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Introduction to cosmological perturbations



Classification of perturbations
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Number of independent functions of 5g,,

S;, F; with 2 divergence-free conditions

[

(4 for scalar) + (4 for vector) + (2 for tensor)
! !
o, B, ¢, E h;; with 4 gauge conditions

= 10 functions = number of independent components of 89,

Scalar part :- induced by energy density inhomogeneity
:- exhibit gravitational instability = structure formation
:- most important

Vector part :- rotational motion of fluid
:- decays very quickly as in Newtonian gravity
:- not very interesting cosmologically

Tensor part - = dof. of gravitational field itself
:- do not induce any perturbations in perfect fluid



Gauge Transformations & Gauge Invariant Variables

" — % =2 +£% ¢ infinitesimal coord. transformation

=8 =% +¢Y| €, =0, =&

At a given point, the metric tensor in = coord. system: ¢.3(1")
Gap(2?) = géoﬁ)(mp) + 0Gap(x”) : perturbation in x
= Jap(2’) = gz; %gw(.ﬁ) : tensor transformation
A G (@) + 0905(2") |- 93 ()05 = 91 (+)€),
gég(mp) + 55}(13(3’?")\\\\ : perturbation in 7
Taylor expansion: 9523) (2) = gé%)(ggp-:g;-)-; 9((23) (#°) |- ang (@)

v

Finally we have

o - 0
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0
I




eg) scalar perturbation

ds® = a® (1 + 20)di® + Bda'dn — [(1 = 20)33; — 2 1;)] dar*da in o

i, 0) /-~ 0 0
\ 5505 (17) = 0gas(a”) — gi) L (E)E7 — g3 (27)€% — g (17)€,
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Gauge Fixing

¢ Gauge freedom: most important in scalar perturbation
* Free to choose 50 and ( - 2 conditions

* Imposing gauge conditions = Fixing coord. system

e.g.) Longitudinal Gauge

B=E=0 = ¢"=(=0]| :gauge conditions

m) | o)=¢=>, ¢ =1v¢=U | :the other 2 scalars > gauge invariant

) | ds’ = a’(n)[(1+20) dn’ — (1-2%)y, dx' dx’]

: so called, "Conformal Newtonian” gauge



1st order Einstein’s equation

G*, =""G*, +8G* +---,

# =8wGT*,| : Einstein's equation

0G* =8mwGdT* | : 1 order Einstein's equation

N /

NOT gauge-invariant, individually

Define Gauge-Invariant Quantities:

3GE =3Gy H('"Gy)(B-E")}, 3G =3G; +(“'Gy -G )(B-E');,

(gi)i i O)~iviynp _ 0
3G =5G" +('G')(B- E'),

3T =8T, 4 ("To)Y(B-E')|  8T™° =3T; + (VTo~ T )(B-E'),;,

(gi)i __ ] (0) iy ’
ST = 3T + (OT')(B- E').

3G* =8mGoT" . > ‘ 3G 8% =87 G 8T8)*| : can be written in gauge-invariant form




From now, consider Scalar Perturbations

5(;5)8”*‘ =87G aTigi)“ : 15t order equation in gauge-invariant form

—3H(HD + W) + VW + 3K ¥|=4nGa| STE"
(%P +¥") |=4mGal 8>,

(%" + H*)D + HD' + V" +2H¥’ — K + LV?D]' — Ly*D,|= ~4wGa* 5T

-

:- derived with NO gauge fixing
:- all written in gauge-invariant (Bardeen) variables
:- valid in arbitrary coord. system




Matter Part

Fluid (Hydrodynamical perturbation)
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Gauge Invariance

G = GELO,,) + GGE}V) + eQGEfV) + GSGEL?)I/) e

m, 0 I
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| 2 TR N
q-.l 0 Q\I ’ &‘I N cf.l \?2



2"d order Perturbations and Back Reaction

Picture
oth order: G(O) ;ﬂ) (P'R& «4)
plug in
1t order: GE}V) = T;S,l) : solutions Loy i %‘4 \
T Back-reaction source
G&%} -7 b= (el = 1) - il =18

Mg+ G J
(a) -
Quadratic terms T, o8 - [Kgﬂabvy
(l[ {D(j } — Clwo\mhz Terms 043_
'~r )z 3_6)50)} ’glw\aL
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Fluid Matter & Scalar Perturbations

ds?

