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[1] Construction of D=5 BPS quivers

(facilitated by brane tiling of toric CY3)

[2] Witten Index of abelian BPS quivers (single KK)

(L2 BPS states as L2 cohomology of quiver Higgs moduli)

[3] Witten Index of non-abelian BPS quivers (higher KK, etc)

(Coulomb branch formula and weak-coupling chamber)
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5D BPS quivers and KK towers



What is BPS quiver?



Effective SUSY QM for BPS objects in D=4 SW theories
e.g. BPS quiver of 4D SU(2) theory

[1] Node for each elementary object (basis)

[2] Arrows from Schwinger product of basis charges (m, e) 

NB Stable bound states ó non-zero Witten index of SQM
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(4D) BPS quiver

[Seiberg, Witten 94]
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Effective SUSY QM for BPS objects in D=4 SW theories
e.g. stability of W-boson SU(2) SW theory;

NB Wall-crossing in moduli space is 
captured by jump of index 
under the variation of FI constant.
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(4D) BPS quiver

[Seiberg, Witten 94]
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[Closset, Del Zotto 19]

e.g. [Franco, Hanany, Kennaway, Vegh, Wecht 96]

[1] Construction of D=5 BPS quivers

(facilitated by brane tiling of toric CY3)

[2] Witten Index of abelian BPS quivers (single KK)

(L2 BPS states as L2 cohomology of quiver Higgs moduli)

[3] Witten Index of non-abelian BPS quivers (higher KK, etc)

(Coulomb branch formula and weak-coupling chamber)

5

5D BPS quivers and KK towers



D=5 gauge theory can be engineered by 
M-theory ‘compactified’ over toric Calabi-Yau 3-folds.

NB M-branes wrapping on internal 2- and 4-cycles of CY3
give BPS objects in 5D gauge theory.

6

Geometric engineering

[Klemm, Lerche, Mayr, Vafa, Warner 96] 

[Katz, Klemm, Vafa 96]

5D gauge theory

toric CY3



Effective SUSY QM for BPS objects 
in circle-compactified D=5 gauge theories
[1] Node for each elementary object ( … + instanton + KK )

[2] Arrows from Schwinger products of charges (m, e) 

NB Circle compacitification is essential in that we have spatially   
extended BPS objects like monopole strings in D=5.

7

5D BPS quiver

[Banerjee, Longhi, Romo 18, 19]

[Closset, Del Zotto 19]



8

BPS quiver from Probe theory

4D KK gauge theory

[Closset, Del Zotto 19]

<latexit sha1_base64="asZtVyvvq0UGjPaeD6Yvm6zXHl0="></latexit>

Γ = nmm̂+ neê+ nI Î + nKK̂ =
∑

i

Niγi

Upon the reduction to D=4 KK theory,
there is a canonical way to draw 5D BPS quiver due to
states attributed to D0 branes (without D2 or D4)
ó pure KK modes of D=4 KK theory
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BPS quiver from Probe theory

[Closset, Del Zotto 19]

<latexit sha1_base64="asZtVyvvq0UGjPaeD6Yvm6zXHl0="></latexit>

Γ = nmm̂+ neê+ nI Î + nKK̂ =
∑

i

Niγi

Upon the reduction to D=4 KK theory,
there is a canonical way to draw 5D BPS quiver due to
states attributed to D0 branes (without D2 or D4)
ó pure KK modes of D=4 KK theory
ó T-dual3 of D3 brane probing CY3

4d gauge theory on D3



A combinatorial tool exists to engineer 4d N=1 quiver gauge 
theories supported by D3 probing toric CY 3-folds.

NB BPS quiver of pure KK = single D0
ó single D3 = abelian quiver of brane tiling
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Brane Tiling

D3 probing CY3

e.g. [Franco, Hanany, Kennaway, Vegh, Wecht 96]

toric diagram
brane tiling

1 1

1 1

quiver gauge theory



Effective SUSY QM for BPS objects 
in circle-compactified D=5 gauge theories
[1] (equal-ranked) quivers from brane tiling è pure KK sector

[2] (unequal-ranked) extension è non-trivial charged sector

e.g. BPS quiver of 5D SU(2) gauge theory on circle

11

5D BPS quiver

<latexit sha1_base64="asZtVyvvq0UGjPaeD6Yvm6zXHl0="></latexit>

Γ = nmm̂+ neê+ nI Î + nKK̂ =
∑

i

Niγi
[Banerjee, Longhi, Romo 18, 19]

[Closset, Del Zotto 19]



The Higgs branch of 4d N=1 abelian quiver corresponds to
the probed toric Calabi-Yau 3-fold.

NB The quiver always involves fine-tuned superpotential. 
NB Coulomb moduli pops up in 1d;
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Remark

<latexit sha1_base64="AP3QQVsVSBSTVw/99TMxFH/xMLs="></latexit>W = X12X23Y34Y41 + Y12Y23X34X41

−X12Y23Y34X41 − Y12X23X34Y41

e.g. [Franco, Hanany, Kennaway, Vegh, Wecht 96]

<latexit sha1_base64="j/GnMSQDpap9NBHw6gqBAoABIHE="></latexit>

M(4d)
Higgs = (C[X’s]/〈∂W = 0〉)//U(1)N−1

1 1

1 1

<latexit sha1_base64="ZQj5RbGsJHeWZTFlsgNo7dA2LaA="></latexit>

M(1d) = R3 × (C[X’s]/〈∂W = 0〉)//U(1)N−1



[1] Construction of D=5 BPS quivers

(facilitated by brane tiling of toric CY3)

[2] Witten Index of abelian BPS quivers (single KK)

(L2 BPS states as L2 cohomology of quiver Higgs moduli)

[3] Witten Index of non-abelian BPS quivers (higher KK, etc)

(Coulomb branch formula and weak-coupling chamber)

13

5D BPS quivers and KK towers

[Witten 82], [Alvarez-Gaume 83] 
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Witten Index

Definition
Twisted partition function with fermionic parity weight

NB JK-residue formula gives Witten index of N=4 SQM !

