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• Thus, modified gravity theories are actively studied: 


• to better understand the nature of gravity


• to understand the mysteries in the universe


• inflation, dark energy, dark matter, etc


• By adding new gravitational degrees of freedom, one can modify GR:


• Scalar-tensor theories:  


• “Healthy” higher-order theories must be degenerate: 


• Non-degenerate higher-order theories suffer from the so-called 
Ostrogradsky instability

L(g, ∂g, ∂2g, ⋯, ϕ, ∂ϕ, ∂2ϕ, ⋯)
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• One of the possible modifications of gravity is to consider the higher order of curvature corrections, 
e.g. , the Gauss-Bonnet (GB) term. 


• GB gravity in  is well-investigated in the literature: suggested and motivated by string theory. 


• In four dimensions ( ), the GB correction is known as a total derivative. Thus, the EoM derived from 


,


vanishes identically


.


• Common knowledge introduces the non-minimal coupling to GB term: 
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In this Letter we present a general covariant modified theory of gravity in D ! 4 spacetime dimensions
which propagates only the massless graviton and bypasses Lovelock’s theorem. The theory we present is
formulated in D > 4 dimensions and its action consists of the Einstein-Hilbert term with a cosmological
constant, and the Gauss-Bonnet term multiplied by a factor 1="D ! 4#. The four-dimensional theory is
defined as the limit D ! 4. In this singular limit the Gauss-Bonnet invariant gives rise to nontrivial
contributions to gravitational dynamics, while preserving the number of graviton degrees of freedom and
being free from Ostrogradsky instability. We report several appealing new predictions of this theory,
including the corrections to the dispersion relation of cosmological tensor and scalar modes, singularity
resolution for spherically symmetric solutions, and others.
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Introduction.—According to Lovelock’s theorem [1–3],
Einstein’s general relativity with the cosmological constant
is the unique theory of gravity if we assume (i) the
spacetime is 3$ 1 dimensional, (ii) diffeomorphism invari-
ance, (iii) metricity, and (iv) second order equations of
motion. In this Letter we demonstrate a way to bypass the
conclusions of Lovelock’s theorem, and present a model
respecting all the assumptions (i–iv), but nevertheless
exhibiting modified dynamics.
It is believed that the most general theory in four-

dimensional spacetime consists of the Einstein-Hilbert
action and a cosmological constant,

SEH%g!"& !
Z

dDx
!!!!!!!gp

"
M2

P

2
R ! !0

#
; "1#

where D ! 4. This theory contains two parameters—the
reduced Planck mass MP characterizing the gravitational
coupling strength, and the (bare) cosmological constant !0

playing the role of vacuum energy.
In higher dimensions, however, there are more terms—

higher order Lovelock invariants—satisfying conditions
(ii–iv). First such term appears in five dimensions,

SGB%g!"& !
Z

dDx
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where # is a dimensionless coupling constant and G is
the Gauss-Bonnet invariant, G ! R!"

$%R
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$%
$%&. In D ! 4 the Gauss-Bonnet invariant is a total

derivative, and hence does not contribute to the gravita-
tional dynamics. This is exhibited by its contribution to
Einstein’s equation,
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being antisymmetrized over five indices, and vanishing
identically in D ! 4, but not in D " 5. An explicit
manifestation of this can be seen by taking the trace of
Eq. (3),

g!"!!!!!!!gp
&SGB
&g!"

! "D ! 4# ! #
2
G; "4#

which is proportional to a vanishing factor (D ! 4) in four
spacetime dimensions. One might wonder whether this
feature is specific just to the trace equation or whether it is a
general feature of Einstein’s equation. This question was
addressed previously in the literature in Refs. [4,5] with the
conclusion that the Gauss-Bonnet term contribution to all
the components of Einstein’s equation are in fact propor-
tional to (D ! 4), regardless of the spacetime symmetries.
For instance, for an even dimensional spacetime with
D > 4, we have the Einstein-Lovelock equation written
in terms of differential form [4]

X"D=2#!1

p!0

#p"D ! 2p#(a1…aDR
a1;a2 ! … ! Ra2p!1;a2p

! ea2p$1 ! … ! eaD!1 ! 0; "5#

where ea is the vielbein, and we obtain the factor of (D ! 4)
for the Gauss-Bonnet term where p ! 2. Noted that the
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An intriguing idea in this paper: 


•The theory is formulated in  dimensions, 


•The GB term multiplied by a factor:  ,


•As a result, the GB invariant yields finite nontrivial effects,

• It was also conjectured that the  limit should have two dofs.
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Abstract No! We show that the field equations of Einstein–
Gauss–Bonnet theory defined in generic D > 4 dimensions
split into two parts one of which always remains higher
dimensional, and hence the theory does not have a non-trivial
limit to D = 4. Therefore, the recently introduced four-
dimensional, novel, Einstein–Gauss–Bonnet theory does not
admit an intrinsically four-dimensional definition, in terms of
metric only, as such it does not exist in four dimensions. The
solutions (the spacetime, the metric) always remain D > 4
dimensional. As there is no canonical choice of 4 spacetime
dimensions out of D dimensions for generic metrics, the the-
ory is not well defined in four dimensions.

1 Introduction

Recently a four-dimensional Einstein–Gauss–Bonnet theory
that is claimed to propagate only a massless spin-2 graviton
was introduced as the D ! 4 limit in [1] with the action
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!

dDx
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of which the field equations are [2,3]
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where the “Gauss–Bonnet tensor” reads

Hµ' = 2
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For D > 4, (2) is the well-known Einstein–Gauss–Bonnet
theory which has been studied in the literature in great
detail. On the other hand, for D = 4, the Hµ' tensor van-
ishes identically and hence, as per common knowledge, the
field equations (2) reduces to the Einstein’s theory. This is
because in four dimensions, the Gauss–Bonnet combina-
tion G := R#$%& R#$%& # 4R#$ R#$ + R2 can be written
as G = (µ'#$(µ'&%R#$)*R) *&% and yields a topological
action, i.e. the Euler number which is independent of the
metric gµ' . This was the state of affairs until the paper [1]
implicitly asked the question “how does the Hµ' tensor go
to zero as D ! 4?”. The answer is very interesting: because
if it goes to zero in the following way

Hµ' = (D # 4)Yµ', (4)

where Yµ' is a new tensor to be found, then the authors of
[1] argue that in the D ! 4 limit, the field equations (2)
define a four-dimensional theory in the limit. So namely, the
suggested four-dimensional theory would be the following
theory in source-free case:
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D!4
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'
+ #

D # 4
Hµ'

%
= 0.

(5)

Let us try to understand what the suggested theory is. As
there is no intrinsically defined four-dimensional covariant
tensor that the Gauss–Bonnet tensor reduces to; namely, Yµ'
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Comment on “Einstein-Gauss-Bonnet Gravity
in Four-Dimensional Spacetime”

In a recent Letter [1], a general covariant four-
dimensional modified gravity that propagates only a
massless spin-2 graviton and bypasses Lovelock’s theorem
[2] was claimed to exist. Here we show that this claim is not
correct. The suggested theory is a limit of the Einstein-
Gauss-Bonnet theory with the field equations
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where the “Gauss-Bonnet (GB) tensor” (which vanishes
identically in four dimensions) reads [3]
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!
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For the D ! 4 limit to work even at the formal level, there
must exist a new tensor Y"# such that one has

H"# " #D ! 4$Y"#; #2$

and asD ! 4, this new tensor should not vanish and should
have a smooth limit. One can show that [4] H"# decom-
poses as

H"#
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The S"# part in Eq. (3) is smooth in theD ! 4 limit, but the
L"# part is undefined (0=0) and discontinuous in the sense
that L"# is identically zero in four dimensions and non-
trivial above four dimensions. If one naively takes the limit
by dropping the L"# part in Eq. (3), then one loses the
Bianchi identity since!"S"# " 0, which is not acceptable if
gravity is expected to couple to a conserved source.
The easiest way [4] to see that such a tensor Y"# does not

exist in four dimensions is to employ the first order form of
the theory. The GB part of the action (without any factors)

IGB "
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when varied with respect to the vielbein yields zero in D "
4 dimensions, and the following D ! 1 form in D > 4,

EaD"#D!4$*a1a2;…;aDR
a1a2 "Ra3a4 "ea5 "ea6 ;…;"eaD!1 :

To relate this to H"# (1), one can recast the last expression
in spacetime indices and take its Hodge dual to get a 1-form
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from which one defines the rank-2 tensor E#$ as
%E#! E#$dx$ whose explicit form is
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It is clear from this expression that a (D ! 4) factor arises
only in D > 4 dimensions; namely, even if the front factor
can be canceled by multiplying with a 1=#D ! 4$ as
suggested in Ref. [1], the * tensors in the expression
explicitly show the dimensionality of the spacetime to
be D > 4. If one tries to get rid of the epsilon tensors, then
one loses the front factor. In fact, expressing the epsilon
factors in terms of generalized Kronecker delta tensors, one
arrives at E#$ " 2#D ! 4$!H#$, in which the front factor
transmutes to (D ! 4) factorial. So the upshot is that there is
no nontrivial Y"# (2) in four dimensions as is required for
the claim of Ref. [1] to work. Our result is consistent with
the Lovelock’s theorem which rigorously shows that in four
dimensions, the only second rank symmetric, covariantly
conserved tensor that is at most second order in derivatives
of the metric tensor (and this is required for a massless
graviton and no other degrees of freedom), besides the
metric, is the Einstein tensor. Therefore, a simple rescaling
of the coefficient in the EGB theory as was suggested in
Ref. [1] does not yield covariant equations of a massless
spin-2 theory in four dimensions. The abovementioned lack
of continuity of the EGB theory at D " 4 can also be seen
from various complementary analyses [5,6] which try to
obtain a well-defined limit and end up with an extra scalar
degree of freedom besides the massless graviton. The
resulting theory depends on how one defines the limit
supporting our arguments here.
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defined as the limit D ! 4. In this singular limit the Gauss-Bonnet invariant gives rise to nontrivial
contributions to gravitational dynamics, while preserving the number of graviton degrees of freedom and
being free from Ostrogradsky instability. We report several appealing new predictions of this theory,
including the corrections to the dispersion relation of cosmological tensor and scalar modes, singularity
resolution for spherically symmetric solutions, and others.
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Introduction.—According to Lovelock’s theorem [1–3],
Einstein’s general relativity with the cosmological constant
is the unique theory of gravity if we assume (i) the
spacetime is 3$ 1 dimensional, (ii) diffeomorphism invari-
ance, (iii) metricity, and (iv) second order equations of
motion. In this Letter we demonstrate a way to bypass the
conclusions of Lovelock’s theorem, and present a model
respecting all the assumptions (i–iv), but nevertheless
exhibiting modified dynamics.
It is believed that the most general theory in four-

dimensional spacetime consists of the Einstein-Hilbert
action and a cosmological constant,
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dDx
!!!!!!!gp

"
M2

P

2
R ! !0

#
; "1#

where D ! 4. This theory contains two parameters—the
reduced Planck mass MP characterizing the gravitational
coupling strength, and the (bare) cosmological constant !0

playing the role of vacuum energy.
In higher dimensions, however, there are more terms—

higher order Lovelock invariants—satisfying conditions
(ii–iv). First such term appears in five dimensions,
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where # is a dimensionless coupling constant and G is
the Gauss-Bonnet invariant, G ! R!"
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$%&. In D ! 4 the Gauss-Bonnet invariant is a total

derivative, and hence does not contribute to the gravita-
tional dynamics. This is exhibited by its contribution to
Einstein’s equation,
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being antisymmetrized over five indices, and vanishing
identically in D ! 4, but not in D " 5. An explicit
manifestation of this can be seen by taking the trace of
Eq. (3),

g!"!!!!!!!gp
&SGB
&g!"

