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Non-relativistic Positronium annihilation
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® Bound-state decay [J. Wheeler 1946]:

Ly = 4(ov)o X [¢n(r = 0)[°

e Sommerfeld-enhanced annihilation [A. Sakharov 1948]:

(0v) = (0v)o x [¢(r = 0)|?

x (ov)g (/vpe1) , fOr vpe S @




Sommerfeld enhancement for Wino-neutralino
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Attractive Coulomb vs. Yukawa potential
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Sommerfeld enhancement + Bound states

(more recent)
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Fig. taken from [Mitridate et al. ‘17]

Ex.: Classical Wino, Minimal dark matter,
WIMPoniums, Neutralino DM co-annihilating with
colored charged particles, Higgs mediated bound
states, U(1) hidden charged dark sectors, SIDM with
light mediators, ... (~ O(100) publications)

[J. Hisano et al. ‘06, ..., J. Feng et al. ‘09, Harling&Petraki
‘14, ... , Harz&Petraki ‘19, probably more to come]




Outline

Part 1:

1) Long-range effects in vacuum
SE, Bound-state decay, BS formation, dissociation, level-transitions

2) Boltzmann equations including long-range interactions (vacuum)
lonization equilibrium, ...

3) Perturbative Non-equilibrium QFT
Keldysh-Schwinger formalism, EOM of correlation functions,
NLO Collision term, ...

Part 2:

Sommerfeld enhanced annihilation and
bound-state decay at finite temperature




Non-relativistic QED (NRQED)

Sw> [ (@) 10+ | nfe) +1a) [i0r - 3] (@
[ atadty gw) |- 3060 ) 2] ) +0'w) | Tyt - )] o)

where J(z) = 7' (z)n(z) + €' (2)¢(2) and O(z) = ' (x)n(z).

W. E. Caswell and G. P. Lepage, "Effective lagrangians for bound state problems in
QED, QCD, and other field theories", Phys. Lett. B 167, 437 (1986).




From NRQED to wave-function formalism
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Acting H on two-body state |y (1)) = \/LN /d3xd3y V(x,y,t)n'(x)E(y) |0),
leads to Schrodinger eq.:

2
[—é 2 2@'ﬂ53(r)] b(z) = Ev(z).

2u T m?

Imaginary part leads to violation of current j(x) = E% [W(X)%D(X)} ,i.e.
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Only 1=0 survives. Typically imaginary part is treated as perturbation, however,
for Yukawa potential some care must be taken.




Radiative processes

E.g., consider direct capture into the
ground state via single massless
mediator emission:

(XX)se — @+ (xX)100
a2 29¢4
(00) = 25 SO 31z

6—4§acot(§)

[Petraki et al. 15] Vector mediator
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... but wait, there is also
dissociation (reverse process)!
So shouldn’t the bound-states get
iImmediately destroyed, back to
the scattering states?

(old argument why we should NOT care about bound states)

Generically, one has to consider the
following coupled network:

(xX)sc = SM SM’,
(XX)SC = ¢+ (XX)BL-: }

radiative
(XX)B, = ¢+ (X)_()Bj, processes
(xX)B, = SM SM'. decay
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Boltzmann equations

In principle, we just have to solve:

ns +3Hns = — ((00)an) [ni - (neq)2]

n; +3Hn; = —1); [n,,, — n?q]
+ ((ov)i) [n3 — ni(n$)? /ng]

.. ., .4 /e
- E :Fz—m [nz n;n; /”j ]
J

No public code exists, even model-by-model analysis
relies on simplifications of these equations.

( + co-annihilation)




(Saha) lonization equilibrium

’I.”Li —|—3an = _Fi [71% —ne
+ ((ov);) [n5 — ni(n$h)? /nsd]
— Y Tissj [ = nyn§?/nS]

J

Assumption: Radiative processes much faster than annihilation or decay

Ng T ; . )
) ci | = e Vio= 200 = 2 = i Vi

Ns i

Reduces the system to one degree of freedom, i.e. the TOTAL DM DENSITY.

Remaining task is to express chemical potential as function of total n.




(Saha) lonization equilibrium

Quadratic equation has solution:

=t | 2] o) = L R - Y

Inserting chemical potential back into sum of the BEs, leads to:

n+3Hn=— |[{(0V)an) + g I'; eq = | (a®n® — nSinsd)
Ns Ns

Note this equation is independent of all radiative cross sections!




(Saha) lonization equilibrium

n+3Hn =— |{(00)an +Zr eqneq (a2n? — nincd)

eq

n
Fi oq H X /M /T€B|Ez|

ns MNs

* Even though radiative processes are balanced, the decay
depletes the relic abundance! If radiative processes are efficient
for temperature much smaller the binding energy, there is
exponential enhancement (ignoring corrections from degree of
lonization).

