9dhvPYBULI7u9SgBX5B+xEJGiTZS194X3cyjA5bjS+xi7wRnnhT4Bpp51644VWcCPE/cglRQgXrX/vJ6MU0FRJpyolTHdRLtZ0RqRjnkZS9VkBA6JH3oGBoRAcrPJi/k+MgoPRzG0lSk8UT9PZERodRIBKZTED1Qs95Y/M/rpDq88DMWJamGiE4XhSnHOsbjPHCPSaCajwwhVDJzK6YDIgnVJrWyCcGdfXmeNE+rrlN1784qtasijhI6QIfoGLnoHNXQLaqjBqLoET2jV/RmPVkv1rv1MW1dsIqZPfQH1ucP1HSVxA==</latexit><latexit sha1_base64="qTUE/dFm+xen54htTwnSw3FJKaQ=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCBymJCHoRih70WMF+QBPKZjtpl+4mYXcjlBC8+Fe8eFDEq7/Cm//GbZuDtj4YeLw3w8y8IOFMacf5thYWl5ZXVktr5fWNza1te2e3qeJUUmjQmMeyHRAFnEXQ0ExzaCcSiAg4tILh9dhvPYBULI7u9SgBX5B+xEJGiTZS194X3cyjA5bjS+xi7wRnnhT4Bpp51644VWcCPE/cglRQgXrX/vJ6MU0FRJpyolTHdRLtZ0RqRjnkZS9VkBA6JH3oGBoRAcrPJi/k+MgoPRzG0lSk8UT9PZERodRIBKZTED1Qs95Y/M/rpDq88DMWJamGiE4XhSnHOsbjPHCPSaCajwwhVDJzK6YDIgnVJrWyCcGdfXmeNE+rrlN1784qtasijhI6QIfoGLnoHNXQLaqjBqLoET2jV/RmPVkv1rv1MW1dsIqZPfQH1ucP1HSVxA==</latexit>

m� = 10GeV
<latexit sha1_base64="5bJh45hM61mJMnG7aU+EvSf20jM=">AAACA3icbVBNS8NAEN34WetX1JteFovgQUoigl6Eogc9VrAf0ISy2U7apbtJ2N0IJQS8+Fe8eFDEq3/Cm//GbZuDtj4YeLw3w8y8IOFMacf5thYWl5ZXVktr5fWNza1te2e3qeJUUmjQmMeyHRAFnEXQ0ExzaCcSiAg4tILh9dhvPYBULI7u9SgBX5B+xEJGiTZS194X3cyjA5bjS+w62DvBmScFvoFm3rUrTtWZAM8TtyAVVKDetb+8XkxTAZGmnCjVcZ1E+xmRmlEOedlLFSSEDkkfOoZGRIDys8kPOT4ySg+HsTQVaTxRf09kRCg1EoHpFEQP1Kw3Fv/zOqkOL/yMRUmqIaLTRWHKsY7xOBDcYxKo5iNDCJXM3IrpgEhCtYmtbEJwZ1+eJ83TqutU3buzSu2qiKOEDtAhOkYuOkc1dIvqqIEoekTP6BW9WU/Wi/VufUxbF6xiZg/9gfX5A0jolf4=</latexit><latexit sha1_base64="5bJh45hM61mJMnG7aU+EvSf20jM=">AAACA3icbVBNS8NAEN34WetX1JteFovgQUoigl6Eogc9VrAf0ISy2U7apbtJ2N0IJQS8+Fe8eFDEq3/Cm//GbZuDtj4YeLw3w8y8IOFMacf5thYWl5ZXVktr5fWNza1te2e3qeJUUmjQmMeyHRAFnEXQ0ExzaCcSiAg4tILh9dhvPYBULI7u9SgBX5B+xEJGiTZS194X3cyjA5bjS+w62DvBmScFvoFm3rUrTtWZAM8TtyAVVKDetb+8XkxTAZGmnCjVcZ1E+xmRmlEOedlLFSSEDkkfOoZGRIDys8kPOT4ySg+HsTQVaTxRf09kRCg1EoHpFEQP1Kw3Fv/zOqkOL/yMRUmqIaLTRWHKsY7xOBDcYxKo5iNDCJXM3IrpgEhCtYmtbEJwZ1+eJ83TqutU3buzSu2qiKOEDtAhOkYuOkc1dIvqqIEoekTP6BW9WU/Wi/VufUxbF6xiZg/9gfX5A0jolf4=</latexit><latexit sha1_base64="5bJh45hM61mJMnG7aU+EvSf20jM=">AAACA3icbVBNS8NAEN34WetX1JteFovgQUoigl6Eogc9VrAf0ISy2U7apbtJ2N0IJQS8+Fe8eFDEq3/Cm//GbZuDtj4YeLw3w8y8IOFMacf5thYWl5ZXVktr5fWNza1te2e3qeJUUmjQmMeyHRAFnEXQ0ExzaCcSiAg4tILh9dhvPYBULI7u9SgBX5B+xEJGiTZS194X3cyjA5bjS+w62DvBmScFvoFm3rUrTtWZAM8TtyAVVKDetb+8XkxTAZGmnCjVcZ1E+xmRmlEOedlLFSSEDkkfOoZGRIDys8kPOT4ySg+HsTQVaTxRf09kRCg1EoHpFEQP1Kw3Fv/zOqkOL/yMRUmqIaLTRWHKsY7xOBDcYxKo5iNDCJXM3IrpgEhCtYmtbEJwZ1+eJ83TqutU3buzSu2qiKOEDtAhOkYuOkc1dIvqqIEoekTP6BW9WU/Wi/VufUxbF6xiZg/9gfX5A0jolf4=</latexit><latexit sha1_base64="5bJh45hM61mJMnG7aU+EvSf20jM=">AAACA3icbVBNS8NAEN34WetX1JteFovgQUoigl6Eogc9VrAf0ISy2U7apbtJ2N0IJQS8+Fe8eFDEq3/Cm//GbZuDtj4YeLw3w8y8IOFMacf5thYWl5ZXVktr5fWNza1te2e3qeJUUmjQmMeyHRAFnEXQ0ExzaCcSiAg4tILh9dhvPYBULI7u9SgBX5B+xEJGiTZS194X3cyjA5bjS+w62DvBmScFvoFm3rUrTtWZAM8TtyAVVKDetb+8XkxTAZGmnCjVcZ1E+xmRmlEOedlLFSSEDkkfOoZGRIDys8kPOT4ySg+HsTQVaTxRf09kRCg1EoHpFEQP1Kw3Fv/zOqkOL/yMRUmqIaLTRWHKsY7xOBDcYxKo5iNDCJXM3IrpgEhCtYmtbEJwZ1+eJ83TqutU3buzSu2qiKOEDtAhOkYuOkc1dIvqqIEoekTP6BW9WU/Wi/VufUxbF6xiZg/9gfX5A0jolf4=</latexit>

mWDM

5.3 keV
! 3

! m!

1 GeV

" 3/ 8
max

#

1,

$
TSM , self

TSM , eq

%3/ 4 &
T!

T"

' ! 3/ 8

asy
<latexit sha1_base64="9SjxPyqa2qNMyHlJb7YdnrjeR70="></latexit><latexit sha1_base64="9SjxPyqa2qNMyHlJb7YdnrjeR70="></latexit><latexit sha1_base64="9SjxPyqa2qNMyHlJb7YdnrjeR70="></latexit><latexit sha1_base64="9SjxPyqa2qNMyHlJb7YdnrjeR70="></latexit>

kJ,WDM/4 ' kJ
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    in dark plasma: !
ALP coupling to pure Yang-Mills w/ perturbative coupling!

Aspects of self-heating DM models

�
<latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit><latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit><latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit><latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit>
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<latexit sha1_base64="HXkkeMJl4EG6Eo+MfS67nOiedNs="></latexit><latexit sha1_base64="HXkkeMJl4EG6Eo+MfS67nOiedNs="></latexit><latexit sha1_base64="HXkkeMJl4EG6Eo+MfS67nOiedNs="></latexit><latexit sha1_base64="HXkkeMJl4EG6Eo+MfS67nOiedNs="></latexit>

contribute to e#ective number of neutrino d.o.f:!

