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Introducing

PREPARED FOR SUBMISSION TO JHEP

The Relativistic Spherical Top as a Massive Twistor

Joon-Hwi Kim® Jung-Wook Kim” Sangmin Lee®

@ Department of Physics and Astronomy, Seoul National University, Seoul 08826, Korea
b Centre for Research in String Theory, School of Physics and Astronomy,
Queen Mary University of London, Mile End Road, London E1 4NS, United Kingdom
“Center for Theoretical Physics, Seoul National University, Seoul 08826, Korea
4 College of Liberal Studies, Seoul National University, Seoul 08826, Korea
E-mail: joonhwi.kim@snu.ac.kr, jung-wook.kim@qmul.ac.uk,
sangmin@snu.ac.kr

ABSTRACT: We prove the equivalence between two traditional approaches to the classical
mechanics of a massive spinning particle in special relativity. One is the spherical top
model of Hanson and Regge, recast in a Hamiltonian formulation with improved treatment
of covariant spin constraints. The other is the massive twistor model, slightly generalized
to incorporate the Regge trajectory relating the mass to the total spin angular momentum.
We establish the equivalence by computing the Dirac brackets of the physical phase space
carrying three translation and three rotation degrees of freedom. Lorentz covariance and
The
Regge trajectory does not affect the phase space but enters the equations of motion. Upon

little group covariance uniquely determine the structure of the physical phase space.

quantization, the twistor model produces a spectrum that agrees perfectly with the massive
spinor-helicity description proposed by Arkani-Hamed, Huang and Huang for scattering
amplitudes for all masses and spins.

[2102.07063]
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Introducing Myself
% Today’s Talk

J.-H. Kim, M. S. H. Oh, and K.-Y. Kim (2021). Boosting Vector
Calculus with the Graphical Notation. American Journal of Physics
89(2). [arXiv:1911.00892]

J.-H. Kim and J. Nam (2020). Thermodynamic Identities with
Sunray Diagrams. European Journal of Physics 43(2).
[arXiv:1912.11485]

J.-H. Kim, J.-W. Kim, and S. Lee (2021). The Relativistic Spherical
Top as Massive Twistor. [arXiv:2102.07063]
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Introducing Myself

% Today’s Talk

v' The papers were in fact written for (talented) undergrads,
not for PhDs.

v' Thus, not only just strictly following the two papers, I also
want to discuss the big picture:

 The role of notations in physics,
the “representation cycle” of physics-algebra-geometry

* What determines good or bad notations?
Why are graphical notations powerful?

* My (unpolished) idea of “notationology”: RG flow of
notational systems

v' After that, I will add a little twist: re-presentation!
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Notation Engineering

¢ The History of “Notation Engineering” in Physics
* Invariant theory graphs (Sylvester, Cayley, ... 1870-1880s)

* Vector calculus (Heaviside, 1884)

* Bra-ket notation (Dirac, 1939)

* Feynman diagrams (Feynman, 1948)

° 3n-j SymbOIS (Levinson, Yutsis, Vanagas, ... 1956)
* Penrose graphical notation (Penrose, 1957)

e Birdtracks (Cvitanovié, 1976)

* Category theory (Joyal, Street, Selinger, ... 1990s)

* Trace diagrams (Peterson, 2006)

« /X Calculus (Coecke, Duncan, ... 2011)

* On-shell diagrams (Hodges, Arkani-Hamed, ... 2010s)
* Sunray diagrams (JHK, 2019)

[JHK 1911.00892]



Notation Engineering

¢ The History of “Notation Engineering” in Physics

What is the role of notations in physics?
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Notation Engineering

1. Vector Notation (Heaviside)
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Notation Engineering

2. Bra-ket Notation (Dirac)

) Q0

W “Syntax Highlight” | ¢>
class Dirac

® T

.Dirac = Dirac
¢ /(p for Dirac in range(0,3)
), print(Dirac, .Dirac)

(Buffalo, buffalo”) ((Buffalo’, buffalo” ) (buffalo, )", | buffalo,, (Buffalo", buffalo®)

, Dirac)
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Physical significance

Manifest symmetry/covariance

Euclidean vector calculus: SO(n) covariance
Maxwell electromagnetism: SO(1,3) covariance
Bra-ket notation: GL(n) covariance

Practical aspects

Enhanced readability & Save papers

2021-03-19 JoonHwi Kim 10




Physical significance

Manifest symmetry/covariance

Euclidean vector calculus: SO(n) covariance
Maxwell electromagnetism: SO(1,3) covariance -+ Hints SR!

Bra-ket notation: GL(n) covariance
(Discovery of SR = Unearthing the Lorentz symmetry inherent in Maxwell EM)

Practical aspects

Enhanced readability & Save papers

2021-03-19 JoonHwi Kim 10




Notation Engineering

3. Feynman Diagrams

The “Representation Cycle”

)* [ dlodte’ p(a) v 4 (@)p @) 1 4@ [A@ A )

Algebra

/ Represent \

Interacting
Quantum
Particles !

Physics Geometry
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Notation Engineering

3. Feynman Diagrams

The “Representation Cycle”

)* [ dlodte’ p(a) v 4 (@)p @) 1 4@ [A@ A )

Algebra

/ Represent \

B e

Physics Geometry
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Physical significance

Manifest symmetry/covariance

May guide us to
new physics!

