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® Axion electrodynamics in 4D possesses a 3-group structure.

® The Witten effect and the anomalous Hall effect can be understood as 3-group

transformations.
Technically, we have shown
® higher-form symmetries in axion electrodynamics

® the 3-group structure by correlation functions of symmetry generators of the

higher-form symmetries
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Axion electrodynamics: axion ¢ + photon a, + topological coupling

[Wilczek '87]
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Features

1. Topological coupling: determined by chiral anomaly (stable against higher-order corrections)

! e
aV
2. extended objects (temporally o spatially)
B
~ V¢C D)
Vo |
Magnetic monopole Axionic domain wall Axionic string

3. Ubiquitous in modern physics

QCD axion, w0 meson, axion insulator, ...

%(f)E - B+ extended objects — rich and peculiar phenomena
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Witten effect for axionic domain wall

Axionic domain wall

Magnetic
monopole

Witten effect

® Magnetic monopole + axionic domain wall — electric charge

[Witten '79; Sikivie '84; Kogan '92]
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Witten effect for axionic domain wall

Axionic domain wall

Magnetic
monopole

Witten effect

® Magnetic monopole + axionic domain wall — electric charge

[Witten '79; Sikivie '84; Kogan '92]

® Due to modification of elec. Gauss law

V-E= —2V¢ -B
4r
(Original Witten effect: monopole becomes dyon in the presence of 0 E - B)
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Anomalous Hall effect for axionic string

Anomalous Hall effect = Hall effect without external magnetic field

Axionic string
Vo |
E E

Anomalous Hall effect

® Axionic string + electric field — electric current

[Sikivie '84; Wilczek '87; Qi, et al. '08; Teo & Kane '10]
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Anomalous Hall effect for axionic string

Anomalous Hall effect = Hall effect without external magnetic field

Axionic string
Vo |
E E

Anomalous Hall effect

® Axionic string + electric field — electric current

[Sikivie '84; Wilczek '87; Qi, et al. '08; Teo & Kane '10]

® Due to modification of Maxwell-Ampére law

N
OE __
VxB-4l= —VoxE

Q: Mathematical structure behind the phenomena for extended objects?
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Candidate: Higher-form global symmetries (caioteo et al. 14

Symmetries under transf. of p-dimensional extended objects

time slice

ela Js ¥da

(Ordinary symmetries are O-form symmetries: acting on local O-dim. objects)

t eifca t eifca
[’\\ (%e% //\\
=€

T,y T,y

E.g., U(1) 1-form symmetry in pure electromagnetism
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Candidate: Higher-form global symmetries (caioteo et al. 14

Symmetries under transf. of p-dimensional extended objects

(Ordinary symmetries are O-form symmetries: acting on local 0-dim. objects)

time slice t eilca t eilca
6io¢ fs *da ei fc a [/\\ i //\\
5 \ _____ . l S _ pla
[ ] z \/ z \/

€T z,y z,y

E.g., U(1) 1-form symmetry in pure electromagnetism = conservation of electric flux

. . . i I3
® Extended object: Wilson loop (1-dim.) e Jeapde (Worldline of test particle)
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Candidate: Higher-form global symmetries (caioteo et al. 14

Symmetries under transf. of p-dimensional extended objects

(Ordinary symmetries are O-form symmetries: acting on local 0-dim. objects)

time slice 4 eilea t eilea
6io¢ Js ¥da ei foa f/\\ o //\\
z e =e

€T z,y z,y

E.g., U(1) 1-form symmetry in pure electromagnetism = conservation of electric flux
® Extended object: Wilson loop (1-dim.) et Jo apdz” (Worldline of test particle)

® Symmetry generator = conserved charge ~ exp(ia fs xda), e'* € U(1)
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Candidate: Higher-form global symmetries (caioteo et al. 14

Symmetries under transf. of p-dimensional extended objects

(Ordinary symmetries are O-form symmetries: acting on local 0-dim. objects)

time slice 4 eilea t eilea
6io¢ Js ¥da ei foa f/\\ o //\\
z e =e

€T z,y z,y

E.g., U(1) 1-form symmetry in pure electromagnetism = conservation of electric flux
® Extended object: Wilson loop (1-dim.) et Je @ndT (o idiine of test partic)
® Symmetry generator = conserved charge ~ exp(ia fs xda), e'* € U(1)
Application: pure electromagnetism (4D)
= Nambu-Goldstone phase
® Broken symmetry = 1-form symmetry: (e’ Je ““dz“) #0
® NG boson = photon

Q: Higher-form symmetries in axion electrodynamics?
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Purpose of this talk

Axionic domain wall Axionic string
veZ>
. E E
Magnetic
monopole
J J
Witten effect Anomalous Hall effect

® We show higher-form symmetries and their group structure in axion

electrodynamics.