= a”(n)[—(1 + 2A)dn* — 2B;dndz’ + (8;; + 2C;;)dx’ da’]

A=a,  Bi=B;+B".  Cij=—vd;+E+ C’((E;) +0P| : general

A=« , B, = 5,@' ) Cz'j = —wéij -+ Eﬂ'j : scalar only

= az(”})[—(l +2a)dn”® — 283 ;dndx" + ((1 — 24)di; + 2E,z‘j)dﬂ7idﬂ7j]

Einstein Tensor

Gog = 3H? + 2H B 1. + EHCI:;: — AC + Cryp — (2H' + ‘HQJIB;;BE + %Bk__k.ﬂ;__g — iﬂkiﬂk,!
1 1 1 3
_E-B.ﬁ:__fﬂ.[__k + BBy — BrABy — ECL;E';:{ + Eﬂ:kcﬁ — 4HCu Cly + ECM_.kaLm

1 .
—Cli,mChkm — —(C':cm — 2C1 k)(Cmmi — 2Cim,m) + 2Ck(Cmm,kt + ACk — 2Cmk mi)

‘|‘EJ=:_.F=CH — E-A(ickk - C:::,MJ . (26)

Goi = 2HA ;i + B gy + (2H' + H*)B; + Ciy. . — Chps — 4HAA ; — Bi(B{; ) + 2H By )
+Bi(B g + 2HBr i) + (Coumk — 2Ckm,m )Cix + 20 (Chy ;s — Cliy) + CryCray — 2HA'B;
+A; kB + A;iBi g — ArBpi g — 202H' + H*)AB; — (AA)B; — 2HB.C},, + 2HB,Cy,,
=28} jiCht + 2B 1 (Cu ke — 2Ck11) — 2B nCipe,y) — Bi(ACkr — Cra k) + AiCh
— A Cl. (27)



Gij = 0] — (2H' + H?) + 2HA' + 2(2H' + H})A + AA — B}, — 2By — Cilp — 2HC}y,

+ACkE — Crijt — SHAA — (VA)? — 24AA4 — 4(2H' + H*)A® + 2H BBy,
3 1 1
+(2H" +H?) BBy + EBE.:,EBI:,E — EBM By — EB.E,I:BLE — BiBi g + BeAB;

3 1 1
+ECHCEI‘. + ECE:ECE:I‘. — ECE:R:CEI + 4%0;;;0& + E[Ckk,i — EC;;;,kJ(Cmm,; — Eclm,m:]

3
_Eclm,kcim,k + Cin kCrieom — 201 (Crnm gt + ACkt — 2C g ) + A'Br g + 2ABy .
+2HA 3 B + 4HABy i + 2B ;,Cyy — Br(Cy g — 2C11y) — 2B (Chy g — Chag) — B Cyy
+ By Cly + 4H By 1Cy — 2H By (Crpy — 2C 1) + 2ACY, + A'CLy + AHAC,,
—2A 1iCrt + A g (Cug — 2Ck11) }
—Agj + B jy + 2H B jy + Cf; + 2HCL — ACi; — 2(2H + H?))Cij + 2Ck(i jyk — Chaij

1
+A;A; +2AA;: + By LB[M} + B;ﬂBh ik — B.L _;;BJ. L — B}; :-Bkj — BB ij EC',’{,CU,-j

+CrCij — 2CChp — 4HC[.Cyj + 2(ACky, — C’H k)Cij + ECH{CU kit + Criij — 2Ck(i )
—(Crrg — 2Cu k]{cu,i 2Cy; 5)) + Ck1,iChi g + 2Cik 1 (Cirg — Citx) — A'By )

—2A(BY; ;; + 2H By j)) — 2Br(Ch; 5y — Clix) — (Bi + 2HBi) (2Ck(; j) — Cijk)

+By. 1 (Ci; — 4MHCy5) — 2B 1. Cij + B jyCha — BiCly. — BjxCly — 2A(Cf + 2HCY;)
—A'(Cl; — A4HCij) + 421 + H?)AC; + Ak(2Ckii ) — Cijk) + 2(AA)Cyj . (28)

PR —— :ﬂ{] +dp+2Apo+ 2Adp + (po + jJu]‘iL'_;;'Uk] :

— a®[po(Bi — vi) — povi + 8p(Bi — vi) — 8pvi — 2(po + po)Cirvy]

T = a? [podij + 2poCij + 8pdij + 2Cii6p + (po + po) (Bi — vi)(B; — v5)] .