Representation(s) of the physical reality

(Make fundamental constituents visible)

Practical aspects

Enhanced readability & Save papers

2021-03-19 JoonHwi Kim 12




-/

[P} rose&l\_VIacCuIIum 1972]
[Hodges 1982]
[1604.03479]
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Physical significance

Manifest symmetry/covariance

May guide us to
new physics!

Representation(s) of the physical reality

(Make fundamental constituents visible)

Practical aspects

Enhanced readability & Save papers

Intuitive manipulation in graphical syntax
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Notation Engineering

3. Feynman Diagrams

v QCD color factor calculation (Cvitanovic¢’s birdtracks)
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where we have omitted irrelevant prefactors. Note that in general the ¢; are not mutually
orthogonal, e.g.

N y [1206.3700]
(c1,c2) = tr(cjca) = @ =Tr(N" 1) =CrN, Le [170707280]
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Notation Engineering

¢+ My Contributions

Technalogy Joon-Hwi Kim, M. S. H. Oh, and K.-Y. Kim (2021).
Boosting Vector Calculus with the Graphical Notation.
Howtotumthecomplex | American Journal of Physics §9(2). [arXiv:1911.00892]

mathematics of vector

calculus into simple

pictures . . . .

>> Application of the Penrose graphical notation to
- vector differential & integral calculus

Joon-Hwi Kim and J. Nam (2020). Thermodynamic
Identities with Sunray Diagrams. European Journal of
Physics 43(2). [arXiv:1912.11485]

>> A novel graphical method for deriving
partial derivative identities in thermodynamics

ox

a_x
Jdw

. ow y

2021-03-19 JoonHwi Kim 16




Notation Engineering

“* My Contributions

MIT

Technology
Review

Humans and technology

How to turn the complex
mathematics of vector
calculus into simple
pictures

Feynman diagrams revolutionized particle physics. Now
mathematicians want to do the same for vector calculus.

by Emerging Technology from the arXiv November 13,2019

2021-03-19 JoonHwi Kim

Joon-Hwi Kim, M. S. H. Oh, and K.-Y. Kim (2021).
Boosting Vector Calculus with the Graphical Notation.
American Journal of Physics 89(2). [arXiv:1911.00892]

>> Application of the Penrose graphical notation to
vector differential & integral calculus




** First Look

v’ Bra-ket-like index-free notation for one-forms & vectors

Basis-free notion of a vector and a one-form

_/) \_ | j.p\:\/afséllbzki
. — 1 . — — Yy |
A=¢eA B=2DBe B, = Be'

Components

A

o1
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** First Look

v’ Bra-ket-like index-free notation for one-forms & vectors

Basis-free notion of a vector and a one-form

/ \ Ct. A\L/Vald’s GljA book
— . . — s A — o Az
_ 0 _ 0 i 41
A=¢eA B=DBe (BA:BZ.e;)
Components

€ >

BA

cf. <B ‘ A>
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** First Look

v' A transition to Penrose graphical notation

Basis-free notion of a vector and a one-form

/ \ Cf. Wald’s GR book

— ’ «— 1 AA — eAAZ
. ( . ( i 3
A=¢eA B=2DBe B, — Be'
Components
? »

BA

k Looks like “Lego blocks” B and A
being attached?
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** First Look

v' A transition to Penrose graphical notation

Basis-free notion of a vector and a one-form

_/) \_ | X.A/Vais(e}ibjiki
. — 1 . — — Yy |
A=¢eA B=DBe B, = Be'

BA=B A =[BA

k Looks like “Lego blocks” B and A
being attached?
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** First Look

v’ Recall chemistry

* Contracted indices < Electron pairs (internal lines)
* Unpaired indices < Unpaired electrons (external lines)

* Left-heading/Right-heading lines <> Contra-/Co-variant indices

B.

(
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** First Look

v’ Recall chemistry

* Contracted indices < Electron pairs (internal lines)
* Unpaired indices < Unpaired electrons (external lines)

* Left-heading/Right-heading lines <> Contra-/Co-variant indices

Bii A

2021-03-19 JoonHwi Kim 19




** First Look

v’ Recall chemistry

* Contracted indices < Electron pairs (internal lines)
* Unpaired indices < Unpaired electrons (external lines)

* Left-heading/Right-heading lines <> Contra-/Co-variant indices

B—A
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** First Look

v' Cross product: a machine that takes two vectors as input
and gives one vector as output

x: A,B — AxB=¢gc' A’'B"

7k

v’ Graphical representation?

|
|
|
|
|
|
|
orientation ! new vector
|
|
|
|
|

=t 4 W —axp
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** First Look

v Component language: leave only the “bones”

"N

BA=B§ A’ 6, =8

s
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** First Look

v Component language: leave only the “bones”

BA=B§ A’ 6; = i J
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** First Look

v Component language: leave only the “bones”

BA=B§ A’ 6; = i J
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** First Look

v If we raise & lower indices by the Euclidean metric 6753‘

 All indices can be lowered: no need for “left-right hierarchy”
(distinguishing b/w co- and contra-variance)

A B:CA:ﬁ

Bl [B|lA

_qACA Bl_ Q%

Al T4

Planar isotopy preserves the value of diagrams

2021-03-19 JoonHwi Kim 22
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** First Look

v If we raise & lower indices by the Euclidean metric 5

 Following the spirit of “topological computation,”
the Euclidean metric and its inverse are represented as...