I = lim
β→+∞

Tr (−1)Fe−βH

<latexit sha1_base64="0LiVLfZICca4mGpchDMQskMj/YU="></latexit><latexit sha1_base64="DANVjvzU/PJM4iynJnSp64tZ798="></latexit><latexit sha1_base64="DANVjvzU/PJM4iynJnSp64tZ798="></latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="0WB1M0coYQmU+My+yMFhKCE7luY="></latexit><latexit sha1_base64="0WB1M0coYQmU+My+yMFhKCE7luY="></latexit><latexit sha1_base64="+aQFnkW7L1cAS55C/dos50nwhl8="></latexit><latexit sha1_base64="+aQFnkW7L1cAS55C/dos50nwhl8="></latexit><latexit sha1_base64="DANVjvzU/PJM4iynJnSp64tZ798="></latexit><latexit sha1_base64="DANVjvzU/PJM4iynJnSp64tZ798="></latexit><latexit sha1_base64="DANVjvzU/PJM4iynJnSp64tZ798="></latexit><latexit sha1_base64="DANVjvzU/PJM4iynJnSp64tZ798="></latexit><latexit sha1_base64="+aQFnkW7L1cAS55C/dos50nwhl8="></latexit>

Ω = lim
β→0+

Tr (−1)Fe−βH
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Tr (−1)Fe−βH
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reduction to matrix integral or
localization leaving JK residue.

[Hori, Kim, Yi 14]

[Witten 82]

NOT  ALWAYS



To be precise, Witten index counts L2-normalizable states.
Contamination from continuous spectra must not be counted.

Furthermore, 5D BPS quivers entail fine-tuned super-
potentials whereas localization formula assumes generic one.
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Failure of JK-residue formula

<latexit sha1_base64="1gZksyrMWqUCkB3BYYJBZCgrcXU="></latexit>

TrHL2 (−1)Fe−βH

<latexit sha1_base64="AP3QQVsVSBSTVw/99TMxFH/xMLs="></latexit>W = X12X23Y34Y41 + Y12Y23X34X41

−X12Y23Y34X41 − Y12X23X34Y41



What to count ?
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Abelian quivers

<latexit sha1_base64="J6m/AepP3ppvWA54z6KS7ckoaKw="></latexit>

Γ =
∑

i

γi = 1 · K̂

1 1

1 1

1 1

1

1

1

1 1

11



Witten index counts L2-normalizable states.
Contamination from continuous spectra must not be counted.

Wave function of corresponding particles correspond to entries 
of L2 cohomology on target space.
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Witten index and L2 cohomology

<latexit sha1_base64="1gZksyrMWqUCkB3BYYJBZCgrcXU="></latexit>

TrHL2 (−1)Fe−βH

toric CY3

<latexit sha1_base64="ZQj5RbGsJHeWZTFlsgNo7dA2LaA="></latexit>

M(1d) = R3 × (C[X’s]/〈∂W = 0〉)//U(1)N−14D KK theory

<latexit sha1_base64="j/GnMSQDpap9NBHw6gqBAoABIHE="></latexit>

M(4d)
Higgs = (C[X’s]/〈∂W = 0〉)//U(1)N−1



Relevant state of abelian (1,1,…,1) quiver of IIA frame

=   Scattering state along           L2 normalizable state on CY3

NB There exists well-known machinery and mathematical
theorem for counting L2 cohomology of toric CY’s.
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Witten index and L2 cohomology

<latexit sha1_base64="ZQj5RbGsJHeWZTFlsgNo7dA2LaA="></latexit>

M(1d) = R3 × (C[X’s]/〈∂W = 0〉)//U(1)N−1

<latexit sha1_base64="lmu9iSSlJiqybCu2nudx+e3LptA="></latexit>

H0
L2(M) H1

L2(M) H2
L2(M) H3

L2(M) H4
L2(M) H5

L2(M) H6
L2(M)

<latexit sha1_base64="rDa6+IujJOXlSFOTsSKi/5D4Y6I="></latexit>⊗
<latexit sha1_base64="JoE/yGRNAXkPgFC+hRIZesgGoOA="></latexit>

R3

toric CY34D KK theory
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L2 cohomology counting

<latexit sha1_base64="lmu9iSSlJiqybCu2nudx+e3LptA="></latexit>

H0
L2(M) H1

L2(M) H2
L2(M) H3

L2(M) H4
L2(M) H5

L2(M) H6
L2(M)



[1] Pairing btw. L2 cohomology

[2] Theorem for manifolds with conical metric

[3] Pairing btw. singular homology 
and de Rham cohomology

21

L2 cohomology counting
<latexit sha1_base64="YsjDiXCsAWzzZHcTkkycSfZQU/8="></latexit>∫

M
ω(k) ∧ ω(2d−k)

<latexit sha1_base64="lmu9iSSlJiqybCu2nudx+e3LptA="></latexit>

H0
L2(M) H1

L2(M) H2
L2(M) H3

L2(M) H4
L2(M) H5

L2(M) H6
L2(M)