"  branching ratio of inßation decay?!
"  freeze-in production of DR  through!
                                    w/

�Ne↵ = O(1)

✓
TDR

TSM

◆4

ew
<latexit sha1_base64="zx9Drs3aJNdZr0xtc9541+hrDi4="></latexit><latexit sha1_base64="zx9Drs3aJNdZr0xtc9541+hrDi4="></latexit><latexit sha1_base64="zx9Drs3aJNdZr0xtc9541+hrDi4="></latexit><latexit sha1_base64="zx9Drs3aJNdZr0xtc9541+hrDi4="></latexit>

TDM < T SM
<latexit sha1_base64="UIoKjsTBthUmFALusDSlsyyuG/M=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiuCqJCLpwUdSFm0LFvqANYTKdtkMnkzAzEUrIxl9x40IRt36GO//GaZuFth64cOace5l7TxBzprTjfFtLyyura+uFjeLm1vbOrr2331RRIgltkIhHsh1gRTkTtKGZ5rQdS4rDgNNWMLqZ+K1HKhWLRF2PY+qFeCBYnxGsjeTbh3U/7coQ3VYzdIXyx0M18+2SU3amQIvEzUkJctR8+6vbi0gSUqEJx0p1XCfWXoqlZoTTrNhNFI0xGeEB7RgqcEiVl04PyNCJUXqoH0lTQqOp+nsixaFS4zAwnSHWQzXvTcT/vE6i+5deykScaCrI7KN+wpGO0CQN1GOSEs3HhmAimdkVkSGWmGiTWdGE4M6fvEiaZ2XXKbv356XKdR5HAY7gGE7BhQuowB3UoAEEMniGV3iznqwX6936mLUuWfnMAfyB9fkD4PaVSg==</latexit><latexit sha1_base64="UIoKjsTBthUmFALusDSlsyyuG/M=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiuCqJCLpwUdSFm0LFvqANYTKdtkMnkzAzEUrIxl9x40IRt36GO//GaZuFth64cOace5l7TxBzprTjfFtLyyura+uFjeLm1vbOrr2331RRIgltkIhHsh1gRTkTtKGZ5rQdS4rDgNNWMLqZ+K1HKhWLRF2PY+qFeCBYnxGsjeTbh3U/7coQ3VYzdIXyx0M18+2SU3amQIvEzUkJctR8+6vbi0gSUqEJx0p1XCfWXoqlZoTTrNhNFI0xGeEB7RgqcEiVl04PyNCJUXqoH0lTQqOp+nsixaFS4zAwnSHWQzXvTcT/vE6i+5deykScaCrI7KN+wpGO0CQN1GOSEs3HhmAimdkVkSGWmGiTWdGE4M6fvEiaZ2XXKbv356XKdR5HAY7gGE7BhQuowB3UoAEEMniGV3iznqwX6936mLUuWfnMAfyB9fkD4PaVSg==</latexit><latexit sha1_base64="UIoKjsTBthUmFALusDSlsyyuG/M=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiuCqJCLpwUdSFm0LFvqANYTKdtkMnkzAzEUrIxl9x40IRt36GO//GaZuFth64cOace5l7TxBzprTjfFtLyyura+uFjeLm1vbOrr2331RRIgltkIhHsh1gRTkTtKGZ5rQdS4rDgNNWMLqZ+K1HKhWLRF2PY+qFeCBYnxGsjeTbh3U/7coQ3VYzdIXyx0M18+2SU3amQIvEzUkJctR8+6vbi0gSUqEJx0p1XCfWXoqlZoTTrNhNFI0xGeEB7RgqcEiVl04PyNCJUXqoH0lTQqOp+nsixaFS4zAwnSHWQzXvTcT/vE6i+5deykScaCrI7KN+wpGO0CQN1GOSEs3HhmAimdkVkSGWmGiTWdGE4M6fvEiaZ2XXKbv356XKdR5HAY7gGE7BhQuowB3UoAEEMniGV3iznqwX6936mLUuWfnMAfyB9fkD4PaVSg==</latexit><latexit sha1_base64="UIoKjsTBthUmFALusDSlsyyuG/M=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiuCqJCLpwUdSFm0LFvqANYTKdtkMnkzAzEUrIxl9x40IRt36GO//GaZuFth64cOace5l7TxBzprTjfFtLyyura+uFjeLm1vbOrr2331RRIgltkIhHsh1gRTkTtKGZ5rQdS4rDgNNWMLqZ+K1HKhWLRF2PY+qFeCBYnxGsjeTbh3U/7coQ3VYzdIXyx0M18+2SU3amQIvEzUkJctR8+6vbi0gSUqEJx0p1XCfWXoqlZoTTrNhNFI0xGeEB7RgqcEiVl04PyNCJUXqoH0lTQqOp+nsixaFS4zAwnSHWQzXvTcT/vE6i+5deykScaCrI7KN+wpGO0CQN1GOSEs3HhmAimdkVkSGWmGiTWdGE4M6fvEiaZ2XXKbv356XKdR5HAY7gGE7BhQuowB3UoAEEMniGV3iznqwX6936mLUuWfnMAfyB9fkD4PaVSg==</latexit>

L H ! = ! H ! |! |2|H |2
<latexit sha1_base64="o+4+VkdrmuCh6BSCRnaZGSV461E=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0VwVZIi1I1QdNOFiwr2AU0Nk8mkHTp5MDMRSppPceOvuHGhiO70a5ykAbX1wHAP59w7M/c4EaNCGsanVlpZXVvfKG9WtrZ3dvf0/YOuCGOOSQeHLOR9BwnCaEA6kkpG+hEnyHcY6TmTq8zv3RMuaBjcymlEhj4aBdSjGEkl2XojsTBi8Dq1kxa02mOawgtoMXWBi36kWVZmd0ld0VZebb1q1IwccJmYBamCAm1b/7DcEMc+CSRmSIiBaURymCAuKWYkrVixIBHCEzQiA0UD5BMxTPIFU3iiFBd6IVcnkDBXf08kyBdi6juq00dyLBa9TPzPG8TSOx8mNIhiSQI8f8iLGZQhzNKCLuUESzZVBGFO1V8hHiOOsFSZVlQI5uLKy6Rbr5lGzbw5qzYvizjK4Agcg1NgggZoghZogw7A4AE8gRfwqj1qz9qb9j5vLWnFzCH4A+3rG1Vsong=</latexit><latexit sha1_base64="o+4+VkdrmuCh6BSCRnaZGSV461E=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0VwVZIi1I1QdNOFiwr2AU0Nk8mkHTp5MDMRSppPceOvuHGhiO70a5ykAbX1wHAP59w7M/c4EaNCGsanVlpZXVvfKG9WtrZ3dvf0/YOuCGOOSQeHLOR9BwnCaEA6kkpG+hEnyHcY6TmTq8zv3RMuaBjcymlEhj4aBdSjGEkl2XojsTBi8Dq1kxa02mOawgtoMXWBi36kWVZmd0ld0VZebb1q1IwccJmYBamCAm1b/7DcEMc+CSRmSIiBaURymCAuKWYkrVixIBHCEzQiA0UD5BMxTPIFU3iiFBd6IVcnkDBXf08kyBdi6juq00dyLBa9TPzPG8TSOx8mNIhiSQI8f8iLGZQhzNKCLuUESzZVBGFO1V8hHiOOsFSZVlQI5uLKy6Rbr5lGzbw5qzYvizjK4Agcg1NgggZoghZogw7A4AE8gRfwqj1qz9qb9j5vLWnFzCH4A+3rG1Vsong=</latexit><latexit sha1_base64="o+4+VkdrmuCh6BSCRnaZGSV461E=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0VwVZIi1I1QdNOFiwr2AU0Nk8mkHTp5MDMRSppPceOvuHGhiO70a5ykAbX1wHAP59w7M/c4EaNCGsanVlpZXVvfKG9WtrZ3dvf0/YOuCGOOSQeHLOR9BwnCaEA6kkpG+hEnyHcY6TmTq8zv3RMuaBjcymlEhj4aBdSjGEkl2XojsTBi8Dq1kxa02mOawgtoMXWBi36kWVZmd0ld0VZebb1q1IwccJmYBamCAm1b/7DcEMc+CSRmSIiBaURymCAuKWYkrVixIBHCEzQiA0UD5BMxTPIFU3iiFBd6IVcnkDBXf08kyBdi6juq00dyLBa9TPzPG8TSOx8mNIhiSQI8f8iLGZQhzNKCLuUESzZVBGFO1V8hHiOOsFSZVlQI5uLKy6Rbr5lGzbw5qzYvizjK4Agcg1NgggZoghZogw7A4AE8gRfwqj1qz9qb9j5vLWnFzCH4A+3rG1Vsong=</latexit><latexit sha1_base64="o+4+VkdrmuCh6BSCRnaZGSV461E=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0VwVZIi1I1QdNOFiwr2AU0Nk8mkHTp5MDMRSppPceOvuHGhiO70a5ykAbX1wHAP59w7M/c4EaNCGsanVlpZXVvfKG9WtrZ3dvf0/YOuCGOOSQeHLOR9BwnCaEA6kkpG+hEnyHcY6TmTq8zv3RMuaBjcymlEhj4aBdSjGEkl2XojsTBi8Dq1kxa02mOawgtoMXWBi36kWVZmd0ld0VZebb1q1IwccJmYBamCAm1b/7DcEMc+CSRmSIiBaURymCAuKWYkrVixIBHCEzQiA0UD5BMxTPIFU3iiFBd6IVcnkDBXf08kyBdi6juq00dyLBa9TPzPG8TSOx8mNIhiSQI8f8iLGZQhzNKCLuUESzZVBGFO1V8hHiOOsFSZVlQI5uLKy6Rbr5lGzbw5qzYvizjK4Agcg1NgggZoghZogw7A4AE8gRfwqj1qz9qb9j5vLWnFzCH4A+3rG1Vsong=</latexit>

