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Motivation



Axion, ALP

Well motivated from theory sides

string theory, inflation, dark matter candidates, quintessence, strong CP problem, hierarchy
problem, etc.

V(o) Vo)

from experimental sides
CAPP, ADMX, HAYSTAC, ABRACADABRA, LC Circuit, CASPEr, etc.
nuclear coupling electromagnetic coupling
axion frequency Axion Frequency
kHz MHz GHz THz KkHz MHz GHz
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taken from the slides of P. Graham



Minimal ALP

ALP is the emergent, compact scalar field at low energies

1) discrete gauge symmetry: a = a + 2nfN

AN
- >

a

Sla] = S[a + 2mfN]
It is natural to consider the ALP as the angular/phase field:

O(x) =alx)/f =0(x)+2n



Minimal ALP

ALP is the emergent, compact scalar field at low energies

2) (approximate) global symmetry: a — a + 2rfc, (c € R) so called U(1)pq
U(1)pg can be broken by various ways (for the QCD axion, from QCD/chiral anomaly)

Nature of the angular variable is manifest in

Lerr[0] = —fz(a 0)(046) — Z V,, cos(nd + a,,) n,ny,ny, €7
n

+ Z ci(alﬂ)]f + Z 3972 (ng,0)F,E, + Z(ei"be()b(x) + h.c.)
[ a b




Minimal ALP

ALP is the emergent, compact scalar field at low energies

2) (approximate) global symmetry: a — a + 2mfc, (c € R) so called U(1)pq
U(1)py can be broken by various ways (for the QCD axion, from QCD/chiral anomaly)
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Interactions, dynamics of the ALP are manifest in
a

Lesrlal = —(0 a)(0%a) — Z cos (nf + an) a=f6

Ci n - .
+27‘aua]f‘ + Z 327:2f a F,F, + Z(emba/fOb(x) + h. c.)
{ a b



Beyond the minimal ALP

Typically interactions of the ALP are governed by 1/f.
However, for non-minimal ALP models, there are interesting variations.
Ex_’]_) clockwork axion [choiKim Yun 14, Choi Im 15, Kaplan Rattazzi 15]

L= Z > F2(9,61 (346" - z Vi(q 0" - 6') +3

1,-N—1

61FF +——=0yGG

32m?

_(a a)(9"a) +]f (g:_l FF +

3972 Gé) + heavy modes

The axion field range (a = a + 2rf,):

1
) / gi = gN- (a)+h d\
_ Z g2G=D | F o~ gN-1f =q 3 eavy modes
1,---N

N-i

fa

0L (x)0(x) - a(x) 0(x)

Spectrum of effective decay constants:

92 gz qN—l
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16n2f, ~ Ja44 = qgn2f
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Beyond the minimal ALP

Ex2) Stiickelberg axions with the anomalous U(1) 4 gauge symmetry ishui staessens, ve 15]

1 v . . 1., i _ pig )2
L= —@FMF + z Y,io (Dﬂ — quAﬂ)l/JI + Z Efi (GMH —k Au) +

I=L,R i=1,2

01GG + -

3212

under | y(1),: A, > A, +0,A, 0% 5 0% + k2N, g o e RN Y

mixed anomalous fermion loop contribution is canceled by gauge transformation of 64

1 ~
372 (k* = (g1 + qr))A(x) G1,G* =0 gauge invariance: q;, + qr = k'

SAL -

One of combinations of s (¢) is absorbed by A, and becomes heavy, while the gauge
invariant combination (a) remains light.

26

C B f12k191 +f22k292 47Tf2
~ (k2 + (k)2 2nf; ¢ /
_ fife(k16? = k26Y) a - f,01
o VfikD?2 + (fok?)? \ 27Tf1/'47'[f1




Beyond the minimal ALP

Ex2) Stiickelberg axions with the anomalous U(1) 4 gauge symmetry ishui staessens, ve 15]

1 uv T i =U . 1 2 [ [ 2
L= —FFWF + z Y,io (Dﬂ — quAﬂ)l/JI + Z Efi (GMH —k Au)

I=L,R i=1,2
1 v 1 5 2 .
= — oz B P + 5 ME (0,6 - 4, w = QiAW
1 I=L,R
2 ~
+ —(0 — GG+ -
2( I-la) 327T2ﬁ< a
where M? = (kD% + (Lk2?, f == k2 —— J(ikD? + (f,k2)?
2
In the limit of f1 > f,, My ~ f1, [« ~ i MA > f1, the axion coupling to gauge bosons ( . Z‘i > f)
iS hiel’aI’ChiCa//y Suppressed [Fonseca von Harlmg de Lima, Ma}f-vag)21906 10193]
2
47Tf2
2
( ~ 9 f2 k 02

(f1k1)2 21f; ¢ /
a~f, (k62 — k26" a fpl
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Beyond the minimal ALP

Ex2) Stiickelberg axions with the anomalous U (1) 4 Sauge symmetry

Can it give the axion potential with a period 2mf, = 2nf,(f{/f5) > 2nfy, 2nf,?
- relevant for scalar dynamics: axion as the inflaton (f, > Mp), dark matter etc.