5

J all are identified
Rather f
than this... /—\
s 67 )
'] —

Planar isotopy preserves the value of diagrams

2021-03-19 JoonHwi Kim
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** First Look

v If we raise & lower indices by the Euclidean metric 6753‘

 Following the spirit of “topological computation,”
the Euclidean metric and its inverse are represented as...

k

|
~
=%

k

616, 6;

Planar isotopy preserves the value of diagrams
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** First Look

v’ Antisymmetry of the volume form €, i

* Swap-then-yanking a cross product machine:
as a “discontinuous process,” the diagram gains a factor of —1

not an isotopy but
parity-violating

)Qn k!
—
B A

Ax B —Bx A

Planar isotopy preserves the value of diagrams

2021-03-19 JoonHwi Kim 25




** First Look

v Cyclic symmetry of the volume form €,
* Self-explanatory design: already reflected in its graphical design!

* The economy of graphical notations: redundant expressions are
brought to the same or at least evidently equivalent diagram

C A B
ol [ 3 A B B : C C A
G (AxB) =A-(BxC) =B (Cx A)

2021-03-19 JoonHwi Kim 26




** First Look
v The BAC-CAB identity

B C B C B C
gijkgklm 6jm6il o 5jl6im
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“* Advantages of the Tensor Graphical Notation

v It is a “good notation”: what is a “good notation” anyway?
* Automated calculations by topological computations
* The economy of graphical notations: reduced redundancy
* The self-explanatory design: reduced arbitrariness (cf. linguistics)
* Clarity: transparent view of index contractions, tensors syntax-
highlighted
v' Cognitive aspects

 Graphical intuition can be faster than “plaintext” algebraic
manipulations

v’ Pedagogical benefits

 Easy to generate/classity various tensor expressions & identities
(cf. linguistics... may involve Broca’s area®©)

* Itis fun as Lego blocks or magnetic building sticks! [JHK 1911.00892]



*+ A Little Formalism

v’ Penrose (1971) Applications of Negative Dim Tensors:
“Abstract Tensor System”

Applications of Negative Dimensional Tensors

ROGER PENROSE
. Birkbeck College, University of London, England

I wish to describe a theory of]‘“‘abstract tensor systems’ (abbreviated ATS)
and indicate some applications. Unfortunately I shall only be able to give a
very brief outline of the general theory here.t
I take as my model, the conventional tensor index notation with Einstein’s
summation convention, which has become so familiar in physics and in what
is now referred to as ““old fashioned” differential geometry. The elements of an
ATS may be denoted by kernel symbols with indices in a way formally.
identical with the tensor index notation, but now the meanings of the indices
are to be quite different. This will enable more general types of object than
ordinary tensors to be considered. Some of these (for example, “negative
dimensional’ tensors) will not be representable in terms of components in
the ordinary way. ‘
Each index is to be simply a label and does not stand for, say, 1, 2, ..., n.
- Thus an element &“ (a “vector™) of an ATS is not a set of components, but a
singlelelement of a vector space (or modulé) 7 over a field (or ring) . Since

I wish to|mirror the ordinary index notationjand allow expressions such as
£a b A. £a ..b il ED P mvemasaialn T alndl altos e J we alzeccee: BY dfaafoeiitomms
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*+ A Little Formalism

Dl

(SSIN

lo Dl

I M

@l@zCD

Q

(basis-independently)
v What does a line mean? — t

no
klm  pq

VRVRIVRYV =

he vector (carrier) space %

M

VRVVrevyey

a (g)-tensorisamap VRVIIVIV—VRIVRIVIVRV
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*+ A Little Formalism

v Not only to GL(n) tensors, Penrose graphical notation
can also be applied to representations of Lie groups

v' Adding invariant symbols = Lie algebras

v’ Cvitanovids birdtracks

Primitive invariants Invariance group
99 SU(n)
qq SO(I/t)/ \Sp(n)
q44 Egt...
994949 E-+.
higher order Bt

Figure 2.1 Additional primitive invariants induce chains of invariance subgroups.

[Cvitanovic 2009]
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“Color” (Group thry)

Invariant
theory graphs
(1870-1880s)

“Kinematics”

Penrose

(Penrose 1957)

Feynman
diagrams
(Feynman 1948)

Category theory
string diagrams
(1990s)

(Exceptiona

Lie Groups

Birdtracks
(Cvitanovig,
1976)

Spin networks
(Levinson 1956,
Penrose 1971)

Bord TQFT
Hilb (1980s~)

Modern ampl.
{methods

ZX Calculus
(Coecke 2011)

On-shell GL{m), SO6)
Trace diag-
rams (Peterson
2006)

diagrams, etc.
(2010s~)

Quantum
Computing

[Cvitanovic 2009] [JHK 1911.00892]
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My notes in 20_
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“* Penrose Style: More Visual Abstraction

v’ Artistically inspired me

i

9
5

& +&r 4
+277 %0
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“* Applications!?
v SO(3), SU(2) tensors Penrose (1971)
v Lie groups, spinors, etc. Cvitanovi¢, Kennedy, ... (1970-80s)
v’ Matrix algebra & SO(3) Peterson (2006)
v" Qubit circuits Coecke, Duncan, ... (2011)
v’ Vector calculus Questioned by MSH Oh in 2018