! H ! = O(10! 10)
<latexit sha1_base64="17Kx2UMG1rEuK+bn+eW99bzYaxk=">AAACDnicbVDLSgMxFM34rPU16tJNsBTqwpIRQTdC0U13VrAP6IxDJpNpQzMPkoxQhvkCN/6KGxeKuHXtzr8xbWehrQcCh3PO5eYeL+FMKoS+jaXlldW19dJGeXNre2fX3NvvyDgVhLZJzGPR87CknEW0rZjitJcIikOP0643up743QcqJIujOzVOqBPiQcQCRrDSkmtWba7DPnazJrRbQ5bDS5jZBHN4k9csdJ+dWCg/ds0KqqMp4CKxClIBBVqu+WX7MUlDGinCsZR9CyXKybBQjHCal+1U0gSTER7QvqYRDql0suk5OaxqxYdBLPSLFJyqvycyHEo5Dj2dDLEaynlvIv7n9VMVXDgZi5JU0YjMFgUphyqGk26gzwQlio81wUQw/VdIhlhgonSDZV2CNX/yIumc1i1Ut27PKo2roo4SOARHoAYscA4aoAlaoA0IeATP4BW8GU/Gi/FufMyiS0YxcwD+wPj8Afaumhw=</latexit><latexit sha1_base64="17Kx2UMG1rEuK+bn+eW99bzYaxk=">AAACDnicbVDLSgMxFM34rPU16tJNsBTqwpIRQTdC0U13VrAP6IxDJpNpQzMPkoxQhvkCN/6KGxeKuHXtzr8xbWehrQcCh3PO5eYeL+FMKoS+jaXlldW19dJGeXNre2fX3NvvyDgVhLZJzGPR87CknEW0rZjitJcIikOP0643up743QcqJIujOzVOqBPiQcQCRrDSkmtWba7DPnazJrRbQ5bDS5jZBHN4k9csdJ+dWCg/ds0KqqMp4CKxClIBBVqu+WX7MUlDGinCsZR9CyXKybBQjHCal+1U0gSTER7QvqYRDql0suk5OaxqxYdBLPSLFJyqvycyHEo5Dj2dDLEaynlvIv7n9VMVXDgZi5JU0YjMFgUphyqGk26gzwQlio81wUQw/VdIhlhgonSDZV2CNX/yIumc1i1Ut27PKo2roo4SOARHoAYscA4aoAlaoA0IeATP4BW8GU/Gi/FufMyiS0YxcwD+wPj8Afaumhw=</latexit><latexit sha1_base64="17Kx2UMG1rEuK+bn+eW99bzYaxk=">AAACDnicbVDLSgMxFM34rPU16tJNsBTqwpIRQTdC0U13VrAP6IxDJpNpQzMPkoxQhvkCN/6KGxeKuHXtzr8xbWehrQcCh3PO5eYeL+FMKoS+jaXlldW19dJGeXNre2fX3NvvyDgVhLZJzGPR87CknEW0rZjitJcIikOP0643up743QcqJIujOzVOqBPiQcQCRrDSkmtWba7DPnazJrRbQ5bDS5jZBHN4k9csdJ+dWCg/ds0KqqMp4CKxClIBBVqu+WX7MUlDGinCsZR9CyXKybBQjHCal+1U0gSTER7QvqYRDql0suk5OaxqxYdBLPSLFJyqvycyHEo5Dj2dDLEaynlvIv7n9VMVXDgZi5JU0YjMFgUphyqGk26gzwQlio81wUQw/VdIhlhgonSDZV2CNX/yIumc1i1Ut27PKo2roo4SOARHoAYscA4aoAlaoA0IeATP4BW8GU/Gi/FufMyiS0YxcwD+wPj8Afaumhw=</latexit><latexit sha1_base64="17Kx2UMG1rEuK+bn+eW99bzYaxk=">AAACDnicbVDLSgMxFM34rPU16tJNsBTqwpIRQTdC0U13VrAP6IxDJpNpQzMPkoxQhvkCN/6KGxeKuHXtzr8xbWehrQcCh3PO5eYeL+FMKoS+jaXlldW19dJGeXNre2fX3NvvyDgVhLZJzGPR87CknEW0rZjitJcIikOP0643up743QcqJIujOzVOqBPiQcQCRrDSkmtWba7DPnazJrRbQ5bDS5jZBHN4k9csdJ+dWCg/ds0KqqMp4CKxClIBBVqu+WX7MUlDGinCsZR9CyXKybBQjHCal+1U0gSTER7QvqYRDql0suk5OaxqxYdBLPSLFJyqvycyHEo5Dj2dDLEaynlvIv7n9VMVXDgZi5JU0YjMFgUphyqGk26gzwQlio81wUQw/VdIhlhgonSDZV2CNX/yIumc1i1Ut27PKo2roo4SOARHoAYscA4aoAlaoA0IeATP4BW8GU/Gi/FufMyiS0YxcwD+wPj8Afaumhw=</latexit>

AK, Kim, and Kim, PRD, 2018

    interacting w/ electromagnetic particles!
!  tightly constrained by CMB

�
<latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit><latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit><latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit><latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit>

Slatyer, PRD, 2016
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Summary

In SIMP models, kinetic equilibration has nothing to do with 
freeze-out driven by  3! 2 process and semi-annihilation

Co-evolution of the semi-annihilating SIMP temperature 
and number density:                   TDM ! 1/a

Usual thermal freeze-out assumes the Maxwell-Boltzmann 
distribution "  can be validated for typical WIMPs

Semi-annihilating DM with large self-scattering cross 
section ßattens the density proÞle in halos (SIDM) and  
reducing the number of dwarf halos like WDM

T! ! 1/a 2!

Beyond WIMP attracts growing interest by null-detection of WIMPs 
and by small-scale issues in structure formation
!  SIMP (hidden sector pion) model is a good benchmark, 
resolving some of small-scale issues
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Self-heating regime

the era of self-heating

freeze-out of self-interactionkinetic decoupling of !freeze-out of !
(! ! )(! !" )(! semi or ! !" )

T

the era of self-heating

freeze-out of self-interaction

(��)