® We consider the Witten effect and anomalous Hall effect from higher-form

symmetries.
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Higher-form symmetries in axion electrodynamics

Y. Hidaka, M. Nitta, RY, Phys. Lett. B 808 (2020) 135672


https://doi.org/10.1016/j.physletb.2020.135672

Message

There are 4 kinds of higher-form symmetries in axon electrodynamics.

Charged object

conservation law | Group
0-form EOM of ¢ Zn axion
Elec. 1-form EOM of a, Zn Wilson loop
Mag. 1-form | Bianchiid. of a;, | U(1) 't Hooft loop
2-form Bianchi id. of ¢ U(1) | worldsurface of axionic string
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Set UP [ Wilczek '87]

f Action

2
5= —/(%Iaqul2 + 5izldal® — £5 ¢da A da)

wv: decay constant, e: coupling constant
® Axion ¢: periodic pseudo-scalar ¢ 4 27 ~ ¢ (NG boson e*?)
® Photon a = a,dzt: U(1) gauge field

® N: integer (number of massive Dirac fermions in UV)

Higher-form symmetries can be found by EOM and Bianchi identities

. C 42 12 2 N .
s == [d*a (510,017 + Jiy 1w 1? = 5Eo 6¢"P7 fu Fpo). v = Buay — duap

Syv = — / (2:2 ldal® + % 1dg|2 + i (D — id)p; + yod

w4 Dirac fermions i = 1, ..., N
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Zpn 0-form symmetry: shift symmetry of axion i®(P)

time slice t Uop(V) ¢i®(P) £i(P)
2 VoY) ST T _ e
z \:' [ =e
Y s z :
x z,y xr,y

(Ug(V)ei®P)) = €26 /N (¢id(P))  (yerivasion
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Zpn 0-form symmetry: shift symmetry of axion i®(P)

time slice t Uop(V) ¢i®(P) £i(P)
L Uo(V) % 2ming/N
z \:' [ =e
Y s z :
x z,y xr,y

(Uo(V)ei(P)y = 2mine /N (¢i6(P)y  (ieriation)
Conservation law: EOM of axion

N N
d(v? xdp + —saAda) =0 (v’0p+ —E-B=0)
872 472
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Zpn 0-form symmetry: shift symmetry of axion i®(P)

time slice LoV o)

\i6(P)

z,y x,y

(Uo(V)ei(P)y = 2mine /N (¢i6(P)y  (ieriation)
Conservation law: EOM of axion

N N
d(v? xdp + —saAda) =0 (v’0p+ —E-B=0)
872 472

1. Symmetry generator (3D):

Vo

U0(627rin¢/N 2

in
2 o (—v? xdp — 8%11 A da)) (V: 3D worldvolume)
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Zpn 0-form symmetry: shift symmetry of axion i®(P)

time slice LoV o)

\i6(P)

z,y z,y

(Uo(V)ei(P)y = 2mine /N (¢i6(P)y  (ieriation)
Conservation law: EOM of axion

N N
dw?+dp+ —aAda)=0 (v20¢p+ —E-B=0)
8m2 4m?

1. Symmetry generator (3D):
, V) = exp (

2. Charged object (0D): ei®(P) (invariant under ¢ 27 ~ ¢)

U0(627rin¢/N 2

in
2 o (—v? xdp — 8%11 A da)) (V: 3D worldvolume)
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Zpn 0-form symmetry: shift symmetry of axion i®(P)

time slice t Uop(V) ¢i®(P) £i(P)
V% = 2mine/N
4 % z
'i¢(P)
z,y x,y

(Uo(V)ei(P)y = 2mine /N (¢i6(P)y  (ieriation)
Conservation law: EOM of axion

N N
dw?+dp+ —aAda)=0 (v20¢p+ —E-B=0)
8m2 4m?