Everyone forgot
what it was like to take an
EM course for the first

Category
theory

- —

ndéi‘gfa'd @ GIST

EOW@ UC Merced,
u
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+» Collaboration

v Main article + 29-pages supplementary material

MIT Of course, many other areas of physics rely on complex mathematics. And
Technology that raises the interesting question of whether graphics-based innovations
Re\"ew could simplify these calculations and perhaps Kkick-start a new era of

innovation, just as Feynman did.

yul National Univ

A

Humans and technology - - i -
couple of colleagues who have come up with a similar innovation for vector

calculus—a graphics-based shorthand for one of the most common and

H OW to tu rn the Com plex powerful mathematical tools in science. “We anticipate that graphical vector

h 1 f calculus will lower the barriers in learning and practicing vector calculus, as
mat ema_tlcs 0_ VeCtor Feynman diagrams did in quantum field theory,” they say.
calculus into simple

pictures
Feynman diagrams revolutionized particle physics. Now - >< e

mathematicians want to do the same for vector calculus.

by Emerging Technology from the arXiv November 13,2019
¥
Back in 1948, the journal Physical Review published a paper entitled "Space- N
Time Approach to Quantum Electrodynamics” by a young physicist named €i.}"]f €klm = 5] m ()” o 5.}[ 55"'”‘
R.P. Feynman at Cornell University. The paper described a new way to solve
problems in electrodynamics using matrices. However, it is remembered First some background. Vector calculus is the branch of mathematics that
today for a much more powerful invention—the Feynman diagram, which deals with the differentiation and integration of vector fields. The reason it is

appeared thers in peint forthe fiest tine. so important in physics is that more or less everything in the universe can be

[JHK 1911.00892]
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s Derivatives

v’ Leibniz rule

@z@ 9] + [ @ < (f9)' =Ffg9+fg
v’ Vector-ize
@ @o ¢

reminds me of

CFT topological di(fg) = 0i(flg +  [f0i(9g)

SLH”f&lC(Z O;U(Z?’ElfO?’S. ..
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s Derivatives

v’ Divergence and curl

A
= 8i4; = (“VA"),.

A L (A )

= V- -A, = VXA
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(1) Vector Differential Calculus

v’ Deriving vector calculus identities in the graphical notation

2021-03-19 JoonHwi Kim

Vx(fA)

_|_

Q

[JHK 1911.00892]
39



(1) Vector Differential Calculus

v’ Deriving vector calculus identities in the graphical notation

Vx(AxB)=(V-B)YA+(B-V)A-(V-A)B-(A-V)B

Just doodle with diagrams, and you will get the answer.

[JHK 1911.00892]
40
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(1) Vector Differential Calculus

v’ Deriving vector calculus identities in the graphical notation

Vx(AxB)=(V-B)YA+(B-V)A-(V-A)B-(A-V)B

l

i/ v,

Qp-rRRQ-QS

Just doodle with diagrams, and you will get the answer.

[JHK 1911.00892]
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(1) Vector Differential Calculus

v’ Deriving vector calculus identities in the graphical notation

V(4 - B)
1 (@ (@)
— + ™= _ _
B A
B B B
\/ A
= &
B B

= (B-V)A + Bx (V xA)

[JHK 1911.00892]
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(2) Vector Integral Calculus

v' Graphical notation for integral calculus (Stokes” thm):
inspired by the duality b/w chains and cochains

/pdlieé and /{)PH@
= de-fof
@ P o

[JHK 1911.00892]
42
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(2) Vector Integral Calculus

v' Graphical notation for integral calculus (Stokes” thm):
inspired by the duality b/w chains and cochains

[E1-m B @

¢ o W

[JHK 1911.00892]
43
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(3) Rotation matrices, SO(3) covariance

P Yo Yoo

I"Z/dmlrl. ,—/dmr-l>-. —?

<y 7 v

n

[JHK 1911.00892]
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(4) Rep thry of SO(3), harmonic functions, appl. to EM

elle.] [e. ' [

(zh)2

o) - JK

nn“.n (ih)Q

pey_ 1 (EE1 (B

m X n mlln n
vx(élﬂ"r'z)_élw ~ T 4n

2 1
— 2 5@ (r ﬁ_
3 (7) 43 3
‘
—2(5(3)(F) 3[n][n]—[m _Snn m—m+gn—i6(3)(7”)

473 drr3 3 [JHK 1911.00892]
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(5) Algebro-combinatorial treatment of spherical integrals

2 m
o0
1 - = 1 1
d’zr —ExB="22| [ 2ar = || = [ &0
U, C ™ r 47 nlln||n|ln
R
ko 112 m| | _pe 1 (2152 o= _ po 1.2 o=
~ T 3R3|15 = Rl em <P = fg1mxp
e+|leo] let|]e” e+lleo] let|]e”

ey a2 A
C.—3 A

[JHK 1911.00892]
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(6) Diagrammatic perturbation: dipole-dipole interaction

)

71

n

7 = (47r)2<< exp | —BK xx

nl

)

n

R N
32\ N N

2

2

(

[JHK 1911.00892]
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(7) Quantum Mechanics

i? =

L = 7N - L)

r{|pPllrl||Pp r{lpllrl||p rl|P||IT]||P
. W e T F?T\_mg?\
r{|r||P]||P r|ih |P Plirllr]||P r||p
1252 7~