T
freeze-out & kinetic decoupling of �

(�semi)
T� / 1/a

<latexit sha1_base64="Ijiy3556dTvJlLhchp6l14hamDw=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXNUZEXRZdOOyQl/QGYZMmmlDM0lIMkIZu/BX3LhQxK2/4c6/MW1noa0HLhzOuZd774klo9p43rdTWlldW98ob1a2tnd299z9g7YWmcKkhQUTqhsjTRjlpGWoYaQrFUFpzEgnHt1O/c4DUZoK3jRjScIUDThNKEbGSpF71IzyAA/pBAZSCWkE9OE5gpFb9WreDHCZ+AWpggKNyP0K+gJnKeEGM6R1z/ekCXOkDMWMTCpBpolEeIQGpGcpRynRYT67fwJPrdKHiVC2uIEz9fdEjlKtx2lsO1NkhnrRm4r/eb3MJNdhTrnMDOF4vijJGLRvTsOAfaoINmxsCcKK2lshHiKFsLGRVWwI/uLLy6R9UfO9mn9/Wa3fFHGUwTE4AWfAB1egDu5AA7QABo/gGbyCN+fJeXHenY95a8kpZg7BHzifP2DtlQM=</latexit><latexit sha1_base64="Ijiy3556dTvJlLhchp6l14hamDw=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXNUZEXRZdOOyQl/QGYZMmmlDM0lIMkIZu/BX3LhQxK2/4c6/MW1noa0HLhzOuZd774klo9p43rdTWlldW98ob1a2tnd299z9g7YWmcKkhQUTqhsjTRjlpGWoYaQrFUFpzEgnHt1O/c4DUZoK3jRjScIUDThNKEbGSpF71IzyAA/pBAZSCWkE9OE5gpFb9WreDHCZ+AWpggKNyP0K+gJnKeEGM6R1z/ekCXOkDMWMTCpBpolEeIQGpGcpRynRYT67fwJPrdKHiVC2uIEz9fdEjlKtx2lsO1NkhnrRm4r/eb3MJNdhTrnMDOF4vijJGLRvTsOAfaoINmxsCcKK2lshHiKFsLGRVWwI/uLLy6R9UfO9mn9/Wa3fFHGUwTE4AWfAB1egDu5AA7QABo/gGbyCN+fJeXHenY95a8kpZg7BHzifP2DtlQM=</latexit><latexit sha1_base64="Ijiy3556dTvJlLhchp6l14hamDw=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXNUZEXRZdOOyQl/QGYZMmmlDM0lIMkIZu/BX3LhQxK2/4c6/MW1noa0HLhzOuZd774klo9p43rdTWlldW98ob1a2tnd299z9g7YWmcKkhQUTqhsjTRjlpGWoYaQrFUFpzEgnHt1O/c4DUZoK3jRjScIUDThNKEbGSpF71IzyAA/pBAZSCWkE9OE5gpFb9WreDHCZ+AWpggKNyP0K+gJnKeEGM6R1z/ekCXOkDMWMTCpBpolEeIQGpGcpRynRYT67fwJPrdKHiVC2uIEz9fdEjlKtx2lsO1NkhnrRm4r/eb3MJNdhTrnMDOF4vijJGLRvTsOAfaoINmxsCcKK2lshHiKFsLGRVWwI/uLLy6R9UfO9mn9/Wa3fFHGUwTE4AWfAB1egDu5AA7QABo/gGbyCN+fJeXHenY95a8kpZg7BHzifP2DtlQM=</latexit><latexit sha1_base64="Ijiy3556dTvJlLhchp6l14hamDw=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXNUZEXRZdOOyQl/QGYZMmmlDM0lIMkIZu/BX3LhQxK2/4c6/MW1noa0HLhzOuZd774klo9p43rdTWlldW98ob1a2tnd299z9g7YWmcKkhQUTqhsjTRjlpGWoYaQrFUFpzEgnHt1O/c4DUZoK3jRjScIUDThNKEbGSpF71IzyAA/pBAZSCWkE9OE5gpFb9WreDHCZ+AWpggKNyP0K+gJnKeEGM6R1z/ekCXOkDMWMTCpBpolEeIQGpGcpRynRYT67fwJPrdKHiVC2uIEz9fdEjlKtx2lsO1NkhnrRm4r/eb3MJNdhTrnMDOF4vijJGLRvTsOAfaoINmxsCcKK2lshHiKFsLGRVWwI/uLLy6R9UfO9mn9/Wa3fFHGUwTE4AWfAB1egDu5AA7QABo/gGbyCN+fJeXHenY95a8kpZg7BHzifP2DtlQM=</latexit>

T� / 1/a
<latexit sha1_base64="Ijiy3556dTvJlLhchp6l14hamDw=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXNUZEXRZdOOyQl/QGYZMmmlDM0lIMkIZu/BX3LhQxK2/4c6/MW1noa0HLhzOuZd774klo9p43rdTWlldW98ob1a2tnd299z9g7YWmcKkhQUTqhsjTRjlpGWoYaQrFUFpzEgnHt1O/c4DUZoK3jRjScIUDThNKEbGSpF71IzyAA/pBAZSCWkE9OE5gpFb9WreDHCZ+AWpggKNyP0K+gJnKeEGM6R1z/ekCXOkDMWMTCpBpolEeIQGpGcpRynRYT67fwJPrdKHiVC2uIEz9fdEjlKtx2lsO1NkhnrRm4r/eb3MJNdhTrnMDOF4vijJGLRvTsOAfaoINmxsCcKK2lshHiKFsLGRVWwI/uLLy6R9UfO9mn9/Wa3fFHGUwTE4AWfAB1egDu5AA7QABo/gGbyCN+fJeXHenY95a8kpZg7BHzifP2DtlQM=</latexit><latexit sha1_base64="Ijiy3556dTvJlLhchp6l14hamDw=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXNUZEXRZdOOyQl/QGYZMmmlDM0lIMkIZu/BX3LhQxK2/4c6/MW1noa0HLhzOuZd774klo9p43rdTWlldW98ob1a2tnd299z9g7YWmcKkhQUTqhsjTRjlpGWoYaQrFUFpzEgnHt1O/c4DUZoK3jRjScIUDThNKEbGSpF71IzyAA/pBAZSCWkE9OE5gpFb9WreDHCZ+AWpggKNyP0K+gJnKeEGM6R1z/ekCXOkDMWMTCpBpolEeIQGpGcpRynRYT67fwJPrdKHiVC2uIEz9fdEjlKtx2lsO1NkhnrRm4r/eb3MJNdhTrnMDOF4vijJGLRvTsOAfaoINmxsCcKK2lshHiKFsLGRVWwI/uLLy6R9UfO9mn9/Wa3fFHGUwTE4AWfAB1egDu5AA7QABo/gGbyCN+fJeXHenY95a8kpZg7BHzifP2DtlQM=</latexit><latexit sha1_base64="Ijiy3556dTvJlLhchp6l14hamDw=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXNUZEXRZdOOyQl/QGYZMmmlDM0lIMkIZu/BX3LhQxK2/4c6/MW1noa0HLhzOuZd774klo9p43rdTWlldW98ob1a2tnd299z9g7YWmcKkhQUTqhsjTRjlpGWoYaQrFUFpzEgnHt1O/c4DUZoK3jRjScIUDThNKEbGSpF71IzyAA/pBAZSCWkE9OE5gpFb9WreDHCZ+AWpggKNyP0K+gJnKeEGM6R1z/ekCXOkDMWMTCpBpolEeIQGpGcpRynRYT67fwJPrdKHiVC2uIEz9fdEjlKtx2lsO1NkhnrRm4r/eb3MJNdhTrnMDOF4vijJGLRvTsOAfaoINmxsCcKK2lshHiKFsLGRVWwI/uLLy6R9UfO9mn9/Wa3fFHGUwTE4AWfAB1egDu5AA7QABo/gGbyCN+fJeXHenY95a8kpZg7BHzifP2DtlQM=</latexit><latexit sha1_base64="Ijiy3556dTvJlLhchp6l14hamDw=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXNUZEXRZdOOyQl/QGYZMmmlDM0lIMkIZu/BX3LhQxK2/4c6/MW1noa0HLhzOuZd774klo9p43rdTWlldW98ob1a2tnd299z9g7YWmcKkhQUTqhsjTRjlpGWoYaQrFUFpzEgnHt1O/c4DUZoK3jRjScIUDThNKEbGSpF71IzyAA/pBAZSCWkE9OE5gpFb9WreDHCZ+AWpggKNyP0K+gJnKeEGM6R1z/ekCXOkDMWMTCpBpolEeIQGpGcpRynRYT67fwJPrdKHiVC2uIEz9fdEjlKtx2lsO1NkhnrRm4r/eb3MJNdhTrnMDOF4vijJGLRvTsOAfaoINmxsCcKK2lshHiKFsLGRVWwI/uLLy6R9UfO9mn9/Wa3fFHGUwTE4AWfAB1egDu5AA7QABo/gGbyCN+fJeXHenY95a8kpZg7BHzifP2DtlQM=</latexit>

