
Introducing Myself

Representation I – Tensor Graphs

Representation II – Thermodynamics

Re:presentation – Listen to Tensors



Introducing Myself

Joon-Hwi Kim 김준휘
HEP-Theory
Interested in Quantum Gravity, Scattering Amplitudes, Geometrical Ideas in Physics

2021.09.- Caltech, to pursue a Ph.D. degree
2017-2020   Seoul National University, B.S. in Physics
2014-2016 Seoul Science High School for the Gifted

J.-H. Kim, J.-W. Kim, and S. Lee (2021). The Relativistic Spherical Top as a Massive Twistor. [arXiv:2102.07063]
J.-H. Kim and J. Nam (2021). Thermodynamic Identities with Sunray Diagrams. European Journal of Physics
43(2). [arXiv:1912.11485]
J.-H. Kim, M. S. H. Oh, and K.-Y. Kim (2021). Boosting Vector Calculus with the Graphical Notation. American
Journal of Physics 89(2). [arXiv:1911.00892]



Introducing Myself
[2102.07063]

 A

Ad p dx S d  
     1

2

Vectorial Description

A
A
I

IidZ dZ  

Spinorial (Twistor) Description

|det( )|, (

( ),)

)

,
(

I a I a J

I I J

I I

p

z z x iy

L x ySp p

     

  



 


   

    

 

  


   

  


1

0

   

 

Equivalent!



Introducing Myself
 Today’s Talk

J.-H. Kim, M. S. H. Oh, and K.-Y. Kim (2021). Boosting Vector 
Calculus with the Graphical Notation. American Journal of Physics
89(2). [arXiv:1911.00892]

J.-H. Kim and J. Nam (2020). Thermodynamic Identities with 
Sunray Diagrams. European Journal of Physics 43(2). 
[arXiv:1912.11485]

J.-H. Kim, J.-W. Kim, and S. Lee (2021). The Relativistic Spherical 
Top as Massive Twistor. [arXiv:2102.07063]



Introducing Myself
 Today’s Talk
 The papers were in fact written for (talented) undergrads,

not for PhDs.
 Thus, not only just strictly following the two papers, I also

want to discuss the big picture:
• The role of notations in physics, 

the “representation cycle” of physics-algebra-geometry
• What determines good or bad notations? 

Why are graphical notations powerful?
• My (unpolished) idea of “notationology”: RG flow of 

notational systems

After that, I will add a little twist: re-presentation!



I. Representation



Notation Engineering
 The History of “Notation Engineering” in Physics

• Invariant theory graphs (Sylvester, Cayley, … 1870-1880s)
• Vector calculus (Heaviside, 1884)
• Bra-ket notation (Dirac, 1939)
• Feynman diagrams (Feynman, 1948)
• 3n-j symbols (Levinson, Yutsis, Vanagas, … 1956)
• Penrose graphical notation (Penrose, 1957)
• Birdtracks (Cvitanović, 1976)
• Category theory (Joyal, Street, Selinger, … 1990s)
• Trace diagrams (Peterson, 2006)
• ZX Calculus (Coecke, Duncan, … 2011)
• On-shell diagrams (Hodges, Arkani-Hamed, … 2010s)
• Sunray diagrams (JHK, 2019)

[JHK 1911.00892]
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What is the role of notations in physics?



1. Vector Notation (Heaviside)

Notation Engineering
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2. Bra-ket Notation (Dirac)

Notation Engineering
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Manifest symmetry/covariance

Enhanced readability & Save papers

Euclidean vector calculus: SO(n) covariance
Maxwell electromagnetism:  SO(1,3) covariance 
Bra-ket notation: GL(n) covariance

Physical significance

Practical aspects



Manifest symmetry/covariance

Enhanced readability & Save papers

Euclidean vector calculus: SO(n) covariance
Maxwell electromagnetism:  SO(1,3) covariance 
Bra-ket notation: GL(n) covariance

Physical significance

Practical aspects

(Discovery of SR = Unearthing the Lorentz symmetry inherent in Maxwell EM)

··· Hints SR!



3. Feynman Diagrams

Notation Engineering

!

Represent

Interacting
Quantum
Particles

Also consider: 
- Non-commutative field theory and open strings
- Anyons and braiding of knots

The “Representation Cycle”

Physics Geometry

Algebra
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Representation(s) of the physical reality
(Make fundamental constituents visible)

Manifest symmetry/covariance

Enhanced readability & Save papers

Physical significance

Practical aspects

May guide us to 
new physics!



