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Black hole entropy: Bekenstein’s great idea!

Violation of second law outside a black hole.

To save the second law, Bekenstein proposed
that black holes must have entropy proportional
to the area of the horizon.

S ~ rh
2 ~ M 2

The argument does not determine the proportionality constant!



�4

This is a good news because in classical GR, we have the area theorem:

Area of the black hole event horizon can not decrease as long as:

1. Matter energy is positive (Null Energy Condition).

2. Some form of cosmic censorship is valid.

The area theorem ensures that when a entropic object falls into the black 
hole, the outside world looses entropy but the black hole area increases to 
compensate the loss and thereby saves the second law.



If black holes have entropy, it should have a temperature.

The Hawking Temperature:

TBH = !c3

8πGKBM

S =
KBc

3A
4G!

The origin of the Hawking temperature lies in the deep mathematical structure of 
Quantum Field Theory; the choice of the correct vacuum state.

Check out The Bisognano-Wichmann Theorem.

Hawking’s result and the validity of the Clausius Theorem: T dS = dM fixes the proportionality
Constant between entropy and area.

The Bekenstein Entropy Formula; One of the most Beautiful equation we know so far. It contains all the 
Fundamental constants of nature we know so far.

The Microscopic derivation of the Black Hole entropy.

The Physics of D-Branes in String Theory accurately produces the Bekenstein entropy of certain
5 dimensional black hole solutions. (Strominger & Vafa, 1996)

Ω ∼ Exp S( )



Black Hole Thermodynamics:

An intriguing analogy between the laws of black hole mechanics & 
the laws of thermodynamics!

A Thermodynamic system in
equilibrium with Temperature
and Entropy!

A stationary black hole with 
Hawking Temperature and 
Benkenstein Entropy.



Assuming some reasonable energy conditions on matter:

In a quasi static process, when a black hole of mass M and area A is taken
to a new black hole with parameters M + dM and A + dA, we have

κ
2π

⎛
⎝⎜

⎞
⎠⎟
d A
4G

⎛
⎝⎜

⎞
⎠⎟
= dQ

Surface Gravity is constant on the stationary event horizon

The area of a black hole can never decreases! ΔA ≥ 0

Temperature ~ Surface Gravity;   Entropy ~ Area

ηκ
2π

⎛
⎝⎜

⎞
⎠⎟
d A
4ηG

⎛
⎝⎜

⎞
⎠⎟
= dQThis does not fix the temp:



What we want to discuss:

How to derive these laws, particularly the zeroth and the first law.

How to extend these laws beyond general relativity and to modified gravity
theories.

What are the crucial assumptions and open problems.
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We start with Einstein’s equations

Gravity = Curved Space time.

Rab −
1
2
R gab = 8πGTab

The dynamics of gravity is described by a curved space time with a metric.
The matter energy momentum tensor is related to the curvature by:

The simplest spherically symmetric solution: 

Determine the gravitational field outside a 
spherical star!



Schwarzschild solution: ds2 = − 1− 2GM
r

⎛
⎝⎜

⎞
⎠⎟
dt2 + dr 2

1− 2GM
r

⎛
⎝⎜

⎞
⎠⎟

+ r 2dΩ2

The location of the event horizon is at r = 2GM

Matter affects the causal structure, and therefore the behaviour of the light cones:

r decreases

Matter

r = 2 Mr = 10 M r = 5 M



The Schwarzschild space time has a time like Killing vector ξ a = (1,0,0,0)

It is easy to check that: ξ aξa = − 1− 2GM
r

⎛
⎝⎜

⎞
⎠⎟

The time like vector field becomes null on the surface r = 2M. 

Also, a simple calculation reveals that at r = 2M: ξ a∇aξ
b =κ  ξ b

Where: κ = 1
4GM

Surface Gravity!

The r = 2GM surface has following properties:

1. It is an event horizon.
2. It is a Killing horizon.

It is possible to generalise these concepts without the use of any specific 
solution.



Event Horizon:

Let us assume asymptotically flat space time:
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i0

ℑ+

ℑ−

In particular they admit vectors that are asymptotic to the Killing vectors
of Minkowski spacetime near i0, which allows a definition of total mass, mo-

mentum and angular momentum on spacelike hypersurfaces. The asymptotic
symmetries on ℑ± are much more complicated (the ‘BMS’ group, which will
not be discussed in this course).

2.6 The Event Horizon

Assume spacetime M is weakly asymptotically flat. Define

J−(U)

to be the causal past of a set of points U ⊂ M and

J
−
(U)

to be the topological closure of J−, i.e. including limit points. Define the
boundary of J

−
to be

J̇−(U) = J
−
(U) − J−(U) (2.170)

The future event horizon of M is

H+ = J̇− (ℑ+
)

(2.171)

i.e. the boundary of the closure of the causal past of ℑ+.

49

A space time has a black hole region, if there are outgoing
null geodesics which never reaches the future null infinity!

We may ``Loosely” define the black hole as the set of all points
which are not in the causal past of the future null infinity.

( )B M J I− += − I+IN

H

I-

OUT
Black hole:  Compliment of the past of future null infinity.
Event Horizon: Boundary of the black hole region.

H B= ∂

Event horizon is also a null hyper surface generated by
null geodesics which is future complete. 
Penrose 1970



Killing Horizon:

Consider a stationary space time with a timelike Killing vector, if there is a 
hyper-surface on which, the Killing vector becomes null, it is called a 
Killing horizon.

There may not be any relationship between these two concepts:

Consider the Rindler Horizon in flat space time, it is a Killing horizon, but there
is no event horizon in flat space time:

Rindler Observer

X = T
X =-T

Integral curves of the boost 
Killing vector.

ξ a = (x,t,0,0)

ξ aξa = −x2 + t2

The surface X = T is a Killing
horizon!



An event horizon which is not a Killing horizon!

Consider a ingoing Vaidya space time, which is a dynamical space time with
NO time like Killing vector.

ds2 = − 1− 2m(v)
r(v)

⎛
⎝⎜

⎞
⎠⎟
dv2 + 2dvdr + r(v)2dΩ2

There is an event horizon determined from the equation of null geodesic with appropriate
boundary conditions:

drh(v)
dv

= − 1
2
1− 2m(v)

rh(v)
⎛

⎝⎜
⎞

⎠⎟

For inflating matter, the event horizon grows with time, this is not a Killing
horizon!



Strong rigidity theorems:

In stationary space time, the event horizon must be a Killing horizon!

Remember the case of r=2M surface of Schwarzschild geometry, also the Kerr
space time has the outer event horizon where a time like Killing vector 
becomes null.

So a stationary event horizon is also a Killing horizon. we can unambiguously
associate a surface gravity with the event horizon.