T� / 1/a
<latexit sha1_base64="Ijiy3556dTvJlLhchp6l14hamDw=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXNUZEXRZdOOyQl/QGYZMmmlDM0lIMkIZu/BX3LhQxK2/4c6/MW1noa0HLhzOuZd774klo9p43rdTWlldW98ob1a2tnd299z9g7YWmcKkhQUTqhsjTRjlpGWoYaQrFUFpzEgnHt1O/c4DUZoK3jRjScIUDThNKEbGSpF71IzyAA/pBAZSCWkE9OE5gpFb9WreDHCZ+AWpggKNyP0K+gJnKeEGM6R1z/ekCXOkDMWMTCpBpolEeIQGpGcpRynRYT67fwJPrdKHiVC2uIEz9fdEjlKtx2lsO1NkhnrRm4r/eb3MJNdhTrnMDOF4vijJGLRvTsOAfaoINmxsCcKK2lshHiKFsLGRVWwI/uLLy6R9UfO9mn9/Wa3fFHGUwTE4AWfAB1egDu5AA7QABo/gGbyCN+fJeXHenY95a8kpZg7BHzifP2DtlQM=</latexit><latexit sha1_base64="Ijiy3556dTvJlLhchp6l14hamDw=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXNUZEXRZdOOyQl/QGYZMmmlDM0lIMkIZu/BX3LhQxK2/4c6/MW1noa0HLhzOuZd774klo9p43rdTWlldW98ob1a2tnd299z9g7YWmcKkhQUTqhsjTRjlpGWoYaQrFUFpzEgnHt1O/c4DUZoK3jRjScIUDThNKEbGSpF71IzyAA/pBAZSCWkE9OE5gpFb9WreDHCZ+AWpggKNyP0K+gJnKeEGM6R1z/ekCXOkDMWMTCpBpolEeIQGpGcpRynRYT67fwJPrdKHiVC2uIEz9fdEjlKtx2lsO1NkhnrRm4r/eb3MJNdhTrnMDOF4vijJGLRvTsOAfaoINmxsCcKK2lshHiKFsLGRVWwI/uLLy6R9UfO9mn9/Wa3fFHGUwTE4AWfAB1egDu5AA7QABo/gGbyCN+fJeXHenY95a8kpZg7BHzifP2DtlQM=</latexit><latexit sha1_base64="Ijiy3556dTvJlLhchp6l14hamDw=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXNUZEXRZdOOyQl/QGYZMmmlDM0lIMkIZu/BX3LhQxK2/4c6/MW1noa0HLhzOuZd774klo9p43rdTWlldW98ob1a2tnd299z9g7YWmcKkhQUTqhsjTRjlpGWoYaQrFUFpzEgnHt1O/c4DUZoK3jRjScIUDThNKEbGSpF71IzyAA/pBAZSCWkE9OE5gpFb9WreDHCZ+AWpggKNyP0K+gJnKeEGM6R1z/ekCXOkDMWMTCpBpolEeIQGpGcpRynRYT67fwJPrdKHiVC2uIEz9fdEjlKtx2lsO1NkhnrRm4r/eb3MJNdhTrnMDOF4vijJGLRvTsOAfaoINmxsCcKK2lshHiKFsLGRVWwI/uLLy6R9UfO9mn9/Wa3fFHGUwTE4AWfAB1egDu5AA7QABo/gGbyCN+fJeXHenY95a8kpZg7BHzifP2DtlQM=</latexit><latexit sha1_base64="Ijiy3556dTvJlLhchp6l14hamDw=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXNUZEXRZdOOyQl/QGYZMmmlDM0lIMkIZu/BX3LhQxK2/4c6/MW1noa0HLhzOuZd774klo9p43rdTWlldW98ob1a2tnd299z9g7YWmcKkhQUTqhsjTRjlpGWoYaQrFUFpzEgnHt1O/c4DUZoK3jRjScIUDThNKEbGSpF71IzyAA/pBAZSCWkE9OE5gpFb9WreDHCZ+AWpggKNyP0K+gJnKeEGM6R1z/ekCXOkDMWMTCpBpolEeIQGpGcpRynRYT67fwJPrdKHiVC2uIEz9fdEjlKtx2lsO1NkhnrRm4r/eb3MJNdhTrnMDOF4vijJGLRvTsOAfaoINmxsCcKK2lshHiKFsLGRVWwI/uLLy6R9UfO9mn9/Wa3fFHGUwTE4AWfAB1egDu5AA7QABo/gGbyCN+fJeXHenY95a8kpZg7BHzifP2DtlQM=</latexit>

                                       
without semi-annihilation
T! ! 1/a 2

<latexit sha1_base64="Hb9+XrrFLqoDHWFfhXS1ah0/wMU=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEV3WmCLosunFZoS/ojEMmzbShmUlIMkIZBjf+ihsXirj1K9z5N6btLLT1QOBwzr3cnBMKRpV2nG+rtLK6tr5R3qxsbe/s7tn7Bx3FU4lJG3PGZS9EijCakLammpGekATFISPdcHwz9bsPRCrKk5aeCOLHaJjQiGKkjRTYR60g8/CI5tATkgvNoQvP0X1WzwO76tScGeAycQtSBQWagf3lDThOY5JozJBSfdcR2s+Q1BQzkle8VBGB8BgNSd/QBMVE+dksQg5PjTKAEZfmJRrO1N8bGYqVmsShmYyRHqlFbyr+5/VTHV35GU1EqkmC54eilEGTdNoHHFBJsGYTQxCW1PwV4hGSCGvTWsWU4C5GXiades11au7dRbVxXdRRBsfgBJwBF1yCBrgFTdAGGDyCZ/AK3qwn68V6tz7moyWr2DkEf2B9/gAKnZaJ</latexit><latexit sha1_base64="Hb9+XrrFLqoDHWFfhXS1ah0/wMU=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEV3WmCLosunFZoS/ojEMmzbShmUlIMkIZBjf+ihsXirj1K9z5N6btLLT1QOBwzr3cnBMKRpV2nG+rtLK6tr5R3qxsbe/s7tn7Bx3FU4lJG3PGZS9EijCakLammpGekATFISPdcHwz9bsPRCrKk5aeCOLHaJjQiGKkjRTYR60g8/CI5tATkgvNoQvP0X1WzwO76tScGeAycQtSBQWagf3lDThOY5JozJBSfdcR2s+Q1BQzkle8VBGB8BgNSd/QBMVE+dksQg5PjTKAEZfmJRrO1N8bGYqVmsShmYyRHqlFbyr+5/VTHV35GU1EqkmC54eilEGTdNoHHFBJsGYTQxCW1PwV4hGSCGvTWsWU4C5GXiades11au7dRbVxXdRRBsfgBJwBF1yCBrgFTdAGGDyCZ/AK3qwn68V6tz7moyWr2DkEf2B9/gAKnZaJ</latexit><latexit sha1_base64="Hb9+XrrFLqoDHWFfhXS1ah0/wMU=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEV3WmCLosunFZoS/ojEMmzbShmUlIMkIZBjf+ihsXirj1K9z5N6btLLT1QOBwzr3cnBMKRpV2nG+rtLK6tr5R3qxsbe/s7tn7Bx3FU4lJG3PGZS9EijCakLammpGekATFISPdcHwz9bsPRCrKk5aeCOLHaJjQiGKkjRTYR60g8/CI5tATkgvNoQvP0X1WzwO76tScGeAycQtSBQWagf3lDThOY5JozJBSfdcR2s+Q1BQzkle8VBGB8BgNSd/QBMVE+dksQg5PjTKAEZfmJRrO1N8bGYqVmsShmYyRHqlFbyr+5/VTHV35GU1EqkmC54eilEGTdNoHHFBJsGYTQxCW1PwV4hGSCGvTWsWU4C5GXiades11au7dRbVxXdRRBsfgBJwBF1yCBrgFTdAGGDyCZ/AK3qwn68V6tz7moyWr2DkEf2B9/gAKnZaJ</latexit><latexit sha1_base64="Hb9+XrrFLqoDHWFfhXS1ah0/wMU=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEV3WmCLosunFZoS/ojEMmzbShmUlIMkIZBjf+ihsXirj1K9z5N6btLLT1QOBwzr3cnBMKRpV2nG+rtLK6tr5R3qxsbe/s7tn7Bx3FU4lJG3PGZS9EijCakLammpGekATFISPdcHwz9bsPRCrKk5aeCOLHaJjQiGKkjRTYR60g8/CI5tATkgvNoQvP0X1WzwO76tScGeAycQtSBQWagf3lDThOY5JozJBSfdcR2s+Q1BQzkle8VBGB8BgNSd/QBMVE+dksQg5PjTKAEZfmJRrO1N8bGYqVmsShmYyRHqlFbyr+5/VTHV35GU1EqkmC54eilEGTdNoHHFBJsGYTQxCW1PwV4hGSCGvTWsWU4C5GXiades11au7dRbVxXdRRBsfgBJwBF1yCBrgFTdAGGDyCZ/AK3qwn68V6tz7moyWr2DkEf2B9/gAKnZaJ</latexit>

Ṫ� + 3HT�
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T�
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◆2
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✓
T�
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eq
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⇥
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<latexit sha1_base64="mFo5cfwLGJ1LKNsG6Mszsmk/OE4="></latexit><latexit sha1_base64="mFo5cfwLGJ1LKNsG6Mszsmk/OE4="></latexit><latexit sha1_base64="mFo5cfwLGJ1LKNsG6Mszsmk/OE4="></latexit><latexit sha1_base64="mFo5cfwLGJ1LKNsG6Mszsmk/OE4="></latexit>

