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•

•

ℋ1 = 𝑐𝛽Φ1 + 𝑒−𝑖𝜉𝑠𝛽Φ2 =
𝐺+

1

2
(𝑣 + 𝜑1 + 𝑖𝐺0)

, ℋ2 = −𝑠𝛽Φ1 + 𝑒−𝑖𝜉𝑐𝛽Φ2 =
𝐻+

1

2
(𝜑2 + 𝑖𝑎)

•
𝐺+

𝐻+ =
𝑐𝛽 𝑠𝛽
−𝑠𝛽 𝑐𝛽

𝜙1
+

𝜙2
+ , 𝐺0

𝑎
=

𝑐𝛽 𝑠𝛽
−𝑠𝛽 𝑐𝛽

𝑎1
𝑎2

,
𝜑1
𝜑2

=
𝑐𝛽 𝑠𝛽
−𝑠𝛽 𝑐𝛽

𝜙1
𝜙2

,

• 𝑣 = 𝑣1
2 + 𝑣2

2 , 𝑡𝛽 = tan 𝛽 = 𝑣2/𝑣1

• 𝑉ℋ = 𝑌1 ℋ1
†ℋ1 + 𝑌2 ℋ2

†ℋ2 + 𝑌3 ℋ1
†ℋ2 + 𝑌3

∗ ℋ2
†ℋ1

+𝑍1 ℋ1
†ℋ1

2
+ 𝑍2 ℋ2

†ℋ2

2
+ 𝑍3 ℋ1

†ℋ1 ℋ2
†ℋ2 + 𝑍4 ℋ1

†ℋ2 ℋ2
†ℋ1

+𝑍5 ℋ1
†ℋ2

2
+ 𝑍5

∗ ℋ2
†ℋ1

2
𝑍6 ℋ1

†ℋ1 ℋ1
†ℋ2 𝑍6

∗ ℋ1
†ℋ1 ℋ2

†ℋ1
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†ℋ2 ℋ1
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•

𝑉ℋmass = 𝑀𝐻±
2 𝐻+𝐻− +

1

2
𝜑1 𝜑2 𝑎 ℳ0

2
𝜑1
𝜑2
𝑎

• 𝑀𝐻±
2 = 𝑌2 +

1

2
𝑍3𝑣

2

• ℳ0
2 = 𝑀𝐴

2 diag 0, 1, 1 +ℳ𝑍
2

• 𝑀𝐴
2 = 𝑀𝐻±

2 +
1

2
𝑍4 −ℜe 𝑍5 𝑣2, ℳ𝑍

2 = 𝑣2
2𝑍1 ℜe 𝑍6 −ℑm 𝑍6

ℜe 𝑍6 2ℜe 𝑍5 −ℑm 𝑍5
−ℑm 𝑍6 −ℑm 𝑍5 0

• 3 × 3 ℳ0
2:

• 𝜑1 𝜑2 𝑎 𝛼
𝑇 = 𝑂𝛼𝑖 𝐻1 𝐻2 𝐻3 𝑖

𝑇 , 𝑂𝑇ℳ0
2𝑂 = diag 𝑀𝐻1

2 , 𝑀𝐻2
2 , 𝑀𝐻3

2

• 𝑂 = 𝑂𝛾𝑂𝜂𝑂𝜔 ≡

𝑐𝛾𝑐𝜂 𝑠𝛾𝑐𝜔 − 𝑐𝛾𝑠𝜂𝑠𝜔 𝑠𝛾𝑠𝜔 + 𝑐𝛾𝑠𝜂𝑐𝜔
−𝑠𝛾𝑐𝜂 𝑐𝛾𝑐𝜔 + 𝑠𝛾𝑠𝜂𝑠𝜔 𝑐𝛾𝑠𝜔 − 𝑠𝛾𝑠𝜂𝑐𝜔
−𝑠𝜂 −𝑐𝜂𝑠𝜔 𝑐𝜂𝑐𝜔
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• ℒ𝐻𝑉𝑉 = 𝑔𝑀𝑊 𝑊𝜇
+𝑊−𝜇 +