ξ a∇aξ
b =κ  ξ b

with respect to the stationary Killing vector ⇠ = @v. By calculating rµ(⇠2)|r=r± show

that the surface gravity on the two Killing horizons is given by

 =
r± � r⌥
2r2±

6. Consider the Kerr metric in Kerr coordinates (v, r, ✓,�). Show that the event horizon at

r = r+ is a Killing horizon for the Killing vector ⇠ = @v+⌦H@�, where ⌦H = a/(r2++a2),

and that the surface gravity is

 =

p
M4 � J2

2M(M2 +
p
M4 � J2)

(Note: one can avoid working out the inverse metric by showing ⇠2 = 0 at r = r+ and

that lµ / ⇠µ at r = r+ where lµ is the normal vector to the hypersurfaces of constant r.)

7. This questions illuminates the physical interpretation of the surface gravity  of a black

hole.

Consider a stationary, asymptotically flat spacetime with Killing vector kµ such that

k2 ! �1 at infinity. Let V 2
= �k2 where V is the gravitational redshift factor. Consider

a stationary particle of mass m. It moves on an orbit of k and its proper acceleration is

aµ =
D

d⌧
vµ where vµ = V �1kµ is the 4-velocity of the particle and

D

d⌧
= v⌫r⌫ where ⌧ is

proper time. Let a ⌘ (aµaµ)1/2 be the magnitude of the acceleration.

(i) Show that aµ = rµ lnV .

(ii) Suppose the particle is kept stationary by an idealised string held by a stationary

observer at infinity. Let Fµ = maµ be the magnitude of the local force exerted on

the particle. Use conservation of energy arguments to show that the magnitude of

the force exerted at infinity is F1 = V F .

(iii) Show that for Schwarzschild we have that a and hence F diverges as r ! r+ but

that V a (i.e. F1 per unit mass) equals the surface gravity  of the event horizon.

2

For Kerr Outer horizon:

So, let us consider a stationary event horizon which is also a Killing horizon

So far rigidity theorems are only proven using Einstein's equation



The bifurcation surface:

Consider the Kruskal extension of the Schwarzschild Geometry:

The bifurcation surface is a codimension 2 
surface, on which the Killing field vanishes.

In (U,V) coordinates, the Killing field is

ξ a =U ∂
∂V

−V ∂
∂U

At U = V = 0, the Killing field vanishes. This
is a 2-sphere where the past and the future 
horizons meet.

The bifurcation surface exists in the past, only for a eternal solution. A Killing
horizon with bifurcation surface is called a bifurcate Killing horizon.



The zeroth law of black hole mechanics:

The surface gravity must be constant on the (stationary) event horizon.

To prove these, we would require one of these:

1. Einstein’s equation and dominant energy condition!

2.   Some form of symmetry but no field equation!

Event horizon is a codimension 1 surface:

A
Bγ

ak al
{ }, ,a a a

Ak l eA choice of Horizon basis:

0 ; 1a a a
a a ak k l l k l= = = −

( )2ab a b abg k l γ= − +

2 + (D - 2) decomposition

k a∇ak
b = 0



So what we want to prove are:

k a∇aκ = 0 γ ab∇aκ = 0 A
Bγ

ak al

The first equation is easy to prove, note the Killing vector
is related to the null generator of the horizon as:

ξ a = λκ k a

ξ a = ∂
∂t

⎛
⎝⎜

⎞
⎠⎟

a

k a = ∂
∂λ

⎛
⎝⎜

⎞
⎠⎟

a

The location of the bifurcation surface becomes:

λ = 0 :Non Affine

:AffineThen, we immediately obtain:

This gives: Surface gravity is constant along a generator.ξ a∇aκ = 0

ξ a



A
Bγ

ak

k a∇aκ = 0

So, by definition, surface gravity is constant along a generator, so it can only
vary across a generator.

One could show:

2

field which is normal to the event horizon. In case of
GR, it is possible to show [14, 15] that the event horizon
of a stationary black hole is also a Killing horizon with no
assumptions of symmetries beyond stationarity. We are
not aware of any such proof for Lanczos-Lovelock gravity.
In a D-dimensional space time, a Killing horizon (not

necessarily an event horizon) is a null hyper-surface H
whose null generators are the orbits of a Killing field ξa =
(∂/∂v)a, which is null on the horizon. Then there exists a
function, surface gravity, “κ” of the Killing horizon which
is defined by the equation,

ξa∇aξ
b = κ ξb. (1)

For static black holes, it is possible to provide a physical
interpretation of the surface gravity. In that case, sur-
face gravity of the black hole horizon measures the force
which must be exerted at infinity to hold an unit mass
at horizon. In general case, the surface gravity is the
measure of the failure of the Killing time to be the affine
parameter along the horizon null generators.
From the definition in Eq.(1), it is straightforward to
show that the surface gravity is constant along a gener-
ator [6, 12], i.e. ξa∇aκ = 0. In general, surface gravity
may vary from one generator to the other. Note that,
the definition of surface gravity requires the notion of
stationarity. There is no notion of surface gravity for a
general non stationary dynamical horizon.
The real significance of the surface gravity is realized
when one consider quantum effects in a space time con-
taining a black hole. The semi classical calculations by
Hawking [16] showed that the black hole emits thermal
radiation with a temperature (in units with G = c = k =
1),

T =
!κ

2π
. (2)

Hawking’s result immediately shows the importance of
the zeroth law of black hole mechanics as the zeroth
law of black hole thermodynamics which states that the
Hawking temperature is uniform everywhere on a station-
ary black hole horizon. This is reminiscent of the zeroth
law of thermodynamics which states that the tempera-
ture is uniform everywhere in a system in thermal equi-
librium.
Since the constancy of the surface gravity along a gen-
erator of the horizon follows directly from the definition
in Eq.(1), we will only discuss the change of “κ” from
generator to generator. In order to proceed, we first con-
struct a basis {ξa, Na, eaA} on the Killing horizon where
ξa is the Killing field, Na is another null vector satisfy-
ing ξaNa = −1, eaA, {A = 2, ..., D − 1} are the (D − 2)
space like vectors along the transverse directions and
ξbγa

b = N bγa
b = 0. Here γa

b is the induced metric of any
space like slice of the horizon. We decompose the space
time metric as gab = g⊥ab + γab, where g⊥ab = −2ξ(aNb),
is the metric of the two dimensional space orthogonal
to any horizon cross section. Also, for stationary space
times with a Killing horizon, both the expansion and

shear vanish and using Raychaudhuri equation and the
evolution equation for shear, we obtain [12, 17] that on
the horizon,

Rabξ
aξb = 0 (3)

and

ξaγb
i γ

c
jγ

d
kRabcd = 0. (4)

We would like to emphasize that in order to derive these
relationships, we have only used the fact that the hori-
zon is a Killing horizon with zero expansion and shear
without assuming any further symmetry.
Next, we would like to study how the surface gravity

changes from one generator to the other. For that, we
note that from Eq.(1), we can write κ = −ξaN b∇aξb and
then we obtain [6],

