
F-actinintermediate filament microtubule

The Cell

The cytoskeleton, an active solid

Vale lab, UCSF 



F-actinintermediate filament microtubule

The Cell

The cytoskeleton, an active solid

with Kapitein et al.,  
Current Biol., (2010). 



The cytoskeleton, an active solid

F-actinintermediate filament microtubule

The Cell



The cytoskeleton, an active solid

F-actinintermediate filament microtubule

The Cell

https://www.youtube.com/watch?v=zQocsLRm7_A&feature=youtu.be

Myosin in muscle

https://www.youtube.com/watch?v=zQocsLRm7_A&feature=youtu.be


Molecular motors



Biopolymers & their networks in cells

II. SEMIFLEXIBLE POLYMERS

Biopolymers such as those that make up the cytoskeleton
and extracellular matrices typically consist of aggregates of
large globular proteins (Fig. 4). These are usually bound
together more weakly than most synthetic, covalently bonded
polymers. Biopolymers can nevertheless exhibit surprising
stability and strength. Specifically, given that their diameter
can be as large as tens of nanometers or more, they are far
more rigid to bending than most common synthetic polymers,
and it can be a good approximation in some cases to treat them
as elastic fibers. Thus, their bending rigidity is often their most
important characteristic. In many cases, however, the contour
length of these filaments is still long enough that they may
exhibit significant thermal bending fluctuations. Thus they are
said to be semiflexible or wormlike.
The most intuitive characterization of the stiffness of

biopolymers is their persistence length lp, which can be
regarded as the contour length at which significant bending
fluctuations occur. This characterization is convent, but can be
misleading. It is not correct, for instance, to think of a
semiflexible polymer as rodlike and effectively athermal on
length scales shorter than lp: even for lengths much less than
this, thermal fluctuations can play an important, even dom-
inant role, e.g., in determining the axial stretching response of
a semiflexible chain. Also, it is important to bear in mind that
lp is directly related to the filament stiffness only in thermal
equilibrium and only for filaments that are perfectly straight in
their relaxed state. Sometimes the term persistence length is
also used merely as a way of characterizing how straight
a given polymer is, for instance, in atomic force microscope
(AFM) experiments that measure the conformation of a
polymer adsorbed on a surface. Such conformations can be
far from equilibrium, and thus the shape may not directly
reflect the bending rigidity of the filament. Under conditions
of thermal equilibrium, the persistence length is more pre-
cisely defined in terms of the angular correlations of the
local tangent along the polymer backbone, which decay
exponentially with a characteristic length lp. The persistence
lengths of a few important semiflexible polymers are given in

Table I, along with their approximate diameter and contour
length.

A. Wormlike chain model

On the scale of several nanometers to micrometers, bio-
polymers are often effectively modeled as inextensible elastic
rods or fibers with finite resistance to bending. This is the
essence of the so-called wormlike chain (WLC) model
(Kratky and Porod, 1949). This can be described by a bending
energy of the form

Hbend ¼
κ
2

Z
ds
!!!!
∂~t
∂s

!!!!
2

; ð1Þ

where κ is the bending modulus, ~t is a (unit) tangent vector
along the chain, and the integrand represents the square of the
local curvature along the chain. Here the chain position ~rðsÞ is
described by an arc-length coordinate s along the chain
backbone. Hence, the tangent vector

~t ¼ ∂~r
∂s : ð2Þ

These quantities are illustrated in Fig. 5.
The bending modulus κ has units of energy times length. A

natural energy scale due to Brownian fluctuations is kBT,
where T is the temperature and kB is Boltzmann’s
constant. Thus, lp ¼ κ=kBT is a length. In fact, this is
precisely the persistence length described previously.
For a homogeneous rod of diameter 2a consisting of a
homogeneous material, the bending modulus should be
proportional to the material’s Young’s modulus E, which
has units of energy per volume. Thus, having units of energy
times length, we expect that κ to be of the order of Ea4. In fact
(Landau and Lifshitz, 1986),

κ ¼ π
4
Ea4: ð3Þ

This is often expressed as κ ¼ EI, where I is the moment of
inertia of the cross section. For a cylindrical fiber, the moment of

FIG. 4 (color online). The three families of cytoskeletal
filaments, including F-actin, intermediate filaments, and
microtubules.