1

2𝑐𝑤
2 𝑍𝜇𝑍

𝜇 σ𝑖 𝑔𝐻𝑖𝑉𝑉𝐻𝑖 , 𝑔𝐻𝑖𝑉𝑉 = 𝑂𝜑1𝑖

•

• 𝑍1 =
1

2𝑣2
𝑀𝐻1
2 𝑂𝜑11

2 +𝑀𝐻2
2 𝑂𝜑12

2 +𝑀𝐻3
2 𝑂𝜑13

2

• 𝑍4 =
1

𝑣2
𝑀𝐻1
2 𝑂𝜑21

2 + 𝑂𝑎1
2 +𝑀𝐻2

2 𝑂𝜑22
2 + 𝑂𝑎2

2 +𝑀𝐻3
2 𝑂𝜑23

2 + 𝑂𝑎3
2 − 2𝑀

𝐻±
2

• 𝑍5 =
1

2𝑣2
𝑀𝐻1
2 𝑂𝜑21

2 − 𝑂𝑎1
2 +𝑀𝐻2

2 𝑂𝜑22
2 − 𝑂𝑎2

2 +𝑀𝐻3
2 𝑂𝜑23

2 − 𝑂𝑎3
2 −

𝑖

𝑣2
𝑀𝐻1
2 𝑂𝜑21𝑂𝑎1 +𝑀𝐻2

2 𝑂𝜑22𝑂𝑎2 +𝑀𝐻3
2 𝑂𝜑23𝑂𝑎3

• 𝑍6 =
1

𝑣2
𝑀𝐻1
2 𝑂𝜑11𝑂𝜑21 +𝑀𝐻2

2 𝑂𝜑12𝑂𝜑21 +𝑀𝐻3
2 𝑂𝜑13𝑂𝜑23 −

𝑖

𝑣2
𝑀𝐻1
2 𝑂𝜑11𝑂𝑎1 +𝑀𝐻1

2 𝑂𝜑12𝑂𝑎2 +𝑀𝐻3
2 𝑂𝜑13𝑂𝑎3

• 𝑌1 + 𝑍1𝑣
2 = 0; 𝑌3 +

1

2
𝑍6𝑣

2 = 0.

•

𝑌1, 𝑌2, 𝑌3; 𝑍1, 𝑍2, 𝑍3, 𝑍4, 𝑍5, 𝑍6, 𝑍7 → 𝑣;𝑀𝐻± , 𝑀𝐻1 , 𝑀𝐻2 , 𝑀𝐻3 , 𝑂3×3 ; 𝑍3; 𝑍2, 𝑍7

• ℋ2 → 𝑒+𝑖𝜁ℋ2; 𝑍5 → 𝑍5𝑒
−2𝑖𝜁 , 𝑍6 → 𝑍6𝑒

−𝑖𝜁 , 𝑍7 → 𝑍7𝑒
−𝑖𝜁

• 𝜃1 𝑍6 𝑍5
∗ 1/2 , 𝜃2 𝑍7 𝑍5

∗ 1/2
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⊕
•

•

𝑍1 ≥ 0, 𝑍2 ≥ 0;

2 𝑍1𝑍2 + 𝑍3 ≥ 0, 2 𝑍1𝑍2 + 𝑍3 + 𝑍4 − 2 𝑍5 ≥ 0;

𝑍1 + 𝑍2 + 𝑍3 + 𝑍4 + 2 𝑍5 − 2 𝑍6 + 𝑍7 ≥ 0.

𝑍 6,7 = 0 𝑍 1,2,3,4,5 = 0

𝑍3 ± 𝑍4 < 4𝜋,

𝑍3 ± 2 𝑍5 < 4𝜋,

𝑍3 + 2𝑍4 ± 6 𝑍5 < 4𝜋,

𝑍1 + 𝑍2 ± 𝑍1 − 𝑍2
2 + 4 𝑍5

2 < 4𝜋,

𝑍1 + 𝑍2 ± 𝑍1 − 𝑍2
2 + 𝑍4

22 𝑍5 < 4𝜋,

3𝑍1 + 3𝑍2 ± 9 𝑍1 − 𝑍2
2 + 2𝑍3 + 𝑍4

2 < 4𝜋.

𝑍6
2 + 𝑍7

2 < 2 2𝜋,

𝑍6
2 + 𝑍7

2 + 𝑍6
2 + 𝑍7

2 <
4𝜋

3
.
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•

• 𝑀𝑍
2/𝑀BSM

2

•

𝑆 −෢𝑆0
2

𝜎𝑆
2 +

𝑇 −෢𝑇0
2

𝜎𝑇
2 − 2𝜌𝑆𝑇

𝑆 −෢𝑆0 𝑇 −෢𝑇0
𝜎𝑆𝜎𝑇

≤ 𝑅2 1 − 𝜌𝑆𝑇
2

𝑅2 = 9.21 at 95% CLs

•

• ෢𝑆0, 𝜎𝑆 = 0.15, 0.08 , ෢𝑇0, 𝜎𝑇 = 0.27, 0.06 , 𝜌𝑆𝑇 = 0.93

• ෢𝑆0, 𝜎𝑆 = 0.00, 0.07 , ෢𝑇0, 𝜎𝑇 = 0.05, 0.06 , 𝜌𝑆𝑇 = 0.92
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•

