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(Perturbative) superstring theory predicts the extra 6D space

１０＝４＋６

・Metric deformations of extra 6D dimensional space
= 4D scalar fields (called moduli)

・ Unless they are stabilized, it will lead to unobserved fifth forces

・ Stabilization of the extra dimensional space
→Moduli stabilization (creating a moduli potential)

・ relevant to the construction of de Sitter (dS) spacetime

Introduction ― Moduli stabilization in the string theory
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・ Flux compactification is useful to stabilize the moduli fields. 

Let us consider higher-dimensional Maxwell’s theory on 𝑅1,3 ×𝑀,

න
𝑅1,3×𝑀

𝐹𝑝 ∧∗ 𝐹𝑝

When there exists a magnetic flux 𝐹𝑝 in a cycle Σ𝑝 of 𝑀

induces the moduli potential through “∗”, depending on the metric

－ Type IIB string theory： Three-forms 𝐹3 and 𝐻3
－ F/M- theory： Four-form    𝐺4

Introduction ― Flux compactifications
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න
Σ𝑝

𝐹𝑝 = 𝑛 ∈ ℤ



・ Flux compactification is useful to stabilize the moduli fields. 

Let us consider higher-dimensional Maxwell’s theory on 𝑅1,3 ×𝑀,

න
𝑅1,3×𝑀

𝐹𝑝 ∧∗ 𝐹𝑝

When there exists a magnetic flux 𝐹𝑝 in a cycle Σ𝑝 of 𝑀

E.g.,  In type IIB string theory on Calabi-Yau orientifolds
4D N=1 effective superpotential :

න
Σ𝑝

𝐹𝑝 = 𝑛 ∈ ℤ

Introduction ― Flux compactifications

𝑊flux ≃ න
CY

𝐹3 − 𝑆𝐻3 ∧ Ω 𝑆 ： Axio-dilaton
Ω ： Holomorphic 3-form

3/18



3 steps :
(i) Flux compactification(Stabilization of complex structure and dilaton)
(ii) Stabilization of CY volume by non-perturbative effects

(iii) Uplifting mechanism (e.g., anti-D3 brane at the conifold)

𝑉CY

:CY volume 

[Kachru-Kallosh-Linde-Trivedi ’03]

c

KKLT scenario ― Prototypical example of dS vacua 

Uplifting

𝑉CY

𝑊 = ⟨𝑊flux⟩ +𝑊np

⟨𝑊flux⟩ ∼ 𝑊np <<   1

c
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3 steps :
(i) Flux compactification(Stabilization of complex structure and dilaton)
(ii) Stabilization of CY volume by non-perturbative effects

How do we realize ⟨𝑊flux⟩ <<  1 ?

・ Statistical approach

・ Analytical approach

𝑉CY

:CY volume 

[Kachru-Kallosh-Linde-Trivedi ’03]

c

KKLT scenario ― Prototypical example of dS vacua 

𝑊 = ⟨𝑊flux⟩ +𝑊np

⟨𝑊flux⟩ ∼ 𝑊np <<   1

[Ashok, Douglas 03,  Denef, Douglas 04, …]

[Demirtas, Kim, Mcallister, Moritz 19, 20, 

Alvarez-Garcia, Blumenhagen, Brinkmann, Schlechter 20, Honma, Otsuka 21, …]
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Short Summary

・ We explicitly demonstrate an exponentially small flux superpotential 
in F-theory flux compactifications on Calabi-Yau fourfolds

1. SUSY minima with one flat direction at the perturbative level

2. Stabilizing the flat direction by non-perturbative corrections 
(utilizing the techniques of mirror symmetry)

𝑊flux = 𝑊flux
(classical)

+𝑊flux
(quantum)

𝑊flux
(classical)

= 0

𝑊flux = 𝑊flux
(quantum)

<<  1

・Our method is broadly applicable to F-theory compactifications on CY4, 
but Kähler moduli stabilization remains an open problem

E.g., 𝑊flux ∼ 10−9
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Outline

1. Introduction/Short summary

2. F-theory flux compactifications

3. Small flux superpotential

4. Conclusion
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Why F-theory ? 

・GUT model building (due to the strong coupling)

・ Systematic study of both the open and closed string moduli

Closed string moduli
(Dilaton, Complex structure moduli)

Open string moduli
(Brane moduli)

This talk：
Stabilization of both the open and closed string moduli    
in F-theory flux compactifications

[Beasley-Heckman-Vafa ’08, Donagi-Wijnholt’08,….]
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Elliptically fibered CY4

𝑆 𝑢 : dilaton

𝒖
𝑺(𝒖)

3D Kähler
manifold

𝒖𝟎

CY3+branes

Complex structure moduli of CY3 
Dilaton
Open string (position) moduli

Complex structure moduli of CY4

F-theory geometrizes type IIB orientifolds with 7-branes
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Kähler potential:

𝐾 = −ln(න
CY4

Ω ∧ ഥΩ) − 2 ln𝑉

Flux superpotential:

𝑊flux = න
CY4

𝐺4 ∧ Ω

c

EFT:  The no-scale 4D N=1 SUGRA

[Gukov-Vafa-Witten, ’99]

𝑉 :  Volume of 3D Kähler base

F-theory flux compactifications on elliptically-fibered CY4 

𝑉 = 𝑒𝐾 ቍቌ

𝐼,𝐽

𝐾𝐼 ҧ𝐽𝐷𝐼𝑊𝐷 ҧ𝐽𝑊

No-scale scalar potential:

c

𝐼, 𝐽 :  CS moduli of CY4

𝐷𝐼𝑊 = 𝜕𝐼𝑊 +𝑊𝜕𝐼𝐾

Ω :  holomorphic 4-form of CY4
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Flux superpotential

○ 𝐺3-flux superpotential + brane superpotential in type IIB 

Period integrals :

[Witten’97]
Π = න

Γ

Ω

Flux superpotential (if Γ has no boundary)

Brane superpotential (if Γ has boundary)
(D7-Brane potential with magnetic flux 𝐹)

[Gukov-Vafa-Witten’99]

[Grimm-Ha-Klemm-Klevers ’09]
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𝜂𝐴𝐵 : Topological intersection matrix

𝑛𝐴 = 𝛾𝐴
𝐺4 :    𝐺4-flux quanta 

𝛾𝐴 : Homology basis of 𝐻4
𝐻 CY4, ℤ

○ 𝐺4-flux superpotential in F-theory

𝑊flux = න
CY4

𝐺4 ∧ Ω = 𝑛𝐴𝜂
𝐴𝐵Π𝐵

Π𝐴 = න
𝛾𝐴

ΩFourfold periods :



Flux superpotential

○ 𝐺3-flux superpotential + brane superpotential in type IIB 
= 𝐺4-flux superpotential in F-theory 

○ Self-dual 𝐺4-fluxes 
= ISD three-form fluxes in type IIB

○ Tadpole cancellation conditions

𝜒: Euler number of CY4
𝑛𝐷3: # of D3

[Sethi-Vafa-Witten ‘96]

[Becker-Becker ‘96]

𝑖𝐺3 =∗ 𝐺3

𝐺4 =∗ 𝐺4

𝜒

24
= 𝑛𝐷3 +

1

2
න
𝐶𝑌4

𝐺4 ∧ 𝐺4

[Grimm-Ha-Klemm-Klevers ’09,…]
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𝑊flux = න
CY4

𝐺4 ∧ Ω = 𝑛𝐴𝜂
𝐴𝐵Π𝐵



Outline

1. Introduction/Short summary

2. F-theory flux compactifications

3. Small flux superpotential

4. Conclusion
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Small flux superpotential in F-theory compactifications

:  functions of  𝐺4-flux quanta (𝑛𝐴) 

𝑧𝑎 :   CS moduli (𝑎 = 1,2, … , ℎ3,1(𝐶𝑌4) − 1)

𝑆 :  axio-dilaton (in Type IIB)

(enters only linearly in 𝑊) 

Around large complex structure points of elliptically fibered CY4s

𝑊flux
(classical)

= 𝐶0 + ሚ𝐶0𝑆 + 𝐶𝑎𝑧
𝑎 + ሚ𝐶𝑎𝑆𝑧

𝑎 +
1

2
𝐶𝑎𝑏𝑧

𝑎𝑧𝑏

+
1

2
ሚ𝐶𝑎𝑏𝑆𝑧

𝑎𝑧𝑏 +
1

3
𝐶𝑎𝑏𝑐𝑧

𝑎𝑧𝑏𝑧𝑐 +
1

3
ሚ𝐶𝑎𝑏𝑐𝑆𝑧

𝑎𝑧𝑏𝑧𝑐 +
1

4
𝐶𝑎𝑏𝑐𝑑𝑧

𝑎𝑧𝑏𝑧𝑐𝑧𝑑
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𝑆 :  axio-dilaton (in Type IIB)
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Only primitive (2,2)-components 
of background 𝐺4-flux quanta
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(enters only linearly in 𝑊) 
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SUSY conditions :   𝜕𝑆𝑊flux
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with

Small flux superpotential in F-theory compactifications

:  functions of  𝐺4-flux quanta (𝑛𝐴) 

𝑧𝑎 :   CS moduli (𝑎 = 1,2, … , ℎ3,1(𝐶𝑌4) − 1)

𝑆 :  axio-dilaton (in Type IIB)

(enters only linearly in 𝑊) 

Only primitive (2,2)-components 
of background 𝐺4-flux quanta

SUSY conditions :   𝜕𝑆𝑊flux
(cl)

= 𝜕𝑧𝑎𝑊flux
(cl)