<latexit sha1_base64="Xs62sorwcqgSYhJsiArbefzIHnA="></latexit>

Hp<3(M, ∂M)
<latexit sha1_base64="Q4jhtpt/BIvH4gINhTmlAJue3nA="></latexit>

Im(H3(M , ∂M) → H3(M))
<latexit sha1_base64="xn7NlOM45yYCa D80zfs70UTEsaE=">AAAEm3icbdNbb9MwFABgbwswyq0bjwgpokIaL1U6KPDAw7bu0rF2a6fetLZUruN21hInxM5YFeWv8Ap/iX+D2+ZIrIcjxTk633 FyZMnj0BNKO86ftfUN68HDR5uPc0+ePnv+Ir+13VFBHDHeZoEXRL0xVdwTkre10B7vhRGn /tjj3fFNZe7dWx4pEciWnoV86NOpFBPBqDalUX47Z5uofkvefwlTe2fA6u9G+YJTdBZh46SUJQWSRWO0tfF94AYs9rnUzKNK9UtOqIcJjbRgHk9zg1j xkLIbOuV9k0rqczVMFsOn9ltTce1JEJlHantR/XdHQn2lZv7YdPpUX6tVmxf/Z/1YTz4P EyHDWHPJlj+axJ6tA3t+ErYrIs60NzMJZZEws9rsmkaUaXNeuXufcm9FqLKx72DuxVvIqWl1+cSc/6KQ+LNpRGdpslydYrmcmg7Jf7DA96l0kwE7SROz Us8+SdMV6gB1EDWAGohqQDVEF0AXiE6BThHVgeqIukBdROdA54gugS4RVYGqiM6AzhC1g FqIroCuEDWBmogOgA4QVYAqiA6BDhEdAR0hOgY6RrQPtI+oB9RLU3NJS6tXEied3WKpXHSaHwp7H7PruklekTdkh5TIJ7JHqqRB2oSRO/KT/CK/rddW xfpq1Zat62vZnpfkXljtv2Owk/I=</latexit>

H3<p(M)

[Hausel, Hunsicker, Mazzeo 02]

<latexit sha1_base64="c3WBjBuhS9ICocNK/VXKxW1w4q4="></latexit>∫

Σ(p)

ω(p)

<latexit sha1_base64="MbLnnzXFMY1BqnLo2NvNMaIpevQ=">AAAElHicbdNLT9tAEADgBdyWpi9opV56sRpVopfIoQ30wAEIgSBI SFBeIrGizXoTVthr413TRpZ/R6/tz+q/6eYxUsl0JK9H883ao5V2FPlCacf5s7a+YT15+m zzee7Fy1ev32xtv+2oMIkZb7PQD+PeiCruC8nbWmif96KY02Dk8+7orjzz7gOPlQhlS08j7gZ0IsVYMKpNya0O0y8HUWbvDFjt83Ar7xScedg4KS6TP FlGY7i9cT/wQpYEXGrmU6X6RSfSbkpjLZjPs9wgUTyi7I5OeN+kkgZcuel86sz+ZCqePQ 5j80htz6v/7khpoNQ0GJnOgOpbtWqz4v+sn+jxNzcVMko0l2zxo3Hi2zq0Z0dgeyLmTPtTk1AWCzOrzW5pTJk2B5V79CnvQURqOfYPmHv+FnJiWj0+Ng c/L6TBdBLTaZYuVqdQKmWmQ/LvLAwCKr10wM6y1KzUt8+ybIU6QB1EDaAGokugS0RXQFe IzoHOEdWAaoi6QF1EdaA6omuga0RVoCqiC6ALRC2gFqIboBtETaAmomOgY0RloDKiE6ATRBWgCqJToFNER0BHiHpAvSwzl7S4eiVx0tktFEsFp/k1f7 i3vK6b5AP5SHZIkeyTQ1IlDdImjNyTn+QX+W29tw6sslVZtK6vLfe8I4/Cqv8FlL+TBg= =</latexit>

H3<p(M)



[1] Pairing btw. L2 cohomology

[2] Theorem for manifolds with conical metric

[3] Pairing btw. singular homology 
and de Rham cohomology

[4] Algebraicness & noncompactness

22

L2 cohomology counting

<latexit sha1_base64="lmu9iSSlJiqybCu2nudx+e3LptA="></latexit>

H0
L2(M) H1

L2(M) H2
L2(M) H3

L2(M) H4
L2(M) H5

L2(M) H6
L2(M)

<latexit sha1_base64="xn7NlOM45yYCa D80zfs70UTEsaE=">AAAEm3icbdNbb9MwFABgbwswyq0bjwgpokIaL1U6KPDAw7bu0rF2a6fetLZUruN21hInxM5YFeWv8Ap/iX+D2+ZIrIcjxTk633 FyZMnj0BNKO86ftfUN68HDR5uPc0+ePnv+Ir+13VFBHDHeZoEXRL0xVdwTkre10B7vhRGn /tjj3fFNZe7dWx4pEciWnoV86NOpFBPBqDalUX47Z5uofkvefwlTe2fA6u9G+YJTdBZh46SUJQWSRWO0tfF94AYs9rnUzKNK9UtOqIcJjbRgHk9zg1j xkLIbOuV9k0rqczVMFsOn9ltTce1JEJlHantR/XdHQn2lZv7YdPpUX6tVmxf/Z/1YTz4P EyHDWHPJlj+axJ6tA3t+ErYrIs60NzMJZZEws9rsmkaUaXNeuXufcm9FqLKx72DuxVvIqWl1+cSc/6KQ+LNpRGdpslydYrmcmg7Jf7DA96l0kwE7SROz Us8+SdMV6gB1EDWAGohqQDVEF0AXiE6BThHVgeqIukBdROdA54gugS4RVYGqiM6AzhC1g FqIroCuEDWBmogOgA4QVYAqiA6BDhEdAR0hOgY6RrQPtI+oB9RLU3NJS6tXEied3WKpXHSaHwp7H7PruklekTdkh5TIJ7JHqqRB2oSRO/KT/CK/rddW xfpq1Zat62vZnpfkXljtv2Owk/I=</latexit>