4𝜋𝑆 = −𝐹Δ
′ 𝑀𝐻± , 𝑀𝐻± + 𝑔𝐻3𝑉𝑉

2 𝐹Δ
′ 𝑀𝐻1 , 𝑀𝐻2 +𝑔𝐻2𝑉𝑉

2 𝐹Δ
′ 𝑀𝐻1 , 𝑀𝐻3 +𝑔𝐻1𝑉𝑉

2 𝐹Δ
′ 𝑀𝐻2 , 𝑀𝐻3

𝑇

2𝐺𝐹
16𝜋2𝛼EM

= 1 − 𝑔𝐻1𝑉𝑉
2 𝐹Δ 𝑀𝐻1 , 𝑀𝐻± + 1 − 𝑔𝐻2𝑉𝑉

2 𝐹Δ 𝑀𝐻2 , 𝑀𝐻± + 1 − 𝑔𝐻3𝑉𝑉
2 𝐹Δ 𝑀𝐻3 , 𝑀𝐻±

+𝑔𝐻3𝑉𝑉
2 𝐹Δ 𝑀𝐻1 , 𝑀𝐻2 +𝑔𝐻2𝑉𝑉

2 𝐹Δ 𝑀𝐻1 , 𝑀𝐻3 +𝑔𝐻1𝑉𝑉
2 𝐹Δ 𝑀𝐻2 , 𝑀𝐻3

•

𝐹Δ 𝑚0, 𝑚1 = 𝐹Δ 𝑚1, 𝑚0 =
𝑚0
2+𝑚1

2

2
−

𝑚0
2𝑚1

2

𝑚0
2−𝑚1

2 ln
𝑚0
2

𝑚1
2 ,

𝐹Δ
′ 𝑚0, 𝑚1 = 𝐹Δ

′ 𝑚1, 𝑚0 = −
1

3

4

3
−

𝑚0
2 ln 𝑚0

2−𝑚1
2 ln 𝑚1

2

𝑚0
2−𝑚1

2 −
𝑚0
2+𝑚1

2

𝑚0
2−𝑚1

2 2 𝐹Δ 𝑚0, 𝑚1

𝐹Δ 𝑚,𝑚 = 0, 𝐹Δ
′ 𝑚,𝑚 =

1

3
ln𝑚2

9

D. T., Phys. Rev. D 18 (1978), 1626

J. S. Lee and A. Pilaftsis, Phys. Rev. D 86 (2012), 03500
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•

• 𝑀𝐻± > 500

𝑀𝐻± > 900

•

•

•



11

•



12

• In the upper-left and lower-right panels,
it is clearly shown that there should be
sizable mass difference between 
the charged Higgs boson and 
the second heaviest neutral one
to accommodate the CDF W-mass anomaly.