= 𝑊flux
(cl)

= 0

Around large complex structure points of elliptically fibered CY4s

lifted by quantum corrections, along with a small superpotential

𝑊flux
(classical)

= 𝐶0 + ሚ𝐶0𝑆 + 𝐶𝑎𝑧
𝑎 + ሚ𝐶𝑎𝑆𝑧

𝑎 +
1

2
𝐶𝑎𝑏𝑧

𝑎𝑧𝑏

+
1

2
ሚ𝐶𝑎𝑏𝑆𝑧

𝑎𝑧𝑏 +
1

3
𝐶𝑎𝑏𝑐𝑧

𝑎𝑧𝑏𝑧𝑐 +
1

3
ሚ𝐶𝑎𝑏𝑐𝑆𝑧

𝑎𝑧𝑏𝑧𝑐 +
1

4
𝐶𝑎𝑏𝑐𝑑𝑧

𝑎𝑧𝑏𝑧𝑐𝑧𝑑

𝑊flux
(classical)

= ሚ𝐶𝑎𝑆𝑧
𝑎 +

1

2
𝐶𝑎𝑏𝑧

𝑎𝑧𝑏

One flat direction at the classical level :  𝑧𝑎 = 𝑆𝑃𝑎
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Small flux superpotential on elliptically fibered CY4

Toric charge : 𝑙1 = 0,−2,1,0,1,0,0,1, −1,0

𝑙2 = −6, 1,0,0,0,2,3,0, 0, 0

𝑙3 = 0,−1,0,1,0,0,0, −1,1,0

𝑙1 + 𝑙3: ℂℙ11169 modulus
𝑙2:          ℂℙ11169 modulus
𝑙3: brane deformation 
𝑙3 +𝑙4 : base 𝐶𝑃1𝑙4 = 0,−1,0, −1,0,0,0,1,0,1

Elliptically fibered CY4 (mirror dual to ℂℙ11169 over ℂℙ1)

- From the mirror symmetry calculation with the toric charge, 
there exist 16 independent 𝐺4-flux quanta (associated with 16 period integrals)

- ℎ3,1 = 4 CS moduli (𝑧𝑎=1,2,3 and 𝑆)  

15/18
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- From the mirror symmetry calculation with the toric charge, 
there exist 16 independent 𝐺4-flux quanta (associated with 16 period integrals)

primitive (2,2)-components of background 𝐺4-flux

- ℎ3,1 = 4 CS moduli (𝑧𝑎=1,2,3 and 𝑆)  

𝑛1 = 𝑛2 = 𝑛3 = 𝑛4 = 𝑛5 = 0
𝑛12 = 𝑛13 = 𝑛14 = 𝑛15 = 𝑛16 = 0

15/18

6 𝐺4-flux quanta {𝑛6, 𝑛7, 𝑛8, 𝑛9, 𝑛10, 𝑛11} 

[Grimm-Ha-Klemm-Klevers ’09,
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𝑊flux
(classical)

= ሚ𝐶𝑎𝑆𝑧
𝑎 +

1

2
𝐶𝑎𝑏𝑧

𝑎𝑧𝑏

{ ሚ𝐶𝑎, 𝐶𝑎𝑏} : functions of  𝐺4-flux quanta {𝑛6, 𝑛7, 𝑛8, 𝑛9, 𝑛10, 𝑛11}
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Flat direction at SUSY vauum : 𝑧𝑎 = 𝑆𝑃𝑎



Small flux superpotential on elliptically fibered CY4

- By utilizing algebraic methods of the toric geometry, 
non-perturbative corrections are determined by solving the Picard-Fuchs equations

- We analyze the vacuum structure under the following range of background fluxes : 

- Relevant period integrals (including leading quantum corrections):

𝜒

24
= 𝑛𝐷3 +

1

2
න
CY4

𝐺4 ∧ 𝐺4c 𝜒 = 16848

Tadpole cancellation condition :

c
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No 𝛼′ corrections 



Small flux superpotential on elliptically fibered CY4

- Flat direction at the classical level

Vacuum A :

- Non-perturbative superpotential (along the flat locus)

- Mass squareds of canonically normalized moduli

- Stable against the next instanton corrections

17/18
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Racetrack



・ We explicitly demonstrate an exponentially small flux superpotential 
in F-theory flux compactifications on Calabi-Yau fourfolds

・ Generalizing a simple but broadly applicable method in Type IIB into   
F-theory compactifications, we clarified 𝐺4-flux components

- Impact on the realization of KKLT construction 
in a broad range of F-theory frameworks

・ Comprehensive study about global structure of CY moduli space ?
(for instance, conifold region) 

・ Kähler moduli stabilization in F-theory ? 

Conclusion and Discussions

1.  Perturbatively flat direction at the SUSY minima
2.  Leading-instanton corrections lift the flat direction

(by utilizing the mirror symmetry techniques)
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