H3<p(M)

[Hausel, Hunsicker, Mazzeo 02]

<latexit sha1_base64="sxjgiCmyRFDuSOfLwqc1i4O/ILU="></latexit>

H4(M) H5(M) H6(M)



L2 Witten index of BPS quiver shares the following features:

[1] It counts the number of 4-cycles of toric CY3 of interest.

[2] symmetric Laurent polynomial in               R-sym. fugacity y

NB grading by y : (p-d) for        cohomology and

[3] SU(2) spin interpretation (Kähler 2-form    on CY3)

23

Remark

<latexit sha1_base64="mnrh8+Z+GePchFO5pSZHOFW8XEg="></latexit>

I = −2 · dimH4(M)

<latexit sha1_base64="aRbu43vPZhvBR2gE2h3JytFCiOA="></latexit>

I(y) = dimH4(M) ·
(
−y − 1

y

)
<latexit sha1_base64="cJEaHS8F62ZdAHnjgDoiQCv7iIs="></latexit>

SU(2)R

<latexit sha 1_base64="BQscd8Nte+ajLusAIDkW+NfdNcE=">AAAEpHicbdNbb9MwFABgbwswyq2Dx71YVCCeqhRR4AVpW3fptHZrR29aUyrHcTtrsRNsZ1BFfuD X8Ao/h3+De7HEaiwlOTrfcXLsyGEaU6l8/8/G5pZ37/6D7YeFR4+fPH1W3Hnek0kmMOniJ E7EIESSxJSTrqIqJoNUEMTCmPTDm9rc+7dESJrwjpqlZMTQlNMJxUiZ1Li4G32CeSAYjCjT44AhdR2GeU3DADfHxZJf9hcDukFlFZTAarTGO1tfgyjB GSNc4RhJOaz4qRrlSCiKY6ILQSZJivANmpKhCTliRI7yxSo0fGUyEZwkwlxcwUX23xk5Y lLOWGgq523KdZsn/2fDTE0+jnLK00wRjpcfmmQxVAmcb4lZuiBYxTMTICyo6RXiayQQVmbjCndeFd3SVK7a/m77Xjwpn5rSiEzMj1gkcjabCjTT+fLul 6tVbSo4+YYTxhCP8gCf6NzcUQxPtF6jnqWeQy1LLYcalhoOXVi6cOjU0qlDTUtNh/qW+g 6dWzp36NLSpUN1S3WHziydOdSx1HHoytKVQ21LbYcOLB04VLNUc+jQ0qFDR5aOHDq2dOzQvqV9hwaWBlqbQ1pZP5Ju0HtbrlTLfvtdae/96rhug13wE rwBFfAB7IE6aIEuwOAH+Al+gd/ea6/hffa6y9LNjdWcF+DO8L78BVHqmaY=</latexit>

d = dimCM
<latexit sha1_base64="4hz1759p4k7s1JW8hy8/Xl2lrBI="></latexit>

Hp
L2

<latexit sha1_base64="4JzVb+tPRd867JF6K4wNoW5yaIE="></latexit>

L+[ω(n)] = J ∧ ω(n) , L−[ω(n)] = iJ ω(n) , L3[ω(n)] =
(n− 3)

2
ω(n)

<latexit sha1_base64="16U6bfiD+qHdgFDUCN0LUXkJiP0=">AAAEiHicbdNbb9MwFABgbwswym2DR14iKiSeqgTRDd62dpeO3dqpN62tJtdxO2uJ E2xnUEX5BbzCj+Pf4LY5EuvBUuyj8x0nJ5Y8TkKhjef9WVvfcB49frL5tPTs+YuXr7a2X3d1nCrGOywOY9UfU81DIXnHCBPyfqI4jcYh743v6nPv3XOlRSzbZpbwUUSnUkwEo8amWl9vtspexVsMFwd+EZRJMZo32xvfhkHM0ohLw0Kq9cD3EjPK qDKChTwvDVPNE8ru6JQPbChpxPUoW3Sau+9tJnAnsbKPNO4i+++OjEZaz6KxrYyoudWrNk/+zwapmXweZUImqeGSLT80SUPXxO78t91AKM5MOLMBZUrYXl12SxVlxh5O6cGrgnuR6KLtH9D3YhVyaksDPrGHvUhk0Wyq6CzPlrNXqVZzWyH5dxZHE ZVBNmTHeWZnGrrHeb5CXaAuoiZQE9EZ0BmiS6BLRCdAJ4jOgc4R9YB6iC6ALhBdAV0hagA1EJ0CnSJqA7URXQNdI2oBtRDVgGqI6kB1RAdAB4gOgQ4RHQEdIdoH2kfUB+rnub2k/uqVxEH3Y8WvVrzWp/LeTnFdN8lb8o58ID7ZJXukQZqkQxjh5C f5RX47Jcdzdp0vy9L1tWLPG/JgOLW/VtWO3Q==</latexit>

J



Two families of toric CY3, engineering 5D SU(p)q theory

• = number of 4-cycles = rank of 5d SCFTs

NB neutral KK modes = Cartan part of vector multiplets
24

Examples

<latexit sha1_base64="gCFN/Ggx3nUK2isPABBb/r59ZBw="></latexit>

dimH0 = 1 ,

dimH2 = p ,

dimH4 = p− 1 ,

dimH6 = 0 .