• 𝑀𝐻± > 𝑀𝐻2

• 𝑀𝐻2 ≃ 𝑀𝐻3 ≃ 1000 GeV

• 𝑀𝐻± ≃ 1100 GeV

• 𝑀𝐻± < 𝑀𝐻2

• 𝑀𝐻2 ≃ 𝑀𝐻3 ≃ 900 GeV

• 𝑀𝐻± ≃ 800 GeV



•

Δ ≡ 𝑀𝐻2 −𝑀𝐻± , 𝛿 ≡ 𝑀𝐻3 −𝑀𝐻2 , 𝑀 ≡
𝑀𝐻2 +𝑀𝐻±

2

•

𝑀𝐻± = 𝑀 −
Δ

2
, 𝑀𝐻2 = 𝑀 +

Δ

2
, 𝑀𝐻3 = 𝑀 +

Δ

2
+ 𝛿

• 𝑀 ≳ 500 GeV, Δ > 𝛿, 𝑀 ≫ 𝑀𝐻1~ Δ ≳ 𝛿,

― 𝑀𝐻2 < 𝑀𝐻3 < 𝑀𝐻± , Δ < 0, 𝛿 < |Δ|

― 𝑀𝐻± < 𝑀𝐻2 < 𝑀𝐻3 , Δ > 0
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•

𝑀 ≫ 𝑀𝐻1~ Δ ≳ 𝛿, 𝑔𝐻1𝑉𝑉 ≡ 1 − 𝜖, 𝑔23
2 ≡

𝑔𝐻2𝑉𝑉
2 +𝑔𝐻3𝑉𝑉

2

2
=

1−𝑔𝐻1𝑉𝑉
2

2
= 𝜖 −

𝜖2

2

𝑇

2𝐺𝐹
16𝜋2𝛼EM

≃
4

3
Δ2 + 𝛿Δ + − 2𝑔23

2 Δ + 𝑔𝐻2𝑉𝑉
2 𝛿 𝑀 −

4

3
𝑔23
2 Δ2 −

1

2
𝑔𝐻2𝑉𝑉
2 +

4

3
𝑔𝐻3𝑉𝑉
2 𝛿Δ +

1

6
𝑔𝐻2𝑉𝑉
2 𝛿2

4𝜋𝑆 ≃
1

3

2Δ

𝑀
+
𝛿

𝑀
+ −

5

9
𝑔23
2 +

1

3
𝑔𝐻2𝑉𝑉
2 − 𝑔𝐻3𝑉𝑉

2
𝛿

𝑀

•

𝑔𝐻2𝑉𝑉
2 = 𝑔𝐻3𝑉𝑉

2 = 𝑔23
2 = 0
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𝑇

2𝐺𝐹
16𝜋2𝛼EM

= 𝑇′ ≃
4

3
Δ2 + 𝛿Δ + − 2𝑔23

2 Δ + 𝑔𝐻2𝑉𝑉
2 𝛿 𝑀 −

4

3
𝑔23
2 Δ2 −

1

2
𝑔𝐻2𝑉𝑉
2 +

4

3
𝑔𝐻3𝑉𝑉
2 𝛿Δ +

1

6
𝑔𝐻2𝑉𝑉
2 𝛿2

•

• 𝛿 = 0 |𝑇′ 𝛿=0 ≃
4

3
Δ2 + − 2𝑔23

2 Δ 𝑀 −
4

3
𝑔23
2 Δ2

• 𝛿 = 0 𝑔23
2 = 0 𝛥2 |𝑇′ 𝛿=𝑔232 =0 ≃

4

3
Δ2

• Δ = 0 𝑔23
2 = 0 𝑔𝐻2𝑉𝑉

2 𝛿
1

6
𝛿 −𝑀 𝛿 > 6𝑀

• Δ = 𝛿

•
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•

Δ/M, 𝛿/M 𝑇′ ≃
4

3
Δ2 + 𝛿Δ − 2𝑔23

2 Δ + 𝑔𝐻2𝑉𝑉
2 𝛿 𝑀

Δ −
3

4
𝑔23
2 −

𝛿

2

2
≃ 𝑇′ +

3

4
𝑔𝐻2𝑉𝑉
2 𝛿𝑀 +

3

4
𝑔23
2 −

𝛿

2

2

• 𝑇 > 0, 𝑇′ ≃
𝑇

0.18
100 GeV 2 2 ≃ −

• 𝑇 < 0,

Δ = 0 𝑇′

Δ =
3g23

2 𝑀

4
−

𝛿

2

• 𝑇 ≳ 0.18, Δ ≲ 100 𝛿 = 𝑔23
2 = 0
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•