Oth order (Background Friedmann Egs.)

3H? = 8nGa’py ,
2H' + H? = —87Ga’py
po+ 3H(po+po) =0.
1st order = Obtain solutions
ﬁ‘HgA —2HBL ;. — EHC;EA. + ACL,E — C;‘.g:k{ — —SWGﬂgﬁp .
PHA; + B g + 2(H — H*)Bi + Clyp — Chas = 2(H — H )i
bij [E'HA’ + 2024 + 'Hg}.ﬁl + AA - Bik — 2H By — Chp — 2HC 1 + AC)y: — Ck,_r_m] — A
+B + EHB{TJ:' + l':':; + E?‘I{C':j - .lC'U + EC"F:{I'J]FE - C"kk.'!:_ii = ST{Gﬂilﬁﬁ 51';,' .

I
(.7)

1st order in Gauge Invariant Variables

IHU + 3H>T — AU = —4nGa’dp . b-a-Q-HQ.| [Q—B+E ] : gauge variable
[‘11’4—?1{11!}11. = (H —-H) ™. E= U+ HQ ,
ap = dp — ppQ .

U+ aHU + (2H + HHU = 47Ga’dp | o
b0 [ ) | b op = dp — ppQ
- 7=+ E;




2eEMT (2" order effective Energy-Momentum Tensor)

Gf},} (gP] = 87TGT£12/) — GEEJ e SWGTlE,%’eH)

: integrated over several wave lengths




2eEMT Q=8+E"| |E| :gauge variables

1 , ey, , 5H — TH? ,
’rC [ 73 \(V¥)7) = 27— (V- V) + —— = ((VE)%) = 3((¥)%)

— 12HA ()4 6((H'Q — HQ' — AH*Q)V') +2(VQ - V') —4H(VQ - V) |
H)(@Q%)

2

T00 =

e (

—24H*((Q" + HQ)V) — 2H(VQ' - VQ) — 3((H'Q — HQ')?) + 12H*(2H  —
+ (AE'(2HV + 4H?*Q — 3H*E' + 2HAE)) jk

— 2(AB(HY - AV - 2H°Q' - 2HHQ))]

T0i = 0,

4H , H' + H? ,
I 'H?l<vlp ' VLIj> 3(7_[; )<(V‘If) > <(111 )2>

4

1 o
871G "'5‘[_ 3(H/ —H?)«W’) )= 3(H
+ 8H(WW') + 4(2H + H?)( xpiy 4(Q" + 2HQ) V") +2({Q”+9HQ" + (H +12H7)Q V")

[ a({2HQ AW T HQ + THEH + QYY) + 2 (VQ"-VQ) + 2 ((VQ')?)

+ §%<VQ VQ) +2H(Q"Q") — 2H(Q"Q) + H*(Q"*) — 2(2H" + 3HH')(Q'Q)
— (8HH" + 3H"” — 4H")(Q?) — %(AE”(\I’ +2HQ — 3HE' + 2AE))

- %(AE’(MJ’ + 10HY + 8HQ' + 8(H' + H*)Q — 32H + H*)E' + 2AE' + 8SHAE))

+ %(AE{Q\IJ” +AHY = 2HQ" — A(H + HA)Q' — 2(H" + 2HH)Q + A(E” + 2HE'))}]

__—

Therefore, 2eEMT is gauge dependent



Gauge Problem

Abramo-Brandenberger-Mukhanov (1997)

2eEMT: gauge invariant

Unruh (1998), Ishibashi-Wald (2006)

2eEMT: gauge dependent

Our Result for FUILD




Several Results with Gauge Choices



1 2 4H 57{/ o 77_{2
|~ (V) — s (VW V) 4 i (V)?)

—3((W')) — 1203 (w?)] |

T00 =

T0; = 0,

! 2 AH
= ——0445| — \I” 2 .
=l s ) T A

FSH(WW) + ((W)2) +4@H + 1) (V)]

H +H?
3(H' —H?)

Tz’j

e (VU - V) — (VD)?)



Spatially-flat Gauge

P =0, E=0 U=a-p3 —H=HS=HQ.

