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𝜎𝑣 ∝ න𝐸𝑒−
𝐸
𝑇𝜎 𝐸 𝑑𝐸

= න𝑒−
𝐸
𝑇𝑒−2𝜋𝜂𝑆(𝐸)𝑑𝐸

𝑒−2𝜋𝜂 : Gamow factor

𝑆(𝐸): astrophysical S-factor

𝑒−2𝜋𝜂 = exp −2 2𝜇න
𝑅0

𝑅𝑐 𝑍1𝑍2𝑒
2

𝑟
− 𝐸𝑑𝑟

➢ The Gamow factor comes from the assumption that the energy is much smaller than the Coulomb barrier.

• Thermonuclear reaction rate

𝜎 𝐸 ≡
1

𝐸
𝑒−2𝜋𝜂𝑆(𝐸)

• Gamow factor



• Coulomb barrier height 

𝑓(𝐸) =
1

2𝜋𝑇/𝜇 3/2
𝑒−

𝐸
𝑇

𝑇 = 0.5 MeV

𝑉𝑐 =
𝑍1𝑍2𝑒

2

𝑅0
𝑅0 = 𝑅𝑝 + 𝑅𝑡 ≈ 𝑟0(𝐴𝑝

1/3
+ 𝐴𝑡

1/3
)

Reaction
Coloumb barrier 

(MeV)
𝑨𝟏 𝑨𝟐 𝒁𝟏 𝒁𝟐

𝑑 + 𝑑 0.4762 2 2 1 1

𝑑 + 𝑝 0.5309 2 1 1 1

𝑡 + 𝑑 0.4440 3 2 1 1

𝑡 + 𝛼 0.7921 3 4 1 2

3He + d 0.8881 3 2 2 1

3He + 𝛼 1.5843 3 4 2 2

7Li + p 1.2358 7 1 3 1

𝑉(𝑟)

𝑟

𝑉𝐶 = 𝑍1𝑍2𝑒
2/𝑅0

𝑅0 = 𝑟0(𝐴𝑝
1/3

+ 𝐴𝑡
1/3

)

𝑅𝐶 = 𝑍1𝑍2𝑒
2/𝐸

𝐸
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• Square-well potential

𝑑2𝑢

𝑑𝑟2
+
2𝑚

ℏ2
𝐸 − 𝑉(𝑟) 𝑢 = 0

Radial equation

𝑑2𝑢

𝑑𝑟2
+ ෠𝑘2𝑢 = 0 → 𝑢 𝑟 = 𝛼𝑒𝑖

෠𝑘𝑟 + 𝛽𝑒−𝑖
෠𝑘𝑟

▪ 𝑟 < 𝑅0

▪ 𝑟 > 𝑅0

𝑙 = 0

𝑢𝑜𝑢𝑡 = 𝐶′𝑒𝑖𝑘𝑟 + 𝐷′𝑒−𝑖𝑘𝑟

𝑢𝑖𝑛 = 𝐴′𝑒𝑖𝐾𝑟 + 𝐵′𝑒−𝑖𝐾𝑟 𝐾2 ≡
2𝑚

ℏ2
𝐸 + 𝑉0

𝑘2 ≡
2𝑚

ℏ2
𝐸

𝑉(𝑟)

𝑟

𝑅0 = 𝑟0(𝐴𝑝
1/3

+ 𝐴𝑡
1/3

)

𝐸

−𝑉0

Barrier radius 

𝐸 + 𝑉0

Boundary condition
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• Square-well potential

Matching condition

𝑢𝑖𝑛 𝑅0 = 𝑢𝑜𝑢𝑡 𝑅0 → 𝐴′𝑒𝑖𝐾𝑅0 + 𝐵′𝑒−𝑖𝐾𝑅0 = 𝐶′𝑒𝑖𝑘𝑅0 + 𝐷′𝑒𝑖𝑘𝑅0

𝑑𝑢𝑖𝑛

𝑑𝑥 𝑅0
=

𝑑𝑢𝑜𝑢𝑡

𝑑𝑥 𝑅0
→

𝐾

𝑘
(𝐴′𝑒𝑖𝐾𝑅0 − 𝐵′𝑒−𝑖𝐾𝑅0) = (𝐶′𝑒𝑖𝑘𝑅0 − 𝐷′𝑒𝑖𝑘𝑅0)