→ 𝑍4𝑣
2 = 2 2Δ + 𝛿 𝑀 + Δ + 𝛿 𝛿 − 2𝑔23

2 𝑀 + 2 𝑔23
2 Δ + 𝑔𝐻3𝑉𝑉

2 𝛿 𝑀 + 𝑔23
2

Δ2

2
− 2𝑀𝐻1

2 + 𝑔𝐻3𝑉𝑉
2 Δ + 𝛿 𝛿

•

𝑍4𝑣
2 ≅ 4Δ + 2𝛿 𝑀 − 2𝑔23

2 𝑀2,

• 𝑍4
•

• 𝑀2

𝑔23
2 𝑔23

2 = 0

• 𝑀𝑍4 =
෢𝑀0 1 +

𝑔23
2

2

෢𝑀0

෡Δ
+

𝑔23
4

2

෢𝑀0

෡Δ

2

+ 𝒪 𝑔23
2 ෢𝑀0

෡Δ

2

𝑀𝑍4

1
≡ ෢𝑀0 1 +

𝑔23
2

2

෢𝑀0

෡Δ

𝑔23
2 𝑀 − 2෡Δ𝑀 + 2෡Δ෢𝑀0 ≅ 0, ෡Δ = Δ +

𝛿

2
, ෢𝑀0 =

𝑍4𝑣
2

4෡Δ
17



• Δ < 0, 𝑀 > 500

• 𝑍4 = 6.3

g23
2 = 0

350 ≲ 4Δ + 2𝛿 ≲ 450

෢𝑀0 =
𝑍4𝑣

2

4෡Δ
≲ 1050

•

g23
2

1823C, ∆ < 0, M > 500 GeV



• Δ > 0, 𝑀 > 500

• 𝑍4 ≲ 5.3

෢𝑀0 ≲ 850

• g23
2

• 𝑀𝑍4 −𝑀 ≲ 30

𝑀𝑍4

g23
2

1923C, ∆ < 0, M > 500 GeV



• 𝑔23
2

𝑀 ≡ 𝑀𝐻2 +𝑀𝐻± /2 𝑀𝑍4

•

max ෢𝑀0 =
𝑍4𝑣

2

4෡Δ
= max 𝑀𝑍4

1
= ෢𝑀0 1 +

𝑔23
2

2

෢𝑀0

෡Δ
≅ ቊ

1050 GeV for 23C Δ < 0
850 GeV for C23 Δ > 0

20



1. By imposing the combined UNIT⊕BFB⊕ELW95% constraints and taking the CDF values
for the S and T parameters, we find

0.1 ≲ 𝑍1 ≲ 2.0, 0 ≲ 𝑍2 ≲ 2.1, −2.6 ≲ 𝑍3 ≲ 8.0,

−6.3 ≲ 𝑍4 ≲ −0.8 ڂ 1.1 ≲ 𝑍4 ≲ 5.4

𝑍5 ≲ 1.7, 𝑍6 ≲ 2.4, 𝑍7 ≲ 2.7

2. We figure out that there could be the following two types of mass spectra

― 23C :   𝑀𝐻2 < 𝑀𝐻3 < 𝑀𝐻± , when Δ < 0, 𝛿 < |Δ|

― C23 :   𝑀𝐻± < 𝑀𝐻2 < 𝑀𝐻3 , when Δ > 0
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𝑔23
2

𝑍4𝑣
2 ≅ 4Δ + 2𝛿 𝑀 − 2𝑔23

2 𝑀2

ቊ
1050 GeV for 23C Δ < 0
850 GeV for C23 Δ > 0
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•

• ෢𝑆0, 𝜎𝑆 = 0.15, 0.08 , ෢𝑇0, 𝜎𝑇 = 0.27, 0.06 , 𝜌𝑆𝑇 = 0.93

• ෢𝑆0, 𝜎𝑆 = 0.00, 0.07 , ෢𝑇0, 𝜎𝑇 = 0.05, 0.06 , 𝜌𝑆𝑇 = 0.92

, (0≤ ≤1)
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•

𝑀 ≲
240

𝑇0
+ 140

𝑀

•
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Appendix - Higgs basis 2HDM potential
• The potential parameters 𝑌1,2,3 and 𝑍1−7 in the Higgs basis 