+2���!��(T� � T�)
<latexit sha1_base64="sj+jRfeMgqESowRyIn0gxt51wUE=">AAACK3icbVDLSgMxFM3UV62vqks3wSJUxDJTBF2WunFZoS/oDMOdNG1Dk5khyShl6P+48Vdc6MIHbv0P0weirQcSDuecS3JPEHOmtG2/W5mV1bX1jexmbmt7Z3cvv3/QVFEiCW2QiEeyHYCinIW0oZnmtB1LCiLgtBUMryd+645KxaKwrkcx9QT0Q9ZjBLSR/Hz1DJex2wchwE9dMmDYjSeXZP2BBimje/yjjnGxbkJTdo7rs/z41M8X7JI9BV4mzpwU0Bw1P//sdiOSCBpqwkGpjmPH2ktBakY4HefcRNEYyBD6tGNoCIIqL53uOsYnRuniXiTNCTWeqr8nUhBKjURgkgL0QC16E/E/r5Po3pWXsjBONA3J7KFewrGO8KQ43GWSEs1HhgCRzPwVkwFIINrUmzMlOIsrL5NmueTYJef2olCpzuvIoiN0jIrIQZeogm5QDTUQQQ/oCb2iN+vRerE+rM9ZNGPNZw7RH1hf3zESpnI=</latexit><latexit sha1_base64="sj+jRfeMgqESowRyIn0gxt51wUE=">AAACK3icbVDLSgMxFM3UV62vqks3wSJUxDJTBF2WunFZoS/oDMOdNG1Dk5khyShl6P+48Vdc6MIHbv0P0weirQcSDuecS3JPEHOmtG2/W5mV1bX1jexmbmt7Z3cvv3/QVFEiCW2QiEeyHYCinIW0oZnmtB1LCiLgtBUMryd+645KxaKwrkcx9QT0Q9ZjBLSR/Hz1DJex2wchwE9dMmDYjSeXZP2BBimje/yjjnGxbkJTdo7rs/z41M8X7JI9BV4mzpwU0Bw1P//sdiOSCBpqwkGpjmPH2ktBakY4HefcRNEYyBD6tGNoCIIqL53uOsYnRuniXiTNCTWeqr8nUhBKjURgkgL0QC16E/E/r5Po3pWXsjBONA3J7KFewrGO8KQ43GWSEs1HhgCRzPwVkwFIINrUmzMlOIsrL5NmueTYJef2olCpzuvIoiN0jIrIQZeogm5QDTUQQQ/oCb2iN+vRerE+rM9ZNGPNZw7RH1hf3zESpnI=</latexit><latexit sha1_base64="sj+jRfeMgqESowRyIn0gxt51wUE=">AAACK3icbVDLSgMxFM3UV62vqks3wSJUxDJTBF2WunFZoS/oDMOdNG1Dk5khyShl6P+48Vdc6MIHbv0P0weirQcSDuecS3JPEHOmtG2/W5mV1bX1jexmbmt7Z3cvv3/QVFEiCW2QiEeyHYCinIW0oZnmtB1LCiLgtBUMryd+645KxaKwrkcx9QT0Q9ZjBLSR/Hz1DJex2wchwE9dMmDYjSeXZP2BBimje/yjjnGxbkJTdo7rs/z41M8X7JI9BV4mzpwU0Bw1P//sdiOSCBpqwkGpjmPH2ktBakY4HefcRNEYyBD6tGNoCIIqL53uOsYnRuniXiTNCTWeqr8nUhBKjURgkgL0QC16E/E/r5Po3pWXsjBONA3J7KFewrGO8KQ43GWSEs1HhgCRzPwVkwFIINrUmzMlOIsrL5NmueTYJef2olCpzuvIoiN0jIrIQZeogm5QDTUQQQ/oCb2iN+vRerE+rM9ZNGPNZw7RH1hf3zESpnI=</latexit><latexit sha1_base64="sj+jRfeMgqESowRyIn0gxt51wUE=">AAACK3icbVDLSgMxFM3UV62vqks3wSJUxDJTBF2WunFZoS/oDMOdNG1Dk5khyShl6P+48Vdc6MIHbv0P0weirQcSDuecS3JPEHOmtG2/W5mV1bX1jexmbmt7Z3cvv3/QVFEiCW2QiEeyHYCinIW0oZnmtB1LCiLgtBUMryd+645KxaKwrkcx9QT0Q9ZjBLSR/Hz1DJex2wchwE9dMmDYjSeXZP2BBimje/yjjnGxbkJTdo7rs/z41M8X7JI9BV4mzpwU0Bw1P//sdiOSCBpqwkGpjmPH2ktBakY4HefcRNEYyBD6tGNoCIIqL53uOsYnRuniXiTNCTWeqr8nUhBKjURgkgL0QC16E/E/r5Po3pWXsjBONA3J7KFewrGO8KQ43GWSEs1HhgCRzPwVkwFIINrUmzMlOIsrL5NmueTYJef2olCpzuvIoiN0jIrIQZeogm5QDTUQQQ/oCb2iN+vRerE+rM9ZNGPNZw7RH1hf3zESpnI=</latexit>

! !" ! !" =
1

6m! T!

!
d3"p"

(2#)3 f eq
"

! 0

" 4#p2
!

dt(! t)
d$!" ! !"

dt
vrel

<latexit sha1_base64="uBDDw9izieSypGzVJjAYXXZlunk="></latexit><latexit sha1_base64="uBDDw9izieSypGzVJjAYXXZlunk="></latexit><latexit sha1_base64="uBDDw9izieSypGzVJjAYXXZlunk="></latexit><latexit sha1_base64="uBDDw9izieSypGzVJjAYXXZlunk="></latexit>

���!�� ! 0
<latexit sha1_base64="IYNJbac8mKjm4Eqel2iyhS/aNCU=">AAACF3icbVDLSgMxFM34rPU16tJNsAiuyowIuiy6cVnBPqBThjtp2oYmkyHJKGXoX7jxV9y4UMSt7vwbM+0g2nog4XDOvSTnRAln2njel7O0vLK6tl7aKG9ube/sunv7TS1TRWiDSC5VOwJNOYtpwzDDaTtRFETEaSsaXeV+644qzWR8a8YJ7QoYxKzPCBgrhW41GIAQEGYBGTIcJPml2GBoQCl5j3/UCQ6MxF7oVryqNwVeJH5BKqhAPXQ/g54kqaCxIRy07vheYroZKMMIp5NykGqaABnBgHYsjUFQ3c2muSb42Co93JfKntjgqfp7IwOh9VhEdlKAGep5Lxf/8zqp6V90MxYnqaExmT3UTzm2EfOScI8pSgwfWwJEMftXTIaggBhbZdmW4M9HXiTN06rvVf2bs0rtsqijhA7RETpBPjpHNXSN6qiBCHpAT+gFvTqPzrPz5rzPRpecYucA/YHz8Q1To59b</latexit><latexit sha1_base64="IYNJbac8mKjm4Eqel2iyhS/aNCU=">AAACF3icbVDLSgMxFM34rPU16tJNsAiuyowIuiy6cVnBPqBThjtp2oYmkyHJKGXoX7jxV9y4UMSt7vwbM+0g2nog4XDOvSTnRAln2njel7O0vLK6tl7aKG9ube/sunv7TS1TRWiDSC5VOwJNOYtpwzDDaTtRFETEaSsaXeV+644qzWR8a8YJ7QoYxKzPCBgrhW41GIAQEGYBGTIcJPml2GBoQCl5j3/UCQ6MxF7oVryqNwVeJH5BKqhAPXQ/g54kqaCxIRy07vheYroZKMMIp5NykGqaABnBgHYsjUFQ3c2muSb42Co93JfKntjgqfp7IwOh9VhEdlKAGep5Lxf/8zqp6V90MxYnqaExmT3UTzm2EfOScI8pSgwfWwJEMftXTIaggBhbZdmW4M9HXiTN06rvVf2bs0rtsqijhA7RETpBPjpHNXSN6qiBCHpAT+gFvTqPzrPz5rzPRpecYucA/YHz8Q1To59b</latexit><latexit sha1_base64="IYNJbac8mKjm4Eqel2iyhS/aNCU=">AAACF3icbVDLSgMxFM34rPU16tJNsAiuyowIuiy6cVnBPqBThjtp2oYmkyHJKGXoX7jxV9y4UMSt7vwbM+0g2nog4XDOvSTnRAln2njel7O0vLK6tl7aKG9ube/sunv7TS1TRWiDSC5VOwJNOYtpwzDDaTtRFETEaSsaXeV+644qzWR8a8YJ7QoYxKzPCBgrhW41GIAQEGYBGTIcJPml2GBoQCl5j3/UCQ6MxF7oVryqNwVeJH5BKqhAPXQ/g54kqaCxIRy07vheYroZKMMIp5NykGqaABnBgHYsjUFQ3c2muSb42Co93JfKntjgqfp7IwOh9VhEdlKAGep5Lxf/8zqp6V90MxYnqaExmT3UTzm2EfOScI8pSgwfWwJEMftXTIaggBhbZdmW4M9HXiTN06rvVf2bs0rtsqijhA7RETpBPjpHNXSN6qiBCHpAT+gFvTqPzrPz5rzPRpecYucA/YHz8Q1To59b</latexit><latexit sha1_base64="IYNJbac8mKjm4Eqel2iyhS/aNCU=">AAACF3icbVDLSgMxFM34rPU16tJNsAiuyowIuiy6cVnBPqBThjtp2oYmkyHJKGXoX7jxV9y4UMSt7vwbM+0g2nog4XDOvSTnRAln2njel7O0vLK6tl7aKG9ube/sunv7TS1TRWiDSC5VOwJNOYtpwzDDaTtRFETEaSsaXeV+644qzWR8a8YJ7QoYxKzPCBgrhW41GIAQEGYBGTIcJPml2GBoQCl5j3/UCQ6MxF7oVryqNwVeJH5BKqhAPXQ/g54kqaCxIRy07vheYroZKMMIp5NykGqaABnBgHYsjUFQ3c2muSb42Co93JfKntjgqfp7IwOh9VhEdlKAGep5Lxf/8zqp6V90MxYnqaExmT3UTzm2EfOScI8pSgwfWwJEMftXTIaggBhbZdmW4M9HXiTN06rvVf2bs0rtsqijhA7RETpBPjpHNXSN6qiBCHpAT+gFvTqPzrPz5rzPRpecYucA/YHz8Q1To59b</latexit>