1. Symmetry generator (3D):

27

2ming /N vy = exp ( }\;L¢ Sy (—v? xde — 87%11 A da)) (V: 3D worldvolume)

Ug (e
2. Charged object (0D): e*®(P) (invariant under ¢ + 27 ~ ¢)

3. Symmetry group: Zp (Not /(1) due to chiral anomaly) [detail]
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Zpn 0-form symmetry: shift symmetry of axion i®(P)

time slice t Uop(V) ¢i®(P) £i(P)
P UO(V) % 2ming /N
A [ =e
ky w2 Z
x z,y xr,y

(Uo(W)ei®P)y = 276 /N (¢i¢(P))  erivation]
Conservation law: EOM of axion

N N
dw?+dp+ —aAda)=0 (v20¢p+ —E-B=0)
8m2 4m?

1. Symmetry generator (3D):

) 2
U0(527”7L¢/N, V) = exp ( W;\;L‘b fv(—vz * dp — 87%0' A da)) (V: 3D worldvolume)
2. Charged object (0D): e ®(P) (invariant under ¢ + 27 ~ @)

3. Symmetry group: Zp (Not /(1) due to chiral anomaly) [detail]

Uy = (external) axionic domain wall (¢(7) inside v differs from o (7) outside V by 27, /N)

1% , :
61(¢+27rzn¢ /N)



Electric Z 1-form symmetry: phase rotation of Wilson loop

 Un(S) | t gifea
= @2mina/N
T

z,y T,y

¢ U\IE(S)

(U1(S)e! Je ay = e2mina/N (¢l Je Y [derivation]
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Electric Z 1-form symmetry: phase rotation of Wilson loop

g U ¢ jilea
\mezjca m
7 S
e = p2ming/N
Zv

T,y T,y

¢ U\IE(S)

(U1(8S)e? Je @)y = e2mina/N (et Je @) (ivarion)
Cons. law: elec. Gauss law & Maxwell-Ampére law
d(% +da— Pr¢da) =0 (V-D=0 & VxH-9%2=0)

1. Symmetry generator: surface integral of elec. flux or line integral of mag. field

27 N _ 2min 1 N
Uyg(e mina/ ,8) = exp( WN a fs(e—z * da — m(bda))
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Electric Z 1-form symmetry: phase rotation of Wilson loop

/ Uie(S)

\ S t mf
e c
o = 2ming/N
zv

T,y T,y

¢ U\IE(S)

(U1(8S)e? Je @)y = e2mina/N (et Je @) (ivarion)
Cons. law: elec. Gauss law & Maxwell-Ampére law
d(% +da— Pr¢da) =0 (V-D=0 & VxH-9%2=0)

1. Symmetry generator: surface integral of elec. flux or line integral of mag. field

27 N _ 2min 1 N
Uyg(e mina/ ,8) = exp( WN a fs(e—z * da — m(bda))

2. Charged object: Wilson loop eilca (worldline of test particle or instantaneous current)
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Electric Z 1-form symmetry: phase rotation of Wilson loop

/ Uie(S)

t i[.a
\!:[_\\ei foa [q Je
R, 2 — 2ming /N
N/

T,y T,y

¢ U\IE(S)

(U1(8S)e? Je @)y = e2mina/N (et Je @) (ivarion)
Cons. law: elec. Gauss law & Maxwell-Ampére law
d(% +da— Pr¢da) =0 (V-D=0 & VxH-9%2=0)

1. Symmetry generator: surface integral of elec. flux or line integral of mag. field

27 N _ 2min 1 N
Uyg(e mina/ ,8) = exp( WN a fs(e—z * da — m(bda))

2. Charged object: Wilson loop eilca (worldline of test particle or instantaneous current)

3. Symmetry group: Zp (due to anomaly)
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Electric Z 1-form symmetry: phase rotation of Wilson loop

/ Uie(S)

t i[.a
\!T[_\\ei foa [q Je
— 2ming /N
N/

T,y T,y

¢ U\IE(S)

(U1(8S)e? Je @)y = e2mina/N (et Je @) (ivarion)
Cons. law: elec. Gauss law & Maxwell-Ampére law
d(% +da— Pr¢da) =0 (V-D=0 & VxH-9%2=0)