γa
b∇aκ = −ξaRacγ

c
b . (5)

So far, all the results are entirely geometrical and no use
of the equation of motion is made. Now, if we further
assume that the horizon is axisymmetric and possesses
t − φ orthogonality property, then it is possible to show
[11, 13] that the RHS of Eq.(5) vanishes identically
and the surface gravity is constant on the horizon
independent of the field equation.
Note that, if we assume that the Killing horizon pos-
sesses a bifurcation surface, i.e. a (D − 1) dimensional
cross section on which the Killing field ξa vanishes,
then γa

b∇aκ = 0 on the bifurcation surface and since
the surface gravity can not change along the generator,
this will establish the constancy of surface gravity on
the entire Killing horizon. Hence, for Killing horizons
with regular bifurcation surface, the surface gravity is
constant irrespective of gravitational dynamics [18]. But
the assumption of the existence of bifurcation surface
is a strong assumption and it is only applicable to a
sub-class of Killing horizons. We would like to know
if as in the case of general relativity, the constancy of
surface gravity of Killing horizons in Lanczos-Lovelock
gravity can be established without these assumptions.

Let us now turn our attention to the features of
Lanczos-Lovelock gravity. As discussed before, a natu-
ral generalization of the Einstein-Hilbert Lagrangian is
provided by the Lanczos-Lovelock Lagrangian, which is
the sum of dimensionally extended Euler densities,

LD =

[D−1)/2]
∑

m=0

αmLD
m, (6)

where the αm are arbitrary constants and LD
m is the m-th

order Lanczos-Lovelock term given by,

LD
m =

1

16π

[D−1)/2]
∑

m=0

1

2m
δa1b1...ambm
c1d1...cmdm

Rc1d1

a1b1
· · ·Rcmdm

ambm
,

(7)

Note: if bifurcation surface exists, then                    , on the bifurcation surface, but surface gravity
can not change along the generator, this will immediately establish that                      on every cross section
of the horizon.

γ ab∇aκ = 0
γ ab∇aκ = 0

If the bifurcation surface exists, the zeroth law is just a geometric fact, independent of the field equations!



Similarly, it is possible show that the zeroth law holds true for all static black holes, where a 
hyper surface orthogonal time like Killing field is available.
But, to establish the zeroth law for a general stationary black hole, we will require Einstein’s
equations.

The Einstein equations give:

3

where Rcd
ab is the D dimensional curvature tensor and

the generalized alternating tensor δ...... is totally anti-
symmetric in both set of indices. For D = 2m, 16πLD

m
is the Euler density of 2m-dimensional manifold. The
Einstein-Hilbert Lagrangian is a special case of Eq. (7)
when m = 1. The field equation of Lanczos-Lovelock
theory is, Gab + αmE(m)ab = 8πTab where,

Ea
(m)b = −

1

2m+1
δaa1b1...ambm
bc1d1...cmdm

Rc1d1

a1b1
· · ·Rcmdm

ambm
, (8)

and m ≥ 2. For convenience, we have written the GR
part (i.e. for m = 1) separately so that the GR limit can
be easily verified by setting all αm’s to zero.
Lanczos-Lovelock gravity can be regarded as a natural
and well behaved extension of general relativity in higher
dimensions. The spherically symmetric black hole solu-
tion in Lanczos-Lovelock gravity is derived in [19, 20].
The first law of black hole mechanics is studied in [21]
and various thermodynamic properties of these black hole

solutions are discussed in [22].
Now, using the field equation of Lanczos-Lovelock grav-
ity, we rewrite Eq.(5) as,

γa
b∇aκ = −8π ξaTacγ

c
b + αmξaE

a
(m)cγ

c
b . (9)

Next, to simplify the above expression, we would first
like to show that for a Killing horizon, Ea

(m)bξaξ
b = 0. In

order to prove that, we first expand the curvature tensor
in the basis {ξa, Na, eaA} on the horizon. Therefore, we
write,

Rc1d1

a1b1
= gc1p gd1

q gra1
gsb1 R

pq
rs. (10)

Now, as mentioned earlier, we express the space time
metric as gab = −2ξ(aNb) + γab. Also, stationarity en-
sures that some of the components are zero due to con-
ditions Eq.(3) and Eq.(4). Then we can express,

Rc1d1

a1b1
=

(

γc1
p γd1

q γr
a1
γs
b1 − 2γc1

p γr
a1
γs
b1Nqξ

d1 + 4γc1
p γr

a1
ξd1Nqξ

sNb1 + 2γr
a1
γs
b1ξ

c1NpN
d1ξq − 4γr

a1
ξc1NpN

d1ξqξ
sNb1

− 2γc1
p γd1

q γr
a1
ξb1N

s + 2γc1
p γd1

q ξa1
N rξsNb1 + 4γc1

p γr
a1
ξd1ξb1NqN

s − 4γc1
p ξd1Nqξa1

N rξsNb1

+ 4γc1
p γr

a1
ξqN

d1ξb1N
s − 4γc1

p ξqN
d1ξa1

N rξsNb1 − 4γr
a1
ξc1NpξqN

d1ξb1N
s

+ 4ξc1NpξqN
d1ξa1

N rξsNb1

)

Rpq
rs (11)

We again remind the reader that this expression is valid
only on the horizon. We also used the antisymmetry of
the generalized alternating tensor δ....... Now any com-
ponent of a curvature tensor along the direction of the
Killing vector in the expression of Ea

(m)b will not con-

tribute when contracted by ξaξb. These constraints en-
sure that the only surviving contribution will be from the
transverse components and as a result we get,

Ea
(m)cξaξ

c = −
1

2m+1
δaA1B1...Am−1Bm−1AmBm

cC1D1...Cm−1Dm−1CmDm

RC1D1

A1B1
· · ·RCmDm

AmBm

ξcξa, (12)

where, indices (A1, B1, C1, ...) only take transverse
values.

Next, we explicitly break the alternating tensor as the
totally antisymmetric product of the Kronecker delta.
For example, we write,

δa a1b1...am−1bm−1ambm
c c1d1...cm−1dm−1cmdm

= δac δ
a1b1...am−1bm−1ambm
c1d1...cm−1dm−1cmdm

− δac1 δ
a1b1...am−1bm−1ambm
c d1...cm−1dm−1cmdm

+ δad1
δa1b1...am−1bm−1ambm
c c1...cm−1dm−1cmdm

+ ... (13)

Note that, when contracted by ξaξc, the first term van-
ishes and also the rest of the terms do not contribute if

all other indices are projected along the transverse direc-
tions.
Using this rule of expansion, we immediately see that

on the horizon, Ea
(m)bξaξ

b = 0. Then, Eq.(3) and the

field equation give that on the horizon T a
b ξaξ

b = 0.