2 a

s

t(s)

FIG. 5. A filamentous protein can be regarded as an
elastic rod of radius a. Provided the length of the rod
is very long compared with the monomeric dimension a, and
that the rigidity is high (specifically, the persistence length
lp ≫ a), this can be treated as an abstract line or curve,
characterized by the length s along its backbone. A unit vector
~t tangent to the filament defines the local orientation of the
filament. A curvature is present when this orientation varies with
s. For bending in a plane, it is sufficient to consider the angle θðsÞ
that the filament makes with respect to some fixed axis. The
curvature is then ∂θ=∂s.

998 C. P. Broedersz and F. C. MacKintosh: Modeling semiflexible polymer networks

Rev. Mod. Phys., Vol. 86, No. 3, July–September 2014

important aspect, setting biopolymers apart from most syn-
thetic polymers, is that their persistence length is much larger
than the molecular or single protein scale and is often
comparable to or larger than the relevant length scale on
which the polymer is considered, such as its contour length or
the cross-linking length scale of the network in which they are
embedded. Thus, a variety of biopolymers are considered to
be semiflexible, and their dynamics is governed by a com-
petition between entropic and energetic effects. Many theories
of semiflexible polymers have been put to the test, since it
became possible to study the dynamics and elastic properties
of isolated biopolymers.
Quantitative measurements of the properties of biopolymer

systems in their native environment in vivo remain a formi-
dable experimental challenge (Fletcher and Mullins, 2010).
However, important advances have been achieved by using a
bottom-up approach: proteins are purified and reconstituted to
form simplified in vitro models of real biopolymer systems,
which can be studied quantitatively under well-controlled
conditions (Bausch and Kroy, 2006; Kasza et al., 2007;
Lieleg, Claessens, and Bausch, 2010). Most biopolymers,
including filamentous actin (F-actin), intermediate filaments,
and microtubules, as well as associated regulatory proteins can
now be purified and reconstituted into networks. These
reconstituted networks have not only formed an ideal testing
ground for theory, but have often led the way for new
theoretical developments. Thus, a large share of the work
reviewed here was done in the context of such reconstituted
biopolymer networks.
As an example, we show an electron micrograph and a

fluorescence microscopy image of an in vitro F-actin network
in Figs. 3(a) and 3(b). The microstructure and mechanics of
such networks can depend sensitively on the type and
concentration of polymer and cross-linking proteins
(Lieleg, Claessens, and Bausch, 2010). This represents yet
another key difference with respect to flexible polymers:
semiflexible polymers are fundamentally less prone to
entangle with their neighbors, since they cannot readily form
tight coils or knots. This renders biopolymer networks much
more sensitive to cross-linking and may be a reason why
nature employs a wide variety of cross-linking proteins.
Indeed, distinguishing properties of physiological cross-
linkers, such as their dynamic or transient nature (Lieleg
et al., 2008, 2009; Ward et al., 2008; Broedersz et al., 2010;
Heussinger, 2011; Strehle et al., 2011; Yao et al., 2013) or a
nonlinear elastic response (Gardel et al., 2006; Wagner et al.,
2006; Broedersz, Storm, and MacKintosh, 2008; Kasza et al.,
2009, 2010), have been found to have a major impact on the
linear and nonlinear viscoelastic properties of the networks
they form. The addition of motor proteins such as myosin,
which can actively generate stochastic forces by tugging on
F-actin filaments, can drive the network into a nonequili-
brium state (Mizuno et al., 2007; Koenderink et al., 2009),
with striking effects on the dynamics and mechanics of the
system.
One of the key mechanical properties of such reconstituted

networks is the shear modulus. The shear modulus typically
exhibits a rich frequency dependence (Schnurr et al., 1997;
Hinner et al., 1998; Koenderink et al., 2006), including
frequency-independent plateau regimes at intermediate