1. Symmetry generator: surface integral of elec. flux or line integral of mag. field

27 N _ 2min 1 N
Uyg(e mina/ ,8) = exp( WN a fs(e—z * da — m(bda))

2. Charged object: Wilson loop eilca (worldline of test particle or instantaneous current)

3. Symmetry group: Zp (due to anomaly)
Uig: (external) elec. field
2 E
= @
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Magnetic U(1) 1-form symmetry: phase rotation of 't Hooft loop

Cons. law: mag. Gauss law & Faraday law

dda=0 (V-B=0 & VxE+2E=0)

1. Symmetry generator: surface integral of mag. flux Uy (e, 8) = exp (% Js da)
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Magnetic U(1) 1-form symmetry: phase rotation of 't Hooft loop

Cons. law: mag. Gauss law & Faraday law

— — 9B _
dda=0 (V-B=0 & VxE+22=0)

1. Symmetry generator: surface integral of mag. flux Uy (e, 8) = exp (% Js da)
2. Charged object: 't Hooft loop T'(C) (Worldline of mag. monopole)

fS da = 27 in the presence of monopole
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Magnetic U(1) 1-form symmetry: phase rotation of 't Hooft loop

Cons. law: mag. Gauss law & Faraday law

— — 9B _
dda=0 (V-B=0 & VxE+22=0)

1. Symmetry generator: surface integral of mag. flux Uy (e, 8) = exp (% Js da)
2. Charged object: 't Hooft loop T'(C) (Worldline of mag. monopole)
fS da = 27 in the presence of monopole

3. Symmetry group: U (1) (magnetic flux is quantized)
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U(1) 2-form symmetry: phase rotation of axionic string

time slice

U2(C) V(S)
5
y

Cons. law: Bianchi identity of axion

ddp =0 (V xVé=0)

- . iorg _ iag
1. Symmetry generator: winding number of axion Us (e ,C) = exp T jC de¢
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U(1) 2-form symmetry: phase rotation of axionic string

time slice

U2(C) V(S)
5
y

Cons. law: Bianchi identity of axion

ddp =0 (V x V¢ =0)

— . oy _ iag
1. Symmetry generator: winding number of axion Us (e ,C) = exp T jC de¢
2. Charged object: worldsheet of axionic string V' (S)

Je d¢ = 27 in the presence of axionic string
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U(1) 2-form symmetry: phase rotation of axionic string

time slice

U2(C) V(S)
5
y

Cons. law: Bianchi identity of axion

ddp =0 (V xVé=0)

- . oy _ iag
1. Symmetry generator: winding number of axion Us (e ,C) = exp T jC de¢
2. Charged object: worldsheet of axionic string V' (S)
Je d¢ = 27 in the presence of axionic string

3. Symmetry group: U (1) (winding number is quantized)
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Summary of higher-form symmetries

There are 4 kinds of higher-form symmetries

group transf. law
0-form Zn shift of axion e1¢(P) _ ¢i(&(P)+27/N)
Elec. 1-form Zn phase rot. of Wilson loop eifea _ e2mi/NeiJea
Mag. 1-form | U(1) | phase rot. of 't Hooft loop T(C) — et *1T(C)
2-form U(1) | phase rot. of axionic string V(S) — et*2V(S)
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Witten effect and anomalous Hall effect from higher-form
symmetries

Q: What is mathematical structure behind the phenomena?

Method: evaluating correlation functions of symmetry generators (extension of current algebra)



Witten effect: 0-form x elec. 1-form = mag. 1-form

Up(V)
/

Uir(S) Ure(S)
0 Ui (SN Qy)

<U0(821rin¢/N7 VYU g (2770 /N | 5)) = <U1M(6727rin¢na/N7 Oy N S)Uyp (2 /N gy

( Shifting ¢ of U1 ~ exp(i [g ¢da) by Ug)  [detail
We can describe the Witten effect (Counting electric flux induced from axionic domain wall)

Uir(S) Un(S N0 Qyr_y)

T(C) ;
= [ ] —e'Px

Uo(V) bo(v)
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Anomalous Hall effect: elec. 1-form x elec. 1-form = 2-form
U1s(S1)

Vs,

UlE(SQ) U1E<52)
. . . ’ P
<U1E(€27rlna/N’S)UlE(EQW'Lna/N,S/)) _ <Uv2(€—2‘lr’l.na’ﬂ,a/]\]7 VS n S/>U1E(627T'Lna/N’S/))

(Shifting a of Uy ~ exp([g é¢da) by Uyg)  [detail]

We can describe the anomalous Hall effect (counting magnetic flux by Ampere law)

V(Sstr.) V(Sstr.) V(Sstr.)
i’
pu— 0 u—C
Uig(S1) UaE_(Sl) Uap(S1)
1 ' |
Uir(S2) ~ Ui(S3) Us(S2 N Vs, -s1)
Vo
By |J'../E
Note: Direction of Hall current = parallel to torus -
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Q: What is mathematical structure behind the phenomena?