[JHK 1911.00892]
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s Collective Indices

v’ “Self-similar” tensor systems in SO(3)

—2 —2
(M[)ij — u (MI)ij < ]] — _25i[m5n]j
5 4 5 B —9

(MI )zk (MJ )kj - (MJ )zk (MI )kj = Jx1s (MK )z'j

“self-similar” if ¢ ==

KIJ B fKIJ
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1. Penrose (

s Collective Indices

v Infinite tower of self-similarity

3

=3 (=3

P

“critical point”
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** Collective indices
v' Penrose’s (—2)-dimensional tensors s0(—2) =~ su(2) =~ so(3)

Q=2 ) (+X+X =0

v Interpretation (Sym—ASym)

2| |- e
su(2) epsilon tensor

1= U U=~

By __
666 —

e}

[Penrose 1971]
[Cvitanovic&Kennedy 1982]
5
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** Collective indices

v The “Bl-floor” of the tower: (_22) =3
Penrose’s (—2)-dimensional tensors so(—2) = su(2) = so0(3)

Notational systems in physics themselves may be investigated through physics
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Notation Engineering

“* My Contributions

Joon-Hwi Kim and J. Nam (2020). Thermodynamic
Identities with Sunray Diagrams. European Journal of
Physics 43(2). [arXiv:1912.11485]

dw

>> A novel graphical method for deriving

ax‘ partial derivative identities in thermodynamics

ow

ox

ox

y oy

)7 )
7 du w

2021-03-19 JoonHwi Kim
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Notation Engineering

¢+ My Contributions

A .

/_\ Juno Nam, SNU
(undergrad)
Joon-Hwi Kim and J. Nam (2020). Thermodynamic

Identities with Sunray Diagrams. European Journal of
Physics 43(2). [arXiv:1912.11485]

dw

>> A novel graphical method for deriving
partial derivative identities in thermodynamics

a_x
Jdw

_ox
y 9

ox

)7 )
2 du ”

2021-03-19 JoonHwi Kim
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¢ Partial Derivative ldentities in Thermodynamics

2021-03-19 JoonHwi Kim

of various identities?

ox| Oy| .
8y ox - Derivation complicated!
<
ox Ox| Oz| Oy
oz| oy 0z 1 ow ow| — Jy|, dw
Oy|. 0z| Ox
< T
Why —1? Any intuitive **°
explanations possible?
Ox| Oy Ox
y — — =——
a, 1V
C p CV = = ay w 0% w 0% w  Classification &
Ko systematic understanding
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¢ Partial Derivative ldentities in Thermodynamics

2021-03-19 JoonHwi Kim

of various identities?

ox| Oy| .
ay ox - Derivation complicated!
<
ox Ox| Oz| Oy
oz| oy 0z 1 ow ow| — Jy|, dw
dy|, 0z|, Ox
Why —1? Any intuitive **°
explanations possible?
Ox| Oy Ox
y — — =——
a, 1V
C p CV = = ay w 0% w 0% w  Classification &
Ko systematic understanding
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¢ Previous Works on
the Geometric Language of Thermodynamics
v Maxwell (1871), reproduced in Nash (1964)

€, €p B J
_________ y
b4 \
M I

T | ' \\\\

K o
e — >,

Al g Z n N {m
S=8 8§=85§ x!- ‘\\\\\\\\ -
5=5; =52 K

The equal-area sliding for The equal-area sliding for
deriving Maxwell relations deriving the C,—C identity

v’ Based on area manipulations = Inconvenient!

2021-03-19 JoonHwi Kim
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“* Sunray Diagrams: Based on Arrow Manipulations

v’ Devised by JHK in 2014
v’ Started as a black magic (It works but why?)

(b)

> dy

ox
ay

scaling factor:
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“* Examples

v Intuitive explanation of the peculiar —1

(a) dy
Oox| Oy | dx
dy|. 9z, i o
0x ox| dy
T}/ > dy TI/ . g)f\‘ . dx
(b) dy dy ~d;/
4\
Ox ay 0z — 1 dx dx dx \\
ay z 82 x 856 Yy dz dz HA—od:
0x ox| dy ox| dy
.Y el ® ayl el ),
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“* Examples

v’ Easy derivation of identities:
comparison with Landau’s “Jacobian technique” (p.53)

as| as| _as| ov
oT

oV

oT

V T

S| 4(S,V)
oT|, o(T,V)
S| 4(S,V) &(T,P)

oT|, o(T,P)d(T,V)
_9s| |as| av| av| 8s| |aT,P)
oT|, |9T|, 9P|, 9T|, dP|.|O(T,V)

. _9s| |8s| av| as
S| s 9S - arl, [T, oT|, V],
>l T a7l T Ay ov| as

2021-03-19 JoonHwi Kim 58




** The Oriented Area and Maxwell’s Relations

v' The Jacobian technique can be imported in the sunray
language by introducing the oriented area structure

define dz A dy as the oriented area
generated by dr and dy

(a) dx (b)
O jay = —ay/ O Ldx  dx
d
O i Ix )
e s dx Ndy = —dyAdx dx Ndx =0
/
dx
~ ¥ .y - . sy © P e
ox| ., 7 SRR, 0 s o
= (.{‘1/ /
%Y |, dx / _ dx/ Y
dx Ay dzow T T~
dx N = -(—)\l/ ; dy A\ dy 4+ dz
dx Ndy+dxANdz = dx A (dy + dz)
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** The Oriented Area and Maxwell’s Relations

v Maxwell’s relations can be derived by assuming that

dP ANdV = dT A dS

... reminds us of the differential forms derivation...