[Penrose&MacCullum 1972]
[Hodges 1982]
[1604.03479]



Representation(s) of the physical reality
(Make fundamental constituents visible)

Manifest symmetry/covariance

Enhanced readability & Save papers

Intuitive manipulation in graphical syntax

Physical significance

Practical aspects

May guide us to 
new physics!



3. Feynman Diagrams
 QCD color factor calculation (Cvitanović’s birdtracks)

Notation Engineering

[1206.3700]
[1707.07280]



Notation Engineering
 My Contributions

Joon-Hwi Kim, M. S. H. Oh, and K.-Y. Kim (2021). 
Boosting Vector Calculus with the Graphical Notation. 
American Journal of Physics 89(2). [arXiv:1911.00892]

>> Application of the Penrose graphical notation to
vector differential & integral calculus

Joon-Hwi Kim and J. Nam (2020). Thermodynamic 
Identities with Sunray Diagrams. European Journal of 
Physics 43(2). [arXiv:1912.11485]

>> A novel graphical method for deriving
partial derivative identities in thermodynamics
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1. Penrose Graphical Notation
 First Look
 Bra-ket-like index-free notation for one-forms & vectors

B A
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 

Basis-free notion of a vector and a one-form

Components
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iA AA Ae
i

iB BA Ae
         
Cf. Wald’s GR book
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1. Penrose Graphical Notation
 First Look
A transition to Penrose graphical notation
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1. Penrose Graphical Notation
 First Look
 Recall chemistry

• Contracted indices Electron pairs (internal lines)
• Unpaired indices    Unpaired electrons (external lines)
• Left-heading/Right-heading lines Contra-/Co-variant indices

A

B

i

i
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1. Penrose Graphical Notation
 First Look
 Cross product: a machine that takes two vectors as input

and gives one vector as output

 Graphical representation?

 ,: i j k

i jkA B A B A B   e
    

new vector orientation



1. Penrose Graphical Notation
 First Look
 Component language: leave only the “bones”

i j
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1. Penrose Graphical Notation
 First Look
 If we raise & lower indices by the Euclidean metric       …

• All indices can be lowered: no need for “left-right hierarchy”
(distinguishing b/w co- and contra-variance)

ij



Planar isotopy preserves the value of diagrams



1. Penrose Graphical Notation
 First Look
 If we raise & lower indices by the Euclidean metric       …

• Following the spirit of “topological computation,”
the Euclidean metric and its inverse are represented as…

ij

Planar isotopy preserves the value of diagrams

i

j 

ij  ij 

all are identified



Rather 
than this…



1. Penrose Graphical Notation
 First Look
 If we raise & lower indices by the Euclidean metric       …

• Following the spirit of “topological computation,”
the Euclidean metric and its inverse are represented as…

ij

Planar isotopy preserves the value of diagrams

ij

jk  i

k



i

k

j i k



1. Penrose Graphical Notation
 First Look
Antisymmetry of the volume form

• Swap-then-yanking a cross product machine:
as a “discontinuous process,” the diagram gains a factor of 1

ijk

Planar isotopy preserves the value of diagrams

BA
 

B A 
 

not an isotopy but
parity-violating



1. Penrose Graphical Notation
 First Look
 Cyclic symmetry of the volume form

• Self-explanatory design: already reflected in its graphical design!
• The economy of graphical notations: redundant expressions are 

brought to the same or at least evidently equivalent diagram

ijk



1. Penrose Graphical Notation
 First Look
 The BAC-CAB identity



ijk klm  jm il jl im   



1. Penrose Graphical Notation
 Advantages of the Tensor Graphical Notation
 It is a “good notation”:

• Automated calculations by topological computations
• The economy of graphical notations: reduced redundancy
• The self-explanatory design: reduced arbitrariness (cf. linguistics)
• Clarity: transparent view of index contractions, tensors syntax-

highlighted

 Cognitive aspects
• Graphical intuition can be faster than “plaintext” algebraic 

manipulations

 Pedagogical benefits
• Easy to generate/classify various tensor expressions & identities 

(cf. linguistics… may involve Broca’s area)
• It is fun as Lego blocks or magnetic building sticks!

What is a “good notation” anyway?