® Witten effect: O-form x 1-form = 1-form

Uo(V)
AN

QV Ulju(SﬁQv)

® Anomalous Hall effect: 1-form x 1-form = 2-form
U1g(S1)

Vs,

U1g(S2) Uie(S2)

® Cf. Ordinary current algebra based on ordinary group theory: 0-form x O-form =

0-form

We need a group structure beyond ordinary group theory
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3-group in axion electrodynamics



3—gr0u p? Mathematically. . . [Conduché '84; Matrins & Picken '09]

It is called semistrict 3-group or 2-crossed module

Axioms (which we will use)
® 3 kinds of groups G, H, L
® Action > of G on G, H, L: (extension of adjoint representation)

1

grg ' =gg'g7 ' g>h, gnl

® Peiffer lifting: map from h,h’ € H to L

{h,W}eL

But the axioms seems abstract...
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3-group? Physically...

We can describe the 3-group in terms of higher-form symmetries
® Elements of G, H, L: Symmetry generators for 0-, 1-, 2-form symmetries, resp.

(they are the unitary representations, precisely)

geq heH lelL

O

14 S c

® Action of G >: enclosing of elements by 0-form symmetry generators

h
9 goh

® Peiffer lifting {h,h'}: “link” of 1-form sym. generators (surface link) [Carter, et al '01]

1Y {h,h'}

The Witten effect & the anomalous Hall effect can be described!
17/18



3-group in axion electrodynamics

® 3 kinds of groups: G = Zn (0-form), H = Zn X U(1) (1-form), L = U(1) (2-form)

® Witten effect = action of G:

goh
e2‘1rin¢/1\7 > <€27-rina/N7 eiaa) — (627'rina7 6*2777:'”(»"11/1\]@1'04(:)
® Anomalous Hall effect = Peiffer lifting:
h
T {h, '}

{(e%ma/N7 eida), (ezm'n;/N7 et V)= e—2minang /N
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Summary

h h
g goh Th/ {h7 hl}

® Axion electrodynamics in 4D possesses a 3-group structure.

® The Witten effect and the anomalous Hall effect can be understood as 3-group

transformations.

® Future work: relation to anomaly inflow, (including DOF on defects), higher-form

symmetries for massive axions, etc.
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Group of 0-form symmetry is Zy (1/4)

Large gauge invariance of fv a A da is crucial
1. Symmetry group seems continuous, i.e. U(1) because conserved current exists

Jgs = —v> xd — Dzanda, djigs=0

2. However, the conserved current is not gauge invariant under a — a + dA.

3. The integral of the current, el@0 Jy ies with eico ¢ U(1), seems gauge invariant,

since the gauge transf. is a total derivative.
4. However, the integral is not large gauge invariant.

Further, the shift symmetry of axion should be broken to Zp by chiral anomaly

from UV viewpoint.



Group of 0-form symmetry is Zy (2/4)
In the following, we consider the topological unitary operator

Uo(eiao V) _ 6—iag fv(vz*dcb-&-s%a/\da)
R =

)

and show that the large gauge invariance of Uy(e?®0, V) requires e’®0 € Zy .

Note: It is essentially the same as quantization of the level of Chern-Simons term in

(2 =+ 1) dim. [Henneaux & Teitelboim '86]

. N
. . . . —iag s Ad
1. Since d¢ is gauge invariant, we focus on the term e~ "“0 82 Jva e



Group of 0-form symmetry is Zy (2/4)
In the following, we consider the topological unitary operator

UO (eiao , V) _ —zag fv(v *dd>+ a2 aAda)

)

and show that the large gauge invariance of Uy(e?®0, V) requires e’®0 € Zy .