! "D ! 4# ! #
2
G; "4#

which is proportional to a vanishing factor (D ! 4) in four
spacetime dimensions. One might wonder whether this
feature is specific just to the trace equation or whether it is a
general feature of Einstein’s equation. This question was
addressed previously in the literature in Refs. [4,5] with the
conclusion that the Gauss-Bonnet term contribution to all
the components of Einstein’s equation are in fact propor-
tional to (D ! 4), regardless of the spacetime symmetries.
For instance, for an even dimensional spacetime with
D > 4, we have the Einstein-Lovelock equation written
in terms of differential form [4]

X"D=2#!1

p!0

#p"D ! 2p#(a1…aDR
a1;a2 ! … ! Ra2p!1;a2p

! ea2p$1 ! … ! eaD!1 ! 0; "5#

where ea is the vielbein, and we obtain the factor of (D ! 4)
for the Gauss-Bonnet term where p ! 2. Noted that the
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An intriguing idea in this paper: 


•The theory is formulated in  dimensions, 


•The GB term multiplied by a factor:  ,


•As a result, the GB invariant yields finite nontrivial effects,

• It was also conjectured that the  limit should have two dofs.
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Abstract No! We show that the field equations of Einstein–
Gauss–Bonnet theory defined in generic D > 4 dimensions
split into two parts one of which always remains higher
dimensional, and hence the theory does not have a non-trivial
limit to D = 4. Therefore, the recently introduced four-
dimensional, novel, Einstein–Gauss–Bonnet theory does not
admit an intrinsically four-dimensional definition, in terms of
metric only, as such it does not exist in four dimensions. The
solutions (the spacetime, the metric) always remain D > 4
dimensional. As there is no canonical choice of 4 spacetime
dimensions out of D dimensions for generic metrics, the the-
ory is not well defined in four dimensions.

1 Introduction

Recently a four-dimensional Einstein–Gauss–Bonnet theory
that is claimed to propagate only a massless spin-2 graviton
was introduced as the D ! 4 limit in [1] with the action

I =
!

dDx
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of which the field equations are [2,3]
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where the “Gauss–Bonnet tensor” reads
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For D > 4, (2) is the well-known Einstein–Gauss–Bonnet
theory which has been studied in the literature in great
detail. On the other hand, for D = 4, the Hµ' tensor van-
ishes identically and hence, as per common knowledge, the
field equations (2) reduces to the Einstein’s theory. This is
because in four dimensions, the Gauss–Bonnet combina-
tion G := R#$%& R#$%& # 4R#$ R#$ + R2 can be written
as G = (µ'#$(µ'&%R#$)*R) *&% and yields a topological
action, i.e. the Euler number which is independent of the
metric gµ' . This was the state of affairs until the paper [1]
implicitly asked the question “how does the Hµ' tensor go
to zero as D ! 4?”. The answer is very interesting: because
if it goes to zero in the following way

Hµ' = (D # 4)Yµ', (4)

where Yµ' is a new tensor to be found, then the authors of
[1] argue that in the D ! 4 limit, the field equations (2)
define a four-dimensional theory in the limit. So namely, the
suggested four-dimensional theory would be the following
theory in source-free case:
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D!4
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2
gµ'R + "0gµ'

'
+ #

D # 4
Hµ'

%
= 0.

(5)

Let us try to understand what the suggested theory is. As
there is no intrinsically defined four-dimensional covariant
tensor that the Gauss–Bonnet tensor reduces to; namely, Yµ'

123

Comment on “Einstein-Gauss-Bonnet Gravity
in Four-Dimensional Spacetime”

In a recent Letter [1], a general covariant four-
dimensional modified gravity that propagates only a
massless spin-2 graviton and bypasses Lovelock’s theorem
[2] was claimed to exist. Here we show that this claim is not
correct. The suggested theory is a limit of the Einstein-
Gauss-Bonnet theory with the field equations
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where the “Gauss-Bonnet (GB) tensor” (which vanishes
identically in four dimensions) reads [3]
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For the D ! 4 limit to work even at the formal level, there
must exist a new tensor Y"# such that one has

H"# " #D ! 4$Y"#; #2$

and asD ! 4, this new tensor should not vanish and should
have a smooth limit. One can show that [4] H"# decom-
poses as
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#
:

The S"# part in Eq. (3) is smooth in theD ! 4 limit, but the
L"# part is undefined (0=0) and discontinuous in the sense
that L"# is identically zero in four dimensions and non-
trivial above four dimensions. If one naively takes the limit
by dropping the L"# part in Eq. (3), then one loses the
Bianchi identity since!"S"# " 0, which is not acceptable if
gravity is expected to couple to a conserved source.
The easiest way [4] to see that such a tensor Y"# does not

exist in four dimensions is to employ the first order form of
the theory. The GB part of the action (without any factors)

IGB "
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a1a2 " Ra3a4 " ea5 " ea6 ;…;" eaD

when varied with respect to the vielbein yields zero in D "
4 dimensions, and the following D ! 1 form in D > 4,

EaD"#D!4$*a1a2;…;aDR
a1a2 "Ra3a4 "ea5 "ea6 ;…;"eaD!1 :

To relate this to H"# (1), one can recast the last expression
in spacetime indices and take its Hodge dual to get a 1-form
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#D ! 4$

4
*"1"2;…;"D!1#*

&1;…;&4"5;…;"D!1
"D

R"1"2
&1&2R

"3"4
&3&4dx

"D; #4$

from which one defines the rank-2 tensor E#$ as
%E#! E#$dx$ whose explicit form is
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It is clear from this expression that a (D ! 4) factor arises
only in D > 4 dimensions; namely, even if the front factor
can be canceled by multiplying with a 1=#D ! 4$ as
suggested in Ref. [1], the * tensors in the expression
explicitly show the dimensionality of the spacetime to
be D > 4. If one tries to get rid of the epsilon tensors, then
one loses the front factor. In fact, expressing the epsilon
factors in terms of generalized Kronecker delta tensors, one
arrives at E#$ " 2#D ! 4$!H#$, in which the front factor
transmutes to (D ! 4) factorial. So the upshot is that there is
no nontrivial Y"# (2) in four dimensions as is required for
the claim of Ref. [1] to work. Our result is consistent with
the Lovelock’s theorem which rigorously shows that in four
dimensions, the only second rank symmetric, covariantly
conserved tensor that is at most second order in derivatives
of the metric tensor (and this is required for a massless
graviton and no other degrees of freedom), besides the
metric, is the Einstein tensor. Therefore, a simple rescaling
of the coefficient in the EGB theory as was suggested in
Ref. [1] does not yield covariant equations of a massless
spin-2 theory in four dimensions. The abovementioned lack
of continuity of the EGB theory at D " 4 can also be seen
from various complementary analyses [5,6] which try to
obtain a well-defined limit and end up with an extra scalar
degree of freedom besides the massless graviton. The
resulting theory depends on how one defines the limit
supporting our arguments here.
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[2] was claimed to exist. Here we show that this claim is not
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L"# part is undefined (0=0) and discontinuous in the sense
that L"# is identically zero in four dimensions and non-
trivial above four dimensions. If one naively takes the limit
by dropping the L"# part in Eq. (3), then one loses the
Bianchi identity since!"S"# " 0, which is not acceptable if
gravity is expected to couple to a conserved source.
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can be canceled by multiplying with a 1=#D ! 4$ as
suggested in Ref. [1], the * tensors in the expression
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be D > 4. If one tries to get rid of the epsilon tensors, then
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factors in terms of generalized Kronecker delta tensors, one
arrives at E#$ " 2#D ! 4$!H#$, in which the front factor
transmutes to (D ! 4) factorial. So the upshot is that there is
no nontrivial Y"# (2) in four dimensions as is required for
the claim of Ref. [1] to work. Our result is consistent with
the Lovelock’s theorem which rigorously shows that in four
dimensions, the only second rank symmetric, covariantly
conserved tensor that is at most second order in derivatives
of the metric tensor (and this is required for a massless
graviton and no other degrees of freedom), besides the
metric, is the Einstein tensor. Therefore, a simple rescaling
of the coefficient in the EGB theory as was suggested in
Ref. [1] does not yield covariant equations of a massless
spin-2 theory in four dimensions. The abovementioned lack
of continuity of the EGB theory at D " 4 can also be seen
from various complementary analyses [5,6] which try to
obtain a well-defined limit and end up with an extra scalar
degree of freedom besides the massless graviton. The
resulting theory depends on how one defines the limit
supporting our arguments here.
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Abstract No! We show that the field equations of Einstein–
Gauss–Bonnet theory defined in generic D > 4 dimensions
split into two parts one of which always remains higher
dimensional, and hence the theory does not have a non-trivial
limit to D = 4. Therefore, the recently introduced four-
dimensional, novel, Einstein–Gauss–Bonnet theory does not
admit an intrinsically four-dimensional definition, in terms of
metric only, as such it does not exist in four dimensions. The
solutions (the spacetime, the metric) always remain D > 4
dimensional. As there is no canonical choice of 4 spacetime
dimensions out of D dimensions for generic metrics, the the-
ory is not well defined in four dimensions.