[JHK 1911.00892]



1. Penrose Graphical Notation
 A Little Formalism
 Penrose (1971) Applications of Negative Dim Tensors: 

“Abstract Tensor System”



1. Penrose Graphical Notation
 A Little Formalism
What does a line mean? — the vector (carrier) space
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1. Penrose Graphical Notation
 A Little Formalism
 Not only to GL(n) tensors, Penrose graphical notation 

can also be applied to representations of Lie groups
Adding invariant symbols ⇒ Lie algebras
 Cvitanović’s birdtracks

[Cvitanovic 2009]



1. Penrose Graphical Notation
Invariant

theory graphs
(1870-1880s)

Category theory
string diagrams

(1990s)

ZX Calculus
(Coecke 2011)

Feynman
diagrams

(Feynman 1948)

Trace diag-
rams (Peterson 

2006)

Birdtracks
(Cvitanović,

1976)

[Cvitanovic 2009] [JHK 1911.00892]

On-shell
diagrams, etc.

(2010s~)

“Kinematics”

TQFT
(1980s~)

“Color” (Group thry)

Quantum
Computing

Spin networks
(Levinson 1956,
Penrose 1971)

GL(n), SO(3)

SU(2)
(Exceptional)
Lie Groups

Generalize

Hilb
Bord

Penrose
graphical notation

(Penrose 1957)

Modern ampl. 
methods



1. Penrose Graphical Notation

My notes in 2016
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1. Penrose Graphical Notation
 Penrose Style: More Visual Abstraction
Artistically inspired me

R V 




1. Penrose Graphical Notation
 Applications?
 SO(3), SU(2) tensors Penrose (1971)
 Lie groups, spinors, etc.  Cvitanović, Kennedy, … (1970-80s)
Matrix algebra & SO(3)   Peterson (2006)
 Qubit circuits Coecke, Duncan, … (2011)
 Vector calculus Questioned by MSH Oh in 2018

MSH Oh,
now @ UC Merced,
undergrad @ GIST

Category
theory

Qubit
circuitsMatrix

algebra

Lie
groups TQFTSpin

Networks

Tensors
Everyone forgot

what it was like to take an 
EM course for the first 

time?



1. Penrose Graphical Notation
 Collaboration
Main article + 29-pages supplementary material

[JHK 1911.00892]



1. Penrose Graphical Notation
 Derivatives
 Leibniz rule

 Vector-ize

reminds me of
CFT topological
surface operators…



1. Penrose Graphical Notation
 Derivatives
 Divergence and curl



1. Penrose Graphical Notation
(1) Vector Differential Calculus
 Deriving vector calculus identities in the graphical notation

[JHK 1911.00892]



1. Penrose Graphical Notation
(1) Vector Differential Calculus
 Deriving vector calculus identities in the graphical notation

Just doodle with diagrams, and you will get the answer.
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1. Penrose Graphical Notation
(1) Vector Differential Calculus
 Deriving vector calculus identities in the graphical notation

[JHK 1911.00892]



1. Penrose Graphical Notation
(2) Vector Integral Calculus
 Graphical notation for integral calculus (Stokes’ thm):

inspired by the duality b/w chains and cochains

f fdl


 
 



[JHK 1911.00892]
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(2) Vector Integral Calculus
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(3) Rotation matrices, SO(3) covariance

1. Penrose Graphical Notation

[JHK 1911.00892]



(4) Rep thry of SO(3), harmonic functions, appl. to EM

1. Penrose Graphical Notation

[JHK 1911.00892]



(5) Algebro-combinatorial treatment of spherical integrals

1. Penrose Graphical Notation

d x E
c

B


  3

2

0

1 

[JHK 1911.00892]



(6) Diagrammatic perturbation: dipole-dipole interaction

1. Penrose Graphical Notation



[JHK 1911.00892]



1. Penrose Graphical Notation
(7) Quantum Mechanics

[JHK 1911.00892]



1. Penrose Graphical Notation
 Collective Indices
 “Self-similar” tensor systems in SO(3)

( ) ( ) ( ) ( ) ( )I ik J kj J ik I kj KIJ K ijM M M M f M 

self-similar  if “ ” :KIJ KIJ
i f 
2



1. Penrose Graphical Notation
 Collective Indices
 Infinite tower of self-similarity

I

J

i
j

k
l

“critical point”