otherwise

heating through semi-annihilation

kinetic equilibration



Thank you for your attention
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(maximum) circular velocity
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missing satellite problem

maximal circular velocity 
of subhalo
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Vmax = 208 km/s

Kratsov, Advances in Astronomy, 2010

N-body (DM-only) simulations 
in the !CDM  model !  
Milky Way-size halos host 
O(10) times larger number of 
subhalos than that of observed 
dwarf spheroidal galaxies

Small scale crisis I

When N-body simulations in the !CDM model and observations are 
compared, problems appear at (sub-)galactic scales: small scale crisis

V 2
circ (r ) =

GM (< r )
r

Vmax = max
r

{Vcirc(r)}

Vmax = 160 km/s



inner proÞle:
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" = 1 (NFW)

" = 0 (isothermal)

Þeld dwarf spheroidal galaxies
~109 Msun

Oh et al., AstroJ, 2011

Small scale crisis II

cusp vs core problem

NFW proÞle:

N-body (DM-only) simulations in the !CDM model !  
common DM proÞle independent of halo size: NFW proÞle

! DM (r ) =
! s

r/r s(1 + r/r s)2

⇢DM(r) / r�↵

isothermal proÞle:

Observations infer cored proÞle 
in the inner region rather than 
cuspy NFW proÞle

! DM (r ) = ! 0
DM

!
1 (r ! r 0)
(r 0/r )2 (r " r 0)

no
rm

al
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ed
 m
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s 

de
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ity

normalized radius



Boylan-Kolchin et al., MNRAS, 2011
too big to fail problem
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Small scale crisis III

N-body (DM-only) simulations in the !CDM model !
~10 subhalos with deepest potential wells in Milky Way-size halos 
do not host observed counterparts (dwarf spheroidal galaxies)
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radius

MW-like halos
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Inner mass deÞcit problem

Rephrased cusp vs core problem
- not only the slope but also the enclosed amount of mass is stressed

10th-90th percentile range 
from the state-of-the-art 

hydrodynamical simulations
in the !CDM model 

(EAGLE, Local GROUPS) 
with modeled subgrid 

baryonic physics 

Oman et al. , MNRAS, 2015

resolution

The simulated mass is about four times 
higher than the observed!
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Dark matter self-interaction

10! 3 10! 2 10! 1 100

k [Mpc! 1]

101

102

103

104

105

P
(k

,z
=

0)
[M

pc
3 ]

SDSS DR7 (Reid et al. 2010)
LyA (McDonald et al. 2006)
ACT CMB Lensing (Das et al. 2011)
ACT Clusters (Sehgal et al. 2011)
CCCP II (Vikhlinin et al. 2009)
BCG Weak lensing
(Tinker et al. 2011)
ACT+WMAP spectrum (this work)

linear
SIDM=CDM

SIDM structure formation starts with 
the same linear (initial) matter power spectra as CDM, 
but self-interactions become important 
as structure formation proceeds <— # increases

Reaction rate $=%v#/m
%: cross section
v: relative velocity
#: dark matter mass density
m: dark matter mass

DM DM

DM DM

Hlozek et al. , ApJ, 2012

Self-Interacting Dark Matter: SIDM

non-linear
SIDM&CDM
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wave number
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SIDM halo - velocity dispersion

SIDM-only simulation

Mhalo = 1010 Msun

Elbert et al. , MNRAS, 2015

<
— 

te
m

pe
ra

tu
re

SIDM halos are thermalized 
(isothermal)
in the inner region: r < r1,
where the self-scattering is 
efÞcient: %v#(r1)tage/m = 1
tage = 5 Gyr (galaxy cluster)
        10 Gyr (galaxy)

If r1 > rmax, the gravo-thermo 
instability is signiÞcant
Vcirc (rmax ) = Vmax
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SIDM halo - mass density

SIDM-only simulation

Mhalo = 1010 Msun

Elbert et al. , MNRAS, 2015

As %/m increases,
central density decreases 

core formation
lower enclosed mass

Inverted at some point
"  gravo-thermo instability 
<— core-collapse

%/m = 0.5-5 cm2/g may solve the inner mass deÞcit problem

NFW proÞle
in outer region
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Unexpected diversity problem

The inner mass deÞcit is not common, but should be elaborated in a 
galaxy-by-galaxy manner even with Vmax Þxed 

Vmax=80-100 km/s

well-
reproduced

badly-
reproduced

Oman et al. , MNRAS, 2015
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Concentration-mass relation

Dutton et al. , MNRAS, 2014

(Almost) deÞnite for a given Vmax?
Two parameters for the NFW proÞle: ! DM (r ) =

! s

r/r s(1 + r/r s)2

Because of the concentration-mass relation:

c200 = r200/r s

M 200(< r 200) =
4!
3

ø" M r 3
200

small 
intrinsic scatter

ha
lo

 c
on

ce
nt

ra
tio

n

halo mass

c200 = 100.905± 0.11(M 200/ 1012 h! 1M " )! 0.101



Origin of the diversity

For a given cross section (%/m = 3 cm2/g in the following), 
SIDM halo proÞle is still deÞnite and characterized 
by only one parameter Vmax

How does SIDM solve the unexpected diversity problem?

Scatter in distributions of the baryons 
even among similar-size halos!

Extended 
stellar disk

Compact 
stellar disk

 31



Iso-thermal distribution from 
the Poisson equation:

matched to the NFW proÞle
at r1 (%v#(r1)tage/m = 1)

Inßuence of the baryons
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observed scatter

SIDM proÞle contracts
under the presence of compact 

stellar disk
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! DM ("x) = ! 0
DM exp(! #("x)/ $2)

! ! = 4 " G(#DM + #baryon )

AK, Kaplinghat, Pace, and Yu, PRL, 2017



Case study I

!!!
!!!

!!!
!!!!

!!!!!
!!!!!!!!!!!

!!!!!!!!!!!!!!!!!!

!"# $%&'( ! !"" )*+,-./( " !"" )01%! 2&##" ��

!"#$%
&#%

'#()

! " #! #" $!
!

"!

#!!

#"!

$!!

$"!

%&'()* "+,- #

!
!"

#
!!

"
"#

#

!!
!!!
!!!
!!!
!!!!

!!!!!!
!!!!!!!!!!!!

!!!!!!!!!!!!!!!!!

3"# 204( ! !"" )*+,-./( " !"" )'14! 2&##" ��

!"#$%

&#%

'#()

! #! $! .! /!

%&'()* "+,- #

!!!
!!!

!!!
!!!!

!!!!!
!!!!!!!

!!!!!!!!!!!!!!!
!!!

!"# $%&'( ! !"" )*+,-./( " !"" )01$! 0&#! " ��

!"#$%

&#%
*+(,-

'#()

! " #! #" $! $" .!

%&'()* "+,- #

ci
rc

ul
ar

 v
el

oc
ity

 [k
m

/s
]

CDM

SIDM-only
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 M ! : 5.5 ! 1010 M "

In a massive spiral galaxy, the observed compact disk 
can change the whole SIDM distribution
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AK, Kaplinghat, Pace, and Yu, PRL, 2017



More samples

Massive spiral galaxies, generally, make SIDM halos 
violating the concentration-mass relation
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Case study II

SIDM halo proÞle reßects how compact the hosted stellar disk is 
even with similar Vmax and
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Case study III

The intrinsic scatter of SIDM halos 
is also needed to reproduce the 
observed diversity
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Wess-Zumino-Witten term !  number-changing interaction:

    - reproduce the quantum anomaly of      in the ultraviolet theory 
(quarks):                in a QCD-like theory

 37
SIMP freeze out

L WZW =
k

15! 2f 5
!