1 2 4H (QH" — 3H?)(H' + H?)
= —| — \IJ/ 2\ le’ BAVA\); i 2
700 87TG[ 7-[’—7—[2<(v ) > 7—[’—7—[2<v Vv >+ H2(H — H2) <(V ) >
24(H' — 2H?) 12(H' — 2H?)?
—12((W')?) + (V) e ()] | (80)
T0; =0, (81)
1 2 2(H — 2H?) 4(2H"? — 3H'H? + 2H*)
;= i VARV W2y — (AR VA
™ = g0 (Y V) + g (VY oo VY
8 8(H' — 2H?) 4(2H" — 5H?)
+ﬂ<§[j”qj,> . H2 <\IJ”1P> . H2 <(lpl)2>
QH(H' — H*)H" — 61" + 10H"*H* — 3H'H* + H° )
N a1/4 2 <(V‘I’) >
SHYH — H?)
S8(HH" — 2H"? + 3H'H? — 6H*)
- = (V')

AH = 2H2)(2QHH" — 2H"? — 3H'H? — 2H?)
+ 7 (w?)] . (82)




Comoving Gauge

U 4 HW
Bi=vi, E=0, Q=p= H — H2
1 2H P 2H" "
0= —=| - g (VY V) g (VYY)
QH(H" — 3HH' + H?) AH(HH" — 2H"? + H*H' — H?)
(’H’ - %2)3 <(V‘Iﬂ)2> + (er - 7{2)3 <vqﬂ ) W’)
SH? + 2H3H" — 23H>H'? + 25HAH — 11HS 5 3H? o
. W)y — _ (U
+ (er _ 7_[2)3 <(V ) > (er _ 7_[2)2< >
6H?(H" —2HH') , , ,  OH*(HH' —AH"?* + 6H*H —AH*) ,
(er _ %2)3 <1P v > + (fo _ 7{2)3 <LII LII>
CSHE(H = AHH + 2H7) (K - 23 (01)2)
('H/ _ 7_[2)4
CHZ{HH — AH" (H"? — HPH' + H') + 12HH — 28H3H? + 28H H' —SH"} , |
o (7_[/ _ ?_[2)4 <\I} \Ij>

C3HP(HH” — 6H” + 12HH — 8H') (HH" — 2H") @2)}
(/HI _ 7_[2)4 ’




Tij

2 2H 2

(v\:[}ll)2>

VUV + < VU V) + <

(fo _ 7_[2)2 <
(7_[;25‘3’}_[2)4 <(VKIJ,)2>
2H
(H =)

(7_[/ _ HQ)Q <
2F5
(fo o %2)3

(%EB’H?)‘l (o)) +

1 5 { <
8nG 7 L3(H — H?)?
21 " /
_3(7_[/ — H2)3 <V\IJ VWV > 3
2F, ,
_3(%1 — H2)4 <V\p ' vlp) 3

2F%

(V" - V) — 7

<‘I’m LIIH>
2




Fy = AH" — 13HH + 5H

Fy = 4HH" — 2H"? — OH*H' + 3H* |

Foy= (H —HHOH" — 3H"? — 31" + AHAH — HPYH" — 24H>H? + 19H H — 4HE |

Fy = 2H(H — H*)H" — (6HH" — 3H? — 26H H' + 5H*)H" — 4H(4H” + 6H*H"?
“5HAH + 'HG) ’

Fy = 2H?(H — HOH" + 2HBH? + 10H>H — HYH" — 6H>H"? — H™* — 22H*H"3
—6H H? + 6HH — H® |

Fo=H(H" —2HH') |

Fr = H(HH" — AH? + 6H*H — A1) |

Fy = 4HH" — AH"? = 3H*H — H* |

Fo = 4HH"? — H(H — HOH" + 20HH — 202H* + 5H*H' + HY)YH" — 281> H'*
+38H H — 14H" |

Fro=H*(H — HHH" — AH*H'"? + H(13H? = 8H*H + 1THYHYH" — 10H™* — 10H>*H"
—52HOH + A0H H? + 16H® |

Fiy = 2H(H — H)(H" — 2HHYH" — AHH? + (AH? + 1THH + 3HYH'"™?
—AHOOH — TIHPH? + 20H H — THOYH + AH> (18H* — A6H>H> + TOH H?
—43HH + 9H®) |

Fio = AH*H" — 2H(H' — H2) (HH" — 2H"? + 2H>*H' — 2HYH"
—H(IB3H? — HPH + 12HYH? + 2051 + 22H>H — 40H H? + 50HOH — 135K
—AH(15H® — 28H*H'T + 16H " H? + 19HH? — 1SHOH' + 4H'") |

Fig = 2H*(H' — H*)(HH" — 4H"? + 6H*H — AHYH — AHH'"> + (22H*H"? — 19H* H’
F2UHOYH? — AH(TH™ + AHPH — 1THYH? + 22HOH — AHBYH"
+4(6H + 3HPH? — 25H H? + 32HH — SHP)YH? .