1. Penrose Graphical Notation
 Collective indices
 Penrose’s (2)-dimensional tensors

 Interpretation (Sym→ASym)

( ) ( )( ) 2 2 3so su so

[Penrose 1971]
[Cvitanovic&Kennedy 1982]

 epsilon tensor( )2su



1. Penrose Graphical Notation
 Collective indices
 The “B1-floor” of the tower: 

Penrose’s (2)-dimensional tensors

Notational systems in physics themselves may be investigated through physics

( ) ( )( ) 2 2 3so su so

RG flow (grouping)

  2
2

3



Notation Engineering
 My Contributions

Joon-Hwi Kim, M. S. H. Oh, and K.-Y. Kim (2021). 
Boosting Vector Calculus with the Graphical Notation. 
American Journal of Physics 89(2). [arXiv:1911.00892]

>> Application of the Penrose graphical notation to 
vector differential & integral calculus

Joon-Hwi Kim and J. Nam (2020). Thermodynamic 
Identities with Sunray Diagrams. European Journal of 
Physics 43(2). [arXiv:1912.11485]

>> A novel graphical method for deriving
partial derivative identities in thermodynamics
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Joon-Hwi Kim and J. Nam (2020). Thermodynamic 
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>> A novel graphical method for deriving
partial derivative identities in thermodynamics

Juno Nam, SNU 
(undergrad)



2. Sunray Diagrams
 Partial Derivative Identities in Thermodynamics

zz

x y

y x
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x yz

x y z

y z x
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w ww

x y x

y z z

  
  

z y zw

x x x y

w w y w

    
   

Why 1? Any intuitive 
explanations possible?

Derivation complicated!

Classification &
systematic understanding
of various identities?

P
P V
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TV
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2. Sunray Diagrams
 Partial Derivative Identities in Thermodynamics
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x x x y

w w y w

    
   

Why 1? Any intuitive 
explanations possible?

Derivation complicated!

Classification &
systematic understanding
of various identities?

P
P V

T

TV
C C




 
2



2. Sunray Diagrams
 Previous Works on 

the Geometric Language of Thermodynamics
Maxwell (1871), reproduced in Nash (1964)

 Based on area manipulations⇒ Inconvenient!

The equal-area sliding for
deriving Maxwell relations

The equal-area sliding for
deriving the CPCV identity



2. Sunray Diagrams
 Sunray Diagrams: Based on Arrow Manipulations
 Devised by JHK in 2014
 Started as a black magic (It works but why?)

Why does it work, and what’s 
the meaning of “arrow dx”?
“Constant-z” equals to 
“parallel to dz”?



2. Sunray Diagrams
 Examples
 Intuitive explanation of the peculiar 1

x yz

x y z

y z x

   
  

1

zz

x y

y x

  
 

1



2. Sunray Diagrams
 Examples
 Easy derivation of identities: 

comparison with Landau’s “Jacobian technique” (p.53)

P V T P

S S S V

T T V T

    
   

( , )
( , )

( , ) ( , )
( , ) ( , )

( , )
( , )

P

P

P P T P T

P P P w

P T

S S V

T T V

S S V T P

T T P T V

S S V V S T P

T T P T P T V

S S V S

T T T V

V S

T V

 
 

   
  

                
            

 
 



2. Sunray Diagrams
 The Oriented Area and Maxwell’s Relations
 The Jacobian technique can be imported in the sunray

language by introducing the oriented area structure

 and
dd refine  as the oriente  a ea

generated by  
dx y

dy

d

dx





 

 



2. Sunray Diagrams
 The Oriented Area and Maxwell’s Relations
Maxwell’s relations can be derived by assuming that

… reminds us of the differential forms derivation… 

dV dT dd SP   
  

dP dV dT dS  
   



2. Sunray Diagrams
 The Oriented Area and Maxwell’s Relations

Sunray diagram derivation

Differential forms derivation
[Maxwell(1871), Nash(1964)]



2. Sunray Diagrams
 Extensions
 n-variables generalization possible: “sunplane” diagrams

, , ,, x w x y y zz w

x y z w

y z w x

    
   

1



2. Sunray Diagrams
 Semantics: More Than Black Magic
What is “       ” in sunray diagrams?

(The arrow representing the differential       )
 Not only being a mathematical abstraction, 

its “physical” aspect hints that it should 
somehow directly interpreted in the equilibrium 
thermodynamic state space (P-V or T-S plane)

 However, it is not a one-form but a vector.
(Transforms like an arrow, not contour lines)

dT


dT

dV dT dd SP   
   infinitesimal oriented area

in the thermodynamic state space?



