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Outline

• Introduction to cosmological perturbations

• 2nd order perturbations and back reaction
:- 2nd order effective Energy-Momentum Tensor (2eEMT)

• Gauge Problem of 2eEMT

• Several Results (3 gauges: Longitudinal, Spatially-flat, Comoving)

• Conclusions



Introduction to cosmological perturbations



Classification of perturbations





Number of independent functions of δgαβ

(4 for scalar) + (4 for vector) + (2 for tensor)

= 10 functions = number of independent components of δgαβ

Scalar part :- induced by energy density inhomogeneity
:- exhibit gravitational instability  structure formation
:- most important

Vector part :- rotational motion of fluid
:- decays very quickly as in Newtonian gravity
:- not very interesting cosmologically

Tensor part :- gravity waves  dof. of gravitational field itself
:- do not induce any perturbations in perfect fluid



Gauge Transformations & Gauge Invariant Variables



eg) scalar perturbation



Bardeen Variables (1980)





Gauge Fixing

e.g.) Longitudinal Gauge

• Gauge freedom: most important in scalar perturbation

• Free to choose        and         2 conditions

• Imposing gauge conditions  Fixing coord. system

: gauge conditions

: the other 2 scalars  gauge invariant

: so called, “Conformal Newtonian” gauge



1st order Einstein’s equation

: Einstein’s equation

: 1st order Einstein’s equation

NOT gauge-invariant, individually 

Define Gauge-Invariant Quantities:

: can be written in gauge-invariant form



:- derived with NO gauge fixing
:- all written in gauge-invariant (Bardeen) variables
:- valid in arbitrary coord. system 

From now, consider Scalar Perturbations

: 1st order equation in gauge-invariant form



Matter Part

Fluid (Hydrodynamical perturbation)

Inflaton (Scalar field perturbation)



Gauge Invariance



Picture

2nd order Perturbations and Back Reaction

1st order:

2nd order:

0th order:

: solutions
plug in

Quadratic terms

Back-reaction source





Fluid Matter & Scalar Perturbations

Einstein Tensor

: scalar only

: general



Energy-Momentum Tensor (Fluid)



0th order (Background Friedmann Eqs.)

1st order  Obtain solutions

1st order in Gauge Invariant Variables

: gauge variable



2eEMT (2nd order effective Energy-Momentum Tensor)

: integrated over several wave lengths



2eEMT : gauge variables

Therefore, 2eEMT is gauge dependent 



Gauge Problem

Abramo-Brandenberger-Mukhanov (1997)

Unruh (1998), Ishibashi-Wald (2006)

2eEMT: gauge invariant

Our Result for FUILD2eEMT: gauge dependent

INFLATON: scalar field



Several Results with Gauge Choices



Longitudinal Gauge



Spatially-flat Gauge



Comoving Gauge







Field Equation

Fourier Mode Expansion

Solutions







: behaves as radiation !



• We evaluated the 2nd order effective energy-momentum tensor (2eEMT) for FLUID

• 2eEMT is gauge dependent

• 2nd order Einstein’s equation: can be written in gauge invariant way??

• We have shown the results of 2eEMT 

in Longitudinal, Spatially-flat, Comoving Gauges

 2eEMT is strictly gauge dependent in ALL LIMITS

Conclusions
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