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The Λ CDM model goes well 
in explaining the evolution 
of our Universe.

But
Hubble Tension



Focus on the Extra radiation and neutrino degeneracy
to solve the Hubble tension 

TODAY I WILL

Treat extra radiation parameter 𝑁eff as independent of degeneracy 𝜉
because we consider the sterile neutrinos or axions under the degeneracy

Conclude that 
the combination of extra radiation and neutrino degeneracy  
is the promising solutions



WHAT IS HUBBLE TENSION?

Distant observations suggest 
67 km/s/Mpc

Local observations suggest 
74 km/s/Mpc

Di Valentino, arXiv:2011.00246 [astro-ph.CO] 



Distant observations suggest 
67 km/s/Mpc

Local observations suggest 
74 km/s/Mpc

This tension may indicate 

Beyond ΛCDM Physics

How is this derived?

WHAT IS HUBBLE TENSION?



Directly Measured

𝜃∗

Angular Size : 𝜃∗ =
𝑟∗

𝐷𝑀∗
= (1.0411 ± 0.0003) × 10−2

NASA / WMAP Science Team 

𝐷𝑀∗
𝑟∗

𝐷𝑀∗ = ∗𝑡׬
𝑡0 𝑑ሚ𝑡

𝑎 ሚ𝑡
: comoving angular diameter distance

𝑟∗ = 0׬
𝑡∗ 𝑐𝑠𝑑ሚ𝑡

𝑎 ሚ𝑡
: comoving sound horizon at the recombination

𝜃∗

ANGULAR SIZE OF THE SOUND HORIZON
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𝜌 in the early universe

∵
𝑑𝑡

𝑎 𝑡
=

𝑑𝑧

𝐻0 𝜌 𝑧 /𝜌0

𝜌 : energy density

ANGULAR SIZE OF THE SOUND HORIZON

Angular Size : 𝜃∗ =
𝑟∗

𝐷𝑀∗
= (1.0411 ± 0.0003) × 10−2

Directly Measured

Increase 𝜌 in the early universe

TO INCREASE 𝐻0 …



The relativistic degrees of freedom 𝑁eff

(increased by dark radiation, axion, sterile neutrino …)

𝜌radiation = 1 +
7

8

4

11

4
3
𝑁eff ∗ 𝜌photon

𝑁eff = 3 + 0.046 + (Extra contribution)

EXTRA RADIATION

photon Neutrino + α

neutrino e+e− annihilation



EXTRA RADIATION RELIVE THE HUBBLE TENSION

Planck + Pantheon + BAO + R19

𝑁eff = 3.046 + (Extra contribution)

Higher 𝑁eff
increase 𝐻0

Planck 2018 results Ⅵ

arxiv:1807.06209

CMB only
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Larger 𝑁eff
increase 𝑌𝑃

𝑁eff VS. HELIUM MASS FRACTION 𝑌𝑃 MEASUREMENT  

𝑁eff = 3.046 + (Extra contribution)

Planck + Pantheon + BAO + R19



The degeneracy parameter 𝜉𝑖 =
𝜇𝜈𝑖
𝑇𝜈

𝑖 = 𝑒, 𝜇, 𝜏

𝜇𝜈𝑖 : chemical potential for neutrino 𝜈𝑖

𝑇𝜈 :temperature of neutrinos 

NEUTRINO DEGENERACY

𝑛𝜈𝑖 − 𝑛ഥ𝜈𝑖 ∝ 𝑇𝜈𝑖
3(𝜋2𝜉𝑖 + 𝜉𝑖

3)

Number Densities of 
neutrinos and antineutrinos

Distribution functions

𝑓𝜈 =
1

exp 𝑝/𝑇𝜈 − 𝜉𝑖 + 1

𝑓ഥ𝜈 =
1

exp 𝑝/𝑇𝜈 + 𝜉𝑖 + 1

𝑛𝜈𝑖 + 𝑛ഥ𝜈𝑖 ∝ 𝑇𝜈𝑖
3 2 𝜉𝑖/𝜋

2 + 𝜉𝑖/𝜋
4

→ BBN

→ 𝑁eff



𝑛𝜈𝑒 − 𝑛ഥ𝜈𝑒 ∝ 𝑇𝜈𝑒
3 𝜋2𝜉𝑒 + 𝜉𝑒

3

More neutrinos than antineutrinos

Positive electron neutrino degeneracy

The process 𝑝 + ҧ𝜈𝑒 → 𝑛 + 𝑒+ is suppressed than 𝑛 + 𝜈𝑒 → 𝑝 + 𝑒−

Neutron-to-proton ratio decrease

Helium mass fraction 𝑌𝑃 Decrease



Number Densities of 
neutrinos and antineutrinos

𝑛𝜈𝑖 + 𝑛ഥ𝜈𝑖 ∝ 𝑇𝜈𝑖
3 2 𝜉𝑖/𝜋

2 + 𝜉𝑖/𝜋
4

→ 𝛥𝑁eff =
15

7
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We consider 
|𝜉𝑖| ≤ 0.06 → |𝛥𝑁eff| < 0.01 Neglegeble

Extra radiation 𝛥𝑁eff~0.5
and



EXTRA RADIATION 𝛥𝑁eff
AND 

ELECTRON NEUTRINO DEGENERACY 𝜉𝑒

Next, I will show the results of analysis of



Larger 𝑁eff
increase 𝑌𝑃

𝑌𝑃 VS. 𝑁eff WITH THE DEGENERACY 𝜉𝑒

Larger 𝜉𝑒
decrease 𝑌𝑃



BEST-FIT

𝑌𝑃
measurement

Local (direct)
𝐻0

measurement



No Local Measurements
w/ and  w/o 

degeneracy 𝜉𝑒



• The combination of Extra radiation and Neutrino degeneracy  are 

the promising solution of the Hubble tension

• Non-zero degenerate 𝜉𝑒 = 0.04 and extra radiation 𝑁eff = 3.45 is the best-fit 

at the combination of CMB, BBN, BAO and the local measurements

• The model of particle physics

which takes large neutrino degenerate and extra radiation 

is worth constructing 

TAKE-HOME MESSAGE
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