• 𝑌1 = 𝜇1
2𝑐𝛽

2 + 𝜇2
2𝑠𝛽

2 +ℜe 𝑚12
2 𝑒𝑖𝜉 𝑠2𝛽 ,

• 𝑌2 = 𝜇1
2𝑠𝛽

2 + 𝜇2
2𝑐𝛽

2 −ℜe 𝑚12
2 𝑒𝑖𝜉 𝑠2𝛽 ,

• 𝑌3 = − 𝜇1
2 − 𝜇2

2 𝑐𝛽𝑠𝛽 + ℜe 𝑚12
2 𝑒𝑖𝜉 𝑐2𝛽 + 𝑖ℑm 𝑚12

2 𝑒𝑖𝜉 ,

• 𝑍1 = 𝜆1𝑐𝛽
4 + 𝜆2𝑠𝛽

4 + 2𝜆345𝑐𝛽
2𝑠𝛽

2 + ℜe 𝜆6𝑒
𝑖𝜉 𝑐𝛽

2 +ℜe 𝜆7𝑒
𝑖𝜉 𝑠𝛽

2 𝑠2𝛽 ,

• 𝑍3 = 𝜆3 + 2 𝜆1 + 𝜆2 − 2𝜆345 𝑐𝛽
2𝑠𝛽

2 − ℜe 𝜆6𝑒
𝑖𝜉 −ℜe 𝜆7𝑒

𝑖𝜉 𝑐2𝛽𝑠2𝛽 ,

• 𝑍6 = −𝜆1𝑐𝛽
2 + 𝜆2𝑠𝛽

2 𝑠2𝛽 + 2𝜆345𝑐2𝛽𝑐𝛽𝑠𝛽 + ℜe 𝜆6𝑒
𝑖𝜉 𝑐𝛽

2 − 3𝑠𝛽
2 𝑐𝛽

2 +ℜe 𝜆7𝑒
𝑖𝜉 3𝑐𝛽

2 − 𝑠𝛽
2 𝑠𝛽

2

+𝑖 |ℑm 𝜆5𝑒
2𝑖𝜉 𝑠2𝛽 + ℑm 𝜆6𝑒

𝑖𝜉 𝑐𝛽
2 + ℑm 𝜆7𝑒

𝑖𝜉 𝑠𝛽
2],

• 𝑍1 ↔ 𝑍2, 𝑍3 ↔ 𝑍4, 𝑍6 ↔ 𝑍7; 𝑐𝛽 ↔ 𝑠𝛽 , 𝜆3 ↔ 𝜆4, 𝜆5𝑒
2𝑖𝜉 ↔ 𝜆5𝑒

2𝑖𝜉 ∗
, 𝜆6,7𝑒

𝑖𝜉 ↔ − 𝜆6,7𝑒
𝑖𝜉 ∗

• 𝑍5 = 𝜆1 + 𝜆2 − 2𝜆345 𝑐𝛽
2𝑠𝛽

2 +ℜe 𝜆5𝑒
2𝑖𝜉 − ℜe 𝜆6𝑒

𝑖𝜉 −ℜe 𝜆7𝑒
𝑖𝜉 𝑐2𝛽𝑐𝛽𝑠𝛽

+𝑖 ℑm 𝜆5𝑒
2𝑖𝜉 𝑐2𝛽 − ℑm 𝜆6𝑒

𝑖𝜉 𝑐𝛽𝑠𝛽 + ℑm 𝜆7𝑒
𝑖𝜉 𝑐𝛽𝑠𝛽
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𝜆3+𝜆4

2
+ℜe 𝜆5𝑒
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Appendix – Φ basis 2HDM potential
• Potential 𝑉Φ = 𝜇1

2 Φ1
†Φ1 + 𝜇2

2 Φ2
†Φ2 +𝑚12

2 Φ1
†Φ2 +𝑚12

∗2 Φ2
†Φ1

+𝜆1 Φ1
†Φ1

2
+ 𝜆2 Φ2

†Φ2

2
+ 𝜆3 Φ1

†Φ1 Φ2
†Φ2 + 𝜆4(Φ1

†Φ2)(Φ2
†Φ1)

+𝜆5 Φ1
†Φ2

2
+ 𝜆5

∗ Φ2
†Φ1

2
+𝜆6 Φ1

†Φ1 Φ1
†Φ2 +𝜆6

∗ Φ1
†Φ1 Φ2

†Φ1

+𝜆7 Φ2
†Φ2 Φ1

†Φ2 +𝜆7
∗ Φ2

†Φ2 Φ2
†Φ1

• Tadpole conditions: the square of the charged Higgs-boson mass

• 𝜇1
2 = −𝑣2 𝜆1𝑐𝛽

2 +
1

2
𝜆3𝑠𝛽

2 + 𝑐𝛽𝑠𝛽ℜe 𝜆6𝑒
𝑖𝜉 + 𝑠𝛽

2𝑀𝐻±
2 ,

• 𝜇1
2 = −𝑣2 𝜆1𝑐𝛽

2 +
1

2
𝜆3𝑠𝛽

2 + 𝑐𝛽𝑠𝛽ℜe 𝜆6𝑒
𝑖𝜉 + 𝑠𝛽

2𝑀
𝐻±
2 ,

• ℑm 𝑚12
2 𝑒𝑖𝜉 = −

𝑣2

2
𝜆1𝑐𝛽

2 +
1

2
𝜆3𝑠𝛽

2 + 𝑐𝛽𝑠𝛽ℜe 𝜆6𝑒
𝑖𝜉 + 𝑠𝛽

2𝑀𝐻±
2  .

• The square of the charged Higgs-boson mass

• 𝑀𝐻±
2 = −

ℜe 𝑚12
2 𝑒𝑖𝜉

𝑐𝛽𝑠𝛽
= −

𝑣2

2𝑐𝛽s𝛽
𝜆4𝑐𝛽𝑠𝛽 + 2𝑐𝛽𝑠𝛽ℜe 𝜆5𝑒

2𝑖𝜉 + 𝑐𝛽
2 ℜe 𝜆6𝑒

𝑖𝜉 + 𝑠𝛽
2ℜe 𝜆7𝑒

𝑖𝜉
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Appx. - Interactions with massive vector bosons
• The cubic interactions of the neutral and charged Higgs bosons with the massive gauge 

bosons 𝑍 and 𝑊± are described by the three interaction lagrangians:

ℒ𝐻𝑉𝑉 = 𝑔𝑀𝑊 𝑊𝜇
+𝑊−𝜇 +

1

2𝑐𝑤
2 𝑍𝜇𝑍

𝜇 ෍

𝑖

𝑔𝐻𝑖𝑉𝑉𝐻𝑖 ,

ℒ𝐻𝐻𝑍 =
𝑔

2𝑐𝑊
෍

𝑖>𝑗

𝑔𝐻𝑖𝐻𝑗𝑍𝑍
𝜇 𝐻𝑖ി𝜕𝜇𝐻𝑗 ,

ℒ𝐻𝐻±𝑊∓ = −
𝑔

2
෍

𝑖

𝑔𝐻𝑖𝐻+𝑊−𝑊−𝜇 𝐻𝑖𝑖ി𝜕𝐻
+ + h. c.