1 Introduction

Recently a four-dimensional Einstein–Gauss–Bonnet theory
that is claimed to propagate only a massless spin-2 graviton
was introduced as the D ! 4 limit in [1] with the action
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For D > 4, (2) is the well-known Einstein–Gauss–Bonnet
theory which has been studied in the literature in great
detail. On the other hand, for D = 4, the Hµ' tensor van-
ishes identically and hence, as per common knowledge, the
field equations (2) reduces to the Einstein’s theory. This is
because in four dimensions, the Gauss–Bonnet combina-
tion G := R#$%& R#$%& # 4R#$ R#$ + R2 can be written
as G = (µ'#$(µ'&%R#$)*R) *&% and yields a topological
action, i.e. the Euler number which is independent of the
metric gµ' . This was the state of affairs until the paper [1]
implicitly asked the question “how does the Hµ' tensor go
to zero as D ! 4?”. The answer is very interesting: because
if it goes to zero in the following way

Hµ' = (D # 4)Yµ', (4)

where Yµ' is a new tensor to be found, then the authors of
[1] argue that in the D ! 4 limit, the field equations (2)
define a four-dimensional theory in the limit. So namely, the
suggested four-dimensional theory would be the following
theory in source-free case:
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Let us try to understand what the suggested theory is. As
there is no intrinsically defined four-dimensional covariant
tensor that the Gauss–Bonnet tensor reduces to; namely, Yµ'
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Introduction.—According to Lovelock’s theorem [1–3],
Einstein’s general relativity with the cosmological constant
is the unique theory of gravity if we assume (i) the
spacetime is 3$ 1 dimensional, (ii) diffeomorphism invari-
ance, (iii) metricity, and (iv) second order equations of
motion. In this Letter we demonstrate a way to bypass the
conclusions of Lovelock’s theorem, and present a model
respecting all the assumptions (i–iv), but nevertheless
exhibiting modified dynamics.
It is believed that the most general theory in four-

dimensional spacetime consists of the Einstein-Hilbert
action and a cosmological constant,
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where D ! 4. This theory contains two parameters—the
reduced Planck mass MP characterizing the gravitational
coupling strength, and the (bare) cosmological constant !0

playing the role of vacuum energy.
In higher dimensions, however, there are more terms—

higher order Lovelock invariants—satisfying conditions
(ii–iv). First such term appears in five dimensions,
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being antisymmetrized over five indices, and vanishing
identically in D ! 4, but not in D " 5. An explicit
manifestation of this can be seen by taking the trace of
Eq. (3),
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which is proportional to a vanishing factor (D ! 4) in four
spacetime dimensions. One might wonder whether this
feature is specific just to the trace equation or whether it is a
general feature of Einstein’s equation. This question was
addressed previously in the literature in Refs. [4,5] with the
conclusion that the Gauss-Bonnet term contribution to all
the components of Einstein’s equation are in fact propor-
tional to (D ! 4), regardless of the spacetime symmetries.
For instance, for an even dimensional spacetime with
D > 4, we have the Einstein-Lovelock equation written
in terms of differential form [4]
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where ea is the vielbein, and we obtain the factor of (D ! 4)
for the Gauss-Bonnet term where p ! 2. Noted that the
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Abstract No! We show that the field equations of Einstein–
Gauss–Bonnet theory defined in generic D > 4 dimensions
split into two parts one of which always remains higher
dimensional, and hence the theory does not have a non-trivial
limit to D = 4. Therefore, the recently introduced four-
dimensional, novel, Einstein–Gauss–Bonnet theory does not
admit an intrinsically four-dimensional definition, in terms of
metric only, as such it does not exist in four dimensions. The
solutions (the spacetime, the metric) always remain D > 4
dimensional. As there is no canonical choice of 4 spacetime
dimensions out of D dimensions for generic metrics, the the-
ory is not well defined in four dimensions.

1 Introduction

Recently a four-dimensional Einstein–Gauss–Bonnet theory
that is claimed to propagate only a massless spin-2 graviton
was introduced as the D ! 4 limit in [1] with the action

I =
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1
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of which the field equations are [2,3]
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where the “Gauss–Bonnet tensor” reads

Hµ' = 2
"
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. (3)

For D > 4, (2) is the well-known Einstein–Gauss–Bonnet
theory which has been studied in the literature in great
detail. On the other hand, for D = 4, the Hµ' tensor van-
ishes identically and hence, as per common knowledge, the
field equations (2) reduces to the Einstein’s theory. This is
because in four dimensions, the Gauss–Bonnet combina-
tion G := R#$%& R#$%& # 4R#$ R#$ + R2 can be written
as G = (µ'#$(µ'&%R#$)*R) *&% and yields a topological
action, i.e. the Euler number which is independent of the
metric gµ' . This was the state of affairs until the paper [1]
implicitly asked the question “how does the Hµ' tensor go
to zero as D ! 4?”. The answer is very interesting: because
if it goes to zero in the following way

Hµ' = (D # 4)Yµ', (4)

where Yµ' is a new tensor to be found, then the authors of
[1] argue that in the D ! 4 limit, the field equations (2)
define a four-dimensional theory in the limit. So namely, the
suggested four-dimensional theory would be the following
theory in source-free case:
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D!4
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'
+ #

D # 4
Hµ'

%
= 0.

(5)

Let us try to understand what the suggested theory is. As
there is no intrinsically defined four-dimensional covariant
tensor that the Gauss–Bonnet tensor reduces to; namely, Yµ'

123

𝒢 ≡ R2 − 4RμνRμν + RμνρσRμνρσ

Comment on “Einstein-Gauss-Bonnet Gravity
in Four-Dimensional Spacetime”

In a recent Letter [1], a general covariant four-
dimensional modified gravity that propagates only a
massless spin-2 graviton and bypasses Lovelock’s theorem
[2] was claimed to exist. Here we show that this claim is not
correct. The suggested theory is a limit of the Einstein-
Gauss-Bonnet theory with the field equations
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where the “Gauss-Bonnet (GB) tensor” (which vanishes
identically in four dimensions) reads [3]
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For the D ! 4 limit to work even at the formal level, there
must exist a new tensor Y"# such that one has

H"# " #D ! 4$Y"#; #2$

and asD ! 4, this new tensor should not vanish and should
have a smooth limit. One can show that [4] H"# decom-
poses as
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#
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The S"# part in Eq. (3) is smooth in theD ! 4 limit, but the
L"# part is undefined (0=0) and discontinuous in the sense
that L"# is identically zero in four dimensions and non-
trivial above four dimensions. If one naively takes the limit
by dropping the L"# part in Eq. (3), then one loses the
Bianchi identity since!"S"# " 0, which is not acceptable if
gravity is expected to couple to a conserved source.
The easiest way [4] to see that such a tensor Y"# does not

exist in four dimensions is to employ the first order form of
the theory. The GB part of the action (without any factors)
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a1a2 " Ra3a4 " ea5 " ea6 ;…;" eaD

when varied with respect to the vielbein yields zero in D "
4 dimensions, and the following D ! 1 form in D > 4,

EaD"#D!4$*a1a2;…;aDR
a1a2 "Ra3a4 "ea5 "ea6 ;…;"eaD!1 :

To relate this to H"# (1), one can recast the last expression
in spacetime indices and take its Hodge dual to get a 1-form
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from which one defines the rank-2 tensor E#$ as
%E#! E#$dx$ whose explicit form is
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4
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"3"4
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It is clear from this expression that a (D ! 4) factor arises
only in D > 4 dimensions; namely, even if the front factor
can be canceled by multiplying with a 1=#D ! 4$ as
suggested in Ref. [1], the * tensors in the expression
explicitly show the dimensionality of the spacetime to
be D > 4. If one tries to get rid of the epsilon tensors, then
one loses the front factor. In fact, expressing the epsilon
factors in terms of generalized Kronecker delta tensors, one
arrives at E#$ " 2#D ! 4$!H#$, in which the front factor
transmutes to (D ! 4) factorial. So the upshot is that there is
no nontrivial Y"# (2) in four dimensions as is required for
the claim of Ref. [1] to work. Our result is consistent with
the Lovelock’s theorem which rigorously shows that in four
dimensions, the only second rank symmetric, covariantly
conserved tensor that is at most second order in derivatives
of the metric tensor (and this is required for a massless
graviton and no other degrees of freedom), besides the
metric, is the Einstein tensor. Therefore, a simple rescaling
of the coefficient in the EGB theory as was suggested in
Ref. [1] does not yield covariant equations of a massless
spin-2 theory in four dimensions. The abovementioned lack
of continuity of the EGB theory at D " 4 can also be seen
from various complementary analyses [5,6] which try to
obtain a well-defined limit and end up with an extra scalar
degree of freedom besides the massless graviton. The
resulting theory depends on how one defines the limit
supporting our arguments here.
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An intriguing idea in this paper: 


•The theory is formulated in  dimensions, 


•The GB term multiplied by a factor:  ,


•As a result, the GB invariant yields finite nontrivial effects,

• It was also conjectured that the  limit should have two dofs.

D
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(D − 4)

D → 4
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Abstract No! We show that the field equations of Einstein–
Gauss–Bonnet theory defined in generic D > 4 dimensions
split into two parts one of which always remains higher
dimensional, and hence the theory does not have a non-trivial
limit to D = 4. Therefore, the recently introduced four-
dimensional, novel, Einstein–Gauss–Bonnet theory does not
admit an intrinsically four-dimensional definition, in terms of
metric only, as such it does not exist in four dimensions. The
solutions (the spacetime, the metric) always remain D > 4
dimensional. As there is no canonical choice of 4 spacetime
dimensions out of D dimensions for generic metrics, the the-
ory is not well defined in four dimensions.