Now, if the energy-momentum tensor obeys the domi-
nant Energy Condition [12], T a

b ξ
b will be a non-space like

vector. But on the horizon, we have seen that the field
equation implies T a

b ξaξ
b = 0. Therefore, to obey domi-

nant energy condition T a
b ξ

b must be in the direction of
ξa only and as a result ξaTacγc

b = 0. So, we ultimately
arrive at,

γa
b∇aκ = αmξaE

a
(m)cγ

c
b . (14)

From the above equation, setting αm = 0, we can obtain
the result of [6], which proves the constancy of surface
gravity for GR.

We will now show that on the Killing horizon,
ξaE(m)acγ

c
b does not vanish identically unless one

imposes additional constraints on the geometry of the
horizon.

To prove this, we again consider the expansion of the
curvature tensor Rc1d1

a1b1
in the basis {ξa, Na, eaA} on the

Now the dominant energy condition implies         , is a non space like vector.Tabξ
b

Tabξ
aξ b = 0Also, stationarity implies:

This gives:                     and therefore:Tabξ
b ∼ ξa γ ab∇aκ = 0

If the field equation changes, we need to redo the derivation.

As an example, if there are higher curvature corrections, we expect the Einstein equation to change.

The derivation of the zeroth law of stationary lack holes in arbitrary higher curvature gravity
is an open problem!

Gab +αHab = 8πGTab

Swastik Bhattacharjee, Sudipta Sarkar PRD 2012



Now the first Law



Consider a static asymptotically flat vacuum black hole solution of GR:

Σ

H

The ADM/Komar mass is defined as,

M = � 1

8⇡

Z

S

ra⇠b dSab. (2)

The integration is at the asymptotic spatial infinity, and the Killing field is
normalized as ⇠a⇠a = �1 asymptotically. For the black hole spacetime, let
us consider a space like hypersurface ⌃ which extends from infinity to the
horizon. The surface has two boundaries, one at infinity and other at the
horizon. Using Stokes theorem and Einstein’s field equations Gab = 8⇡Tab,
we can then express the Komar mass as,

M = �2

Z

⌃

✓
T a

b
⇠b � 1

D � 2
T ⇠a

◆
d⌃a +

1

8⇡

Z

H

ra⇠b dSab, (3)

where T denotes the trace of the energy-momentum tensor. Let us further
assume that we are only considering a vacuum solution; and therefore Tab = 0.
Also, there is no angular momentum, and the space-time is static. Then the
first integral vanishes. The last integral is at the inner boundary of the surface
⌃ where it meets the horizon. For the static spacetime, we can evaluate the
second integral and write the final expression as [6],

M =

✓
D � 2

D � 3

◆
THS, (4)

where TH is the Hawking Temperature and S is the Bekenstein entropy
of the black hole. The expressions of TH and S contain the Planck con-
stant ~, but the product is independent of ~. This equation is a particular
case of what is known as the Smarr formula [15]. Although the derivation
of this equation is straightforward, the interpretation is a bit subtle. The
equation relates an asymptotic quantity, the ADM/Komar mass with the
quantities corresponding to the horizon. If we approve the use of thermody-
namic concepts, the Smarr formula may be regarded as the equation of state
at thermodynamic equilibrium relating energy M , temperature TH and en-
tropy S. Also, the derivation does not work for D = 3 indicating the absence
of asymptotically flat vacuum black hole solutions in lower dimensions. Note
that, there is no physical process by which we can change the ADM or Komar
mass. This formula is only valid for a strictly static and vacuum space-time.
Therefore, instead of a physical change, let us now consider a virtual change
of the quantities: two Schwarzschild black hole solutions in D dimensions
with masses M and M +�M in the space of solutions of general relativity.

6

i0
The integration is at the special infinity!

We can use Stokes theorem to write this as M =
Σ
∫ + MH

M = � 1

8⇡

Z

S

ra⇠b dSab. (2)

The integration is at the asymptotic spatial infinity, and the Killing field is
normalized as ⇠a⇠a = �1 asymptotically. For the black hole spacetime, let
us consider a space like hypersurface ⌃ which extends from infinity to the
horizon. The surface has two boundaries, one at infinity and other at the
horizon. Using Stokes theorem and Einstein’s field equations Gab = 8⇡Tab,
we can then express the Komar mass as,

M = �2

Z

⌃

✓
T a

b
⇠b � 1

D � 2
T ⇠a

◆
d⌃a +

1

8⇡

Z

H

ra⇠b dSab, (3)

where T denotes the trace of the energy-momentum tensor. Let us further
assume that we are only considering a vacuum solution; and therefore Tab = 0.
Also, there is no angular momentum, and the space-time is static. Then the
first integral vanishes. The last integral is at the inner boundary of the surface
⌃ where it meets the horizon. For the static spacetime, we can evaluate the
second integral and write the final expression as [6],

M =

✓
D � 2

D � 3

◆
THS, (4)
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of the black hole. The expressions of TH and S contain the Planck con-
stant ~, but the product is independent of ~. This equation is a particular
case of what is known as the Smarr formula [15]. Although the derivation
of this equation is straightforward, the interpretation is a bit subtle. The
equation relates an asymptotic quantity, the ADM/Komar mass with the
quantities corresponding to the horizon. If we approve the use of thermody-
namic concepts, the Smarr formula may be regarded as the equation of state
at thermodynamic equilibrium relating energy M , temperature TH and en-
tropy S. Also, the derivation does not work for D = 3 indicating the absence
of asymptotically flat vacuum black hole solutions in lower dimensions. Note
that, there is no physical process by which we can change the ADM or Komar
mass. This formula is only valid for a strictly static and vacuum space-time.
Therefore, instead of a physical change, let us now consider a virtual change
of the quantities: two Schwarzschild black hole solutions in D dimensions
with masses M and M +�M in the space of solutions of general relativity.

6

For vacuum solutions, the surface integral vanishes and we only have the boundary term at the horizon.

ξ a = (1,0,0,0)

MADM = MH = D − 2
D − 3

⎛
⎝⎜

⎞
⎠⎟
THS TBH = !c3

8πGKBM
S =

KBc
3A

4G!



Let us consider two such asymptotically flat vacuum solutions slightly differing in ADM mass
in the space to solutions. 