<latexit sha1_base64="dHZFX6gpOx+he4vfWpkxQFFRz6Y="></latexit>

IY p,q = (p− 1)× (−y − y−1)
<latexit sha1_base64="LS/fGBhdXKQaRaBdt3crSZGSswQ="></latexit>

IXp,q = (p− 1)× (−y − y−1)

<latexit sha1_base64="9uepanGfdl3YrW8a9tRfBc+0e60=">AAAFCnicddPbbtMwGAB gdwswCoMOJLjgxqJiQqJUybQObpC2dYdOO7VTT1pTVY7jdtbiJMTOoIpywT1Pwx3ilpfgCXgN3LSW1ppZifPr/37HTiw7oUe5MM0/uaVl4979BysP848erz55Wlh71uZBHGHSwoEXRF0 HceJRn7QEFR7phhFBzPFIx7muTrxzQyJOA78pxiHpMzTy6ZBiJGRqUPiW2BGDLmWpXYK1gQnX4SdoQbtUgra dn8cNSeuSJlf47o6izdtF7+8o2sqmMSc1pUGhaJbNrEE9sGZBEcxafbC2/Nl2Axwz4gvsIc57lhmKfoIiQbFH0rwdcxIifI1GpCdDHzHC+0n2r1L4RmZcOAwiefsCZtnbIxLEOB8zR1Y yJK74ok2S/7NeLIYf+wn1w1gQH08nGsYeFAGc/Hj58RHBwhvLAOGIyrVCfIUihIXcnvzcq9wbGvLZsr+qdWd P6o9kqUuGcruzRMLGowiN02Tam+VKJZUVPvmCA8aQ7yY2PkwT2SMPHqbpArUVtTWqK6prdKLoRKNzRecaHSk60uhU0alGHUUdjc4UnWl0oehCo5qimkbHio41aipqanSp6FKjhqKGRru KdjWqKqpqtKdoT6N9RfsaHSg60GhH0Y5GXUXdNJWH1Fo8knrQ3ihblbLZ2Cxub82O6wp4BV6Dt8ACH8A2qIE 6aAEM/uZWcy9yL43vxg/jp/FrWrqUm415Duaa8fsf/WCywA==</latexit>

dimH0 = 1 ,

dimH2 = p+ 1 ,

dimH4 = p− 1 ,

dimH6 = 0 ,

<latexit sha1_base64="aRbu43vPZhvBR2gE2h3JytFCiOA="></latexit>

I(y) = dimH4(M) ·
(
−y − 1

y

)

<latexit sha1_base64="Jl3W2ye/Z94LuiiaRqn1w0Pf+Rc="></latexit>

I(1,1,...,1)(y) = rank×
(
−y − y−1

)
<latexit sha1_base64="QP4hZwbc/UKMegWcRH3BKkQoBDg="></latexit>

dimH4(M3)



[Yi 97], [Sethi, Stern 97],  [Manschot, Pioline, Sen 10-14]

[1] Construction of D=5 BPS quivers

(facilitated by brane tiling of toric CY3)

[2] Witten Index of abelian BPS quivers (single KK)

(L2 BPS states as L2 cohomology of quiver Higgs moduli)

[3] Witten Index of non-abelian BPS quivers (higher KK, etc)

(Coulomb branch formula and weak-coupling chamber)

25

5D BPS quivers and KK towers

More information @ following QR links 

60-min talks @ Fudan University and Imperial Quiver meeting
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Summary

<latexit sha1_base64="rDa6+IujJOXlSFOTsSKi/5D4Y6I="></latexit>⊗
<latexit sha1_base64="JoE/yGRNAXkPgFC+hRIZesgGoOA="></latexit>

R3

<latexit sha1_base64="lmu9iSSlJiqybCu2nudx+e3LptA="></latexit>

H0
L2(M) H1

L2(M) H2
L2(M) H3

L2(M) H4
L2(M) H5

L2(M) H6
L2(M)

I(1,1,...,1)(y) = rank×
(
−y − y−1

)
<latexit sha1_base64="+P8LSMUhw+gASBrNZvhgx7GuES8="></latexit><latexit sha1_base64="+P8LSMUhw+gASBrNZvhgx7GuES8="></latexit><latexit sha1_base64="+P8LSMUhw+gASBrNZvhgx7GuES8="></latexit><latexit sha1_base64="5fq4VnWrDs11UcgI6FDNDMi5kW8="></latexit><latexit sha1_base64="mQQkyPmnqAp1t1hpTpW/cTh4hTM="></latexit><latexit sha1_base64="mQQkyPmnqAp1t1hpTpW/cTh4hTM="></latexit><latexit sha1_base64="ybrzufPeLvib2dhGtp2v381Z01c="></latexit><latexit sha1_base64="+P8LSMUhw+gASBrNZvhgx7GuES8="></latexit><latexit sha1_base64="+P8LSMUhw+gASBrNZvhgx7GuES8="></latexit><latexit sha1_base64="+P8LSMUhw+gASBrNZvhgx7GuES8="></latexit><latexit sha1_base64="+P8LSMUhw+gASBrNZvhgx7GuES8="></latexit><latexit sha1_base64="+P8LSMUhw+gASBrNZvhgx7GuES8="></latexit><latexit sha1_base64="+P8LSMUhw+gASBrNZvhgx7GuES8="></latexit>

FI-independent!