1 Introduction

Recently a four-dimensional Einstein–Gauss–Bonnet theory
that is claimed to propagate only a massless spin-2 graviton
was introduced as the D ! 4 limit in [1] with the action
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For D > 4, (2) is the well-known Einstein–Gauss–Bonnet
theory which has been studied in the literature in great
detail. On the other hand, for D = 4, the Hµ' tensor van-
ishes identically and hence, as per common knowledge, the
field equations (2) reduces to the Einstein’s theory. This is
because in four dimensions, the Gauss–Bonnet combina-
tion G := R#$%& R#$%& # 4R#$ R#$ + R2 can be written
as G = (µ'#$(µ'&%R#$)*R) *&% and yields a topological
action, i.e. the Euler number which is independent of the
metric gµ' . This was the state of affairs until the paper [1]
implicitly asked the question “how does the Hµ' tensor go
to zero as D ! 4?”. The answer is very interesting: because
if it goes to zero in the following way

Hµ' = (D # 4)Yµ', (4)

where Yµ' is a new tensor to be found, then the authors of
[1] argue that in the D ! 4 limit, the field equations (2)
define a four-dimensional theory in the limit. So namely, the
suggested four-dimensional theory would be the following
theory in source-free case:
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Let us try to understand what the suggested theory is. As
there is no intrinsically defined four-dimensional covariant
tensor that the Gauss–Bonnet tensor reduces to; namely, Yµ'
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In this Letter we present a general covariant modified theory of gravity in D ! 4 spacetime dimensions
which propagates only the massless graviton and bypasses Lovelock’s theorem. The theory we present is
formulated in D > 4 dimensions and its action consists of the Einstein-Hilbert term with a cosmological
constant, and the Gauss-Bonnet term multiplied by a factor 1="D ! 4#. The four-dimensional theory is
defined as the limit D ! 4. In this singular limit the Gauss-Bonnet invariant gives rise to nontrivial
contributions to gravitational dynamics, while preserving the number of graviton degrees of freedom and
being free from Ostrogradsky instability. We report several appealing new predictions of this theory,
including the corrections to the dispersion relation of cosmological tensor and scalar modes, singularity
resolution for spherically symmetric solutions, and others.
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Introduction.—According to Lovelock’s theorem [1–3],
Einstein’s general relativity with the cosmological constant
is the unique theory of gravity if we assume (i) the
spacetime is 3$ 1 dimensional, (ii) diffeomorphism invari-
ance, (iii) metricity, and (iv) second order equations of
motion. In this Letter we demonstrate a way to bypass the
conclusions of Lovelock’s theorem, and present a model
respecting all the assumptions (i–iv), but nevertheless
exhibiting modified dynamics.
It is believed that the most general theory in four-

dimensional spacetime consists of the Einstein-Hilbert
action and a cosmological constant,

SEH%g!"& !
Z

dDx
!!!!!!!gp

"
M2

P

2
R ! !0

#
; "1#

where D ! 4. This theory contains two parameters—the
reduced Planck mass MP characterizing the gravitational
coupling strength, and the (bare) cosmological constant !0

playing the role of vacuum energy.
In higher dimensions, however, there are more terms—

higher order Lovelock invariants—satisfying conditions
(ii–iv). First such term appears in five dimensions,

SGB%g!"& !
Z

dDx
!!!!!!!gp

#G; "2#

where # is a dimensionless coupling constant and G is
the Gauss-Bonnet invariant, G ! R!"

$%R
$%
!" ! 4R!

"R"
! $ R2 !

6R!"
%!"R

$%
$%&. In D ! 4 the Gauss-Bonnet invariant is a total

derivative, and hence does not contribute to the gravita-
tional dynamics. This is exhibited by its contribution to
Einstein’s equation,

g"$!!!!!!!gp
&SGB
&g!$

! 15#&!%"R
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$%R
$%
"#

$ 4R!#
"'R
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# $ 4R!

#R#
" ! 2RR!

" $
1

2
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being antisymmetrized over five indices, and vanishing
identically in D ! 4, but not in D " 5. An explicit
manifestation of this can be seen by taking the trace of
Eq. (3),

g!"!!!!!!!gp
&SGB
&g!"

! "D ! 4# ! #
2
G; "4#

which is proportional to a vanishing factor (D ! 4) in four
spacetime dimensions. One might wonder whether this
feature is specific just to the trace equation or whether it is a
general feature of Einstein’s equation. This question was
addressed previously in the literature in Refs. [4,5] with the
conclusion that the Gauss-Bonnet term contribution to all
the components of Einstein’s equation are in fact propor-
tional to (D ! 4), regardless of the spacetime symmetries.
For instance, for an even dimensional spacetime with
D > 4, we have the Einstein-Lovelock equation written
in terms of differential form [4]

X"D=2#!1

p!0

#p"D ! 2p#(a1…aDR
a1;a2 ! … ! Ra2p!1;a2p

! ea2p$1 ! … ! eaD!1 ! 0; "5#

where ea is the vielbein, and we obtain the factor of (D ! 4)
for the Gauss-Bonnet term where p ! 2. Noted that the
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conclusion that the Gauss-Bonnet term contribution to all
the components of Einstein’s equation are in fact propor-
tional to (D ! 4), regardless of the spacetime symmetries.
For instance, for an even dimensional spacetime with
D > 4, we have the Einstein-Lovelock equation written
in terms of differential form [4]
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p!0
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where ea is the vielbein, and we obtain the factor of (D ! 4)
for the Gauss-Bonnet term where p ! 2. Noted that the
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An intriguing idea in this paper: 


•The theory is formulated in  dimensions, 


•The GB term multiplied by a factor:  ,


•The GB invariant yields the finite nontrivial effects,

• It was also conjectured that the  limit should have two dofs.

D > 4
1

(D − 4)

D → 4
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Abstract No! We show that the field equations of Einstein–
Gauss–Bonnet theory defined in generic D > 4 dimensions
split into two parts one of which always remains higher
dimensional, and hence the theory does not have a non-trivial
limit to D = 4. Therefore, the recently introduced four-
dimensional, novel, Einstein–Gauss–Bonnet theory does not
admit an intrinsically four-dimensional definition, in terms of
metric only, as such it does not exist in four dimensions. The
solutions (the spacetime, the metric) always remain D > 4
dimensional. As there is no canonical choice of 4 spacetime
dimensions out of D dimensions for generic metrics, the the-
ory is not well defined in four dimensions.

1 Introduction

Recently a four-dimensional Einstein–Gauss–Bonnet theory
that is claimed to propagate only a massless spin-2 graviton
was introduced as the D ! 4 limit in [1] with the action

I =
!

dDx
"#g

"
1
!
(R # 2"0)

+ #

D # 4

#
R#$%& R#$%& # 4R#$ R#$ + R2

$%
, (1)

of which the field equations are [2,3]

1
!

&
Rµ' # 1

2
gµ'R + "0gµ'

'
+ #

D # 4
Hµ' = 0 (2)

a e-mail: gurses@fen.bilkent.edu.tr
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where the “Gauss–Bonnet tensor” reads

Hµ' = 2
"
RRµ' # 2Rµ#'$ R#$ + Rµ#$& R #$&

' # 2Rµ#R#
'

#1
4
gµ'

#
R#$%& R#$%& # 4R#$ R#$ + R2

$ %
. (3)

For D > 4, (2) is the well-known Einstein–Gauss–Bonnet
theory which has been studied in the literature in great
detail. On the other hand, for D = 4, the Hµ' tensor van-
ishes identically and hence, as per common knowledge, the
field equations (2) reduces to the Einstein’s theory. This is
because in four dimensions, the Gauss–Bonnet combina-
tion G := R#$%& R#$%& # 4R#$ R#$ + R2 can be written
as G = (µ'#$(µ'&%R#$)*R) *&% and yields a topological
action, i.e. the Euler number which is independent of the
metric gµ' . This was the state of affairs until the paper [1]
implicitly asked the question “how does the Hµ' tensor go
to zero as D ! 4?”. The answer is very interesting: because
if it goes to zero in the following way

Hµ' = (D # 4)Yµ', (4)

where Yµ' is a new tensor to be found, then the authors of
[1] argue that in the D ! 4 limit, the field equations (2)
define a four-dimensional theory in the limit. So namely, the
suggested four-dimensional theory would be the following
theory in source-free case:

lim
D!4

"
1
!

&
Rµ' # 1

2
gµ'R + "0gµ'

'
+ #

D # 4
Hµ'

%
= 0.

(5)

Let us try to understand what the suggested theory is. As
there is no intrinsically defined four-dimensional covariant
tensor that the Gauss–Bonnet tensor reduces to; namely, Yµ'

123
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in contradiction with the common knowledge!

SGB = ∫ dDx −g [
M2

p

2
R − Λ0+

α
(D − 4)

𝒢]
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𝒢 ≡ R2 − 4RμνRμν + RμνρσRμνρσ

Comment on “Einstein-Gauss-Bonnet Gravity
in Four-Dimensional Spacetime”

In a recent Letter [1], a general covariant four-
dimensional modified gravity that propagates only a
massless spin-2 graviton and bypasses Lovelock’s theorem
[2] was claimed to exist. Here we show that this claim is not
correct. The suggested theory is a limit of the Einstein-
Gauss-Bonnet theory with the field equations

lim
D!4

!
1

!

"
R"# !

1

2
g"#R! !0g"#

#
! $
D ! 4

H"#

$
" 0;

where the “Gauss-Bonnet (GB) tensor” (which vanishes
identically in four dimensions) reads [3]

H"# " 2

!
RR"# ! 2R"$#%R$% ! R"$%&R#

$%& ! 2R"$R$
#

!
1

4
g"##R$%'&R$%'& ! 4R$%R$% ! R2$

$
: #1$

For the D ! 4 limit to work even at the formal level, there
must exist a new tensor Y"# such that one has

H"# " #D ! 4$Y"#; #2$

and asD ! 4, this new tensor should not vanish and should
have a smooth limit. One can show that [4] H"# decom-
poses as

H"#

D ! 4
" 2

L"#

D ! 4
! 2#D ! 3$
#D ! 1$#D ! 2$

S"#; #3$

where L"# " C"$%(C#
$%( ! 1

4C$%()C$%()g"# and

S"#"!
2#D!1$
#D!3$

C"'#&R'&!
2#D!1$
#D!2$

R"'R
'
#

! D
#D!2$

R"#R!#D!1$
#D!2$

g"#

"
R'&R'&!