"µ "#$ Tr [ !# µ !# " !# #!# $ ! ]

k G
k = 2Nc

DM DM

DM DM

DMúnDM + 3Hn DM = !" ! 3! 2v2
rel #

!
n3

DM ! n2
DM neq

DM

"

                          &
w/                           
! ! h2 = ! DM h2

! ! 3! 2v2
rel " #

m5
!

f 10
!

! self /m DM ! 0.1Ð10 cm2/ g

3! 2 process :

                          : generalized cross section 
                            w/ mass dimension -5

Wess et al. , PLB, 1971

Witten, Nucl. Phys. B, 1983

f! < m! ' 0.1-1GeV
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Hidden sector in an ALP-extended SIMP model

Lagrangian density w/                                          and                        :

L hid = L 0 + L CP + L CPV + L WZW

L 0 =
1
2

(! µ " a)2 +
1
2

(! µ #)2 !
1
2

m2
! (" a)2 !

1
2

m2
" #2

L CP =
m2

!

4N 2
f f 2 (! a)2 " 2 !

1
6f 2

!
r abcd (#µ ! a)

!
#µ ! b"

! c! d

+
m2

!

6Nf f ! f
dabc! a! b! c" +

m2
!

12f 2
!

cabcd! a! b! c! d

G = SU( Nf )L ! SU(Nf )R H = SU( Nf )V

L CPV = tan ( ! H /N f )
!

m2
!

2Nf f
" (#a)2

+
m2

!

6f !
dabc! a! b! c !

m2
!

30f 3
!

! a ! b! c! d! ecabcde

!
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DM DM

TP TP

Kinetic mixing portal: gauging abelian part of the unbroken symmetry

Possible kinetic interactions (portals)

Kinetic interaction of SIMPs

�•

Lee et al. , PLB, 2015 Hochberg et al.,  JHEP, 2016

Higgs portal: introducing a hidden Higgs, VEV of which provides a 
mass to quarks (and pions) AK, Yamada, Yanagida, and Yonekura, PRD, 2016

Axion-like particle (ALP) portal: introducing an axion-like particle, 
which has anomalous couplings both to a SM gauge Þeld and to the 
hidden gauge Þeld AK, Hyungjin Kim, and Sekiguchi, PRD, 2017
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Off-shell exchange of the hidden Higgs (   ) !
not sufÞciently rapid to keep the DM pions in kinetic equilibrium with 
the SM plasma

Higgs portal

DM DM

TP TP

Two suppressions:
the mixing angle (                        ) 
and the Yukawa coupling. 
Remark that even muons are 
barely available during the pion 
freeze-out

The decay and inverse decay of the hidden Higgs keeps it 
in thermal equilibrium !
Thermalized hidden Higgses: �y�y�y�y   elastic scattering 
!  the kinetic equilibration of the pions with the SM plasma

! ! vh vs/m 2
h

! s ! ! s

s



The quark mass term respects a 
vector-like symmetry that is 
unbroken even after the chiral 
condensation (<— subscript of   ):
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Viable parameter region in a Higgs-portal model
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To suppress                 annihilation, we take the hidden Higgs 
mass heavier than the pion mass:  

Above this line,
kinetic equilibration is 

sufÞcient

!! ! ss
r = ms/m ! ! 1

Viable parameter region will be covered by higher-energy beam dump 
experiments such as the SHiP experiment and the low-threshold DM 
direct detection experiments such as NEWS and SNOLAB

L mass = ! sqi øqi
! = 1

i

AK, Yamada, Yanagida, and Yonekura, PRD, 2016
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Off-shell exchange of the ALP (   ):
the elastic scattering is not sufÞciently rapid to keep the DM pions in 
kinetic equilibrium with the SM plasma

ALP portal

DM DM

TP TP

The interaction strength is 
suppressed by the ALP decay 

constant (   ). 

The decay and inverse decay of the ALP keeps it in 
thermal equilibrium
Thermalized (on-shell) ALP:                  elastic scattering 
!  Not sufÞciently rapid, too
ONLY                  semi-annihilation is available

f

!

!" ! !"

!! ! !"
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Indirect searches of DM semi-annihilation constrain 
its cross section severely

Constraints on semi-annihilation to an ALP

When both the masses are degenerate,                  , the semi-
annihilation cross section is proportional to the relative velocity:
                                                          where

m! = m"

! ! semi vrel " = ! ! semi vrel "fo (vrel /v rel , fo )

 (MeV)!m
310 410 510 610

)
-1 s3

 9
5%

 C
L 

Li
m

it 
(c

m
""

v>
#<

-2910

-2810

-2710

-2610

-2510

Isothermal R90
Obs Limit P8 (5.8 yr stat+syst)
Expected Limit
Expected 68% Containment
Expected 95% Containment
Obs Limit P7REP (3.7 yr, stat-only)
Obs Limit P7REP (5.2 yr, stat+syst)

SIDM follows the 
isothermal proÞle

<— observed DM abundance

vrel , fo ! 0.5 ! 2 " 105 km/ s

satisÞes the upper 
bound

vrel , obs ! 200 km/ s
Galactic center

Fermi-LAT Collaborations, PRD, 2015
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Viable parameter region in an ALP-portal model

Viable parameter region will be covered by higher-energy beam dump 
experiments such as the ShiP experiment

dominates the 
freeze-out

reproduces the 
observed DM 
abundance

!!! ! !!

!! ! !"

L !"" = C!""
↵

4⇡

�

f
Fµ# eF µ#

ALP anomalous 
coupling to photons:

AK, Hyungjin Kim, and Sekiguchi, PRD, 2017
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Co-evolution equations

d
dx

Y! = !
!
x2 Y!

!
Y! ! Y eq

! (x! )J (x! , x)
"

! 2
E ! /m !

d
dx

x! =
3
x

1
x!

+
ø"
x2

!
Y! ! Y eq

! (x! )K(x! , x)
"

! =
xs! " semi vrel "T! ,T !

2H

ø! =
xs! (! E/m ! )" inv vrel "T! ,T " = T!

H

neq
" (T" = T! )

neq
! (T! )

! E = E� � hE�iT�! 2
E�/m�

= hE2
�/m

2
�iT� � hE�/m�i2T�

J (x�, x) =
neq
� (T� = T )

neq
� (T� = T�)

h�invvreliT�,T�=T

h�invvreliT�,T�=T�

K(x�, x) ⌘
neq
� (T� = T )

neq
� (T� = T�)

h�E �invvreliT! ,T " =T

h�E �invvreliT! ,T " =T!
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Asymptotic temperature

m! = 1 GeV
m! /m " = 0

!" ! !" !" ! !# !" ! !$ !" ! !% !" ! !& !" ! !'

#

$

%

&

'

non-relativistic limit:

                         : relic yield
                                                  
                       : Lorentz boost of the DM in the Þnal state

x
d

dx

! x!

x

"
!

x!

x
" (� " 1)

2xfo

3

#
Y!

Y! ,1

$ ! x!

x

" 2

� =
5

4

 
1�

m2
�

5m2
�

!
Y! ,! = xfo/ �(xfo)

adiabatic cooling

heating through the 
semi-annihilation

balance between adiabatic 
cooling and heating through the 
semi-annihilation:✓
T�

T

◆

asy

' (� � 1)
2xfo

3
/ ln(�semivrel)



                                              

w/

                       ,                                                                       ,

                                                                           ,

in the conformal Newtonian gauge:                                                     
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Evolution equations of cosmological perturbations
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self-scattering cross section per DM mass:!

contact-interaction !  sub-GeV DM mass

Constraints

! self

m!
=

1
64"

|M self |2

m3
!

! 1 cm2/ g
!

|M self |
0.9

" 2 !
10 MeV

m!

" 2

<latexit sha1_base64="npJ3rmlt4RZ+cVdJW2dqWugEweg="></latexit><latexit sha1_base64="npJ3rmlt4RZ+cVdJW2dqWugEweg="></latexit><latexit sha1_base64="npJ3rmlt4RZ+cVdJW2dqWugEweg="></latexit><latexit sha1_base64="npJ3rmlt4RZ+cVdJW2dqWugEweg="></latexit>

   in thermal equilibrium:!
interactions w/ SM particles !  tightly constrained by CMB
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canonical cross section
<— thermal relic

Slatyer, PRD, 2016
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