AP ANdV = dT A dS
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** The Oriented Area and Maxwell’s Relations

X
dS
= N dT A dT A
¢ dS
— | dV
Y dT | A% TL LoV Ly
} oT | p
J )P I
= | 4T Q
aT |y, o e
Sunray diagram derivation
. T -
iP e 1V
dP N V|, dv N

Differential forms derivation
[Maxwell(1871), Nash(1964)]
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s+ Extensions

v’ n-variables generalization possible: “sunplane” diagrams

(a) dw (b) dw
d
dx az Q
dy 1z

( dy

Oox| Oy| O0z| Ow
b2 o i T |
0z|  Ow - ox

Zs Y%
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¢+ Semantics: More Than Black Magic

v Whatis “dT ” in sunray diagrams?
(The arrow representing the differential d1")

v Not only being a mathematical abstraction,
its “physical” aspect hints that it should
somehow directly interpreted in the equilibrium
thermodynamic state space (P-V or T-S plane)

infinitesimal oriented area

—_—  — —_—
dP /\ dV — dT A dS in the thermodynamic state space?

v However, it is not a one-form but a vector.
(Transforms like an arrow, not contour lines)
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%+ Semantics: More Than Black Magic

v Whatis “dT'” in sunray diagrams?
(The arrow representing the differential d1")

v RG flow of syntax
[1]
dx= o dy + AWM Differentials
dy |, oz |,
dT ANdS = dP ANdV
[11] [111]
- ox| « ox| « —  ox ox| —
x=—| dy+ =—| dz dx = —| d —| dz
dy |, Tz ” |, T oz "
AT AdS =dP A dV dT AdS = dP AdV

Figure 14: Two implementations of the partial derivative syntax by differential forms and symplectic
gradient vectors. When the arrows < and — of systems [II] and [III] are “integrated out” (ignored),
both of them flows to the system [I].
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%+ Semantics: More Than Black Magic

v’ “Vectors as elements of a vector space”
— sounds nice for mathematicians, but not for physicists

v' A physicist’s answer: Hamiltonian vec. fields dT —~w = —dT

Symplectic form 55 —dP ANdV =dT N dS
™~

N
S~ dT (A

flows through equal-T surface and
increases the conjugate quantity S by one unit
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%+ Semantics: More Than Black Magic

v’ Microscopic implementations of the universal syntax

P Universal p . .
IR Effective language
A
dy |, oz |,
dT AdS = dP AdV “Microscopic
f\/ \——’—\ implementations”
[11] [111] (UV compl.)
“« ox| « ox| < —  ox| =  ox| =
ZOGEN T M impl. [T = B I A A
dT/\dS:dP/\dV dT/\dS:dP/\dV

Figure 14: Two implementations of the partial derivative syntax by differential forms and symplectic
gradient vectors. When the arrows < and — of systems [II] and [III] are “integrated out” (ignored),

both of them flows to the system [I].

Notational systems in physics themselves can be investigated through physics

66
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¢ Black Magic in General

v’ Microscopic implementation (UV compl.) unknown

A letter to rigour-seeking mathematicians: there is no problem using effective
theories (or non-renormalizable theories) in appropriate low-energy regions.

(1 — %) z(t) = e

1 1

_ 2t
iw(t)—l_de + _dO
IIIRII dt dt
! :(1+%+(%)2+"‘)62t+06t
=(1+242" + )" +Ce'
= (—1)e2t + Ce'
"V Analytic continuation,

functional analysis, spectral theory, ...

ng 6—5[¢]

Somehow working
effective languages

Microscopic
implementation
unknown

Notational systems in physics themselves can be investigated through physics
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Notation Engineering

“* My Contributions

2021-03-19 JoonHwi Kim 68




uggestion: ‘“‘Notationolog

% Systematic Understanding of Notational Systems

v’ We are left with several questions:

* Why do particular notations (bra-ket, tensor graphs, ...) are
better than others? What makes them different?
What defines “good notations”?

* How can a well-made notation tell us about the physical reality?
Isn’t a notation merely a mathematical tool?

v' I found the concept of signifier and signified in
linguistics (semiotic theory of signs) useful to address
and understand these issues.

2021-03-19 JoonHwi Kim
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ohifier-Signified Separation

“* Semiotic Theory of Signs (Peirce, Saussure, 1900-1910s)

v What is a notational system?
It is a collection of signifier-to-signitied maps!

Notation 1 Notation 2
(Sumer (Alphabet,
hieroglyph) English)

Signifier
(Symbol)

Signified
(Meaning)

2021-03-19 JoonHwi Kim



The Signifier-Signified Separation

¢ Less Arbitrary Notations Have Smaller SSS

Increasing SSS
(i.e., arbitrariness)

F | Sh Notation 2

Notation 1

2021-03-19 JoonHwi Kim



The Signifier-Signified Separation

¢ Less Arbitrary Notations Have Smaller SSS

X
BxC,A

Ax(BxC)T " (BxC)x A

Increasing SSS / \

(i.e., arbitrariness) (AxB)xC Bx (Cx A
\ -~ Notation 2

(Bx A)xC _a, Bx(AxC) Commutative

\@l F \P’ | diagrams
R R
vy
F F
Notation 1\~‘ J A /
Graphical notation,

or braided anyons
themselves!