2. Sunray Diagrams
 Semantics: More Than Black Magic
What is “       ” in sunray diagrams?

(The arrow representing the differential       )
 RG flow of syntax

dT


dT

Difforms
Arrows in 

sunray 
diagrams

Differentials



2. Sunray Diagrams
 Semantics: More Than Black Magic
 “Vectors as elements of a vector space”
→ sounds nice for mathematicians, but not for physicists

A physicist’s answer: Hamiltonian vec. fields

Symplectic form dV dT dSdP   
    

flows through equal-T surface and 
increases the conjugate quantity S by one unit



dT dT 
 



2. Sunray Diagrams
 Semantics: More Than Black Magic
Microscopic implementations of the universal syntax

T*M impl. TM impl.

Universal
syntax

Notational systems in physics themselves can be investigated through physics

“Effective language”

“Microscopic 
implementations”

(UV compl.)

“IR”

“UV”



2. Sunray Diagrams
 Black Magic in General
Microscopic implementation (UV compl.) unknown

Notational systems in physics themselves can be investigated through physics

Somehow working
effective languages

Microscopic 
implementation 

unknown

“IR”

“UV”

 

 
 
 

  

( )

( )

( )

t

t

t t

t t

t t

d
dt

d d
dt dt

d d
dt dt

x t e

x t e

e Ce

e Ce

e Ce



 

 
 

    

 











2

2

2

2

2

2

2

1

1 1

1 2 2

1

1

0
1 1




[ ]Se  

?

A letter to rigour-seeking mathematicians: there is no problem using effective 
theories (or non-renormalizable theories) in appropriate low-energy regions.

Analytic continuation,
functional analysis, spectral theory, …



Notation Engineering
 My Contributions

Joon-Hwi Kim, M. S. H. Oh, and K.-Y. Kim (2021). 
Boosting Vector Calculus with the Graphical Notation. 
American Journal of Physics 89(2). [arXiv:1911.00892]

>> Application of the Penrose graphical notation to 
vector differential & integral calculus

Joon-Hwi Kim and J. Nam (2020). Thermodynamic 
Identities with Sunray Diagrams. European Journal of 
Physics 43(2). [arXiv:1912.11485]

>> A novel graphical method for deriving
partial derivative identities in thermodynamics



Suggestion: “Notationology”
 Systematic Understanding of Notational Systems
We are left with several questions:

• Why do particular notations (bra-ket, tensor graphs, …) are 
better than others? What makes them different? 
What defines “good notations”?

• How can a well-made notation tell us about the physical reality?
Isn’t a notation merely a mathematical tool?

 I found the concept of signifier and signified in 
linguistics (semiotic theory of signs) useful to address 
and understand these issues.



The Signifier-Signified Separation (SSS)
 Semiotic Theory of Signs (Peirce, Saussure, 1900-1910s)
What is a notational system? 

It is a collection of signifier-to-signified maps!

Signifier
(Symbol)

Signified
(Meaning)

Notation 1
(Sumer 

hieroglyph)

Notation 2
(Alphabet,   
English)



The Signifier-Signified Separation (SSS)
 Less Arbitrary Notations Have Smaller SSS

Increasing SSS
(i.e., arbitrariness) Notation 2

Notation 1



 Less Arbitrary Notations Have Smaller SSS

The Signifier-Signified Separation (SSS)

Increasing SSS
(i.e., arbitrariness)

Braided
anyons

Notation 2
Commutative 
diagrams

Notation 1
Graphical notation, 

or braided anyons
themselves!



 Less Arbitrary Notations Have Smaller SSS

The Signifier-Signified Separation (SSS)

Increasing SSS
(i.e., arbitrariness)

Braided
anyons

Notation 2
Commutative 
diagrams

Notation 1
Graphical notation, 

or braided anyons
themselves!



 Less Arbitrary Notations Have Smaller SSS

The Signifier-Signified Separation (SSS)

Increasing SSS
(i.e., arbitrariness)

Quantum
Particles

Notation 2
QFT S-matrix

Notation 1
Feynman diagrams, 

or quantum particles
themselves!