D!2

4#D!1$
R2

#
:

The S"# part in Eq. (3) is smooth in theD ! 4 limit, but the
L"# part is undefined (0=0) and discontinuous in the sense
that L"# is identically zero in four dimensions and non-
trivial above four dimensions. If one naively takes the limit
by dropping the L"# part in Eq. (3), then one loses the
Bianchi identity since!"S"# " 0, which is not acceptable if
gravity is expected to couple to a conserved source.
The easiest way [4] to see that such a tensor Y"# does not

exist in four dimensions is to employ the first order form of
the theory. The GB part of the action (without any factors)

IGB "
Z

MD

*a1a2;…;aDR
a1a2 " Ra3a4 " ea5 " ea6 ;…;" eaD

when varied with respect to the vielbein yields zero in D "
4 dimensions, and the following D ! 1 form in D > 4,

EaD"#D!4$*a1a2;…;aDR
a1a2 "Ra3a4 "ea5 "ea6 ;…;"eaD!1 :

To relate this to H"# (1), one can recast the last expression
in spacetime indices and take its Hodge dual to get a 1-form

%E# "
#D ! 4$

4
*"1"2;…;"D!1#*

&1;…;&4"5;…;"D!1
"D

R"1"2
&1&2R

"3"4
&3&4dx

"D; #4$

from which one defines the rank-2 tensor E#$ as
%E#! E#$dx$ whose explicit form is

E#$ "
#D ! 4$

4
*"1"2;…;"D!1#*

&1;…;&4"5;…;"D!1
$

R"1"2
&1&2R

"3"4
&3&4 : #5$

It is clear from this expression that a (D ! 4) factor arises
only in D > 4 dimensions; namely, even if the front factor
can be canceled by multiplying with a 1=#D ! 4$ as
suggested in Ref. [1], the * tensors in the expression
explicitly show the dimensionality of the spacetime to
be D > 4. If one tries to get rid of the epsilon tensors, then
one loses the front factor. In fact, expressing the epsilon
factors in terms of generalized Kronecker delta tensors, one
arrives at E#$ " 2#D ! 4$!H#$, in which the front factor
transmutes to (D ! 4) factorial. So the upshot is that there is
no nontrivial Y"# (2) in four dimensions as is required for
the claim of Ref. [1] to work. Our result is consistent with
the Lovelock’s theorem which rigorously shows that in four
dimensions, the only second rank symmetric, covariantly
conserved tensor that is at most second order in derivatives
of the metric tensor (and this is required for a massless
graviton and no other degrees of freedom), besides the
metric, is the Einstein tensor. Therefore, a simple rescaling
of the coefficient in the EGB theory as was suggested in
Ref. [1] does not yield covariant equations of a massless
spin-2 theory in four dimensions. The abovementioned lack
of continuity of the EGB theory at D " 4 can also be seen
from various complementary analyses [5,6] which try to
obtain a well-defined limit and end up with an extra scalar
degree of freedom besides the massless graviton. The
resulting theory depends on how one defines the limit
supporting our arguments here.
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It is clear from this expression that a (D ! 4) factor arises
only in D > 4 dimensions; namely, even if the front factor
can be canceled by multiplying with a 1=#D ! 4$ as
suggested in Ref. [1], the * tensors in the expression
explicitly show the dimensionality of the spacetime to
be D > 4. If one tries to get rid of the epsilon tensors, then
one loses the front factor. In fact, expressing the epsilon
factors in terms of generalized Kronecker delta tensors, one
arrives at E#$ " 2#D ! 4$!H#$, in which the front factor
transmutes to (D ! 4) factorial. So the upshot is that there is
no nontrivial Y"# (2) in four dimensions as is required for
the claim of Ref. [1] to work. Our result is consistent with
the Lovelock’s theorem which rigorously shows that in four
dimensions, the only second rank symmetric, covariantly
conserved tensor that is at most second order in derivatives
of the metric tensor (and this is required for a massless
graviton and no other degrees of freedom), besides the
metric, is the Einstein tensor. Therefore, a simple rescaling
of the coefficient in the EGB theory as was suggested in
Ref. [1] does not yield covariant equations of a massless
spin-2 theory in four dimensions. The abovementioned lack
of continuity of the EGB theory at D " 4 can also be seen
from various complementary analyses [5,6] which try to
obtain a well-defined limit and end up with an extra scalar
degree of freedom besides the massless graviton. The
resulting theory depends on how one defines the limit
supporting our arguments here.
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explicitly show the dimensionality of the spacetime to
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dimensions, the only second rank symmetric, covariantly
conserved tensor that is at most second order in derivatives
of the metric tensor (and this is required for a massless
graviton and no other degrees of freedom), besides the
metric, is the Einstein tensor. Therefore, a simple rescaling
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Ref. [1] does not yield covariant equations of a massless
spin-2 theory in four dimensions. The abovementioned lack
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L"# part is undefined (0=0) and discontinuous in the sense
that L"# is identically zero in four dimensions and non-
trivial above four dimensions. If one naively takes the limit
by dropping the L"# part in Eq. (3), then one loses the
Bianchi identity since!"S"# " 0, which is not acceptable if
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It is clear from this expression that a (D ! 4) factor arises
only in D > 4 dimensions; namely, even if the front factor
can be canceled by multiplying with a 1=#D ! 4$ as
suggested in Ref. [1], the * tensors in the expression
explicitly show the dimensionality of the spacetime to
be D > 4. If one tries to get rid of the epsilon tensors, then
one loses the front factor. In fact, expressing the epsilon
factors in terms of generalized Kronecker delta tensors, one
arrives at E#$ " 2#D ! 4$!H#$, in which the front factor
transmutes to (D ! 4) factorial. So the upshot is that there is
no nontrivial Y"# (2) in four dimensions as is required for
the claim of Ref. [1] to work. Our result is consistent with
the Lovelock’s theorem which rigorously shows that in four
dimensions, the only second rank symmetric, covariantly
conserved tensor that is at most second order in derivatives
of the metric tensor (and this is required for a massless
graviton and no other degrees of freedom), besides the
metric, is the Einstein tensor. Therefore, a simple rescaling
of the coefficient in the EGB theory as was suggested in
Ref. [1] does not yield covariant equations of a massless
spin-2 theory in four dimensions. The abovementioned lack
of continuity of the EGB theory at D " 4 can also be seen
from various complementary analyses [5,6] which try to
obtain a well-defined limit and end up with an extra scalar
degree of freedom besides the massless graviton. The
resulting theory depends on how one defines the limit
supporting our arguments here.
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Abstract No! We show that the field equations of Einstein–
Gauss–Bonnet theory defined in generic D > 4 dimensions
split into two parts one of which always remains higher
dimensional, and hence the theory does not have a non-trivial
limit to D = 4. Therefore, the recently introduced four-
dimensional, novel, Einstein–Gauss–Bonnet theory does not
admit an intrinsically four-dimensional definition, in terms of
metric only, as such it does not exist in four dimensions. The
solutions (the spacetime, the metric) always remain D > 4
dimensional. As there is no canonical choice of 4 spacetime
dimensions out of D dimensions for generic metrics, the the-
ory is not well defined in four dimensions.

1 Introduction

Recently a four-dimensional Einstein–Gauss–Bonnet theory
that is claimed to propagate only a massless spin-2 graviton
was introduced as the D ! 4 limit in [1] with the action

I =
!

dDx
"#g

"
1
!
(R # 2"0)

+ #

D # 4

#
R#$%& R#$%& # 4R#$ R#$ + R2

$%
, (1)

of which the field equations are [2,3]

1
!

&
Rµ' # 1

2
gµ'R + "0gµ'

'
+ #

D # 4
Hµ' = 0 (2)
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where the “Gauss–Bonnet tensor” reads

Hµ' = 2
"
RRµ' # 2Rµ#'$ R#$ + Rµ#$& R #$&

' # 2Rµ#R#
'

#1
4
gµ'

#
R#$%& R#$%& # 4R#$ R#$ + R2

$ %
. (3)

For D > 4, (2) is the well-known Einstein–Gauss–Bonnet
theory which has been studied in the literature in great
detail. On the other hand, for D = 4, the Hµ' tensor van-
ishes identically and hence, as per common knowledge, the
field equations (2) reduces to the Einstein’s theory. This is
because in four dimensions, the Gauss–Bonnet combina-
tion G := R#$%& R#$%& # 4R#$ R#$ + R2 can be written
as G = (µ'#$(µ'&%R#$)*R) *&% and yields a topological
action, i.e. the Euler number which is independent of the
metric gµ' . This was the state of affairs until the paper [1]
implicitly asked the question “how does the Hµ' tensor go
to zero as D ! 4?”. The answer is very interesting: because
if it goes to zero in the following way

Hµ' = (D # 4)Yµ', (4)

where Yµ' is a new tensor to be found, then the authors of
[1] argue that in the D ! 4 limit, the field equations (2)
define a four-dimensional theory in the limit. So namely, the
suggested four-dimensional theory would be the following
theory in source-free case:

lim
D!4

"
1
!

&
Rµ' # 1

2
gµ'R + "0gµ'

'
+ #

D # 4
Hµ'

%
= 0.

(5)

Let us try to understand what the suggested theory is. As
there is no intrinsically defined four-dimensional covariant
tensor that the Gauss–Bonnet tensor reduces to; namely, Yµ'

123

The theory must be defined in  dimensions!D > 4
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In this Letter we present a general covariant modified theory of gravity in D ! 4 spacetime dimensions
which propagates only the massless graviton and bypasses Lovelock’s theorem. The theory we present is
formulated in D > 4 dimensions and its action consists of the Einstein-Hilbert term with a cosmological
constant, and the Gauss-Bonnet term multiplied by a factor 1="D ! 4#. The four-dimensional theory is
defined as the limit D ! 4. In this singular limit the Gauss-Bonnet invariant gives rise to nontrivial
contributions to gravitational dynamics, while preserving the number of graviton degrees of freedom and
being free from Ostrogradsky instability. We report several appealing new predictions of this theory,
including the corrections to the dispersion relation of cosmological tensor and scalar modes, singularity
resolution for spherically symmetric solutions, and others.
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Introduction.—According to Lovelock’s theorem [1–3],
Einstein’s general relativity with the cosmological constant
is the unique theory of gravity if we assume (i) the
spacetime is 3$ 1 dimensional, (ii) diffeomorphism invari-
ance, (iii) metricity, and (iv) second order equations of
motion. In this Letter we demonstrate a way to bypass the
conclusions of Lovelock’s theorem, and present a model
respecting all the assumptions (i–iv), but nevertheless
exhibiting modified dynamics.
It is believed that the most general theory in four-

dimensional spacetime consists of the Einstein-Hilbert
action and a cosmological constant,

SEH%g!"& !
Z

dDx
!!!!!!!gp

"
M2

P

2
R ! !0

#
; "1#

where D ! 4. This theory contains two parameters—the
reduced Planck mass MP characterizing the gravitational
coupling strength, and the (bare) cosmological constant !0

playing the role of vacuum energy.
In higher dimensions, however, there are more terms—

higher order Lovelock invariants—satisfying conditions
(ii–iv). First such term appears in five dimensions,

SGB%g!"& !
Z

dDx
!!!!!!!gp

#G; "2#

where # is a dimensionless coupling constant and G is
the Gauss-Bonnet invariant, G ! R!"

$%R
$%
!" ! 4R!

"R"
! $ R2 !

6R!"
%!"R

$%
$%&. In D ! 4 the Gauss-Bonnet invariant is a total

derivative, and hence does not contribute to the gravita-
tional dynamics. This is exhibited by its contribution to
Einstein’s equation,

g"$!!!!!!!gp
&SGB
&g!$

! 15#&!%"R
$%
$%R

#'
#'& ! !2R!#

$%R
$%
"#

$ 4R!#
"'R

'
# $ 4R!

#R#
" ! 2RR!

" $
1

2
G&!" ; "3#

being antisymmetrized over five indices, and vanishing
identically in D ! 4, but not in D " 5. An explicit
manifestation of this can be seen by taking the trace of
Eq. (3),

g!"!!!!!!!gp
&SGB
&g!"