1

1 1

11

n

n n

nn

<latexit sha1_base64="sxjgiCmyRFDuSOfLwqc1i4O/ILU=">AAAEunicbdPbbtMwGAdwbwswymEdXH JjUSGNmypB6+CCi23dodPWrZ160tqqchy3s5o4aewMqijPwdNwC8/A2+C2scT6YSnOp//PThxHdiOfS2XbfzY2t6wnT59tPy+8ePnq9U5x901HhklMWZuGfhj3XCKZzwVrK6581otiRgLXZ113Wl1494HFkoeipeYRGw ZkIviYU6J0NCo6tVG6n+G9Aa1/xIPZLCEe1lEFRgd5NCqW7LK9bBgWTl6UUN4ao92t2cALaRIwoahPpOw7dqSGKYkVpz7LCoNEsojQKZmwvi4FCZgcpstvy/AHnXh4HMb6Egov039npCSQch64emRA1L1ct0X4P+snavxlmHIRJYoJunrROPGxCvFio7DHY0aVP9cFoTHXa8X0nsSEKr2dhUeP8h54JPNlfzfrXt65mOihHhvr37MM0mA+ick8S1e9Xa5UMj1CsG80DA IivHRAz7NU98TH51m2Rh1DHUANQw1AV4auAN0YugF0YegCUN1QHVDXUBfQtaFrQLeGbgHVDNUAXRq6BNQy1AJ0Z+gOUNNQE9CxoWNAVUNVQCeGTgCdGjoFdGboDNCRoSNAPUO9LNOH1Fk/krDofCo7lbLd3C8dHuTHd Ru9Q+/RHnLQZ3SIaqiB2oiiH+gn+oV+W18t1+LWdDV0cyOf8xY9apb6C5IQoAc=</latexit>

H4(M) H5(M) H6(M)

<latexit sha1_base64="WqisAmqGauJsx6AWZR5eZ0xjmJA="></latexit>

Nn ≡
[
(M3)

n × (R3)n
]
/Sn = R3 ×

[
(M3)