frequencies, and various power-law regimes at both low
and high frequencies. This variety reflects how the network
can be dominated by qualitatively different dynamics on
different time scales. Insights into these various frequency
regimes were given by theories on the dynamics of semi-
flexible polymers or bundles in permanently or transiently
cross-linked networks (Gittes and MacKintosh, 1998; Morse,
1998a, 1998b, 1998c); Heussinger, Bathe, and Frey, 2007;
Lieleg et al., 2008; Broedersz et al., 2010; Heussinger,
Schüller, and Frey, 2010). In some cases, weak power laws
were observed (Semmrich et al., 2007), suggesting soft glassy
dynamics (Sollich et al., 1997), which spurred the develop-
ment of theories on the dynamics of polymers in glassy
environments (Kroy and Glaser, 2007; Kroy, 2008). These
systems also exhibit a striking nonlinear response (Gardel
et al., 2004a, 2004b, 2006; Storm et al., 2005), in which the
networks’ differential stiffness can increase (10–100)-fold at
moderate strains between 10% and 100%, which led to much
debate on the origins of this behavior (Onck et al., 2005;
Kabla and Mahadevan, 2007; Heussinger, Schaefer, and Frey,
2007; Huisman et al., 2007; Lieleg et al., 2007; Huisman,
Storm, and Barkema, 2008; Wyart et al., 2008; Conti and
MacKintosh, 2009).
In this review we focus largely on minimal, physical

approaches. We begin with the properties of single filaments
and then move on to the collective properties of entangled
solutions and semiflexible polymer networks.

FIG. 3. (a) Electron micrograph of a fixed and rotary-shadowed
filamin-F-actin network at an actin concentration 1 mg=ml,
average filament length 15 μm, and a filamin:actin molar
ratio of 0.005:1. From Kasza et al., 2009. (b) Confocal
microscopy image of a fluorescently labeled bundled filamin-
F-actin network at high filamin concentrations. From
Kasza et al., 2010. (c) Electron micrograph of a fixed and
rotary-shadowed Vimentin network. Courtesy of Y-C. Lin and
D. Weitz (Harvard).
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Quantitative actin Network elasticity from single filament stat. mech.

Gardel, et al., Science (2004) & PRL (2004); Lin, Yao, et al. PRL & Biophys J 2010.

ing that the Young’s modulus of vimentin is less than that
of neurofilaments. In particular, utilizing an extensible
wormlike chain model we are able to estimate vimentin’s
Young’s modulus to be approximately 9 MPa [17,18].

To further probe the mechanism of the network elastic-
ity, we test the predicted relationship between G0 and !c.
Assuming an affine deformation, theory predicts the curve
shown in the inset of Fig. 3, with

G0 ¼ 6"kBT
l2p
l3c

and !c ¼ "kBT
lp
l2c
: (1)

Here, kB is Boltzmann’s constant, T is the temperature, " is
the filament density in length per volume, lp is the persis-
tence length, and lc is the average distance between cross-
links [8,10,11,19]. Since " / cIF, the model predicts that

c1=2IF G0 " !3=2
c , where the prefactor should depend only on

kBT and lp. In particular, this relationship is predicted to be
independent of lc, so that even data sets with different
cross-link densities should collapse onto a single curve.
Both vimentin and NF networks agree with this data col-
lapse and scaling for a variety of different filament and
Mg2þ concentrations, as shown in Fig. 4. In the case of
NFs, the generality of this ionic cross-linking behavior is
depicted by a qualitative collapse onto the same curve for
other divalent ions such as Ca2þ and Zn 2þ. This scaling
relates the linear elasticity of the networks to the stress at
which nonlinear behavior begins as the filaments approach
their full extension; therefore, it is independent of the
scaling of K0 with ! in Fig. 3. This provides strong evi-
dence that the linear elasticity of IF networks is also
governed by entropic stretching.

The relative shift between the two curves in Fig. 4. can
be explained by a difference in persistence lengths of the
filaments. Remarkably, we can determine lp directly from
the macroscopic network behavior under shear,

lp ¼ 1

36
"kBT

G2
0

!3
c

; (2)

where " $ 0:5% 1013 m&2 for both IF networks at a con-
centration of 4 #M. We find that for NFs, lp $ 0:2 #m,
while for vimentin, lp $ 0:5 #m; both of these values are
in good accord with previous experiments [20–23].
Furthermore, we also determine the cross-link density,

lc ¼ 6lp
!c

G0
; (3)

where we have obtained lp directly from bulk rheological
parameters using Eq. (2). Direct determination of lc is
difficult and has rarely been made in such systems [24].
Here, we find that lc $ 0:3 #m for NFs and lc $ 0:6 #m
for vimentin. This is consistent with our hypothesis that the
filaments are cross-linked on the scale lp and thus the
networks can be characterized as semiflexible.
To further examine the behavior of Mg2þ as a cross-

linker, we consider the scaling of lc as a function of both R
and cIF [Eq. (3)]. Cross-linking occurs on the scale of the

entanglement length le, which scales as c&2=5
IF [11,18].

