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H-1

“Dark Energy”: ρconst = V(φconst)
Inflaton: scalar particle
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⟨ϕ⟩ → ϕIR < ⟨ϕ⟩

⟨ϕ⟩ → ϕIR > ⟨ϕ⟩

Stochastic EoM:    
dϕIR
dN

= − V′ 

3H2 + H
2π

ξ
Gaussian Rand.

Hawking Temp.
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Starobinsky ’86
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H0-1

φ

V

φIR(t,x)

V(φ)
End of infl.

ρr : Big-Bang universe

decay

advanced

delayed

δρ > 0
δN > 0

δρ < 0
δN < 0

Galaxy

Stochastic-δN formalism
Fujita, Kawasaki, YT, Takesato ’13 
Vennin & Starobinsky '15

(conserved) δN Form.
Starobinsky ’85 
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PDE Approach
Vennin & Starobinsky ’15 

Fokker-Planck eq. (diffusion)

∂NP(ϕI; N) = − ∂I [hIP(ϕI; N)] + 1
2 ∂I∂J [AIJP(ϕI; N)]

e.g.    hI = − VI

3H2 , AIJ = ( H
2π )

2
δIJPDF of φI @ N

adjoint FP eq.

∂'P̄('; ϕI) = hI∂IP̄('; ϕI) + 1
2 AIJ∂I∂JP̄('; ϕI)

PDF of 1st. passage time N  from φI
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StocDeltaN.cpp

Hybrid Inflation
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Clesse & Garcia-Bellido 2015
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GeoDesI
Renaux-Petel & Turzyński ’15 

Flat Fields

ϕ

ψ

ℒkin = − 1
2 (∂ϕ)2 − 1

2 (∂ψ)2

= − 1
2 δIJ∂μϕI∂μϕJ

ϕ

ψ

Curved Fields

ℒkin = − 1
2 GIJ(ϕ)∂μϕI∂μϕJ
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GeoDesI
Renaux-Petel & Turzyński ’15 

Hyperbolic  R < 0

δϕ

unstable

Sidetracked Inflation
Gracia-Saenz, Renaux-Petel, Ronayne ’18 

Figure 1: Schematic plot of the field-space trajectory in sidetracked inflation. The

field ' corresponds to the inflaton and � is the heavy field that becomes unstable. The

dashed line represents the instability phase where the classical field picture is lost. The

orange surface represents the potential. The information on the field space geometry

is not represented.

inflaton potential [11–13]. It has been explained that this universality stems from the

presence of a pole in the kinetic term of the inflaton [14, 15], which translates into

an exponential flattening of the potential upon canonical normalization. It is thus

natural to ask whether the geometrical destabilization and sidetracked inflation could

be relevant for such theories and possibly hinder some of their successful features. We

will show however that, on closer inspection, our models present a subtle but crucial

di↵erence with cosmological attractors, to wit the fact that in our case it is both the

kinetic term and the potential that exhibit a pole (in a suitable parametrization). This

possibility appears to have been overlooked perhaps because it doesn’t arise in the

single-field context where a singular potential would be unnatural, but we will argue

that it can be perfectly generic within multi-field scenarios.

In the next section we explain our implementation of the sidetracked inflation

scenario, including the way we reach this attractor phase from a heuristic modeling of

the geometrical destabilization that precedes the second inflationary phase. We also

review the necessary formalism and list the two-field models that we scrutinize. We

study in section 3 the background dynamics of the sidetracked phase, before devoting

section 4 to a detailed study of the properties of linear cosmological fluctuations. We

show how single-field e↵ective theories for the fluctuations can reproduce with a good

– 3 –
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Generalization?

General Multi-scalar ℒ = − 1
2 gμνGIJ(ϕ)∂μϕI∂νϕJ − V(ϕ)

Stochastic EoM ??
dϕI

dN
?= − GIJ∂JV

3H2 + ξI, with ⟨ξI(N)ξJ(N′ )⟩ = ( H
2π )

2
GIJδ(N − N′ )

Pinol, Renaux-Petel, YT ’18 

- Covariance under ϕI → ϕ̄Ī = ϕ̄Ī(ϕ)
dϕI

dN
= − GIJ∂JV

3H2 + ξI dϕ̄Ī

dN
≠ − GĪJ̄∂J̄V

3H2 + ξ̄Ī

- Spurious Frame Dependence
and/or

dϕI

dN
= − GIJ∂JV

3H2 + ξI ≠ − GIJ∂JV
3H2 + RI

Ãξ̃Ã

Rotation/Diagonalization

Yuichiro Tada

Inflaton-space metric
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Stochastic Differential eq.

dX(N)
dN

= A (X(N)) �(N), ��(N)�(N�)� = �(N � N�)

N

BrownianW(N)

Ni

∆Wi : Gaussian (0, ∆N)

Stoc. Calculus

ΔXi = A(Xi+α)ΔWi
Xi+α = (1 − α)Xi + αXi+1

0 ≤ α < 1

Itô:                     Xi+0 = Xi
Stratonovich:  Xi+1/2 = (Xi + Xi+1)/2
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Stochastic Differential eq.

dX(N)
dN

= A (X(N)) �(N), ��(N)�(N�)� = �(N � N�)

N

BrownianW(N)

Ni

∆Wi : Gaussian (0, ∆N)

X’s property (PDF) depends on  
the choice of α!