Note: It is essentially the same as quantization of the level of Chern-Simons term in

(2 =+ 1) dim. [Henneaux & Teitelboim '86]
. . . . 7iaoi /v, aAda
1. Since d¢ is gauge invariant, we focus on the term e 8x2 JV .
2.

In order to make the integrand be manifestly gauge invariant, we define

: N
67“10 8 jV anda — e—zozo Sn2 fQV daNda

on a 4d space 2y satisfying 0Q2y = V.



Group of 0-form symmetry is Zy (3/4)

3. However, we have chosen a redundant space 2y,, which may be replaced by

another 4d space ],

4. The redundancy of the choice is absent if

—iag L [, dand —iag Ny [ danda i N
o ia0g s ij ands _ 82 fQV . e e iao gy Jq danda -1

where Q = Qy, — ], is a closed 4d space. (¢ sstisfies 92 = v — v = 0)




Group of 0-form symmetry is Zy (4/4)

5. Since Q2 is closed subspace 92 = 0, the Dirac quantization condition requires

JodaAda €2 (2m)%Z

6. Therefore, we have the condition ag € QW“Z, which means
el ¢ ZN-

[back]



Derivation of 0-form transformation 1/4

[ We evaluate the correlation function

2w

(Uo(e™me/ N v)ei*(P)) = / Dig, ale?St N Iy dos+is(P)

%

-

AV

%

Let us integrate out jy3 = —v2 % d¢p — %a A da

N

1. local operators — spacetime integral
o ¢i0(P) = ¢i[¢04(P) where 84(P) = 8%(x — P)da® A --- A da?
* Jyies = Joq, Jss = Jq,, dies = [ digado(Qv),
where 2y, is a 4d subspace satisfying 02y =V,

30(v) = [o,, 6% (z —y)dy® A~ A dy®.



Derivation of 0-form transformation 2/4

2. Action + symmetry generator can be rewritten by

Completing the square

27

S[g,a] + 2me / dj360()

27 2

= sl - 2o ol (F52)" [ 800 A0

\

Here, we have defined/used
® 51(V) = S"g#dfr“ fv 5%z — y)dyY A dyP A dy®
® dip(Q2y) = 61(002y) = 61(V)

® [w3 Addog(Qy) = [ dwszdo(Qy) = fgv dwg = fas’zv w3 = [pws = [w3z Ad1(V)

g 2 r - 7
S[é,a] = — / <%(1¢ Axd + Slyda A xda — Ny gdan du), igz = —v2xdp — NyaAda
. . p

. 872




Derivation of 0-form transformation 3/4

2rng 60(Qy) — &, we have

3. By the redefinition ¢ — —

[ Integrating out Uy

27

(Uo(e2™ima/N 1)eid(P)y = /D[¢7 a]eiS16= TR 80(@p) al+i [ 664 (P)

= TR S B0(0)84(P) (id(P)y

(f 61(V) A %81 (V) has been regularized by local counter term.)

What is the phase factor [ 60(£2y)d4(P)?



Derivation of 0-form transformation 4/4

[ Linking number

[ 80()34(P) = [, 64(P) = Link (V,P) € Z

Intersection of 2y, and P = link of V and P

Therefore, we obtain

[ Zy 0-form transformation

(Uo(e2ime/N | 1)gis(P)y — ez“liv"d’ Link (V,P) ¢i0(P))

[back]



Derivation of 1-form transformation 1/4

f We evaluate the correlation function

<U1E(627rina/N,8)6i Je a> _ /'D[(ﬁ, a]eis+ 27r1ivna [s jaa+ifoa

Let us integrate out ju2 = E% * da — %qﬂa

1. local operators — spacetime integral:
o eilca = ¢ifands(©) \where 03(C) = %dw" A Nda [, 6% (x — y)dy*
® fs ja2 = favs ja2 = fvs djaQ = fdjaQ A 51(Vs),

where Vs is a 3d subspace satisfying 0Vs = S.



Derivation of 1-form transformation 2/4

2. Action + symmetry generator can be rewritten by

Completing the square

27

S[¢,a) + 2208 / djaz A 51(Vs)

= Slg.a+ TRea Vel o (50)” [ 02(8) A <a(S).