Variation on the space of solutions: dMADM = D − 2
D − 3

⎛
⎝⎜

⎞
⎠⎟
THdS + SdTH( )

Consider the metric:

Therefore the variation �M represents a virtual change, again only in the
space of static, vacuum and asymptotically flat black hole solutions of general
relativity. Then, the variation of the Smarr formula gives,

�M =

✓
D � 2

D � 3

◆
(TH�S + S�TH) . (5)

Let us evaluate the r.h.s of the above equation for a Schwarzschild black hole
in D dimensions. Set (G = ~ = kB = c = 1) and then the metric is ,

ds2 = �
✓
1� C

rD�3

◆
dt2 +

dr2�
1� C

rD�3

� + r2d⌦2. (6)

The constant C is a function of the ADM mass M of the space time and
if D = 4, we have C = 2M . The horizon is located at rh = C

1
D�3 and the

surface gravity is  = ((D � 3)/2)C�
1

D�3 . The expression of the Hawking
Temperature and the Bekenstein entropy are then given by,

TH =


2⇡
=

D � 3

4⇡
C�

1
D�3 ; S =

AD�2C
D�2
D�3

4
. (7)

Using these expressions, it is easy to verify that,

�M =

✓
D � 2

D � 3

◆
(TH�S + S�TH) = TH�S, (8)

This is the simplest derivation of the equilibrium state version of the first
law of black hole mechanics.

This derivation can be generalized in several ways. If we include matter,
e.g., an electrovacuum solution, there will be additional work terms. But the
most interesting generalization is for theories with higher curvature terms
in the action. The area law fails generically for higher curvature gravity
[18, 19, 20, 21, 22] and the entropy is proportional to a di↵erent local geo-
metric quantity evaluated on the horizon. In fact, the black hole entropy in
any di↵eomorphism invariant theory of gravity turns out to be the Noether
charge of the Killing isometry which generates the horizon [21, 22]. Before
discussing the derivation of this “Wald entropy”, we will first try to under-
stand intuitively why and how the area law fails beyond general relativity,
using a generalized version of the original argument by Bekenstein [7, 8].

There are several motivations of considering a higher curvature theory.
As a typical example, consider the perturbative quantization of gravity which

7
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; Surface Gravity:
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e.g., an electrovacuum solution, there will be additional work terms. But the
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The constant C is a function of the ADM mass M of the space time and
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1
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Using these expressions, it is easy to verify that,

�M =
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◆
(TH�S + S�TH) = TH�S, (8)

This is the simplest derivation of the equilibrium state version of the first
law of black hole mechanics.

This derivation can be generalized in several ways. If we include matter,
e.g., an electrovacuum solution, there will be additional work terms. But the
most interesting generalization is for theories with higher curvature terms
in the action. The area law fails generically for higher curvature gravity
[18, 19, 20, 21, 22] and the entropy is proportional to a di↵erent local geo-
metric quantity evaluated on the horizon. In fact, the black hole entropy in
any di↵eomorphism invariant theory of gravity turns out to be the Noether
charge of the Killing isometry which generates the horizon [21, 22]. Before
discussing the derivation of this “Wald entropy”, we will first try to under-
stand intuitively why and how the area law fails beyond general relativity,
using a generalized version of the original argument by Bekenstein [7, 8].

There are several motivations of considering a higher curvature theory.
As a typical example, consider the perturbative quantization of gravity which

7

Using all these expressions, one can show:

dMADM = THdS

Stationary comparison version of the first law. 



This simplified derivation can be easily generalised to a stationary black hole solutions in any 
diffeomorphism invariant theory of gravity.

The first law takes the form: κ
2π
dS = dM −ΩdJ

But, the entropy is not in general proportional to the area, but a local function 
of the horizon geometry.

S = −2π Qab(χ )εab
B
∫ dA Qab = ∂L

∂Rabcd
∇cξd

k a l a

εcd = kalb − kbla

Black hole entropy is the Noether charge of Killing isometry generating the horizon.

Assumptions:

The theory admits a stationary black hole solution with a regular bifurcation surface.

On the bifurcation surface: ∇cξd = εcd = kalb − kbla
SW = −2π ∂L

∂Rabcd
εabεcd

B
∫ dA

The Wald Entropy!



Wald Entropy has several ambiguities. These do not contribute for stationary black holes
with a regular bifurcation surface.

The stationary comparison law is free from these ambiguities.

Example: Gauss Bonnet Gravity: LGB = R +α R2 − 4RabR
ab + Rabcd R

abcd( )

SW = 1
4

1+α R + 4Rabk
alb + Rabcdk

albk cl d⎡⎣ ⎤⎦( )
B
∫  dA ! 1

4
1+ 2α  D−2R( )∫  dA

What are these ambiguities?

They are related to the Noether charge construction, given a Lagrangian of a gravity
theory, the Noether potential       is not uniquely determined.Qab

Jacobson, Kang, Myers, PRD 1993



But, we will focus on a simpler version of the first law, which is may be more physically relevant!

The Physical Process Version



Physical Process Law:

How the area/entropy of the horizon changes when the black hole is perturbed.

The answer is in the use of the Null Raychaudhuri Equation which governs the evolution
of the horizon area:

dθ
dλ

= − θ 2

D − 2
−σ 2 − Rabk

ak b

Expansion: 
1 ( )d A
A d

δ
θ

δ λ
= Shear = σ ab

Raychaudhuri equation describes the evolution of the expansion of the null event horizon



Let us write the black hole entropy as: S = 1
4

1+ ρ( )  ∫ dA

Consider the field equation as: Gab +αHab = 8πTab

ρ = 0We set           for general relativity, otherwise it is a local function of horizon geometry, 
not necessarily intrinsic. 

We want to calculate the change of the entropy due to matter perturbing the horizon.

Remember the GR limit: ρ→ 0 and α → 0



The change of the entropy (due to an accretion of matter/ energy): 

ΔS = 1
4

θ + ρθ + dρ
dλ

⎛
⎝⎜

⎞
⎠⎟∫  dA dλ

Define: Θ = θ + ρθ + dρ
dλ

ΔS = − 1
4

λ  Θ
λ1

λ2  ∫ dA− 1
4

 λ  dλ  dA dΘ
dλ∫

Assumptions:

Existence of Bifurcation surface in the past.

The asymptotic future state is stationary again. All perturbations die down in the future.

Integrating by parts, we obtain,

So the upper limit of the first term vanishes!

Θ λ( )→ 0 as λ→ λ f



Past bifurcation surface: λ = 0

Future stationary slice: λ = λ f

Matter 
flux

λ = λ1

λ = λ2

Time

Background 
stationary 

horizon

ΔS = − 1
4

λ  Θ
λ1

λ2  ∫ dA− 1
4

λ  dλ dA dΘ
dλ∫

The first term vanishes if we integrate from the past bifurcation surface to the final stationary cross
section.

For an interpretation of this terms check: Akash, Sumanta, Avirup, SS JHEP 2017



ΔS = − 1
4

λ  dλ  dA dΘ
dλ0

λ f

∫ Θ = θ + ρ  θ + dρ
dλ

The final expression of the entropy change becomes:

The field equation as: Gab +αHab = 8πTab

ΔS = 2π λ  dλ dA Tabk
ak b∫ − 1

4
λ  dλ dA d 2ρ

dλ 2 − ρRkk +αHkk

⎛
⎝⎜

⎞
⎠⎟∫

     + 1
4

λ  dλ dA − D − 3
D − 2

⎛
⎝⎜

⎞
⎠⎟

(1+ ρ)θk
2 + (1+ ρ)σ k

2⎡

⎣
⎢

⎤

⎦
⎥∫

Final Expression for Entropy change between BF surface and final stationary slice:

Now, let us assume that the perturbation is small, we can neglect the second order terms.