 Less Arbitrary Notations Have Smaller SSS

The Signifier-Signified Separation (SSS)

Increasing SSS
(i.e., arbitrariness)

Quantum
Particles

Notation 2
QFT S-matrix

Notation 1
Feynman diagrams, 

or quantum particles
themselves!



 Less Arbitrary Notations Have Smaller SSS

The Signifier-Signified Separation (SSS)

Increasing SSS
(i.e., arbitrariness)

SO(3)-
tensors

Notation 2
Index notation

Notation 1
Penrose graphs, or 

“physical implementation” 
of SO(3)-tensors!

(“SO(3)-particles”)

ijk

If we construct a TQFT 
(to remove kinematics dof) 
with SO(3) interaction vertices, 
surely it will be the Penrose 
notation of SO(3)-tensors! 



 The Working Principle Behind “Good Notations”

Small-SSS Notations

Automated, “physically 
implemented” calculations

- Redundancy ↓ : the economy of..
- Arbitrariness↓ : self-explanatory

“Faithful”
representation of 
physical realities

Small SSS



 The Working Principle Behind “Good Notations”
What is the most fundamental “rep” of molecules?

Small-SSS Notations

Acetone

Propan-2-one

(CH3)2CO

ACE-tone

(The physical.
molecule itself)

Increasing SSS



 The Working Principle Behind “Good Notations”
What is the most fundamental “rep” of molecules?

Small-SSS Notations

Acetone

Propan-2-one

(CH3)2CO

ACE-tone

(The physical.
molecule itself)

Achieved before the direct 
observation of molecular structures! Early days

Increasing SSS



 The Working Principle Behind “Good Notations”
What is the most fundamental “rep” of molecules?

Small-SSS Notations

Acetone

Propan-2-one

(CH3)2CO

ACE-tone

(The physical.
molecule itself)

Achieved before the direct 
observation of molecular structures! Early days

!

Increasing SSS



 The Working Principle Behind “Good Notations”
What is the most fundamental “rep” of quantum circuits?

Small-SSS Notations

AcetoneLarge SSS

Small SSS

CNOT

ZX calculus
[0906.4725]



 The Working Principle Behind “Good Notations”
 Less arbitrary notations display “microscopic constituents” 
 Thus, they enable “derivations” from a smaller grammar 

(set of axioms)

Small-SSS Notations

Isoborneol – Water Camphene?



 The Working Principle Behind “Good Notations”
 Less arbitrary notations display “microscopic constituents” 
 Thus, they enable “derivations” from a smaller grammar 

(set of axioms)

Small-SSS Notations

(CNOT)3 SWAP?

   



Suggestion: “Notationology”
 Systematic Understanding of Notational Systems
We are left with several questions:

• Why do particular notations (bra-ket, tensor graphs, …) are 
better than others? What makes them different? 
What defines “good notations”?

• How can a well-made notation tell us about the physical reality?
Isn’t a notation merely a mathematical tool?

A) Small SSS

A) Small-SSS notations (Signifier = Signified) unveil the hidden
signified (physical reality) by representing it in the form of 
signifier (grammar and symbols of the notational system) Signi-

fier

Signi-
fied

The signifier represents 
the signified “faithfully”



Suggestion: “Notationology”
 Systematic Understanding of Notational Systems
We are left with several questions:

• Why do particular notations (bra-ket, tensor graphs, …) are 
better than others? What makes them different? 
What defines “good notations”?

• How can a well-made notation tell us about the physical reality?
Isn’t a notation merely a mathematical tool?

A) Small SSS

A) Small-SSS notations (Signifier = Signified) unveil the hidden
signified (physical reality) by representing it in the form of 
signifier (grammar and symbols of the notational system) Signi-

fier

Signi-
fied

The signifier represents 
the signified “faithfully”



II. Re:presentation



 Human History of Notations (Math/Physics)

SSS Reduction as a Universal Pattern

Ancient Medieval Early Modern Modern

Increasing SSS

Rhetorical algebra

Syncopated algebra

 is a number that becomes 
6 if multiplied by 2 and ...


x 2 2 6
Symbolic algebra

Graphical notation



 Human History of Notations (Natural Language)

SSS Reduction as a Universal Pattern

Cafeteria Info Center
Baggage Parking Lot
Restroom Elevator

Ancient ModernEarly Modern

Increasing SSS



Music Itself

 Human History of Notations (Music)