! "D ! 4# ! #
2
G; "4#

which is proportional to a vanishing factor (D ! 4) in four
spacetime dimensions. One might wonder whether this
feature is specific just to the trace equation or whether it is a
general feature of Einstein’s equation. This question was
addressed previously in the literature in Refs. [4,5] with the
conclusion that the Gauss-Bonnet term contribution to all
the components of Einstein’s equation are in fact propor-
tional to (D ! 4), regardless of the spacetime symmetries.
For instance, for an even dimensional spacetime with
D > 4, we have the Einstein-Lovelock equation written
in terms of differential form [4]

X"D=2#!1

p!0

#p"D ! 2p#(a1…aDR
a1;a2 ! … ! Ra2p!1;a2p

! ea2p$1 ! … ! eaD!1 ! 0; "5#

where ea is the vielbein, and we obtain the factor of (D ! 4)
for the Gauss-Bonnet term where p ! 2. Noted that the
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An intriguing idea in this paper: 


•The theory is formulated in  dimensions, 


•The GB term multiplied by a factor:  ,


•The GB invariant yields the finite nontrivial effects,

• It was also conjectured that the  limit should have two dofs.

D > 4
1

(D − 4)

D → 4
in contradiction with the common knowledge!
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Abstract No! We show that the field equations of Einstein–
Gauss–Bonnet theory defined in generic D > 4 dimensions
split into two parts one of which always remains higher
dimensional, and hence the theory does not have a non-trivial
limit to D = 4. Therefore, the recently introduced four-
dimensional, novel, Einstein–Gauss–Bonnet theory does not
admit an intrinsically four-dimensional definition, in terms of
metric only, as such it does not exist in four dimensions. The
solutions (the spacetime, the metric) always remain D > 4
dimensional. As there is no canonical choice of 4 spacetime
dimensions out of D dimensions for generic metrics, the the-
ory is not well defined in four dimensions.

1 Introduction

Recently a four-dimensional Einstein–Gauss–Bonnet theory
that is claimed to propagate only a massless spin-2 graviton
was introduced as the D ! 4 limit in [1] with the action

I =
!

dDx
"#g

"
1
!
(R # 2"0)

+ #

D # 4

#
R#$%& R#$%& # 4R#$ R#$ + R2

$%
, (1)

of which the field equations are [2,3]

1
!

&
Rµ' # 1

2
gµ'R + "0gµ'

'
+ #

D # 4
Hµ' = 0 (2)
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where the “Gauss–Bonnet tensor” reads

Hµ' = 2
"
RRµ' # 2Rµ#'$ R#$ + Rµ#$& R #$&

' # 2Rµ#R#
'

#1
4
gµ'

#
R#$%& R#$%& # 4R#$ R#$ + R2

$ %
. (3)

For D > 4, (2) is the well-known Einstein–Gauss–Bonnet
theory which has been studied in the literature in great
detail. On the other hand, for D = 4, the Hµ' tensor van-
ishes identically and hence, as per common knowledge, the
field equations (2) reduces to the Einstein’s theory. This is
because in four dimensions, the Gauss–Bonnet combina-
tion G := R#$%& R#$%& # 4R#$ R#$ + R2 can be written
as G = (µ'#$(µ'&%R#$)*R) *&% and yields a topological
action, i.e. the Euler number which is independent of the
metric gµ' . This was the state of affairs until the paper [1]
implicitly asked the question “how does the Hµ' tensor go
to zero as D ! 4?”. The answer is very interesting: because
if it goes to zero in the following way

Hµ' = (D # 4)Yµ', (4)

where Yµ' is a new tensor to be found, then the authors of
[1] argue that in the D ! 4 limit, the field equations (2)
define a four-dimensional theory in the limit. So namely, the
suggested four-dimensional theory would be the following
theory in source-free case:

lim
D!4

"
1
!

&
Rµ' # 1

2
gµ'R + "0gµ'

'
+ #

D # 4
Hµ'

%
= 0.

(5)

Let us try to understand what the suggested theory is. As
there is no intrinsically defined four-dimensional covariant
tensor that the Gauss–Bonnet tensor reduces to; namely, Yµ'

123
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𝒢 ≡ R2 − 4RμνRμν + RμνρσRμνρσ

Comment on “Einstein-Gauss-Bonnet Gravity
in Four-Dimensional Spacetime”

In a recent Letter [1], a general covariant four-
dimensional modified gravity that propagates only a
massless spin-2 graviton and bypasses Lovelock’s theorem
[2] was claimed to exist. Here we show that this claim is not
correct. The suggested theory is a limit of the Einstein-
Gauss-Bonnet theory with the field equations

lim
D!4

!
1

!

"
R"# !

1

2
g"#R! !0g"#

#
! $
D ! 4

H"#

$
" 0;

where the “Gauss-Bonnet (GB) tensor” (which vanishes
identically in four dimensions) reads [3]

H"# " 2

!
RR"# ! 2R"$#%R$% ! R"$%&R#

$%& ! 2R"$R$
#

!
1

4
g"##R$%'&R$%'& ! 4R$%R$% ! R2$

$
: #1$

For the D ! 4 limit to work even at the formal level, there
must exist a new tensor Y"# such that one has

H"# " #D ! 4$Y"#; #2$

and asD ! 4, this new tensor should not vanish and should
have a smooth limit. One can show that [4] H"# decom-
poses as

H"#

D ! 4
" 2

L"#

D ! 4
! 2#D ! 3$
#D ! 1$#D ! 2$

S"#; #3$

where L"# " C"$%(C#
$%( ! 1

4C$%()C$%()g"# and

S"#"!
2#D!1$
#D!3$

C"'#&R'&!
2#D!1$
#D!2$

R"'R
'
#

! D
#D!2$

R"#R!#D!1$
#D!2$

g"#

"
R'&R'&!

D!2

4#D!1$
R2

#
:

The S"# part in Eq. (3) is smooth in theD ! 4 limit, but the
L"# part is undefined (0=0) and discontinuous in the sense
that L"# is identically zero in four dimensions and non-
trivial above four dimensions. If one naively takes the limit
by dropping the L"# part in Eq. (3), then one loses the
Bianchi identity since!"S"# " 0, which is not acceptable if
gravity is expected to couple to a conserved source.
The easiest way [4] to see that such a tensor Y"# does not

exist in four dimensions is to employ the first order form of
the theory. The GB part of the action (without any factors)

IGB "
Z

MD

*a1a2;…;aDR
a1a2 " Ra3a4 " ea5 " ea6 ;…;" eaD

when varied with respect to the vielbein yields zero in D "
4 dimensions, and the following D ! 1 form in D > 4,

EaD"#D!4$*a1a2;…;aDR
a1a2 "Ra3a4 "ea5 "ea6 ;…;"eaD!1 :

To relate this to H"# (1), one can recast the last expression
in spacetime indices and take its Hodge dual to get a 1-form

%E# "
#D ! 4$

4
*"1"2;…;"D!1#*

&1;…;&4"5;…;"D!1
"D

R"1"2
&1&2R

"3"4
&3&4dx

"D; #4$

from which one defines the rank-2 tensor E#$ as
%E#! E#$dx$ whose explicit form is

E#$ "
#D ! 4$

4
*"1"2;…;"D!1#*

&1;…;&4"5;…;"D!1
$

R"1"2
&1&2R

"3"4
&3&4 : #5$

It is clear from this expression that a (D ! 4) factor arises
only in D > 4 dimensions; namely, even if the front factor
can be canceled by multiplying with a 1=#D ! 4$ as
suggested in Ref. [1], the * tensors in the expression
explicitly show the dimensionality of the spacetime to
be D > 4. If one tries to get rid of the epsilon tensors, then
one loses the front factor. In fact, expressing the epsilon
factors in terms of generalized Kronecker delta tensors, one
arrives at E#$ " 2#D ! 4$!H#$, in which the front factor
transmutes to (D ! 4) factorial. So the upshot is that there is
no nontrivial Y"# (2) in four dimensions as is required for
the claim of Ref. [1] to work. Our result is consistent with
the Lovelock’s theorem which rigorously shows that in four
dimensions, the only second rank symmetric, covariantly
conserved tensor that is at most second order in derivatives
of the metric tensor (and this is required for a massless
graviton and no other degrees of freedom), besides the
metric, is the Einstein tensor. Therefore, a simple rescaling
of the coefficient in the EGB theory as was suggested in
Ref. [1] does not yield covariant equations of a massless
spin-2 theory in four dimensions. The abovementioned lack
of continuity of the EGB theory at D " 4 can also be seen
from various complementary analyses [5,6] which try to
obtain a well-defined limit and end up with an extra scalar
degree of freedom besides the massless graviton. The
resulting theory depends on how one defines the limit
supporting our arguments here.
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⟹ 0 : the Lanczos-Bach identity
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no nontrivial Y"# (2) in four dimensions as is required for
the claim of Ref. [1] to work. Our result is consistent with
the Lovelock’s theorem which rigorously shows that in four
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conserved tensor that is at most second order in derivatives
of the metric tensor (and this is required for a massless
graviton and no other degrees of freedom), besides the
metric, is the Einstein tensor. Therefore, a simple rescaling
of the coefficient in the EGB theory as was suggested in
Ref. [1] does not yield covariant equations of a massless
spin-2 theory in four dimensions. The abovementioned lack
of continuity of the EGB theory at D " 4 can also be seen
from various complementary analyses [5,6] which try to
obtain a well-defined limit and end up with an extra scalar
degree of freedom besides the massless graviton. The
resulting theory depends on how one defines the limit
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In a recent Letter [1], a general covariant four-
dimensional modified gravity that propagates only a
massless spin-2 graviton and bypasses Lovelock’s theorem
[2] was claimed to exist. Here we show that this claim is not
correct. The suggested theory is a limit of the Einstein-
Gauss-Bonnet theory with the field equations
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The easiest way [4] to see that such a tensor Y"# does not
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one loses the front factor. In fact, expressing the epsilon
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transmutes to (D ! 4) factorial. So the upshot is that there is
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the claim of Ref. [1] to work. Our result is consistent with
the Lovelock’s theorem which rigorously shows that in four
dimensions, the only second rank symmetric, covariantly
conserved tensor that is at most second order in derivatives
of the metric tensor (and this is required for a massless
graviton and no other degrees of freedom), besides the
metric, is the Einstein tensor. Therefore, a simple rescaling
of the coefficient in the EGB theory as was suggested in
Ref. [1] does not yield covariant equations of a massless
spin-2 theory in four dimensions. The abovementioned lack
of continuity of the EGB theory at D " 4 can also be seen
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obtain a well-defined limit and end up with an extra scalar
degree of freedom besides the massless graviton. The
resulting theory depends on how one defines the limit
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It is clear from this expression that a (D ! 4) factor arises
only in D > 4 dimensions; namely, even if the front factor
can be canceled by multiplying with a 1=#D ! 4$ as
suggested in Ref. [1], the * tensors in the expression
explicitly show the dimensionality of the spacetime to
be D > 4. If one tries to get rid of the epsilon tensors, then
one loses the front factor. In fact, expressing the epsilon
factors in terms of generalized Kronecker delta tensors, one
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transmutes to (D ! 4) factorial. So the upshot is that there is
no nontrivial Y"# (2) in four dimensions as is required for
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conserved tensor that is at most second order in derivatives
of the metric tensor (and this is required for a massless
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metric, is the Einstein tensor. Therefore, a simple rescaling
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Abstract No! We show that the field equations of Einstein–
Gauss–Bonnet theory defined in generic D > 4 dimensions
split into two parts one of which always remains higher
dimensional, and hence the theory does not have a non-trivial
limit to D = 4. Therefore, the recently introduced four-
dimensional, novel, Einstein–Gauss–Bonnet theory does not
admit an intrinsically four-dimensional definition, in terms of
metric only, as such it does not exist in four dimensions. The
solutions (the spacetime, the metric) always remain D > 4
dimensional. As there is no canonical choice of 4 spacetime
dimensions out of D dimensions for generic metrics, the the-
ory is not well defined in four dimensions.