n × (R3)n−1
]
/Sn

<latexit sha1_base64="qXl+yTinPz1JypSqz4GgydZcnR0="></latexit>

Nn ! [R3 ×M3]×
[
(R6)n−1 × (R3)n−1

]
/Sn

<latexit sha1_base64="UBCbrlkiwwVJlN/hK66czGSe01U="></latexit>

Ψ ! Ψgeometric ⊗ΨSU(n)∗

FI-independent!
<latexit sha1_base64="n4FY14OBiuvetD0Ub0Zf6pOG0Q0="></latexit>

I(n,n,...,n)(y) = rank×
(
−y − y−1

) ISU(n) = 1
<latexit sha1_base64="fMkQj2zxenFD9e+5Vdor05/LN34=">AAAE mHicbdNbb9MwFABgbwswymUdvMFLRIU0XqoEMbYXpG7d1la7taU3ra0q13E7a4kTYmdQRfklvMKP4t/gXo7EejhSnKPzHSdHljyOfKG04/zZ2Ny yHj1+sv009+z5i5c7+d1XHRUmMeNtFvph3BtTxX0heVsL7fNeFHMajH3eHd+V596957ESoWzpWcSHAZ1KMRGMalMa5XcGrDZKv7b35IfM/uLao3zBKTqLsHHirpICWUV9tLv1beCFLAm41MynSvVdJ9LDlMZaMJ9nuUGieETZHZ3yvkklDbgapov JM/u9qXj2JIzNI7W9qP67I6WBUrNgbDoDqm/Vus2L/7N+oieHw1TIKNFcsuWPJolv69CeH4PtiZgz7c9MQlkszKw2u6UxZdocVu7Bp7x7EanV2D 9g7sVbyKlp9fjEHP6ikAazaUxnWbpcneL+fmY6JP/OwiCg0ksHrJKlZqW+XcmyNeoAdRDVgeqILoAuEF0DXSOqAdUQXQJdIuoCdRFdAV0hagI1EVWBqojOgc4RtYBaiG6AbhA1gBqIjoGOEZWByohOgE4QnQKdIjoDOkN0BHSEqAfUyzJzSd31K4m Tzsei6xTdxqdC6fPqum6Tt+Qd2SMuOSAlUiV10iaMJOQn+UV+W2+sklWxasvWzY3VntfkQVjNv6sDk8A=</latexit><latexit sha1_base64="fMkQj2zxenFD9e+5Vdor05/LN34=">AAAE mHicbdNbb9MwFABgbwswymUdvMFLRIU0XqoEMbYXpG7d1la7taU3ra0q13E7a4kTYmdQRfklvMKP4t/gXo7EejhSnKPzHSdHljyOfKG04/zZ2Ny yHj1+sv009+z5i5c7+d1XHRUmMeNtFvph3BtTxX0heVsL7fNeFHMajH3eHd+V596957ESoWzpWcSHAZ1KMRGMalMa5XcGrDZKv7b35IfM/uLao3zBKTqLsHHirpICWUV9tLv1beCFLAm41MynSvVdJ9LDlMZaMJ9nuUGieETZHZ3yvkklDbgapov JM/u9qXj2JIzNI7W9qP67I6WBUrNgbDoDqm/Vus2L/7N+oieHw1TIKNFcsuWPJolv69CeH4PtiZgz7c9MQlkszKw2u6UxZdocVu7Bp7x7EanV2D 9g7sVbyKlp9fjEHP6ikAazaUxnWbpcneL+fmY6JP/OwiCg0ksHrJKlZqW+XcmyNeoAdRDVgeqILoAuEF0DXSOqAdUQXQJdIuoCdRFdAV0hagI1EVWBqojOgc4RtYBaiG6AbhA1gBqIjoGOEZWByohOgE4QnQKdIjoDOkN0BHSEqAfUyzJzSd31K4m Tzsei6xTdxqdC6fPqum6Tt+Qd2SMuOSAlUiV10iaMJOQn+UV+W2+sklWxasvWzY3VntfkQVjNv6sDk8A=</latexit><latexit sha1_base64="fMkQj2zxenFD9e+5Vdor05/LN34=">AAAE mHicbdNbb9MwFABgbwswymUdvMFLRIU0XqoEMbYXpG7d1la7taU3ra0q13E7a4kTYmdQRfklvMKP4t/gXo7EejhSnKPzHSdHljyOfKG04/zZ2Ny yHj1+sv009+z5i5c7+d1XHRUmMeNtFvph3BtTxX0heVsL7fNeFHMajH3eHd+V596957ESoWzpWcSHAZ1KMRGMalMa5XcGrDZKv7b35IfM/uLao3zBKTqLsHHirpICWUV9tLv1beCFLAm41MynSvVdJ9LDlMZaMJ9nuUGieETZHZ3yvkklDbgapov JM/u9qXj2JIzNI7W9qP67I6WBUrNgbDoDqm/Vus2L/7N+oieHw1TIKNFcsuWPJolv69CeH4PtiZgz7c9MQlkszKw2u6UxZdocVu7Bp7x7EanV2D 9g7sVbyKlp9fjEHP6ikAazaUxnWbpcneL+fmY6JP/OwiCg0ksHrJKlZqW+XcmyNeoAdRDVgeqILoAuEF0DXSOqAdUQXQJdIuoCdRFdAV0hagI1EVWBqojOgc4RtYBaiG6AbhA1gBqIjoGOEZWByohOgE4QnQKdIjoDOkN0BHSEqAfUyzJzSd31K4m Tzsei6xTdxqdC6fPqum6Tt+Qd2SMuOSAlUiV10iaMJOQn+UV+W2+sklWxasvWzY3VntfkQVjNv6sDk8A=</latexit><latexit sha1_base64="fMkQj2zxenFD9e+5Vdor05/LN34=">AAAE mHicbdNbb9MwFABgbwswymUdvMFLRIU0XqoEMbYXpG7d1la7taU3ra0q13E7a4kTYmdQRfklvMKP4t/gXo7EejhSnKPzHSdHljyOfKG04/zZ2Ny yHj1+sv009+z5i5c7+d1XHRUmMeNtFvph3BtTxX0heVsL7fNeFHMajH3eHd+V596957ESoWzpWcSHAZ1KMRGMalMa5XcGrDZKv7b35IfM/uLao3zBKTqLsHHirpICWUV9tLv1beCFLAm41MynSvVdJ9LDlMZaMJ9nuUGieETZHZ3yvkklDbgapov JM/u9qXj2JIzNI7W9qP67I6WBUrNgbDoDqm/Vus2L/7N+oieHw1TIKNFcsuWPJolv69CeH4PtiZgz7c9MQlkszKw2u6UxZdocVu7Bp7x7EanV2D 9g7sVbyKlp9fjEHP6ikAazaUxnWbpcneL+fmY6JP/OwiCg0ksHrJKlZqW+XcmyNeoAdRDVgeqILoAuEF0DXSOqAdUQXQJdIuoCdRFdAV0hagI1EVWBqojOgc4RtYBaiG6AbhA1gBqIjoGOEZWByohOgE4QnQKdIjoDOkN0BHSEqAfUyzJzSd31K4m Tzsei6xTdxqdC6fPqum6Tt+Qd2SMuOSAlUiV10iaMJOQn+UV+W2+sklWxasvWzY3VntfkQVjNv6sDk8A=</latexit>

<latexit sha1_base64= "V8gNNMbSMlBpVL1pwh8S9+UicKw=">AAAEiHicbdNbb9MwFABgbwswym0bj7xEVEg8VQmijL1t7S6ddmun3rS2mlzH7azFToidQRTlF/AKP45/g3s5EuvBUuyj8x0nJ5Y8jkOhjef9WVvfcJ48fbb5vPTi5avXb7a2d7o6ShPGOywKo6Q/ppqHQvGOESbk/TjhVI5D3hvf12fee+ CJFpFqmyzmI0mnSkwEo8amWup2q+xVvPlwceAvgzJZjubt9sa3YRCxVHJlWEi1HvhebEY5TYxgIS9Kw1TzmLJ7OuUDGyoquR7l804L94PNBO4kSuyjjDvP/rsjp1 LrTI5tpaTmTq/aLPk/G6Rm8nWUCxWnhiu2+NAkDV0TubPfdgORcGbCzAaUJcL26rI7mlBm7OGUHr0qeBCxXrb9A/qer0JNbWnAJ/aw54lcZtOEZkW+mL1KtVrYCsW/s0hKqoJ8yE6K3M40dE+KYoW6QF1ETaAmonOgc0RXQFeIToFOEV0AXSDqAfUQXQJdIroGukbUAGogOgM6Q9Q GaiO6AbpB1AJqIaoB1RDVgeqIDoEOER0BHSE6BjpGdAB0gKgP1C8Ke0n91SuJg+6nil+teK3P5f0vy+u6Sd6R9+Qj8cku2ScN0iQdwggnP8kv8tspOZ6z6+wtStfX lnvekkfDqf0F6+WPAQ==</latexit>n