෠𝑇 =
𝐾 𝐵′ 2

𝑘 𝐷′ 2
= 4

𝑘𝐾

𝐾 + 𝑘 2
= 4

2𝑚
ℏ2

𝐸 + 𝑉0 𝐸

2𝑚
ℏ2

𝐸 + 𝑉0 +
2𝑚
ℏ2

𝐸

2

𝑉(𝑟)

𝑟

𝑅0 = 𝑟0(𝐴𝑝
1/3

+ 𝐴𝑡
1/3

)

𝐸

−𝑉0

Barrier radius 

𝐸 + 𝑉0

Boundary condition
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𝑅0 = 3 fm, 𝐸 = 1 MeV

➢ The transition probability of the potential well depends on the potential depth.

• Square-well potential

𝑟 (fm)

➢ The transition probability is not always equal to 1 even when only attractive potential are present.

𝐈I. Formalism 



𝑢I 𝑅0 = 𝑢II 𝑅0 𝑢II 𝑅1 = 𝑢III 𝑅1

𝑑𝑢I
𝑑𝑥

𝑅0

=
𝑑𝑢II
𝑑𝑥

𝑅0

𝑑𝑢II
𝑑𝑥

𝑅1

=
𝑑𝑢III
𝑑𝑥

𝑅1

Matching condition

• Square-Barrier potential

𝑢I = 𝐴𝑒𝑖𝐾𝑥 + 𝐵𝑒−𝑖𝐾𝑥

𝑢II = 𝐶𝑒−𝜅𝑥 + 𝐷𝑒𝜅𝑥

𝑢III = 𝐹𝑒𝑖𝑘𝑥 + 𝐺𝑒−𝑖𝑘𝑥 𝑘2 =
2𝑚

ℏ2
𝐸

𝐾2 =
2𝑚

ℏ2
𝐸 + 𝑉0

𝑖2𝜅2 = 𝑖2
2𝑚

ℏ2
(𝑉1 − 𝐸)

Wave function

෠𝑇 =
𝐾

𝑘

𝐵 2

𝐺 2
=

4 𝐸 𝐸 + 𝑉0

2𝐸 + 𝑉0 + 2 𝐸 𝐸 + 𝑉0 + 𝐸 + 𝑉0 + 𝑉1 +
𝐸 𝐸 + 𝑉0
𝑉1 − 𝐸

sinh2
2𝑚
ℏ2

𝑉1 − 𝐸 R1 − R0

𝑉(𝑟)

𝑟

𝑅0 = 𝑟0(𝐴𝑝
1/3

+ 𝐴𝑡
1/3

)

𝐸

−𝑉0

Barrier radius 

𝐸 + 𝑉0

𝑉1

I II III

𝑅1

𝐈I. Formalism 



෠𝑇 =
𝐾

𝑘

𝐵 2

𝐺 2
=

4 𝐸 𝐸 + 𝑉0

2𝐸 + 𝑉0 + 2 𝐸 𝐸 + 𝑉0 + 𝐸 + 𝑉0 + 𝑉1 +
𝐸 𝐸 + 𝑉0
𝑉1 − 𝐸

sinh2
2𝑚
ℏ2

𝑉1 − 𝐸 R1 − R0

2𝑚 𝑉1 − 𝐸

ℏ
𝑅1 − 𝑅0 ≫ 1

෠𝑇 ≈ 𝑒
−

2
ℏ

2𝑚 𝑉1−𝐸 R1−R0

Assumption : The energy 𝐸 is much smaller than the potential barrier 𝑉1. 