1 2 1 - @ a
+5(ua)” 1 3onzr “0C| mm L mp V(a) = A* cos—

& [Shui, Staessens 1807.00888]

f, (aperiod, basis independent) vs f, (a coupling, basis dependent)

f,6°
2),2 Arf; eequ\\la‘eﬁ“
¢~ 01+ 225 g2 U8
(f1k1)? 27Tf2 4
~ 192 _ 1,2p1 » a
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General description of
Stuckelberg axions

[Choi, CSS, Yun 1909.11685]



General form

N Stiickelberg axions ', N — 1 U(1), gauge symmetries yield one light axion at low

energies. i=1,-,N a=1,-,N—1
L= - papaw 1o (5 0l kia) (9,00 — 1) A2
__4_9621‘“/ +§ ij(u _au)(u _au)

(')

i
3212

+ GG + (AO pinf 6’ nqs,x? (x) + h c.> +16(9,00 — KLAZ) J% + -
1

* Stuckelberg axions are the angular fields:

' =0'+2m > ki, r,n) €Z
* Gauge invariance:

rikcix = z ZQIaTr[T(l/)I)Z]; niokcix = Z qraX;
Yr I

* Allow general form of the metric including the kinetic mixing: G;;

* The previous example: N = 2, ki = (1,1), r; = (1,0), G;; = diag(f{, f2).



Useful relations

Gauge invariant combination: a « k;0* requires k;k. = 0. The solution exists (with k; € Z)
assuming g.c.d. (k) = 1forall a

562 e o)

~ 1 2 N
ki=det| K1 kLo
kl%l—l k]%l—l k%—l

Since k; is integer valued, there exists the integer valued vector £ such that k;#* = 1. Then
we find for the N by N matrix | K], N—1

(K] = ki {ﬂ') N

L'J

1
det[K] = 1, and it has the integer valued inverse matrix [K '] as

i
[K—l] — < ~l >
ki
Therefore ki, %, k;, £% € Z. and
Bip=of,  Beei=0, ) [KFKI] =7k + Rt = 8]



[dentifying discrete gauge symmetry

Decomposing 6's into the longitudinal modes of the gauge bosons ({%: {%* = (% + A%) and
the gauge invariant axion (a):

. G Y k; .
R et Ry (RS HCN Ok

= — +fl
(G_l)l] klk] fa )

fa fa

leads to
. 1
> Gii(0,6" — kLAY)(3,67 — kLA%) =~ (a ) += M 23(0,0% — ADY(OH TP — APK)

where - ~N
\_

MZg = Gyjkik},
J (G-,
Then N discrete gauge symmetries . .
Zi : 9t - @t + 21

Is equivalent to [

.]Ta_)E-I_ZT[ (> (*—-2nT? ]

and N — 1 transformations of {*
Zza: ((X — (a’ + 27T



[dentifying discrete gauge symmetry

2
Ex) two axion case R f26
anf,
a (
LTt]2
Zq bee
27Tfl/v A

\

a a
Zog: ——> —+2m, {(*>{*—2nT% Zea: (% = (% +2m
fa  Ja




[dentifying discrete gauge symmetry

2
Ex) two axion case s /20 with U(1), gauge transformations
anf,
a ¢
LTt]2
Lya
! ¢
Za R flgl
27Tfl/v A

r a a —i2mqro T /
Lo: —— —+2m, ¢;—> ¢re Z(“:¢I_)¢I
fa fa




[dentifying discrete gauge symmetry

Ex) two axion case with U(1), gauge transformations

with a field redefinition of matters ¢; = ¢; exp(—q;,[%a/f,)

70 L oL om b— ¢
D — > — 421, ¢
“ o fa ! !

The basis in which the periodicity of the axion is manifest!



General form in the new field basis

After integrating out gauge fields

L=~ FAFTW 42 Gy (0,0 — kiAg)(8,67 — k1AS)

4e2 HY
(r:6")

+ o GG + </10 eini6’ 1_[(,5,’” (x) + h. c.> + r;;(0,0" — kci,Aﬁ)]g +
I

¥

Lerr = (0 a) 327T2]TaGG + <A el {)L“/fal_[gblx’ (x) +h.c.>
I

4= (040) (1 (64T &+ T () -

All non-derivative couplings of the axion are quantized in the unit of 1/f, :
rl-»fi’ Tl?{i EZ = Leff(a) — Leff(a + Zﬂfa)
* It is trivial that the scalar potentials of the axion should be Vy¢r(a) = Verr(a + 2mf,)

* Derivative interactions (as the result of field redefinition) should be considered for the
basis independent physical processes involving the axion.