Braided
anyons
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ignifier-Signified Separation

¢ Less Arbitrary Notations Have Smaller SSS

'Yigxc
Ax(BxC)T " (BxC)x A

Increasing SSS / \
(i.e., arbitrariness)
\ / Notation 2

Commutative

\@’ P \P’ | diagrams
R R
¥ \\Y
Notation 1\~‘ /
Graphical notation,
or braided anyons
themselves!
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The Signifier-Signified Separation

¢ Less Arbitrary Notations Have Smaller SSS

Increasing SSS
1.e., arbitrari . / "N / /
(i.e., arbitrariness) (w)z]d% die fﬂ(@ Nz ﬂ(x)ﬁ(x ) ¥ g(m | Ap(z) A (2)
Notation 2
QFT S-matrix
Notation 1

Feynman diagrams,
or quantum particles
themselves!

!

Quantum
Particles
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The Signifier-Signified Separation

¢ Less Arbitrary Notations Have Smaller SSS

Increasing SSS
1.e., arbitrari . / "N / /
(i.e., arbitrariness) (ze)z]d% die }ﬂ(@ Nz ﬂ(x)ﬁ(x ) ¥ g(m | Ap(z) A (2)
Notation 2
QFT S-matrix
Notation 1

Feynman diagrams,
or quantum particles
themselves!

!
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The Signifier-Signified Separation

¢ Less Arbitrary Notations Have Smaller SSS

Increasing SSS
(i.e., arbitrariness)

Notation 1
Penrose graphs, or

“physical implementation”

of SO(3)-tensors!
(“SO(3)-particles”)

If we construct a TQFT
(to remove kinematics dof)
with SO(3) interaction vertices,

surely it will be the Penrose
notation of SO(3)-tensors!

2021-03-19 JoonHwi Kim
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Small-SSS Notations

% The Working Principle Behind “Good Notations”

Automated, “physically “Eaithful”
implemented” calculations

- Redundancy | : the economy of..
- Arbitrariness | : self-explanatory

representation of
physical realities
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Small-SSS Notations

% The Working Principle Behind “Good Notations”

v What is the most fundamental “rep” of molecules?
ACE-tone

Acetone
Propan-2-one

(CH,),CO

SSS SuIseaJdu|

(The physical
molecule itself)
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Small-SSS Notations

¢ The Working Principle Behind “Good Notations”

v What is the most fundamental “rep” of molecules?

ACE-tone
3 Acetone
2
X Achieved before the direct Propan—Z-onJ
%- observation of molecular structures! Early days
09 (CH;),CO
Vo)
wn
)
(@)
™

(The physical
molecule itself)
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Small-SSS Notations

¢ The Working Principle Behind “Good Notations”

v What is the most fundamental “rep” of molecules?

ACE-tone
3 Acetone
2
X Achieved before the direct Propan—Z-onJ
%- observation of molecular structures! Early days
09 (CH;),CO
Vo)
wn
)
(@)
™

(The physical
molecule itself)
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Small-SSS Notations

% The Working Principle Behind “Good Notations”

v What is the most fundamental “rep” of quantum circuits?

CNOT
Large SSS Acetone I
TN :2:
ZX calculus
Small SSS H— CIlI C T_':' H [0906.4725]

77
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Small-SSS Notations

% The Working Principle Behind “Good Notations”

v Less arbitrary notations display “microscopic constituents”

v’ Thus, they enable “derivations” from a smaller grammar
(set of axioms)

Isoborneol — Water - Camphene

g é
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Small-SSS Notations

% The Working Principle Behind “Good Notations”

v Less arbitrary notations display “microscopic constituents”

v’ Thus, they enable “derivations” from a smaller grammar
(set of axioms)

(CNOT)3 - - SWAP

3 >
333 DG 3B P B
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uggestion: ‘“‘Notationolog

% Systematic Understanding of Notational Systems

v’ We are left with several questions:

l Why do particular notations (bra-ket, tensor graphs, ...) are
better than others? What makes them different?
What defines “good notations”? A) Small SSS

How can a well-made notation tell us about the physical reality?
Isn’t a notation merely a mathematical tool?
A) Small-SSS notations (Signifier = Signified) unveil the hidden

signified (physical reality) by representing it in the form of
signifier (grammar and symbols of the notational system)

The signifier represents
the signified “faithfully”
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uggestion: ‘“‘Notationolog

% Systematic Understanding of Notational Systems

v’ We are left with several questions:

l Why do particular notations (bra-ket, tensor graphs, ...) are
better than others? What makes them different?
What defines “good notations”? A) Small SSS

A) Small-SSS notations (Signifier = Signified) unveil the hidden

signified (physical reality) by representing it in the form of
signifier (grammar and symbols of the notational system)

The signifier represents
the signified “faithfully”
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ll. Re:pres




** Human History of Notations (Math/Physics)
Symbolic algebra
20 —2 =4

[11is a number that becomeé
d..