1 Introduction

Recently a four-dimensional Einstein–Gauss–Bonnet theory
that is claimed to propagate only a massless spin-2 graviton
was introduced as the D ! 4 limit in [1] with the action

I =
!

dDx
"#g

"
1
!
(R # 2"0)

+ #

D # 4

#
R#$%& R#$%& # 4R#$ R#$ + R2

$%
, (1)

of which the field equations are [2,3]

1
!

&
Rµ' # 1

2
gµ'R + "0gµ'

'
+ #

D # 4
Hµ' = 0 (2)
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where the “Gauss–Bonnet tensor” reads

Hµ' = 2
"
RRµ' # 2Rµ#'$ R#$ + Rµ#$& R #$&

' # 2Rµ#R#
'

#1
4
gµ'

#
R#$%& R#$%& # 4R#$ R#$ + R2

$ %
. (3)

For D > 4, (2) is the well-known Einstein–Gauss–Bonnet
theory which has been studied in the literature in great
detail. On the other hand, for D = 4, the Hµ' tensor van-
ishes identically and hence, as per common knowledge, the
field equations (2) reduces to the Einstein’s theory. This is
because in four dimensions, the Gauss–Bonnet combina-
tion G := R#$%& R#$%& # 4R#$ R#$ + R2 can be written
as G = (µ'#$(µ'&%R#$)*R) *&% and yields a topological
action, i.e. the Euler number which is independent of the
metric gµ' . This was the state of affairs until the paper [1]
implicitly asked the question “how does the Hµ' tensor go
to zero as D ! 4?”. The answer is very interesting: because
if it goes to zero in the following way

Hµ' = (D # 4)Yµ', (4)

where Yµ' is a new tensor to be found, then the authors of
[1] argue that in the D ! 4 limit, the field equations (2)
define a four-dimensional theory in the limit. So namely, the
suggested four-dimensional theory would be the following
theory in source-free case:

lim
D!4

"
1
!

&
Rµ' # 1

2
gµ'R + "0gµ'

'
+ #

D # 4
Hµ'

%
= 0.

(5)

Let us try to understand what the suggested theory is. As
there is no intrinsically defined four-dimensional covariant
tensor that the Gauss–Bonnet tensor reduces to; namely, Yµ'
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We investigate the D ! 4 limit of the D-dimensional Einstein-Gauss-Bonnet gravity, where the limit 
is taken with !̃ = (D # 4) ! kept fixed and ! is the original Gauss-Bonnet coupling. Using the ADM 
decomposition in D dimensions, we clarify that the limit is rather subtle and ambiguous (if not ill-
defined) and depends on the way how to regularize the Hamiltonian or/and the equations of motion. 
To find a consistent theory in 4 dimensions that is different from general relativity, the regularization 
needs to either break (a part of) the diffeomorphism invariance or lead to an extra degree of freedom, 
in agreement with the Lovelock theorem. We then propose a consistent theory of D ! 4 Einstein-
Gauss-Bonnet gravity with two dynamical degrees of freedom by breaking the temporal diffeomorphism 
invariance and argue that, under a number of reasonable assumptions, the theory is unique up to a choice 
of a constraint that stems from a temporal gauge condition.

! 2020 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction and summary

Contrary to the common knowledge based on the Lovelock 
theorem [1,2], a recent paper [3] intended to propose a novel 
4-dimensional covariant gravitational theory with only two dy-
namical degrees of freedom (dofs), by taking the D ! 4 limit of 
the Einstein-Gauss-Bonnet (EGB) gravity in D > 4 dimensions. As 
is well-known, the Gauss-Bonnet (GB) term in 4 dimensions is a 
total derivative and thus does not contribute to the equations of 
motion. An intriguing idea of [3] is to multiply the GB term by 
the factor 1/(D # 4) before taking the limit. It was shown that, 
at the level of equations of motion under a concrete ansatz of the 
metric, the divergent factor 1/(D # 4) is canceled by the vanishing 
GB contributions yielding finite nontrivial effects. Despite the sin-
gular limit, it was conjectured that the D ! 4 limit should have 
only two dofs, based on the fact that the number of dofs of the 
D-dimensional EGB gravity is D(D # 3)/2.

The original suggestion of the D ! 4 EGB gravity is in ex-
plicit contradiction with the common knowledge and hence came 
into questions. The papers [4,5] started with a direct product D-
dimensional spacetime and then took the limit D ! 4. They found 
well-defined theories which belong to a class of Horndeski the-
ory [6] but with 2 + 1 dofs, in general. The same results are 
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gorji@yukawa.kyoto-u.ac.jp (M.A. Gorji), shinji.mukohyama@yukawa.kyoto-u.ac.jp
(S. Mukohyama).

deduced in [7,8] (see also [9]) by adding a counter term in D-
dimensions and then taking the D ! 4 limit. However, the scalar-
tensor description lacks the quadratic kinetic term of the scalar 
field and thus suffers from the infinite strong coupling problem in 
general (see e.g. [5,10,11]). It was explicitly confirmed by [5] that 
the cosmological solution found by [3] is infinitely strongly cou-
pled in the scalar-tensor description. One has not to regard the 
cosmological solution as a solution of the scalar-tensor description 
since the cutoff of the theory is zero. The same pathology is ex-
pected to exist even around the black hole spacetime at least in its 
asymptotic region. Another D ! 4 limit without the strong cou-
pling was proposed by [10] but with 2 +1 dofs again. The resultant 
theory is just the ("#)4 theory. On the other hand, in [12] it was 
shown at the level of equations of motion that a diffeomorphism 
invariant theory cannot be realized (see also [13–15]). They all 
show that there is no manifestly covariant novel D ! 4 EGB grav-
ity with only two dofs, in agreement with the Lovelock theorem. 
Even if one adopts the scalar-tensor description, the spacetimes 
provided by [3] cannot be realized by a 4-dimensional theory in a 
consistent manner.

According to the Lovelock theorem, if there indeed exists a 
novel 4-dimensional theory with two dofs, the only possibility is 
that the system cannot be described in a covariant manner. In 
other words, (a part of) the 4-dimensional diffeomorphism invari-
ance should be broken. The best we can do is, therefore, to keep 
the invariance under the 3-dimensional spatial diffeomorphism. In 
this article, we thus explore the EGB gravity in D = d + 1 dimen-
sions based on the Arnowitt-Deser-Misner (ADM) decomposition. 
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SCOAP3.



• In addition to the scaling constant, we consider an extra “scalar” degree of 

freedom that is non-minimally coupled to the GB term 


• We investigate the gravitational dynamics of the  EGB gravity in the “late-

time universe,” 


• For this motivation, we perform the dynamical system analysis and study the 
fixed points of the system and their stability,


• We present the cosmic evolution of the universe and constrain the model with 
observational data to obtain the valid parameter space.
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Motivation



• The action 





• In an arbitrary  dimensional flat FLRW universe with the metric, 


, 


we obtain the EoM
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2 + dx2
3 + …dx2

D−1)

Rμν −
1
2

gμνR = κ2 (T(ϕ)
μν + TGB

μν + Tm,r
μν ),

□ ϕ − Vϕ −
α
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please, refer to arXiv:2210.06717 for T(ϕ.GB,m,r)
μν

The setup and Equations of Motion (EoM)

https://arxiv.org/abs/2210.06717


• In the  limit, the EoM read:
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,


where


, 

.


• The conservation equation:  with . 

D → 4

3H2 = κ2 (ρm + ρr + ρϕ)
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+

··ξ
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·ρϕ + 3H(1 + ωϕ)ρϕ = 0 ωϕ = Pϕ/ρϕ

with non-minimal coupling term
without non-minimal coupling

The setup and Equations of Motion (EoM)



• The DSA allows us to understand the cosmological dynamics of the system systematically. 


• We define the dimensionless variables: 

,


and rewrite the EoM as: 

x ≡
κ ·ϕ

6H
, y ≡

κ V

3H
, αGB ≡ ακH, μ ≡ −
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Dynamic System Analysis (DSA)
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, Ωϕ ≡ x2 + y2 + α2

GB − 4xz2μ 1 = Ωm + Ωr + Ωϕ,
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A
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A
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2
< 1 �1 + 2�2

A
±
7 0 �
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2µ�3� ±
q

3�
3��2µ 0 0 1 (µ � 0,� < 0) or (µ  0,� > 0) �1

A
±
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q
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p
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4
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r

9+3
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4
p
5
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4
p
5
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Table 1. The fixed points and cosmological parameters of the system Eqs. (3.14)–(3.17) with � = 1
and � = 1.

Points Eigenvalues Stability
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2
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saddle.

A
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3 {�3,+3,+2, 3± 3�} saddle.
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2 ,�1

 
saddle.

A5 {�2,+2,�1,+1} saddle.
A

±
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�3�2

, 3
�
�
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�
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2
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3
2
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A
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⌘o
stable for: con2; otherwise saddle.

Table 2. The eigenvalues and the stability analyses of fixed points the system Eqs. (3.14)–(3.17)
.

particular, a sign of the real part of the eigenvalues of the Jacobian matrix plays an important
role in determining the system’s stability. If the real parts of all the eigenvalues are negative,
it implies that the fixed point is stable or attractors. In contrast, the real parts of all the
eigenvalues with a positive sign indicating that the fixed point is unstable or repellers. The
fixed point is identified as a saddle point if some of the eigenvalues are negative while others
are positive.

