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F-theory in 8D

I Low energy limit of type IIB string theory, is a N = 2 supergravity, where the
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I Consider a single D7-brane
source in type IIB string theory.
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I Singularities of K3 (Kodaira) ←→ Brane configuration in 8D (ADE gauge
group)



F-theory in Lower Dimensions

N = 2 worldvolume
theory:

Aa
µ, ad(G)

φ = φ1 + iφ2,

ψ±, Q±

U(1) R-Symmetry

After topological twist =⇒ N = 1 effective theory Beasley,Heckman,Vafa, 2008

Φ ∈ H0(S,KS ⊗ ad(G))

F-term ⇒ Fab = Fāb̄ = 0, D̄AΦ = DAΦ̄ = 0

D-term ⇒ F ∧ ω +
i

2
[Φ, Φ̄] = 0



Hitchin’s Abelianization/Spectral Data
I Abelianization: Hitchin, 86

S̄ := {det(Φ− λ1) = 0}
(E ,Φ) ⇔ (S̄,L)

I T-brane: SU(2) Example:

Φ =

(
0 1

φ = 0 0

)
=⇒ S̄ = λ2

I Unfolding:

E8 singularity y2 = x3 − z5 Unfolding−−−−−−→ y2 = x3 − z5 + E2xz
3 + . . .

E2 ∈ H0(tr(Φ2)) . . .



Duality to Heterotic

I To find more non-trivial spectral covers we can use the Heterotic picture.

I The local picture determines a flat E8 bundle over an elliptically fibered
Calabi-Yau =⇒ Heterotic E8.



Fourier(-Mukai) Transform/Spectral Covers

I A flat gauge field over T 2 ⇔ Wilson lines (direct sum of line bundles) ⇔ Points
in Jac(T 2) ' T 2

I Formally, one defines a functor,

Φ : Db(X ) −→ Db(X ),

Φ(V ) = Rπ2∗(π
∗
1 V ⊗ P),

π1,2 : X ×B X −→ X , P = I∆ ⊗ π∗1OX (σ)⊗ π∗2OX (σ)⊗ K∗B .

I Since V is (semi)stable, degree zero,

Φ(V ) = iS∗L[−1].
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Yukawa Couplings from T-brane
I The bulk Yukawa couplings,∫

S
Tr(F ∧ Φ) −→ −

∫
S
hijkA

i ∧ Aj ∧ Φk .

I Yukawa coupling from matter curve Σ,∫
Σ
Tr(Λc∂A+A′Λ) −→

∫
Σ
cijkΛc,i (Aj + A′j )Λk .

I Both contributions coming from the hypercohomology (∂A + Φ),

E• := E
Φ−→ E ⊗ K ,

H1(E•) ∧ H1(E•) ∧ H2(ad(E•)) −→ C,
Hi (E•)⇔ Ext iTot(KS )(OS0

,L).

I Heterotic Yukawa couplings,∫
X
ω3 ∧ Ω3 −→

∫
X
cijkA

i ∧ Aj ∧ Ak ∧ Ω3,

H1(V ) ∧ H1(V ) ∧ H1(Λ2V ) −→ C.



Stable V defined via GLSMs or Extensions (SHet ,LHet)

H1(E•) (SHiggs ,LHiggs)

Φ(V )