Here, we have defined/used

® 553(S) = %daf"’ Adz? [g 54 (z — y)dy* A dy”

do1(Vs) = —62(0Vs) = —62(S)

® — [waAds1(Vs) = [dwa A1 (Vs) = fVS dwo = ff)VS wy = [gw2 = [w2 Ab2(S)
/2 , ;
Sio.al = - [ <%(1¢ Axd + Slyda A xda — Ny gdan du), Jaz = =+ da— Logda
v e ™ (= s




Derivation of 1-form transformation 3/4

3. By the redefinition a + 222§, (Vs) — a, we have

( Integrating out Ui ]

<U1E(e27rin¢/N 145(77) /D IS [, a+ N 61(V5)]+zfa/\63(C)

_ 27r7.n0~ f53(c)/\51(v5)< ife @y,

55(S) A %85(S) has been regularized by local counter term
Jo2( 2

What is the phase factor [ 63(C) A 61(Vs)?



Derivation of 1-form transformation 4/4

[ Linking number ]

J83(P)AS61(Vs) = fvs §5(C) = Link (S,C) € Z

Intersection of Vs and C = link of S and C

Therefore, we obtain

( Z N 1-form transformation ]

<U1E(627rina/N,$)ei Je ay = eZw}z'Vna Link (S5,C) (eifc )

[back]



Correlation function (Uy(e2™ /N VYU g (e?™ /N | S))

We evaluate

2ming

2min
<U0(€27rin¢/N,V)UlE(GQWin'l/N,S» — /D[¢7 a]eis[¢’a]+T¢ fV Je3+—x fs Ja2

® Integrating out js3 can be done by the shift ¢ — ¢ + 27;\7;“’ d0(2y)

o U (e2™ina/N ) is shifted as
UlE(ezﬂ-ina/N, S) — UlE(egﬂina/N, S)efm#'ﬁ fs 30(Q2y)da

— []1E(62‘1rina/N7S)[Jll\/[(67271'75'r7,¢na/N7 QN S)

[back]

L ,
Uy (e2™ima/N 1 s da-— ¢da

N
172




Correlation function (Ui (e2™e/N S)U g (e2 /N | S'))

We evaluate

27 2m

(Urg(e>™ma/N SYU g (e2™ma/N | S')) = /DW a]eiSIeal+ 2 [ jaz+ N Jsr da2

® Integrating out U (e2™*"a/N S) can be done by the shift a — a — 27;:;“ 61(Vs)

i/ . .
L4 UlE(e%”"a/N,S’) is shifted as (/o «55(5) has been regularized)

. ’
2mingng

UlE(QQﬂ'in;/N’Sl) N UlE(€27rin:1/N7S/)e ﬁ Jsr #d61(Vs)

. ’
—27ing Mg

= Urg(e™e/N,8")e T Jsr dond1 (V)
= UlE(eZ”"”’":x/N7 S/)U2(€*2ﬂ'i"a"/a/N7 VsnS')

[back]



Axioms of 3-group 1/3

A semistrict 3-group (2-crossed module) is a set (L BpA G,>,{—, —}) satisfying

the following axioms. Here, G, H, and L are groups.

1. The maps
81:H—>G, Oy : L - H

are group homomorphisms 01 (h1h2) = (01h1)(01h2) and
02(l1l2) = (0211)(02l2) for hi2 € H and Iy 2 € L, respectively. They satisfy

81 082(1) =1

forl e L



Axioms of 3-group 2/3

2. >isan actionof g€ Gon g’ € G, h € H, and | € L by automorphisms,

g>g €G,g>bh e H, and gl € L. The action gi> g’ is defined by conjugation,

grg =gg'g”".
3. 01,2 are G-equivalent, that is,

g> (O1h) = d1(g>h), gv(d20) = i(g>1),



Axioms of 3-group 3/3

4. The Peiffer lifting {—, —} is a morphism H x H — L. In terms of the elements
hi2 € H,
{hl,hg} €L

For l1,2 € L, the Peiffer lifting satisfies
d2{h1,ha} = h1hahT*(81h1) > hy
g {h1,ha} = {gv h1,g> ha},
{921, dalo} = lilal 15,
{h1h2,h3} = {h1, hahshy '} (81h1) > {ha, h3},
{h1,hah3} = {h1, ha}{h1, ha}{82{h1, h3} ™1, (B1h1) > ha},
{821, ha}{ho,Bol1} = l1(D1h) > IT .

[back]
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