Syncopated algebra

6 if multiplied L

GSS Suiseaudu|

(@)

Rhetorical algebra Graphical notation
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“* Human History of Notations (Natural Language)

Cafeteria Info Ce
Baggage
Restrg

GSS Suiseaudu|

First é‘a%sﬁsﬁ.ms:\niiﬁé%ﬂange 37 9
1>
=

51 % M =

1)

)
=]

s
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“* Human History of Notations (Music)

gt

——— Cresc. =

GSS Suiseaudu|

1
(e ==

fop i
(ft L lu.s pecc a 2 .

Music Itself
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“* Human History of Notations (Music)

gt

——— Cresc. =

GSS Suiseaudu|

[
I l.T

/2P
(ftllu.specca — 2 ®

Music Itself
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* The visual score of Ligeti’s <Artikulation> suggests
more than just the music it represents: a visual scenery

* SSS reduction in modern art is subtly different from that
in linguistics/math/phys

» SSS reduction in <Artikulation> is not to faithfully represent
the signified (sound) but suggest an undefined semantics
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¢ Re-presentation

v' The visual score of Ligeti’s <Artikulation> is not a mere
representation of the music but a re-presentation

v’ Set the signifier free!

“Dangling pointer”
Break the pre-defined
signifier-to-signified
assignment!
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¢ Re-presentation

v' The visual score of Ligeti’s <Artikulation> is not a mere
representation of the music but a re-presentation

v’ Set the signifier free!

“Dangling pointer”
Break the pre-defined
signifier-to-signified
assignment!
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» Arrivals/Exit
Baggage reclaim
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** Read Tensors as Visual Art

v Mathematical physics as art of formal beauty

o . we can write the amplitude as a trace, leaving us with
=]
: 2 € 1
= My]” = —q;’l”l'[(;/)’ﬁ»m,)j»" (p+ K+ me) ¥ (p+me) 7 (p+ K +me) 7,,]
)] 4(s—m32)"
act
+ A
f = 7”'F1'[(—2p’+»1-111,) (;ﬂ+i\/'+m,) (—2p+-lm,) (;/)—0—}{'-0—”:,”
| ] 4(s —=m2)
e > B Lo TGP ey () (p+ )
— Tr ; ) +m 4m; : ;
—~ E- = (s — rrlf)l F
| — 1 1 A L 1
: - +£)—4(p+ +4m
O g | P (p+E) —4(p+E)p+am]
- € 2 - - 2
O ( i {*n"‘ (P + k) ¥ (P + k) = 4(py + k)" PP + 4mZp"p, + 16m2 (p, + k)™ —
= S —mg
e :
R 16p™ (p, + k) — 16p” (p, + ko) + ](im”
0 2¢? ;
o = (7, [4_.,.,, + mj’ (3s +u)+ mﬂ] : (2.17)
o~ = (s —m2)”
bt
+ « In line 4 we used cyclicity of trace and y/py, = —2p. As Tr [y ...4#n] = 0 for n odd, we have only
'-E considered terms with even numbers of 4" matrices. Next we have
e L0
v = 2 € ! / ’
S Mg|* = Y Tr [(1})’ + me) v (;& -k + m,,) Y (p + me) Yu (;fi — K +m, ) ‘“J}
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-g 2¢* 4 2 \ 918
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8 F
IQ) o Finally we can calculate
=
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R E The full squared matrix element for the Compton scattering process is therefore
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** Read Tensors as Visual Art

v Employ a graphical notation, to promote the re-reading!

(VM)ABZA d‘ B p=p'"y, = i

4m” Tr| gy |

[JHK(2019), Compton I]
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** Even More, Listen to Tensors as Music!

2021-03-19 JoonHwi Kim

score (visual rep.)

(D

B2

N @/

M.

music

[JHK(2018),
Listen to Tensors]
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Cf. Black hole

** Even More, Listen to Tensors as Music! chirp sound

v From

“auditory notation” to music

PR

Artistic dimension emerges
from putting tensor eqns in
a different context of
interpretation

G'O.F, = G'20,F,) +G'.F =G (D,F, )", +G0.F

Sk (e ) + J Listen to Tensors]

2021-03-19 JoonHwi Kim
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** Even More, Listen to Tensors as Music! chirp sound

v From

“auditory notation” to music

PR

Artistic dimension emerges
from putting tensor eqns in
a different context of
interpretation
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* Tensor-inspired Surrealism
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JoonHwi Kim (2016), <A Pleasant Dream (=90t &) I~IV>,
digital printing on canvas
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digital printing on canvas
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lll. Closing Remarks



v' Graphical representation of tensorial structures
have become wide-spread in physics in the 20t C.

v By “good notation” it means that the notation has
small SSS (arbitrariness), i.e., the symbol directly
represents its meaning.

v’ It is this feature that provides practical benefits
as well as hints to the physical reality.

v' By breaking the pre-defined symbol-to-meaning
assignment, graphical notations also open up a
way towards “re-presentation art,” intertwining
mathematical physics, modern art, and the
semiotic theory of signs.

Edwardiufte](2012)}stainless
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¢ Acetone

¢ (CH;),CO
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Back-up Slide

¢ Cadabra-Hwi:
Calculating Tensors by “Physically Implementing” the Syntax
v" Tensor calculating software for HEP (better than Mathematica/Cadabra!)
v' Utilize the “topological computation” property

v' Graph isomorphism problem? Simulated annealing?
How to implement it?
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