Since our data suggest that Mg2þ is effectively a cross-
linker, we expect lc to scale with R&x for some exponent x
[8,10]. Indeed, the data exhibit an approximate scaling,
lc" R&xc&y

IF ¼ c&x
Mgc

&yþx
IF ; xis approximately 0.23 for both

IFs, measured at fixed cIF, and y$ 0:4 for vimentin and
y$ 0:5 for neurofilaments, measured at fixed R, as shown
in Fig. 5. Interestingly, the larger value of y for NFs is
consistent with the correspondingly stronger concentration

FIG. 4 (color online). The dependence of c1=2IF G0 on !c.
Vimentin data points are obtained with Mg2þ, while NF data
points are obtained with Mg2þ (closed circles), Ca2þ (open
circles), and Zn 2þ (crossed circles). The solid lines reflect
regression fits. The affine thermal model predicts a power law
of 3=2, shown for reference.

FIG. 3 (color online). K0 at 0:6 rad= sec as a function of ! for
vimentin and neurofilament networks: [cMg ¼ 2 mM (open sym-

bols), cMg ¼ 8 mM (solid symbols) and cIF ¼ 2 mg=ml (all

symbols)]. The solid line shows a 3=2 power law. The inset
shows the data sets rescaled by !c andG0 depicting the universal
form of the stiffening response; the rescaled theory is indicated
by the dashed red line, while the solid black line depicts the
deviation due to enthalpic backbone stretching.
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Effect of molecular motors: Active Gels
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Contractile forces stiffen network
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Can we see Broken Detailed Balance  
at macro-/meso-scale?

Normal modes

Chlamydomonas flagellum 
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Trajectories in continous
configurational phase space Coarse grain phase space Probability fluxes

Battle, Broedersz, Fakhri, Geyer, 
Howard, Schmidt, FCM, Science 2016.



Projected current/flux in  
configurational phase space

See also: 
Ma, Klindt, Riedel-Kruse, Jülicher, and Friedrich, PRL 113, 048101 (2014)
Geyer, Jülicher, Howard, and Friedrich PNAS, 110 (45), 18058(6) (2013)
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Molecular motors: minimal ingredients

Vale lab, UCSF 

see,  
Magnasco, PRL 71: 1477 (1993); Prost et al. PRL 72: 2652 (1994).  



All known motors operate on polar substrates

Note that actin and microtubules are both polar,  
which is essential for myosin and kinesis/dynein function.  

There are no known motors on intermediate filaments  
or septin filaments, which are apolar.  

But, there is evidence for contractility without acto-myosin:
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Another broken symmetry: force-extension

The nonlinear force-extension is asymmetric  
under extension/compression:

Chen, Markovich & FCM PRL 125: 208101 (2020).
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The integration here is actually over the projected length of the
chain. But, to leading (quadratic) order in the transverse
displacements, we make no distinction between projected and
contour lengths here and above inHbend. Because the tension τ
is conjugate to Δl, we can write the energy in terms of the
applied tension as

H ¼ 1

2

Z
dx

#
κ

$∂2u
∂x2

%
2

þ τ

$∂u
∂x

%
2
&

¼ l
4

X

q

ðκq4 þ τq2Þu 2q: ð10Þ

Under a constant tension τ therefore, the equilibrium ampli-
tudes u q satisfy the equipartition theorem,

hju qj2i ¼
2kBT

lðκq4 þ τq2Þ
; ð11Þ

and the contraction

hΔliτ ¼ kBT
X

q

1

ðκq2 þ τÞ
: ð12Þ

There are, of course, two transverse degrees of freedom, and
this final expression incorporates a factor of 2 appropriate for a
chain fluctuating in 3D.
Semiflexible filaments exhibit a strong suppression of

bending fluctuations for modes of wavelength less than the
persistence length lp, as can be seen in the q dependence in
Eq. (11). This has important consequences for many of the