SSS Reduction as a Universal Pattern

Ancient Medieval Early Modern Modern

Increasing SSS



Music Itself

 Human History of Notations (Music)

SSS Reduction as a Universal Pattern

Ancient Medieval Early Modern Modern

Increasing SSS

Signi
-fier

Signi
-fied



<Artikulation>: What Do We Feel

• The visual score of Ligeti’s <Artikulation> suggests
more than just the music it represents: a visual scenery

• SSS reduction in modern art is subtly different from that 
in linguistics/math/phys

• SSS reduction in <Artikulation> is not to faithfully represent 
the signified (sound) but suggest an undefined semantics

² 







 Re-presentation
 The visual score of Ligeti’s <Artikulation> is not a mere

representation of the music but a re-presentation
 Set the signifier free!

<Artikulation>: What Do We Feel

Signi-
fier

Signi-
fied

“Dangling pointer”
Break the pre-defined
signifier-to-signified
assignment!



 Re-presentation
 The visual score of Ligeti’s <Artikulation> is not a mere

representation of the music but a re-presentation
 Set the signifier free!

<Artikulation>: What Do We Feel

Signi-
fier

Signi-
fied

“Dangling pointer”
Break the pre-defined
signifier-to-signified
assignment!



Experiments



Experiments



Experiments



Experiments



 Read Tensors as Visual Art
Mathematical physics as art of formal beauty

Experiments



Experiments

JoonHwi Kim (2019), <Compton I>



Experiments

Trm pp   
24

 Read Tensors as Visual Art
 Employ a graphical notation, to promote the re-reading!

( ) B

A p p
 

[JHK(2019), Compton I]



Experiments

JoonHwi Kim (2019), <Compton I>



Experiments
 Even More, Listen to Tensors as Music!

score (visual rep.)

music

[JHK(2018),
Listen to Tensors]



Experiments
 Even More, Listen to Tensors as Music!
 From “auditory notation” to music

[JHK(2018),
Listen to Tensors]

[ ]( ) ( )

( )

j j j j lmk j

i j i j j i l m kij j i

j klm j

ijk l m j i

G F G F G F G F G F

G F G F

 
 

        
   

2

Artistic dimension emerges 
from putting tensor eqns in 
a different context of 
interpretation

Cf. Black hole 
chirp sound



Experiments
 Even More, Listen to Tensors as Music!
 From “auditory notation” to music

[JHK(2018),
Listen to Tensors]

[ ]( ) ( )

( )

j j j j lmk j

i j i j j i l m kij j i

j klm j

ijk l m j i

G F G F G F G F G F

G F G F

 
 

        
   

2

Artistic dimension emerges 
from putting tensor eqns in 
a different context of 
interpretation

Cf. Black hole 
chirp sound



Re-presentation Art
 Tensor-inspired Surrealism

JoonHwi Kim (2016), <A Pleasant Dream ( ) I~IV>,
digital printing on canvas



Re-presentation Art
 Tensor-inspired Surrealism

JoonHwi Kim (2016), <A Pleasant Dream ( ) I~IV>,
digital printing on canvas



III. Closing Remarks



Summary
 Graphical representation of tensorial structures

have become wide-spread in physics in the 20th C.
 By “good notation” it means that the notation has 

small SSS (arbitrariness), i.e., the symbol directly
represents its meaning.

 It is this feature that provides practical benefits
as well as hints to the physical reality.

 By breaking the pre-defined symbol-to-meaning 
assignment, graphical notations also open up a
way towards “re-presentation art,” intertwining
mathematical physics, modern art, and the
semiotic theory of signs.

Edward Tufte (2012), stainless steel



Summary

SSS as the RG
 scale (RG

=
reducing info!)

Acetone

(CH3)2CO

(molecule   
itself) (qubits) (quantum ptls) (art) (Ham. vec.  

fields)(difforms)

yz

S

x x
dx dy dz

y z

dV dT ddP 













( )3so

( )2su



Closing Remarks
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Thank You!



Back-up Slide
 Cadabra-Hwi:

Calculating Tensors by “Physically Implementing” the Syntax
 Tensor calculating software for HEP (better than Mathematica/Cadabra!)
 Utilize the “topological computation” property
 Graph isomorphism problem? Simulated annealing?

How to implement it?

(as coined by Juno Nam)