* At some point the dissociation rate drops below the decay rate
and ionization equilibrium will be broken. Then, the BE reads:

» N

fls + SHHS = — <<0'U)an> + Z<(UU)Z>

mm)  Scattering states will decouple from BS at some point
and freeze-out.
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Outline

Part 1:

1) Long-range effects in vacuum
SE, Bound-state decay, BS formation, dissociation, level-transitions

2) Boltzmann equations including long-range interactions (vacuum)
lonization equilibrium, ...

3) Perturbative Non-equilibrium QFT
Keldysh-Schwinger formalism, EOM of correlation functions,
NLO Collision term, ...

Part 2:

Sommerfeld enhanced annihilation and
bound-state decay at finite temperature




Introduction to thermal field theory

 Computation of thermally averaged expectation values (in-in formalism).
* Flattening of the time contour not possible (as in usual vacuum field theory).

* LSZ doesnt work, cross section formally does not exist.

Keldysh-Schwinger Contour

C 4+
Gol(z,y) = (TcO(x)O'(y)) . R _,
(.=Trlp..] ) . ) |
. G (zy) GT(z,y)
cen=( Grey Gy )

* Information (observables) of the system are contained in G.
* EoM determines dynamics.




Keldysh-Schwinger formalism

G(z,y) = (Ted ()0 (y)) = Oe (2, ") (@) () F Oc (1", 2°) ($T (y)v(2)) = ( gigig gimg )
c "
The components are defined as . ] .y
G_+(ZU, y) = <¢($)¢T(y)> C " i "
G (z,y) = F W (y(x)),
G (z,y) = 0(2° — )G F(2,y) + 0(y" — 2°)GT (2, y),
G__(SC, y) = Q(xo T yO)G+_($7 y) + e(y() T $0)G +($, y)a

Not all components are independent:
G (z,y) + G (2,y) = G (2,9) + G~ F(2,y).




Equilibrium and KMS relation

)
=z
8
=

[

=0(z" — ") |G (z,y) — GT (z,y)]
Gz, y) = —0(y° —2°) [G™F(z,y) — G (z,y)]
Gp(ilj,y) = GR(xa y) o GA(:Cay) — G_+(£IZ, y) o G+_($,y).

G (" —y°) =FGT (2% —y° +iB)
poxePH  mmm——lp Gt (w,p) = TG (w, p)

Kubo-Martin-Schwinger (KMS) relations

In equilibrium, all we have to compute is the retarded correlation function:

GT(w,p) = F nr/p(w)G”(w,p), G~ T(w,p) = [l Fnp/p(Ww)] G’(w,p),
_ G(w,p) + G*(w. p) [1

G (w,p)

5 F nF/B(w)] G*(w,p).




Dynamics from Equation of motion

Consider the Dyson eq. in integral form:

G(z,y) = Go(x,y) — / Go(x, w)X(w, 2)G(z,y)

w,z€C

Kadanoff-Baym Ansatz (motivated from KMS condition):

GT(t,p) = —p(t,p) [0°) f (t,p") + 8(=p") (1 — fx(t,p"))]

Kadanoff-Baym Ansatz + Dyson equation in differential form:

u(p) = =1 [ 0G5 ()G () — BT (p)G () + ]

This relates the collision term to two-point correlation function!
To leading order in self-energy expansion this just gives the usual Boltzmann equation!




Kadanoff-Baym equations

LD g XV XAy + gypib' A,
At leading order in self-energy expansion:
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Kadanoff-Baym equations

LD g XV XA, + gpy P A,

At leading order in self-energy expansion:

A) A.1) B)

D <D

In DM dilute limit;
d°py d’py (pyPy)
(2m)3 (2m)° B\ Ey

= —(OVpel) [n2 = ngq}

i+ 3Hn = —4 / (ovcel) [ S5 — SR

Lee-Weinberg equation!




Outlook

* Perturbative expansion of self-energy in Kadanoff-Baym equations can not account for
bound-states.

 |Idea: Truncate correlation function hierarchy at the 4-point function level.
* Solution of 4-point correlator allows to include resummation of the Coulomb ladders.

* Instead of working with free photon correlator, we take HTL dressed.
Debye mass, Landau damping, etc.
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Summary

Long-range effects allow for larger DM masses (SE + Bound-state decay)

Existing literature computes the relic abundance including these effects in
“vacuum”.

Bound-states have a finite size, we expect that in-medium effects can modify
bound-state properties.

A dynamical formulation of SE annihilation and bound-state decay in plasma
did not exist in non-equilibrium quantum statistical mechanics (to the best of
my knowledge).

In next talk, we address this gap.
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