thermal properties of such filaments. In particular, it means
that the longest unconstrained wavelengths tend to be dom-
inant in most cases of interest, provided that this length is short
compared with lp. This allows us, for instance, to anticipate
the scaling form of the end-to-end contraction Δl between
points separated by arc length l in the absence of an applied
tension. We note that if it is a length, it must vary inversely
with stiffness κ and must increase with temperature. Thus,
since the dominant mode of fluctuations is that of the
maximum wavelength l, we expect the contraction to be of
the form hΔli0 ∼ l2=lp. More precisely, for τ ¼ 0,

hΔli0 ¼
kBTl2

κπ2
X∞

n¼1

1

n2
¼ l2

6lp
: ð13Þ

Similar scaling arguments to those above lead us to expect that
the typical transverse amplitude of a segment of length l is
given by

hu 2i ∼ l3

lp
ð14Þ

in the absence of applied tension. The precise coefficient for
the mean-square amplitude of the midpoint between ends
separated by l (with vanishing deflection at the ends) is 1=24.
Apart from the prefactor, we could have anticipated the
scaling form of the result in Eq. (14) by noting that, being
a thermal effect, it should increase proportional to kBT. It
should also decrease inversely with bending rigidity κ. Thus,
the expectation is that hu 2i ∼ ðkBT=κÞ × l3, where the domi-
nating wavelength λ∼ l is the longest unconstrained mode
and this length enters with a third power for dimensional
reasons.
For a finite tension τ, however, the longest unconstrained

wavelength is not the only relevant length. There is also a
characteristic length lt ∼

ffiffiffiffiffiffiffi
κ=τ

p
associated with the competi-

tion of bending and the tension. In short, modes of wavelength
shorter than this are governed primarily by bending, while
those of longer wavelength are governed by tension. Thus, the
analysis above is valid provided that lt ≳ l, i.e., for tensions τ
small compared with the Euler buckling force κ=l2 of an
elastic rod of length l. This also corresponds to the regime of
force for which the response to tension is linear. In the other
limit lt ≲ l, nonlinearities in the response can be expected. In
both limits, the extension of the chain (toward full extension)
under tension is given by

δlðτÞ ¼ hΔli0 − hΔliτ ¼
l2

π2lp

X

n

ϕ
n2ðn2 þ ϕÞ

; ð15Þ

where

ϕ ¼ τl2=κπ2 ð16Þ

is a dimensionless force. As suggested above, the character-
istic force κπ2=l2 that enters here is the critical force in the
classical Euler buckling problem. The summation in Eq. (15)
can be found analytically, with the result that the relative
extension

FIG. 6 (color online). One end of a filament is fixed, in both
position and orientation, while the other is free. The filament
tends to wander in a way that can be characterized by u ðxÞ, a
transverse displacement field. For a fixed total arc length of the
filament, thermal fluctuations result in a contraction of the end-to-
end distance, which is denoted by Δl. In fact, this contraction is
actually distributed about a thermal average value hΔli. The
mean-square (longitudinal) fluctuations about this average are
denoted by hδl2i, while the mean-square lateral fluctuations (i.e.,
with respect to the dashed line) are denoted by hu 2i. The bottom
image shows how the fluctuations are reduced and the chain is
extended when a tension τ is applied.
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under extension/compression:

Chen, Markovich & FCM PRL 125: 208101 (2020).



Δl ¼
Z

dx

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ
""""
∂u
∂x

""""
2

s

− 1

!

≃ 1

2

Z
dx

""""
∂u
∂x

""""
2

¼ l
4

X

q

q2u 2q: ð9Þ

The integration here is actually over the projected length of the
chain. But, to leading (quadratic) order in the transverse
displacements, we make no distinction between projected and
contour lengths here and above inHbend. Because the tension τ
is conjugate to Δl, we can write the energy in terms of the
applied tension as