Lessons

The axion field range (2rtf,) is determined by the kinetic term of the axions regardless of
detailed mechanism for generating scalar potentials and interactions.

We can always take the field basis in which all non-derivative couplings of the axion are
quantized in the unit of 1/f, so that the scalar potential of the axion is 2rf, - periodic if
there is no other mechanism to extend the period like the clockwork mechanism

This does not mean that all scattering amplitudes of the axion are suppressed by O (fi)



Examples



Two Stiickelberg axions with a massive fermion

Again from the previous example with (f1 > f>, ¢ =1, qg =0, ny =0, n, = 1)

f22 a GG*
32m? f12 +f22 fa

+ Y1 /RIG* Dy R — [Mp exp(

1 2
Legr = 5(0ua)" +

f2
R e

)VJLI/JR"‘hC]

fif2

2
Physically equivalent expression with the field redefinition: y; — 1; exp (i fZE 7 fﬁ)
1 2 Ja

fa =

2 6 _
o 5 sy,

a . _
— GG oD + h. —
3212 1, + Y ric" Dy g — (MW/JL‘/JR c.) T fE L

1 2
= E (aua) +

For the axion-gluon-gluon scattering amplitude

(00000 g(p1) 9(p1)

a(p) - Yooy + a(p)-

(00000 g(p2) 9(p2)




Two Stiickelberg axions with a massive fermion

MM = 2 ehvpoy LA ( )
27_[ 1pP2o fa faf1 +f2 FrLoop\P1, P2, Uy

21 1 1 1

fa fa MA fl

0.001 0.100 10 1000 10° 107

2 2
p°/ 4y,
For the axion-gluon-gluon scattering amplitude, the large scale dependence can provide
quite different cosmological history (e.g. thermal production of the axion)

(00000 g(p1) 9(p1)

a(p) - Yooy + a(p)-

(00000 g(p2) 9(p2)




Multiple Stiickelberg axions

With the min(max) eigenvalues of G as f2., (fi2ax)

fmln < fa — 1 fmax
I J(G S

N-1
For N > 1 and generic U(1) charges, ((k‘) ) 2, so that the axion field range
21 f, is exponentially suppressed compared to the originally introduced one 2rtf

f

fa~ N1<<f

VNI((kb)?) 2

Q: Is the coupling between the axion and matters also of O ( ; ) ?

A: NO! because the axion coupling through the mixing with 8* is proportional to

a = G-1)U Eikj 3 ||E||fa 3 much suppressed),

which means that the scalar potential (e. g. A‘icosfi) of the axion generically needs O(||k||)
insertions of the operators: “highly” protected PQ symmetry: a/f, = a/f, + ¢, (c € R)



Stiickelberg Clockwork

[Bonnefoy, Dudas, Pokorski 1804.01112]
The simple and clear example is the CW type charge assignment;  [choh €35, Yun 1909.11685]

1 1 1
S F2(3u0" = A1) +5 120,67 + q A = A2)" + -2 F(9,67 + q A7)




Stiickelberg Clockwork

The simple and clear example is the CW type charge assignment:
1 2 1 2 1 N2
Efz(auel — A%) +§f2(5u92 +qAL—AZ) + 3 £2(9,60N + q A1)

The axion field range 2mnf, and the mixing between the axion and original fields 6! are

2
fo = "1 f~qgWDf,  (a]|6t) = "1 .i~i
q?N —1 @" —qg™)q' fa q'f

The axion field range is hidden in the individual axion couplings.

* An example of highly protecting the PQ symmetry (N = 3,q = 3): Introducing N U(1),,
charged complex scalars (¢; — cp,e"‘gf[x"“) allows PQ breaking potentials at tree level

. 1 % N2 % . 13 " N
AVpoy = €180 p1* + €, P33 + 36! P35 + e4P3* + h.c.

However the axion potential is only generated at 27-th loop as

9,12 _4
€1€2°€3€4 , a
Verr(a) ~ (L6n2)77 A COSE




Stiickelberg Clockwork

The simple an

1 2
Y o/ 1
2/ A4 )
]
| .
The axion field ! P! are
]
The axion fiela
* An example NUQ),
charged comp level

4

However the axion potential is only generated at 27-th loop as

9,12 _4
€1€2°€3€4 , a
Verr(a) ~ (L6n2)77 A COSE




Summary

The non-trivial light ALP can be generated by Stlckelberg mixing: some of combinations
become heavy by Stuckelberg (Higgs) mechanism, and the gauge invariant combination
becomes light.

We showed that the axion field range is unambiguously determined by the kinetic term of the
Stuickelberg axions: the large field excursion during cosmological evolution is (generically)
forbidden. This can be manifest in a certain field basis

The counter-intuitive examples about the relation between the couplings (decay constant)
and the axion period are studied.

For the case with the large number of Stuckelberg axions, the axion field range is
exponentially suppressed, which leads to the highly protected axion shift symmetry.