• The normalized couplings

• 𝑔𝐻𝑖𝑉𝑉 = 𝑂𝜑1𝑖 , 𝑔𝐻𝑖𝐻𝑗𝑍 = sign det 𝑂 𝜖𝑖𝑗𝑘𝑔𝐻𝑘𝑉𝑉 = sign det 𝑂 𝜖𝑖𝑗𝑘𝑂𝜑1𝑘, 𝑔𝐻𝑖𝐻+𝑊− = −𝑂𝜑2𝑖 + 𝑖𝑂𝑎𝑖

• Sum rules

෍

𝑖=1

3

𝑔𝐻𝑖𝑉𝑉
2 = 1 and 𝑔𝐻𝑖𝑉𝑉

2 + 𝑔𝐻𝑖𝐻+𝑊−
2
= 1 for each 𝑖 = 1,2,3
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Appx. - Input parameters in CPV
• Using the tadpole conditions and Higgs masses

𝑌1, 𝑌2, 𝑌3; 𝑍1, 𝑍2, 𝑍3, 𝑍4, 𝑍5, 𝑍6, 𝑍7 → ℐ′ = 𝑣;𝑀𝐻± , 𝑀𝐻1 , 𝑀𝐻2 , 𝑀𝐻3 , 𝑂3×3 ; 𝑍3; 𝑍2, 𝑍7

• 𝑂 = 𝑂𝛾𝑂𝜂𝑂𝜔 ≡

𝑐𝛾 𝑠𝛾 0

−𝑠𝛾 𝑐𝛾 0

0 0 1

𝑐𝜂 0 𝑠𝜂
0 1 0
−𝑠𝜂 0 𝑐𝜂

1 0 0
0 𝑐𝜔 𝑠𝜔
0 −𝑠𝜔 𝑐𝜔

=

𝑐𝛾𝑐𝜂 𝑠𝛾𝑐𝜔 − 𝑐𝛾𝑠𝜂𝑠𝜔 𝑠𝛾𝑠𝜔 + 𝑐𝛾𝑠𝜂𝑐𝜔
−𝑠𝛾𝑐𝜂 𝑐𝛾𝑐𝜔 + 𝑠𝛾𝑠𝜂𝑠𝜔 𝑐𝛾𝑠𝜔 − 𝑠𝛾𝑠𝜂𝑐𝜔
−𝑠𝜂 −𝑐𝜂𝑠𝜔 𝑐𝜂𝑐𝜔

• 𝑍1 =
1

2𝑣2
𝑀𝐻1
2 𝑂𝜑11

2 +𝑀𝐻2
2 𝑂𝜑12

2 +𝑀𝐻3
2 𝑂𝜑13

2

• 𝑍4 =
1

𝑣2
𝑀𝐻1
2 𝑂𝜑21

2 + 𝑂𝑎1
2 +𝑀𝐻2

2 𝑂𝜑22
2 + 𝑂𝑎2

2 +𝑀𝐻3
2 𝑂𝜑23

2 + 𝑂𝑎3
2 − 2𝑀𝐻±

2

• 𝑍5 =
1

2𝑣2
𝑀𝐻1
2 𝑂𝜑21

2 − 𝑂𝑎1
2 +𝑀𝐻2

2 𝑂𝜑22
2 − 𝑂𝑎2

2 +𝑀𝐻3
2 𝑂𝜑23

2 − 𝑂𝑎3
2

−
𝑖

𝑣2
𝑀𝐻1
2 𝑂𝜑21𝑂𝑎1 +𝑀𝐻2

2 𝑂𝜑22𝑂𝑎2 +𝑀𝐻3
2 𝑂𝜑23𝑂𝑎3

• 𝑍6 =
1

𝑣2
𝑀𝐻1
2 𝑂𝜑11𝑂𝜑21 +𝑀𝐻2

2 𝑂𝜑12𝑂𝜑21 +𝑀𝐻3
2 𝑂𝜑13𝑂𝜑23

−
𝑖

𝑣2
𝑀𝐻1
2 𝑂𝜑11𝑂𝑎1 +𝑀𝐻1

2 𝑂𝜑12𝑂𝑎2 +𝑀𝐻3
2 𝑂𝜑13𝑂𝑎3
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Yukawa couplings in the Higgs basis
• The Yukawa couplings

−ℒ𝑌 = ෍

𝑘=1,2

𝑄𝐿
0𝒚𝑘

𝑢෪ℋ𝑘𝑢𝑅
0 + 𝑄𝐿

0𝒚𝑘
𝑑ℋ𝑘𝑑𝑅

0 + 𝐿𝐿
0𝒚𝑘

𝑒ℋ𝑒𝑅
0 + h. c.