H ¼ 1

2

Z
dx

#
κ

$∂2u
∂x2

%
2

þ τ

$∂u
∂x

%
2
&

¼ l
4

X

q

ðκq4 þ τq2Þu 2q: ð10Þ

Under a constant tension τ therefore, the equilibrium ampli-
tudes u q satisfy the equipartition theorem,

hju qj2i ¼
2kBT

lðκq4 þ τq2Þ
; ð11Þ

and the contraction

hΔliτ ¼ kBT
X

q

1

ðκq2 þ τÞ
: ð12Þ

There are, of course, two transverse degrees of freedom, and
this final expression incorporates a factor of 2 appropriate for a
chain fluctuating in 3D.
Semiflexible filaments exhibit a strong suppression of

bending fluctuations for modes of wavelength less than the
persistence length lp, as can be seen in the q dependence in
Eq. (11). This has important consequences for many of the

thermal properties of such filaments. In particular, it means
that the longest unconstrained wavelengths tend to be dom-
inant in most cases of interest, provided that this length is short
compared with lp. This allows us, for instance, to anticipate
the scaling form of the end-to-end contraction Δl between
points separated by arc length l in the absence of an applied
tension. We note that if it is a length, it must vary inversely
with stiffness κ and must increase with temperature. Thus,
since the dominant mode of fluctuations is that of the
maximum wavelength l, we expect the contraction to be of
the form hΔli0 ∼ l2=lp. More precisely, for τ ¼ 0,

hΔli0 ¼
kBTl2

κπ2
X∞

n¼1

1

n2
¼ l2

6lp
: ð13Þ

Similar scaling arguments to those above lead us to expect that
the typical transverse amplitude of a segment of length l is
given by

hu 2i ∼ l3

lp
ð14Þ

in the absence of applied tension. The precise coefficient for
the mean-square amplitude of the midpoint between ends
separated by l (with vanishing deflection at the ends) is 1=24.
Apart from the prefactor, we could have anticipated the
scaling form of the result in Eq. (14) by noting that, being
a thermal effect, it should increase proportional to kBT. It
should also decrease inversely with bending rigidity κ. Thus,
the expectation is that hu 2i ∼ ðkBT=κÞ × l3, where the domi-
nating wavelength λ∼ l is the longest unconstrained mode
and this length enters with a third power for dimensional
reasons.
For a finite tension τ, however, the longest unconstrained

wavelength is not the only relevant length. There is also a
characteristic length lt ∼

ffiffiffiffiffiffiffi
κ=τ

p
associated with the competi-

tion of bending and the tension. In short, modes of wavelength
shorter than this are governed primarily by bending, while
those of longer wavelength are governed by tension. Thus, the
analysis above is valid provided that lt ≳ l, i.e., for tensions τ
small compared with the Euler buckling force κ=l2 of an
elastic rod of length l. This also corresponds to the regime of
force for which the response to tension is linear. In the other
limit lt ≲ l, nonlinearities in the response can be expected. In
both limits, the extension of the chain (toward full extension)
under tension is given by

δlðτÞ ¼ hΔli0 − hΔliτ ¼
l2

π2lp

X

n

ϕ
n2ðn2 þ ϕÞ

; ð15Þ

where

ϕ ¼ τl2=κπ2 ð16Þ

is a dimensionless force. As suggested above, the character-
istic force κπ2=l2 that enters here is the critical force in the
classical Euler buckling problem. The summation in Eq. (15)
can be found analytically, with the result that the relative
extension

FIG. 6 (color online). One end of a filament is fixed, in both
position and orientation, while the other is free. The filament
tends to wander in a way that can be characterized by u ðxÞ, a
transverse displacement field. For a fixed total arc length of the
filament, thermal fluctuations result in a contraction of the end-to-
end distance, which is denoted by Δl. In fact, this contraction is
actually distributed about a thermal average value hΔli. The
mean-square (longitudinal) fluctuations about this average are
denoted by hδl2i, while the mean-square lateral fluctuations (i.e.,
with respect to the dashed line) are denoted by hu 2i. The bottom
image shows how the fluctuations are reduced and the chain is
extended when a tension τ is applied.
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Another broken symmetry: force-extension