The linearized version is:

ΔS = 2π λ  dλ dA Tabk
ak b∫ − 1

4
λ  dλ dA d 2ρ

dλ 2 − ρRkk +αHkk

⎛
⎝⎜

⎞
⎠⎟∫

   

λ  dλ dA d 2ρ
dλ 2 − ρRkk +αHkk

⎛
⎝⎜

⎞
⎠⎟∫ = Ο ε 2( )

Let us now make a crucial assumption, given a theory we always choose the entropy density
such that,

ΔS = 2π λ  dλ dA Tabk
ak b∫

Note: Though this is trivially true for general relativity, it is highly nontrivial constraint for any modified 
gravity theory. This needs to be checked case by case.

If it is true.



Consider background Killing vector as ξ a = λκ k a

κ
2π

ΔS =  Tabξ
a dΣb∫

Then we have the linearised version of the physical process law:

dΣa = ka  dλ  dA

Assumptions: Existence of the bifurcation surface and stability of the black hole.

Validity of the condition: λ  dλ dA d 2ρ
dλ 2 − ρRkk +αHkk

⎛
⎝⎜

⎞
⎠⎟∫ = Ο ε 2( )

The total entropy change between past bifurcation surface and the future stationary cross section
is related to the flux of the inflating matter.

THΔS = ΔQ

The First Law



Validity of the condition: λ  dλ dA d 2ρ
dλ 2 − ρRkk +αHkk

⎛
⎝⎜

⎞
⎠⎟∫ = Ο ε 2( )

Consider that there is a candidate entropy density, namely the one given by the  Wald’s formula
for a given theory which obeys this condition

λ  dλ dA
d 2ρw
dλ 2 − ρwRkk +αHkk

⎛

⎝⎜
⎞

⎠⎟∫ = Ο ε 2( )

This is a non stationary situation, the ambiguities of the Wald entropy need to be considered. 

Does the ambiguities effects this condition?

The ambiguities in the Wald’s construction can be expressed as

Let us write: ρ = ρw +Ω θ(k )θ( l ) ,σ (k )σ ( l )( )
Let us calculate entropy change with both densities. ΔS(ρ) and ΔS(ρw)

We aim to show: ΔS(ρ) = ΔS(ρw)

k a l a

θk
θ l



We need to carefully analyse the term: Ω(λ = 0)

Then, up to linearized order, the difference is:

ΔS(ρ)− ΔS(ρw) = − 1
4
dAdλ λ d

2Ω
dλ 2

⎛
⎝⎜

⎞
⎠⎟∫ = 1

4
dA Ω∫ λ=0

λ=λ f

Since the final slice is stationary, Ω(λ = λ f ) = 0

Consider the background stationary horizon:

Since the bifurcation surface exists, we can consider a Kruskal
extension. 

Both the expansions must vanish on the bifurcation surface:

θk = 0

θ l = 0

θk = 0 On Future Horizon 

θ l = 0 On Past Horizon 



For example, Schwarzschild space time in Kruskal coordinates: 

Therefore, on the bifurcation surface

Ω λ = 0( ) ~θkθ l ~Ο ε 2( )

θ(k ) ~ −U θ( l ) ~ −V

Since both the expansions must vanish on the bifurcation surface:

This gives: ΔS(ρ)− ΔS(ρw) = O ε 2( )

The physical process first law is independent of the ambiguities in the Wald’s construction

Remember: We are working only with an integrated version!



Validity of the condition: λ  dλ dA d 2ρ
dλ 2 − ρRkk +αHkk

⎛
⎝⎜

⎞
⎠⎟∫ = Ο ε 2( )

This condition is proven for Wald entropy (+ the ambiguities) for: 

General Relativity (Trivially True)

f(R) Gravity

Lovelock gravity

A general Lagrangian quadratic in curvatures.

A general understanding of this condition is still lacking

arXiv:1905.04466



The second law:

Hawking’s area theorem



The area of a black hole can never decreases! ΔA ≥ 0

Consider two black holes of masses M1 and M2 merge to create a bigger black hole, the area theorem insists
that the area of the final black hole must be larger than the sum of areas of the individual ones.

+
A1 = 4π (2M1)

2 = 16πM1
2 A2 = 4π (2M2 )

2 = 16πM2
2 A3 = 4π (2M3)

2 = 16πM3
2

+ Radiation

M3 = M1 + M2 − fGEnergy Conservation:

Area theorem demands: A3 > A1 + A2 →16πM3
2 >16π (M1

2 + M2
2 )

Now, this limits how much gravitational energy can be radiated away in the process.

In fact, the area theorem limits the efficiency of the energy conversion; akin to the second law of 

In fact, the area theorem limits the efficiency of the energy conversion; akin to the second law of 
Thermodynamics



Consequences of 2nd Law

(1) Limits to efficiency of mass/energy conversion in black hole collisions.
Consider Finkelstein diagram of two coalescing black holes.
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M1 M2

M3

H+ H+

new generators enter
the horizon H+

at this caustic

Then energy radiated is M1 + M2 − M3, so the efficiency, η, of mass
to energy conversion is

η =
M1 + M2 − M3

M1 + M2
= 1 − M3

M1 + M2
(6.85)

Assuming that the two black holes are initially approximately station-
ary, so A1 = 16πM2

1 and A2 = 16πM2
2 the area theorem says that

A3 ≥ 16π
(
M2

1 + M2
2

)
(6.86)

But 16πM2
3 ≥ A3 (with equality at late times), so

M3 ≥
√

M2
1 + M2

2 (6.87)

Thus

η ≤ 1 −
√

M2
1 + M2

2

M1 + M2
≤ 1 − 1√

2
(6.88)

The radiated energy could be used to do work, so the area theorem
limits the useful energy that can be extracted from black holes in the
same way that the 2nd law of thermodynamics limits the efficiency of
heat engines.
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16πM3
2 >16π (M1

2 + M2
2 ) M3 = M1 + M2 − fG

Time

fG

Define the efficiency: η = 1−
M3

M1 + M2

The area theorem limits the efficiency as η ≤1− 1
2



Proof of second law in General Relativity: Start with Raychaudhuri Equation

1 ( )d A
A d

δ
θ

δ λ
=

2

( 2)
ab a b

ab ab
d R k k
d D
θ θ

σ σ
λ
= − − −

−
Raychaudhuri eq.