FI-dependent! for single-node quiverIinv(γi) = 1
<latexit sha1_base64="eZbR6VnVL4/b/Wr68SQpmGwE2Qg=">AAACDXicbVC7SgNBFJ31GeNr1dJmMAqxCbsiaiMEbLSLYB6QDcvdySQZMjO7zMwGwpIfsPFXbCwUsbW382+cPApNPHDhcM693HtPlHCmjed9O0vLK6tr67mN/ObW9s6uu7df03GqCK2SmMeqEYGmnElaNcxw2kgUBRFxWo/6N2O/PqBKs1g+mGFCWwK6knUYAWOl0D0OBJgeAZ7djcIsUAIzORjhYtAFISBkp/ga+6Fb8EreBHiR+DNSQDNUQvcraMckFVQawkHrpu8lppWBMoxwOsoHqaYJkD50adNSCYLqVjb5ZoRPrNLGnVjZkgZP1N8TGQithyKynePb9bw3Fv/zmqnpXLUyJpPUUEmmizopxybG42hwmylKDB9aAkQxeysmPVBAjA0wb0Pw519eJLWzku+V/PvzQvliFkcOHaIjVEQ+ukRldIsqqIoIekTP6BW9OU/Oi/PufExbl5zZzAH6A+fzB/hymsM=</latexit><latexit sha1_base64="eZbR6VnVL4/b/Wr68SQpmGwE2Qg=">AAACDXicbVC7SgNBFJ31GeNr1dJmMAqxCbsiaiMEbLSLYB6QDcvdySQZMjO7zMwGwpIfsPFXbCwUsbW382+cPApNPHDhcM693HtPlHCmjed9O0vLK6tr67mN/ObW9s6uu7df03GqCK2SmMeqEYGmnElaNcxw2kgUBRFxWo/6N2O/PqBKs1g+mGFCWwK6knUYAWOl0D0OBJgeAZ7djcIsUAIzORjhYtAFISBkp/ga+6Fb8EreBHiR+DNSQDNUQvcraMckFVQawkHrpu8lppWBMoxwOsoHqaYJkD50adNSCYLqVjb5ZoRPrNLGnVjZkgZP1N8TGQithyKynePb9bw3Fv/zmqnpXLUyJpPUUEmmizopxybG42hwmylKDB9aAkQxeysmPVBAjA0wb0Pw519eJLWzku+V/PvzQvliFkcOHaIjVEQ+ukRldIsqqIoIekTP6BW9OU/Oi/PufExbl5zZzAH6A+fzB/hymsM=</latexit><latexit sha1_base64="eZbR6VnVL4/b/Wr68SQpmGwE2Qg=">AAACDXicbVC7SgNBFJ31GeNr1dJmMAqxCbsiaiMEbLSLYB6QDcvdySQZMjO7zMwGwpIfsPFXbCwUsbW382+cPApNPHDhcM693HtPlHCmjed9O0vLK6tr67mN/ObW9s6uu7df03GqCK2SmMeqEYGmnElaNcxw2kgUBRFxWo/6N2O/PqBKs1g+mGFCWwK6knUYAWOl0D0OBJgeAZ7djcIsUAIzORjhYtAFISBkp/ga+6Fb8EreBHiR+DNSQDNUQvcraMckFVQawkHrpu8lppWBMoxwOsoHqaYJkD50adNSCYLqVjb5ZoRPrNLGnVjZkgZP1N8TGQithyKynePb9bw3Fv/zmqnpXLUyJpPUUEmmizopxybG42hwmylKDB9aAkQxeysmPVBAjA0wb0Pw519eJLWzku+V/PvzQvliFkcOHaIjVEQ+ukRldIsqqIoIekTP6BW9OU/Oi/PufExbl5zZzAH6A+fzB/hymsM=</latexit><latexit sha1_base64="eZbR6VnVL4/b/Wr68SQpmGwE2Qg=">AAACDXicbVC7SgNBFJ31GeNr1dJmMAqxCbsiaiMEbLSLYB6QDcvdySQZMjO7zMwGwpIfsPFXbCwUsbW382+cPApNPHDhcM693HtPlHCmjed9O0vLK6tr67mN/ObW9s6uu7df03GqCK2SmMeqEYGmnElaNcxw2kgUBRFxWo/6N2O/PqBKs1g+mGFCWwK6knUYAWOl0D0OBJgeAZ7djcIsUAIzORjhYtAFISBkp/ga+6Fb8EreBHiR+DNSQDNUQvcraMckFVQawkHrpu8lppWBMoxwOsoHqaYJkD50adNSCYLqVjb5ZoRPrNLGnVjZkgZP1N8TGQithyKynePb9bw3Fv/zmqnpXLUyJpPUUEmmizopxybG42hwmylKDB9aAkQxeysmPVBAjA0wb0Pw519eJLWzku+V/PvzQvliFkcOHaIjVEQ+ukRldIsqqIoIekTP6BW9OU/Oi/PufExbl5zZzAH6A+fzB/hymsM=</latexit>

- Single KK mode
L2 cohomology counting on Coulomb / Higgs branch of quiver

è Scattering state along             L2 normalizable state on CY3

- Higher KK modes

- Electric / flavor particles (NO magnetic/instanton charge)

MPS wall-crossing formula with quiver invariant hypothesis



Thank you