The nonlinear force-extension is asymmetric  
under extension/compression:
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The integration here is actually over the projected length of the
chain. But, to leading (quadratic) order in the transverse
displacements, we make no distinction between projected and
contour lengths here and above inHbend. Because the tension τ
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Under a constant tension τ therefore, the equilibrium ampli-
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There are, of course, two transverse degrees of freedom, and
this final expression incorporates a factor of 2 appropriate for a
chain fluctuating in 3D.
Semiflexible filaments exhibit a strong suppression of

bending fluctuations for modes of wavelength less than the
persistence length lp, as can be seen in the q dependence in
Eq. (11). This has important consequences for many of the

thermal properties of such filaments. In particular, it means
that the longest unconstrained wavelengths tend to be dom-
inant in most cases of interest, provided that this length is short
compared with lp. This allows us, for instance, to anticipate
the scaling form of the end-to-end contraction Δl between
points separated by arc length l in the absence of an applied
tension. We note that if it is a length, it must vary inversely
with stiffness κ and must increase with temperature. Thus,
since the dominant mode of fluctuations is that of the
maximum wavelength l, we expect the contraction to be of
the form hΔli0 ∼ l2=lp. More precisely, for τ ¼ 0,
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Similar scaling arguments to those above lead us to expect that
the typical transverse amplitude of a segment of length l is
given by

hu 2i ∼ l3
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in the absence of applied tension. The precise coefficient for
the mean-square amplitude of the midpoint between ends
separated by l (with vanishing deflection at the ends) is 1=24.
Apart from the prefactor, we could have anticipated the
scaling form of the result in Eq. (14) by noting that, being
a thermal effect, it should increase proportional to kBT. It
should also decrease inversely with bending rigidity κ. Thus,
the expectation is that hu 2i ∼ ðkBT=κÞ × l3, where the domi-
nating wavelength λ∼ l is the longest unconstrained mode
and this length enters with a third power for dimensional
reasons.
For a finite tension τ, however, the longest unconstrained

wavelength is not the only relevant length. There is also a
characteristic length lt ∼

ffiffiffiffiffiffiffi
κ=τ
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associated with the competi-

tion of bending and the tension. In short, modes of wavelength
shorter than this are governed primarily by bending, while
those of longer wavelength are governed by tension. Thus, the
analysis above is valid provided that lt ≳ l, i.e., for tensions τ
small compared with the Euler buckling force κ=l2 of an
elastic rod of length l. This also corresponds to the regime of
force for which the response to tension is linear. In the other
limit lt ≲ l, nonlinearities in the response can be expected. In
both limits, the extension of the chain (toward full extension)
under tension is given by

δlðτÞ ¼ hΔli0 − hΔliτ ¼
l2

π2lp

X

n

ϕ
n2ðn2 þ ϕÞ

; ð15Þ

where
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is a dimensionless force. As suggested above, the character-
istic force κπ2=l2 that enters here is the critical force in the
classical Euler buckling problem. The summation in Eq. (15)
can be found analytically, with the result that the relative
extension

FIG. 6 (color online). One end of a filament is fixed, in both
position and orientation, while the other is free. The filament
tends to wander in a way that can be characterized by u ðxÞ, a
transverse displacement field. For a fixed total arc length of the
filament, thermal fluctuations result in a contraction of the end-to-
end distance, which is denoted by Δl. In fact, this contraction is
actually distributed about a thermal average value hΔli. The
mean-square (longitudinal) fluctuations about this average are
denoted by hδl2i, while the mean-square lateral fluctuations (i.e.,
with respect to the dashed line) are denoted by hu 2i. The bottom
image shows how the fluctuations are reduced and the chain is
extended when a tension τ is applied.

1000 C. P. Broedersz and F. C. MacKintosh: Modeling semiflexible polymer networks

Rev. Mod. Phys., Vol. 86, No. 3, July–September 2014

Ve↵(x)
<latexit sha1_base64="uG2TPm2ChaI5iUxW6luZGEr2sAc=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHqpiRV0JUU3LisYB/QhDCZ3rRDJw9mJtIaunLjr7hxoYhbv8Gdf+O0zUJbD1w4nHMv997jJ5xJZVnfxtLyyuraemGjuLm1vbNr7u03ZZwKCg0a81i0fSKBswgaiikO7UQACX0OLX9wPfFb9yAki6M7NUrADUkvYgGjRGnJM4+aXuaEfjzMHEkFS5RkD4AhCMbj8vDUM0tWxZoCLxI7JyWUo+6ZX043pmkIkaKcSNmxrUS5GRGKUQ7jopNKSAgdkB50NI1ICNLNpm+M8YlWujiIha5I4an6eyIjoZSj0NedIVF9Oe9NxP+8TqqCSzdjUZIqiOhsUZByrGI8yQR3mQCq+EgTokPQt2LaJ4JQpZMr6hDs+ZcXSbNasc8q1dvzUu0qj6OADtExKiMbXaAaukF11EAUPaJn9IrejCfjxXg3PmatS0Y+c4D+wPj8Aca/mUo=</latexit>