Shear = σ ab

Use Einstein’s eq and

dθ
dλ

< 0

Null energy Condition Tabk
ak b ≥ 0

Stability demands ultimately the black hole settle down to a stationary state: θ f = 0

This is a non trivial assertion. If we do not assume this, there will be caustic in the future

θ →−∞
Check the Wald’s General Relativity Books, chapter 12



So what we have:
dθ
dλ

< 0; θ f = 0

Therefore, θ(λ) > 0

The area always increases:

The black hole entropy always increases:

Note: This is more than what we want. 

In usual thermodynamics, entropy is defined only for the equilibrium states, the total entropy
change between initial and final equilibrium states must be positive.

Area theorem does more, it gives you a local increase law, not only total increase is positive, 
the black entropy increases at every instant. 



Does second law holds beyond general relativity?

ΔS = 1
4

ΘdAdλ∫

Θ = θ + ρθ + dρ
dλ

⎛
⎝⎜

⎞
⎠⎟

Consider the entropy:

Instantaneous change of the entropy:

We want to establish that this is positive at any arbitrary cross section of the horizon. 

S = 1
4

1+ ρ( )∫  dA

The field equation is: Gab +αHab = 8πTab

Change in entropy per unit area! We call this the generalised entropy!



dΘ
dλ

= dθ
dλ

+θ dρ
dλ

+ ρ dθ
dλ

+ d
2ρ
dλ 2

In case of GR:
dΘ
dλ

= dθ
dλ

< 0

We demand the same for our theory of gravity: Choose the entropy such that with NEC

We start with calculating the change of the generalised expansion Θ = θ + ρθ + dρ
dλ

⎛
⎝⎜

⎞
⎠⎟

dΘ
dλ

< 0

We require a thermodynamic generalisation of the Raychaudhuri equation

Except f(R) type theories of gravity, this is not easy to establish

Kang, Jacobson, Myers PRD 1995



Here are question of ambiguities are important: we need to resolve the ambiguities to obtain 
the second law even for the linearised case.

Doing this for a general quadratic curvature theory L = R + αR2 + βRabR
ab + γ LGB( )

The validity of the second law demands there are corrections to the Wald formula. These corrections
vanish for a stationary black hole, but contributes to the entropy change:

Written in terms of entropy density: ρBH = ρWald + a θ(k )θ( l ) + b σ ab(k )σ
ab( l )

The requirement that second law is true for linearised perturbation will give us values of the
unknown coefficients.

S = 1
4

1+ 2αR − 2β Rkl −
1
2
θ(k )θ( l )

⎛
⎝⎜

⎞
⎠⎟
+ 2γ  D−2R

⎡

⎣
⎢

⎤

⎦
⎥∫  dA

The correct entropy formula for the quadratic curvature theory:

Srijit Bhattacharjee, SS, Wall PRD 2016

= Wald + Corrections



This expression exactly matches with the Holographic Entanglement Entropy of the 
Corresponding theory if this black hole is in Anti-de sitter space.

Demanding that this entropy also obeys second law at higher orders leads to
interesting bounds on the higher curvature couplings.
Identical bounds are previously obtained from the consistency of the boundary theory.

S = 1
4

1+ 2αR − 2β Rkl −
1
2
θ(k )θ( l )

⎛
⎝⎜

⎞
⎠⎟
+ 2γ  D−2R

⎡

⎣
⎢

⎤

⎦
⎥∫  dA

L = R + αR2 + βRabR
ab + γ LGB( )

Arpan B, Srijit B, SS, Aninda Sinha PRD 2016 

An intriguing connection between holography and black hole thermodynamics

Fairoos, Avirup, SS PRD 2018

Srijit B, SS, Aron Wall PRD 2016 



How to prove second law beyond linearised perturbations:

The Einstein GB case: LGB = R +α R2 − 4RabR
ab + Rabcd R

abcd( ) ρ = 1
4
1+ 2α D−2R( )

3

where α is a constant. The equations of motion that
follow from the above action is,

Gµν = αHµν + 8πGTµν , (7)

where Hµν = −2
(
RRµν − 2Rµ

ρRρν − 2RρσRµρνσ +
Rµ

ρσαRνρσα

)
+ 1

2gµνLGB. The entropy of a dynam-
ical black hole in Gauss-Bonnet gravity is obtained by
fixing the Jacobson-Kang-Myers (JKM) ambiguities [20]
in Wald entropy [21, 22], by demanding that a local en-
tropy increase law holds at linear order in perturbation

from an initial stationary state and is given by [13],

S =
1

4G

∫

∂H

(1 + 2αR)
√
h d(D−2)τ, (8)

where R is the intrinsic Ricci scalar of the horizon cross-
sections. Here, we will be interested in finding the full
all order evolution of it along the generators of the dy-
namical event horizon. The complete expression for dΘ

dλ
is given by,

4G
dΘ

dλ
= −

θ(k)2

D − 2
− σ(k)abσ(k)

ab − 6α
(D − 4)θ(k)2R

(D − 2)2
− 2ασ(k)abσ(k)

ab R− 4α
(D − 8)θ(k)σ(k)abRab

(D − 2)

+8ασ(k)a
c σ(k)cbRab − 4αRfabp σ(k)abσ(k)pf

+2α

[

2

(
Dcβ

c

)(
K(k)

ab K(k)ab

)
− 4

(
Dcβ

b

)(
K(k)

ab K(k)ac

)
+ 2βcβcK

(k)
ab K(k)ab − 4βcK

(k)
ab βbK(k)ac

]

+4α

[
2

(
Dbβf

)(
K(k)K(k)

bf

)
− 2

(
Daβ

a

)(
K(k)

)2

+ 2habβcK(k)
ac βbK

(k) − habβaβb(K
(k))2

]

+4αRkk
(D − 3)(D − 4)θ(n)θ(k)

(D − 2)2
− 4αhachbdRkckd

(D − 4)θ(k)σ(n)
ab

D − 2
− 4αhachbdRkckd

(D − 4)θ(n)σ(k)
ab

D − 2

+8αhachbdRkckdσ
(k)
af σ(n)f

b − 4αRkkσ
(k)
ab σ(n)ab − 8πGTkk + α (total derivatives)

(9)

To comprehend this formidable equation, let us first
spell out the notations. The horizon is generated by the
null vector kµ and the space-time metric has been decom-
posed as gµν = hµν+kµnν+kνnµ where nµ is an auxiliary
null vector. Together kµ and nµ are the two null normals

of the horizon cross-section. θ(k) and σ(k)
ab are the expan-

sion and shear of the horizon congruence respectively.