• Square-Barrier potential
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෠𝑇 =
4 𝐸 𝐸 + 𝑉0

2𝐸 + 𝑉0 + 2 𝐸 𝐸 + 𝑉0 + 𝐸 + 𝑉0 + 𝑉1 +
𝐸 𝐸 + 𝑉0
𝑉1 − 𝐸

sinh2
2𝑚
ℏ2

𝑉1 − 𝐸 Δ
෠𝑇 ≈ 𝑒

−
2
ℏ 2𝑚 𝑉1−𝐸 R1−R0

• Square-Barrier potential

𝑉1 = 40 MeV
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෠𝑇 = ෠𝑇1 ∙ ෠𝑇2 ∙. . .∙ ෠𝑇𝑛≈ exp −
2

ℏ
σ𝑖 2𝑚 𝑉𝑖 − 𝐸 (𝑅𝑖+1 − 𝑅𝑖)

when 𝑁 ≫ 1 → exp −
2

ℏ
𝑅0׬
𝑅𝑐 2𝑚[𝑉 𝑟 − 𝐸] 𝑑𝑟

• Coulomb potential

𝑉(𝑟)

𝑟

𝑉𝐶 = 𝑍1𝑍2𝑒
2/𝑅0
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𝑅0
𝑅1 𝑅2 𝑅3

𝑉1
𝑉2
𝑉3

෠𝑇 ≈ exp −
2

ℏ
2𝑚 න

𝑅0

𝑅𝑐 𝑍0𝑍1𝑒
2

𝑟
− 𝐸 𝑑𝑟

≈ exp −
2𝜋

ℏ

𝑚

2𝐸
𝑍0𝑍1𝑒

2 ≡ 𝑒−2𝜋𝜂

𝐈I. Formalism 

𝜂 : Sommerfeld parameter



= 𝑇1ෑ

𝑖=2

𝑛
4𝐸

4𝐸 + 𝐸 + 𝑉𝐶𝑖 +
𝐸2

𝑉𝐶𝑖 − 𝐸
sinh2

2𝑚
ℏ2

𝑉𝐶𝑖 − 𝐸 (𝑅𝑖 − 𝑅𝑖−1)

෠𝑇 = ෠𝑇1 ෠𝑇2 ෠𝑇3⋯ ෠𝑇𝑛

=
4 𝐸 𝐸 + 𝑉0

2𝐸 + 𝑉0 + 2 𝐸 𝐸 + 𝑉0 + 𝐸 + 𝑉0 + 𝑉𝐶1 +
𝐸 𝐸 + 𝑉0
𝑉1 − 𝐸

sinh2
2𝑚
ℏ2

𝑉𝐶1 − 𝐸 (𝑅1 − 𝑅0)

×
4𝐸

4𝐸 + 𝐸 + 𝑉𝐶2 +
𝐸2

𝑉𝐶2 − 𝐸
sinh2

2𝑚
ℏ2

𝑉𝐶2 − 𝐸 (𝑅2 − 𝑅1)

×
4𝐸

4𝐸 + 𝐸 + 𝑉𝐶𝑛 +
𝐸2

𝑉𝐶𝑛 − 𝐸
sinh2

2𝑚
ℏ2

𝑉𝐶𝑛 − 𝐸 (𝑅𝑛 − 𝑅𝑛−1)

⋮

• Coulomb potential
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D + D

𝑉0 = 10 MeV

𝐈II. Result : Gamow factor 
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Sun
PreSN (t=0)

BBN

𝐈II. Result : Gamow energy 

𝑇 [MeV]

𝐸
𝐺

[M
eV

]

Solid : conventional Gamow energy

Dashed : modified Gamow energy



𝐈𝐕. Summary  

➢ We found that the Gamow factor has two problems.

1. The assumption used in the Gamow factor could be wrong.

2. The Gamow factor is independent of the potential depth.

➢ We modified the Gamow factor using numerical calculation without the assumption.

➢ The modified Gamow factor depends on the potential depth, and it tends to be greater than the Gamow factor.

➢ We modified Gamow energy using our modified Gamow factor model.
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