x0
<latexit sha1_base64="zy2SSzylCpy8O84QS2UPI70ZftI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CQFLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91iPXRsTqAccJ9yM6UCIUjKKV7p96bq9UdivuDGSZeDkpQ456r/TV7ccsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZqRNyapU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0ijYEb/HlZdKsVrzzSvXuoly7zuMowDGcwBl4cAk1uIU6NIDBAJ7hFd4c6bw4787HvHXFyWeO4A+czx8KRo2f</latexit>

d
<latexit sha1_base64="ErYxhqtRaZy54U1C9AwVbhhkmBM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCcpePHYgq2FNpTNZtKu3WzC7kYopb/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMC1LBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jrJFMMWS0SiOgHVKLjEluFGYCdVSONA4EMwup35D0+oNE/kvRmn6Md0IHnEGTVWaob9csWtunOQVeLlpAI5Gv3yVy9MWBajNExQrbuemxp/QpXhTOC01Ms0ppSN6AC7lkoao/Yn80On5MwqIYkSZUsaMld/T0xorPU4DmxnTM1QL3sz8T+vm5no2p9wmWYGJVssijJBTEJmX5OQK2RGjC2hTHF7K2FDqigzNpuSDcFbfnmVtGtV76Jaa15W6jd5HEU4gVM4Bw+uoA530IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AcgDjOg=</latexit>

Another broken symmetry: force-extension

The nonlinear force-extension is asymmetric  
under extension/compression:

Chen, Markovich & FCM PRL 125: 208101 (2020).



Minimal Model

Chen, Markovich & FCM PRL 125: 208101 (2020).

d
<latexit sha1_base64="ErYxhqtRaZy54U1C9AwVbhhkmBM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCcpePHYgq2FNpTNZtKu3WzC7kYopb/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMC1LBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jrJFMMWS0SiOgHVKLjEluFGYCdVSONA4EMwup35D0+oNE/kvRmn6Md0IHnEGTVWaob9csWtunOQVeLlpAI5Gv3yVy9MWBajNExQrbuemxp/QpXhTOC01Ms0ppSN6AC7lkoao/Yn80On5MwqIYkSZUsaMld/T0xorPU4DmxnTM1QL3sz8T+vm5no2p9wmWYGJVssijJBTEJmX5OQK2RGjC2hTHF7K2FDqigzNpuSDcFbfnmVtGtV76Jaa15W6jd5HEU4gVM4Bw+uoA530IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AcgDjOg=</latexit>

Rugged binding landscape  
with typical spacing d



Minimal Model

Chen, Markovich & FCM PRL 125: 208101 (2020).

d
<latexit sha1_base64="ErYxhqtRaZy54U1C9AwVbhhkmBM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCcpePHYgq2FNpTNZtKu3WzC7kYopb/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMC1LBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jrJFMMWS0SiOgHVKLjEluFGYCdVSONA4EMwup35D0+oNE/kvRmn6Md0IHnEGTVWaob9csWtunOQVeLlpAI5Gv3yVy9MWBajNExQrbuemxp/QpXhTOC01Ms0ppSN6AC7lkoao/Yn80On5MwqIYkSZUsaMld/T0xorPU4DmxnTM1QL3sz8T+vm5no2p9wmWYGJVssijJBTEJmX5OQK2RGjC2hTHF7K2FDqigzNpuSDcFbfnmVtGtV76Jaa15W6jd5HEU4gVM4Bw+uoA530IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AcgDjOg=</latexit>

Rugged binding landscape  
with typical spacing d

10-1 100 101 102
10-4

100

104 1

2

(a)

0 0.2 0.4 0.6 0.8
-0.2

0

0.2

0.4

0 1 2 3
-0.5

0

0.5

1

(b) (c)



Active fluctuations, Broken Detailed Balance  
& Contractile Forces 

! Interest in synthetic active solids inspired by cytoskeleton 
! We propose a non-motor mechanism for contractile force generation 
! Also, very interesting critical/phase transition phenomena 

  governed by contractility 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