• The mass terms in the Yukawa interactions

−ℒ𝑌mass =
𝑣

2
𝑢𝐿
0𝒚1

𝑢𝑢𝑅
0 + 𝑑𝐿

0𝒚1
𝑑𝑑𝑅

0 + 𝑒𝐿
0𝒚1

𝑒𝑒𝑅
0 + h. c.

𝑢𝐿
0 = 𝒰𝑢𝐿𝑢𝐿, 𝑑𝐿

0 = 𝒰𝑑𝐿𝑑𝐿, 𝑒𝐿
0 = 𝒰𝑒𝐿𝑒𝐿, 𝑢𝑅

0 = 𝒰𝑢𝑅𝑢𝑅 , 𝑑𝑅
0 = 𝒰𝑑𝑅𝑑𝑅 , 𝑒𝑅

0 = 𝒰𝑒𝑅𝑒𝑅

𝐌𝑢 =
𝑣

2
𝒰𝑢𝐿
† 𝒚1

𝑢𝒰𝑢𝑅 = diag 𝑚𝑢, 𝑚𝑐 , 𝑚𝑡 ,

𝐌𝑑 =
𝑣

2
𝒰𝑑𝐿

† 𝒚1
𝑑𝒰𝑑 = diag 𝑚𝑑 , 𝑚𝑠, 𝑚𝑏 ,

𝐌𝑒 =
𝑣

2
𝒰𝑒𝐿
† 𝒚1

𝑒𝒰𝑒𝑅 = diag 𝑚𝑒, 𝑚𝜇 , 𝑚𝜏

• Finally −ℒ𝑌mass = 𝑢𝐿 𝐌𝑢𝑢𝑅 + 𝑑𝐿 𝐌𝑑𝑑𝑅 + ഥ𝑒𝐿𝐌𝑒𝑒𝑅 + h. c.
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Couplings of Higgs bosons
• The couplings of the neutral Higgs bosons to two fermions

−ℒ𝐻 ҧ𝑓𝑓 =
1

𝑣
ത𝑢𝐌𝑢𝑢 𝜑1 + ത𝑢 𝐡𝑢

𝐻 + 𝐡𝑢
𝐴𝛾5 𝑢 𝜑2 + ത𝑢 −𝑖𝐡𝑢

𝐴 − 𝑖𝐡𝑢
𝐻𝛾5 𝑢 𝑎

+
1

𝑣
ҧ𝑑𝐌𝑑𝑑 𝜑1 + ҧ𝑑 𝐡𝑑

𝐻 + 𝐡𝑑
𝐴𝛾5 𝑑 𝜑2 + ҧ𝑑 𝑖𝐡𝑑

𝐴 + 𝑖𝐡𝑑
𝐻𝛾5 𝑑 𝑎

+
1

𝑣
ҧ𝑒𝐌𝑒𝑒 𝜑1 + ҧ𝑒 𝐡𝑒

𝐻 + 𝐡𝑒
𝐴𝛾5 𝑒 𝜑2 + ҧ𝑒 𝑖𝐡𝑒

𝐴 + 𝑖𝐡𝑒
𝐻𝛾5 𝑒 𝑎

• Hermitian and three anti-Hermitian Yukawa coupling matrices

𝐡𝑓
𝐻 ≡

𝐡𝑓 + 𝐡𝑓
†

2
, 𝐡𝑓

𝐴 ≡
𝐡𝑓 − 𝐡𝑓

†

2
, 𝐡𝑓 ≡

1

2
𝒰𝑓𝐿
† 𝒚2

𝑓 𝒰𝑓𝑅 , 𝑓 = 𝑢, 𝑑, 𝑒

• The couplings of the charged Higgs bosons to two fermions

−ℒ𝐻±𝑓↑𝑓↓
= − 2 𝑢𝑅 𝒉𝑢

†𝑉 𝑑𝐿 𝐻
+ + 2 𝑢𝐿 𝑉𝒉𝑑 𝑑𝑅 𝐻+ + 2 𝜈𝐿𝒉𝑒𝑒𝑅 𝐻+ + h. c. .

• 𝒰𝑢𝐿
† 𝒰𝑑𝐿 = 𝑉CKM ≡ 𝑉 and 𝒉𝑢 = 𝑡𝛽

−1 𝑴𝑢

𝑣
, 𝒉𝑑 = −𝑡𝛽

𝑴𝑑

𝑣
, 𝒉𝑒 = −𝑡𝛽

𝑴𝑒

𝑣
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