Field Equation

a(n) oc n* in MDE

" I _ ! 2@ =
U7+ 3(1+ w)HY — wAY + 21 + (1 + 3w)H |V a(n) < n in RDE

Fourier Mode Expansion

U (2, n) Z\I’k (n)e Z'F

Solutions
Wi (n) = Ci(k) fy(,) ) for dust (w = 0)
~ Di(k) | kn kn kn Ds(k) [ kn . kn kn .. 1
k(1) el e cos(ﬁ) — sin( \/ﬁ) + el v sin( \/ﬁ) + cos( \/§) for radiation (w = E)



(i) Longitudinal Gauge

(ii) Flat Gauge

(iii) Comoving Gauge

I. DUST (w=0)

1 r19&2% - 43 -
00 —SWG{ 5 |C1|2—?|Cl\2+"'
1 k.Q . 2 k2 _ ~
Tij = %5@1 {§|Cl| - $(Cl,C’2) L
1 r4k? - 300, ~
= — —C 2__0 2”'
700 871’@[ 31l n2| !

1 172\ | - 16 ~
Tij 3G j ( + 18 ) | l| 772 | 1|

1 16 13k2\ | - 64 ~
L:—(SL|: 10 C 2__0 2
K 8w03(9+ )|1| o7 11

4+ 17k%/18

5P W )
P= s !

=p~4dp (k < : long wave)

=p~ 5:p (k> : short wave)

16 + 13k2/3
ke "

—pr

=p~16p (k < : long wave)

=p~ 5:7p (k> : short wave)



II. RADIATION (w = %)

(A) Long-wave limit (\/wkn < 1)

(i) Longitudinal Gauge

1 39 - . 6~ . _ 2
00 = —— | = S |Dsf* + — Dol (kn/V3)" + -+ 1 1
887G n n pX —5, PX—5
i = A n® . n® ’ (-7? )
(ii) Flat Gauge
Too = -l [iﬁ)o\z(h;/ﬁ)z
{rG s~
b [1( 5 = = )1Daf? + (55 + =5 ) 1Dal? (kn/V3)
T T Za GO né nd . G 7 p8 2 ”
2 1

(iii) Comoving Gauge

pocﬁ,(poca—g

—

100

[ DR (en/v3) 4

"~ 3G 298

1 /1 1y, - 11, -
= —a?-.[(— - —) D)2 (— —) Dol (kn/V3)? + - -
Tii SrG Y I\ns 8 D"+ ns * 218 D ( ?}/\f) "




(B) Short-wave limit (y/wkn > 1)

(i) Longitudinal Gauge

2

Too = S G
2 Y 2N E St )

riy = s [ (1D + [Daf?) (kn/V3)" + - - -

8nGnd

3(ID1? + D) (kn/V3)" + -

Dominant terms: 7y = 37;; a

(ii) Flat Gauge
: behaves as radiation !

2 ~ -, G
=73(D 2+ 1Dsl?) (kn/V3
T00 8?1_(;?}8[ | D1|” + | D2 )( n/v3)" +
2 . =0 = 2 — 0
Tij = m%{(wﬂ + | D2 )(’*-"’1/\/3) LI

Dominant terms: same with in Longitudinal Gauge

(iii) Comoving Gauge

2 4!5 i [ o : 4
To0 = m[g(lﬁp + |DQ|2)(}¢-;;/\@) + - ) x k4 b= 1
o 2 - :3 -~ 2 -~ 9 . ; 4 6 ) -
Tij = g0 {F(‘Dll + | Ds| )(M;/\ﬁ) a 15

+ %((‘Dl‘g + |D_;|“))) (k?;/ﬁ)g 4.

Behaves in a different way



Conclusions

We evaluated the 2"d order effective energy-momentum tensor (2eEMT) for FLUID
2eEMT is gauge dependent

2" order Einstein’s equation: can be written in gauge invariant way??

We have shown the results of 2eEMT

in Longitudinal, Spatially-flat, Comoving Gauges
= 2eEMT is strictly gauge dependent in ALL LIMITS
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