Stoc. Calculus

ΔXi = A(Xi+α)ΔWi
Xi+α = (1 − α)Xi + αXi+1

0 ≤ α < 1

Itô:                     Xi+0 = Xi
Stratonovich:  Xi+1/2 = (Xi + Xi+1)/2
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Exercise

dZ = WdW
Itô's scheme

ΔZi = WiΔWi ⟨ΔZi⟩ = ⟨WiΔWi⟩ = 0

No Correlation btw. 
current position & noise

Z = ∫ dZ = ∫ WdW = 1
2 W2 − 1

2 N ⟨Z⟩ = 0 & ⟨W2⟩ = N

- Itô's lemma:  df(N, X) = fNdN + fXdX + 1
2 fXXdXdX = A2dN

d(W2) = 2WdW + 1
2 × 2dWdW = 2WdW + dN

dZ = 1
2 d(W2) − 1

2 dN

Yuichiro Tada /21
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Exercise

dZ̄ = W ∘ dW
Stratonovich’s scheme

ΔZ̄i = Wi+1/2ΔWi = (Wi + 1
2 ΔWi) ΔWi ⟨ΔZ̄i⟩ = 1

2 ⟨(ΔWi)2⟩ = 1
2 ΔN

Z̄ = ∫ dZ̄ = ∫ W ∘ dW = 1
2 W2

- Strato ⇄ Itô

ΔYi = h(Ni+1/2, Yi+1/2)ΔN + g(Ni+1/2, Yi+1/2)ΔW

Std. Calculus !!

= h(Ni, Yi)ΔN + g(Ni, Yi)ΔW + 1
2 gYgΔN

Noise-induced Drift

⟨Z̄⟩ = 1
2 ⟨W2⟩ = 1

2 N

Yuichiro Tada /21
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Stoc. Anomaly

dϕI ?= − VI

3H2 dN + H
2π

eI
a ∘? dWa

Pinol, Renaux-Petel, YT ’18 

{eI
aeJ

a = GIJ,
dWadWb = δabdN

Covariance:    ϕI → ϕ̄Ī = ϕ̄Ī(ϕ)

dϕ̄Ī = ∂ϕ̄Ī

∂ϕJ dϕJ + 1
2

∂2ϕ̄Ī

∂ϕJ∂ϕK dϕJdϕK

Itô’s lemma

Break CovarianceStratonovich

Spurious Frame Dependence

dϕI = − VI

3H2 dN + H
2π

eI
a ∘ dWa

= − VI

3H2 dN + H
2π

eI
adWa + 1

2 × H
2π

eI
a,JeJ

adN
eI

a → ēI
ā = Rā

b(ϕ)eI
b

Spurious frame dependence in Strato

Stoc. vs. QFT  Tokuda & Tanaka ’17 & ‘18

ℒ = − 1
2 (∂ϕ)2 − 1

4 λϕ4

/(λ1) : ⟨ϕ2⟩Ito = ⟨ϕ2⟩QFT

Yuichiro Tada /21
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δ ̂ϕI
k = eI

AQA
a ̂aa

k + eI
AQA*

a ̂aa†
−k

non-Markovian origin of noise

Quantum origin of noise → dWa

• Local frame mode function 
• HISTORY of subhorizon dynamics : Itô

CURRENT trs. (local frame -> global coord.) : Strato

/21

→
k≪aH

eI
AQA

a ( ̂aa
k + ̂aa†

−k) (ImQA
a → 0 up to const. phase)
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Preferred Frame
Pinol, Renaux-Petel, YT ’20 

Noise Amp. in Local Frame

Strato

dϕI = − VI

3H2 dN + eI
AQA

a ∘ dWa

+
2eI

A = deI
A + ΓI

JKeJ
A ∘ dϕK = 0 (or = ΩA

BeI
BdN)

  is in itself a “Stoc. Variable” along the trajectoryeI
A

 is “Itô”-likeQA
a

dϕI = − VI

3H2 dN + eI
AQA

a dWa + 1
2 QA

a deI
AdWa = − 1

2 ΓI
JK AJKdN

AIJ = eI
AQA

a eJ
BQB

a ∼ ( H
2π )

2
GIJ

6NϕI := dϕI

dN
+ 1

2 ΓI
JK AJK = − VI

3H2 + ξI

Itô Covariant Derivative    Graham ’85 No -dependenceeI
A

Yuichiro Tada /21
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Cov. Stoc. EoM
Pinol, Renaux-Petel, YT ’20 

6NϕI = πI

H
+ ξQI

6NπI = − 3πI − VI

H
+ ξPI

w/ Itô Cov. Derivatives    6ϕ̄Ī = ∂ϕ̄Ī

∂ϕJ 6ϕJ, ∂ϕ̄Ī

∂ϕJ 6π̄Ī = 6πJ

Manifestly Covariant Stochastic EoM

6ϕI := dϕI + 1
2 ΓI

JK AQQJKdN

6πI := 2πI − 1
2 (ΓS

IJ,K + ΓM
IJΓS

KM)πSAQQJKdN − ΓK
IJAQPJ

KdN

take-home message

Yuichiro Tada /21
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Conclusions

Stochastic form. is powerfull 

Stochastic Anomaly:  Itô or Strato?   

- Covariance or Spurious frame dependence 

Manifestly covariant SDE in Itô

Yuichiro Tada