θ(n) and σ(n)
ab are the same for the null congruence gener-

ated by nµ. K(i)
ab is the extrinsic curvature of the horizon

cross section w.r.t the null normal i = k, n. We have also
used the notations Rkckd = Rµcρdkµkρ, βa = −nµ∇akµ
etc. Setting α = 0, we will obtain the familiar null
Raychaudhuri equation. Otherwise, this equation is the
thermodynamics generalization of the null Raychaudhuri
equation. The expansion and shear of the horizon gener-

ators i.e. θ(k) and σ(k)
ab vanish on the background station-

ary horizon and therefore are at least linear order in per-
turbation. But, the expansion of the auxiliary null vector
θ(n) is non zero even on the stationary horizon. The total
derivative terms involve spacial derivative of the extrinsic
curvatures and are second order in perturbation. If we
consider only the terms linear in perturbation, we would
obtain:

dΘ

dλ
= −2π Tkk +O(ϵ2) (10)

This is the equation which will give us the linearized
version of the physical process law which ensures that
if the null energy condition (Tµνkµkν ≥ 0) holds, the
entropy always increases [13]. It is intriguing that the
linearized version of the entropy evolution equation
for Einstein-Gauss-Bonnet gravity is identical in form
with the linearized Raychaudhuri equation even if the
entropy density and the equation of motion now contain
non-trivial corrections.

The full equation will give an exact expression of the
change of horizon entropy. We would like to apply this
equation to understand the full evolution of horizon en-
tropy. Due to the complex structure of the terms, it
is difficult to obtain any conclusion in general. So, to
make sense of this equation, we will now specialize in
the case of general second order perturbations about a
static black hole background with maximally symmetric
horizon cross-section. This choice fulfills our purpose to
separate out the dissipative bulk and shear viscous coef-
ficients. Note that, we keep the perturbation completely
arbitrary. We will consider changes of the entropy from
the initial bifurcation surface to the final stationary cross-

section. Then, in this order by order in θ(k) and σ(k)
ab

calculation, we will obtain followings up to second order:

Fairoos, Avirup, SS PRD 2018

It is hard to make any general conclusion, but an order by order calculation is possible!

The validity of full second law beyond general relativity is still an open issue:



Going beyond Classical Second law:

Generalized second law

The sum of black hole entropy and the entropy of everything outside can not decrease

There is also a canonical energy E defined at second order in the perturba-
tion, which provides a useful diagnostic criterion for the stability of classical black
holes [31]. At this order it can also be used to show the impossibility [32] of over-
spinning or overcharging a black hole beyond extremality (the maximum allowed Q

and/or J value for a given M)—even in situations where a first-order analysis seems
to indicate that this is possible [33, 34]—once self-force e↵ects are taken into con-
sideration [35–37]. This vindicates the third law of black holes, which states that
there is no physically allowed way to create an extremal black hole by any finite
process [1, 38].12

5 Black Hole Entropy

The entropy of a black hole may be calculated classically by consistency with the
first law (Sec. 4) or second law (Sec. 6). It can also be calculated by path integral
methods [39, 40]. In this section we give the formula for black hole entropy in the
classical regime, and then describe its quantum/stringy corrections, and its invariance
under renormalization. At the end we briefly discuss the corresponding microstate
description in quantum gravity.

5.1 Bekenstein-Hawking Classical Entropy

The leading classical contribution to the entropy of a black hole in Einstein’s general
relativity is given by the Bekenstein-Hawking entropy, which equals one-quarter of
the area of a (D � 2)-dimensional slice of the horizon in Planck units:

SBH =
A

4G~ . (8)

However, when the theory of gravity is modified, or in quantum settings, there are
additional correction terms to this entropy formula, which we shall now discuss:

5.2 Quantum/Thermal Corrections

If there is any matter outside of the black hole, for example a neutron star orbiting
it, then the entropy of the universe should include that entropy as well. Thus the
total entropy is given by the generalized entropy

Sgen =
hAi

4G~ + Sout, (9)

12An alternative formulation of the third law of thermodynamics states that S ! 0 as T ! 0, but
this supposed “law” is invalid not just for extremal black holes, but also for ordinary thermodynamic
systems with ground state degeneracy.

8

where Sout is the von Neumann entropy �tr (⇢ ln ⇢) of the density matrix ⇢ of the
matter outside the horizon, and the area A is now an operator depending on the
gravitational backreaction of the quantum fields (hence the expectation value).

To properly define Sout, it is necessary to include all of the quantum field excita-
tions outside of the horizon. These quantum excitations are responsible for Hawking
radiation, and therefore must be included in a consistent analysis. But notoriously
the entanglement entropy across a sharp boundary is ultraviolet divergent in QFT,
even in the vacuum state. So näıvely, Sout = +1, due to the “thermal atmosphere”
of modes just outside the horizon. In many calculations, when the quantum back-
reaction on the geometry is small, we can sidestep this issue by only considering
di↵erences of entropy �Sout between di↵erent states. But in general we must do the
same thing that we do with other divergent quantities in QFT, which is to introduce
a momentum cuto↵ ⇤ to regulate the divergences, and then renormalize them by
absorbing the ⇤-dependence into counterterms.

Since the leading order (⇤D�2) divergence in the entanglement entropy scales with
the area A of the boundary, we can absorb it into a shift in the value of 1/G in SBH .
In spacetime dimensions D � 4, there are also subleading divergences; these are
absorbed into the higher curvature corrections described in the next section.13

5.3 Higher Curvature/Stringy Corrections

Let us consider a gravitational action which contains, in addition to the Einstein-
Hilbert term, some higher curvature corrections:

I =

Z
d
D
x
p
�gL, L =


R

16⇡G
+ f(Rabcd)

�
. (10)

These higher-curvature terms arise in classical string theory, as well as from loop
corrections in quantum gravity. In an e↵ective field theory, they might also appear
as a bare term in the action.14

Whatever the origin of the higher-curvature terms, they give rise to corrections
in the black hole entropy formula. Using null coordinates (u, v, yi) where guv = �1

13For numerous references, see the appendix of [41]. Some apparent discrepancies in this renor-
malization procedure have now been resolved. For a non-minimally-coupled scalar field (with a
⇠�

2
R term in the action), consistency requires us to include e.g. the renormalization of 1/G arising

from the Wald entropy term which is proportional to the integral of �⇠h�
2
i on the horizon slice [42].

For gauge fields, it is necessary to take into account “edge mode” degrees of freedom living on
the horizon slice [43–47] which contribute nontrivially to Sout and its divergences. The graviton
field (s = 2) should also have these edge modes [47], but no fully satisfactory treatment yet exists,
primarily due to the fact that the linearized graviton QFT does not make sense o↵-shell.

14However, certain terms in L classically lead to faster-than-light propagation of gravitons, if
their coe�cients (relative to Einstein-Hilbert) are too large compared to the string scale (defined
as the lowest energy scale at which fields with spin s > 2 appear) [48, 49]. There might not even
be a well-posed initial data problem [50–52]. Presumably such theories cannot be completed into a
consistent non-perturbative theory of quantum gravity.
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9

ΔSgen ≥ 0

This is proven for semiclassical quantum fields falling across a causal horizon with some reasonable 
assumptions related to the nature of quantum field theory.

Aron Wall PRD 2012
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