We list all fixed points of our system in Table 1 and present their eigenvalues, as well as
stability analyses of each fixed point, in Table 2. In Table 1, all the fixed points are arranged
into two groups: (i.) the GR fixed points, including from A

±
1 to A

±
6 , where ↵GB = 0 and (ii.)

the GB fixed points, from A
±
7 to A

±
10, where ↵GB 6= 0. Since the stability of the GR fixed

points is well investigated in the literature [85, 88], we focus on understanding the stability of
the GB fixed points in this work. In Figure 1, we plot the phase portraits of the autonomous
system in the “x–y” plane. We only present the positive “y”-axis because the background
equations are symmetric under the change of y ! �y. These symmetric properties of the
EoM imply that the A

±
7 and A

±
8 fixed points in Table 1 are basically the same points.

Table 2 shows that the system is stable at the A±
7,8 fixed points if the following conditions
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x =
κ ·ϕ

6H
, y =

κ V

3H
, αGB = ακH, Ωr =

κ2ρr

3H2
, Ωm =

κ2ρm

3H2
, Ωϕ = 1 − Ωm − Ωr .

Represents the GR fixed points: Quintessence model (Phys. Rept. 775-777 (2018) 1-122)

The GB fixed points with . The universe can be dominated by  and the late-time acceleration with α ≠ 0 Ωϕ = 1 ωeff = ωϕ = − 1

ωeff ≡ − 1 −
2 ·H
3H2

.V(ϕ) = V0e− 6κλϕ & ξ(ϕ) = ξ0e−κμϕ/ 6 .
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fixed point is identified as a saddle point if some of the eigenvalues are negative while others
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Figure 1. Phase space portraits of the autonomous system on a x vs. y plane. The acceleration of
the universe is possible within the gray-shaded region. The green and red lines are particular attractor
trajectories toward the fixed points A

±
7,8, A

±
9 , and A

±
10 when their stability conditions are satisfied.

The dashed lines at x = xdiv indicate the divergence of dynamical equations, see Eq. (3.21).

are satisfied:

con1 =

(
0 < µ  3�2

�8�3+2
p
16�6+17�4+�2 , for � < 0

� 3�2

8�3+2
p
16�6+17�4+�2  µ < 0, for � > 0

, (4.2)

and also at the A
±
9 and A

±
10 fixed points if the following conditions are satisfied:

con2 =

(
� 3

4
p
5
 µ < 0 , for � < 0

0 < µ  3
4
p
5
, for � > 0

. (4.3)

For obtaining Eq. (4.2), we take the existence conditions of the A±
7,8 points into account, which

implies the µ and � parameters should have the opposite signs, see the existence column of
A

±
7,8 in Table 1. The stability conditions in Eqs. (4.2) and (4.3) put constraints on the {�, µ}

values. For example, from Eq. (4.2), one can calculate that the largest (smallest) value for
µ is µmax ' 0.2271 (µmin ' �0.2271) when � ' �0.3357 (� ' 0.3357). In both the small
and the large |�| limit, the range of µ shrinks and eventually approaches to zero from both
the negative and the positive sides. On the other hand, from Eq. (4.3), we see that the
range of µ is determined depending on the sign of �, but not on the amplitude. By taking
these constraints on the numerical values of {�, µ} into account, we plot the phase portraits
of our dynamical system in Figure 1. The blue points in the figure indicate the GB fixed
points; namely the A

±
7,8, A

±
9 , and A

±
10 fixed points, and the numerical values of {�, µ} are
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±
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±
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The dashed lines at x = xdiv indicate the divergence of dynamical equations, see Eq. (3.21).

are satisfied:

con1 =

(
0 < µ  3�2

�8�3+2
p
16�6+17�4+�2 , for � < 0

� 3�2

8�3+2
p
16�6+17�4+�2  µ < 0, for � > 0

, (4.2)

and also at the A
±
9 and A

±
10 fixed points if the following conditions are satisfied:

con2 =

(
� 3

4
p
5
 µ < 0 , for � < 0

0 < µ  3
4
p
5
, for � > 0

. (4.3)

For obtaining Eq. (4.2), we take the existence conditions of the A±
7,8 points into account, which

implies the µ and � parameters should have the opposite signs, see the existence column of
A

±
7,8 in Table 1. The stability conditions in Eqs. (4.2) and (4.3) put constraints on the {�, µ}

values. For example, from Eq. (4.2), one can calculate that the largest (smallest) value for
µ is µmax ' 0.2271 (µmin ' �0.2271) when � ' �0.3357 (� ' 0.3357). In both the small
and the large |�| limit, the range of µ shrinks and eventually approaches to zero from both
the negative and the positive sides. On the other hand, from Eq. (4.3), we see that the
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V(ϕ) = V0e− 6κλϕ & ξ(ϕ) = ξ0e−κμϕ/ 6 . Γ ≡
VϕϕV

V2
ϕ

= 1, Δ ≡
ξϕϕξ
ξ2

ϕ
= 1.
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Figure 1. Phase space portraits of the autonomous system on a x vs. y plane. The acceleration of
the universe is possible within the gray-shaded region. The green and red lines are particular attractor
trajectories toward the fixed points A

±
7,8, A

±
9 , and A

±
10 when their stability conditions are satisfied.

The dashed lines at x = xdiv indicate the divergence of dynamical equations, see Eq. (3.21).
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of our dynamical system in Figure 1. The blue points in the figure indicate the GB fixed
points; namely the A

±
7,8, A

±
9 , and A

±
10 fixed points, and the numerical values of {�, µ} are
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Figure 1. Phase space portraits of the autonomous system on a x vs. y plane. The acceleration of
the universe is possible within the gray-shaded region. The green and red lines are particular attractor
trajectories toward the fixed points A

±
7,8, A

±
9 , and A

±
10 when their stability conditions are satisfied.

The dashed lines at x = xdiv indicate the divergence of dynamical equations, see Eq. (3.21).

are satisfied:

con1 =

(
0 < µ  3�2

�8�3+2
p
16�6+17�4+�2 , for � < 0

� 3�2

8�3+2
p
16�6+17�4+�2  µ < 0, for � > 0

, (4.2)

and also at the A
±
9 and A

±
10 fixed points if the following conditions are satisfied:

con2 =

(
� 3

4
p
5
 µ < 0 , for � < 0

0 < µ  3
4
p
5
, for � > 0

. (4.3)

For obtaining Eq. (4.2), we take the existence conditions of the A±
7,8 points into account, which

implies the µ and � parameters should have the opposite signs, see the existence column of
A

±
7,8 in Table 1. The stability conditions in Eqs. (4.2) and (4.3) put constraints on the {�, µ}

values. For example, from Eq. (4.2), one can calculate that the largest (smallest) value for
µ is µmax ' 0.2271 (µmin ' �0.2271) when � ' �0.3357 (� ' 0.3357). In both the small
and the large |�| limit, the range of µ shrinks and eventually approaches to zero from both
the negative and the positive sides. On the other hand, from Eq. (4.3), we see that the
range of µ is determined depending on the sign of �, but not on the amplitude. By taking
these constraints on the numerical values of {�, µ} into account, we plot the phase portraits
of our dynamical system in Figure 1. The blue points in the figure indicate the GB fixed
points; namely the A

±
7,8, A

±
9 , and A

±
10 fixed points, and the numerical values of {�, µ} are
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For obtaining Eq. (4.2), we take the existence conditions of the A±
7,8 points into account, which

implies the µ and � parameters should have the opposite signs, see the existence column of
A

±
7,8 in Table 1. The stability conditions in Eqs. (4.2) and (4.3) put constraints on the {�, µ}

values. For example, from Eq. (4.2), one can calculate that the largest (smallest) value for
µ is µmax ' 0.2271 (µmin ' �0.2271) when � ' �0.3357 (� ' 0.3357). In both the small
and the large |�| limit, the range of µ shrinks and eventually approaches to zero from both
the negative and the positive sides. On the other hand, from Eq. (4.3), we see that the
range of µ is determined depending on the sign of �, but not on the amplitude. By taking
these constraints on the numerical values of {�, µ} into account, we plot the phase portraits
of our dynamical system in Figure 1. The blue points in the figure indicate the GB fixed
points; namely the A

±
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±
9 , and A

±
10 fixed points, and the numerical values of {�, µ} are
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Figure 2. Left: The red-shift evolution of the ⌦i(z), where i = r,m,�, the EoS parameter !�, and
the effective EoS of the system !eff. Right: The red-shift evolution of the x, y, ↵GB. In both columns,
the � value increases from top to bottom; � = 0.1, 0.3, and 0.6, respectively.

our model must be within the following range:

For A
±
7,8 : �0.2268 . µ < 0 when 0 < �  0.3166 , (4.5)

For A
±
9,10 : 0 < µ . 3

4
p
5

when 0 < �  0.3166 . (4.6)
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Figure 3. The red-shift evolution of the !� for different values of �. The background dark-gray and
light-gray shaded regions represent the observational bounds from the CMB, BAO, SnIa, and H0 data
using the CPL parameterization [89]. The colored regions show the different parameter spaces of �.

5 Conclusions

In this work, we have extended regularized 4D EGB gravity by introducing the non-minimal
coupling function and the regularization scheme introduced in [64]. Along this consideration,
a redefinition ⇠(�) ! ⇠

(D�4)(�) is required so that EoM is well-defined. In the spatially flat
space-time dimensions of FRW metric, we can write the EoM in arbitrary D-dimensions and
then take the D ! 4 limit. As a solution, we derived the extended version of EoM obtained
in [64] for non-trivial ⇠(�), which is often associated with the cubic term in Hubble parameter
and could be interesting in a further study of the cosmic evolution and the observational data
constraint.

To explore the cosmological dynamics from this extension, we applied the dynamical
system approach and analyzed the stability of critical fixed points for given exponential forms
of the potential and the coupling function of the scalar field in Eq. (4.1). We obtained ten fixed
points, of which A

±
1 to A

±
6 are called the GR fixed points and A

±
7 to A

±
10 are called the GB

fixed points because their existence is due to the presence of non-minimal coupling function
⇠(�) ! ⇠

(D�4)(�) and rescaling of the coupling constant ↵ ! ↵/(D � 4), and they exist
and stable under specific conditions listed in Table 1 and 2. The GB fixed points correspond
to the de-Sitter solution with the EoS parameter !eff = �1 = !� that admits the late-time
accelerating universe under the conditions in Eqs. (4.2) and (4.3). The phase space plots in
Figure 1 confirm the stable and accelerating solutions.

We also present the cosmic history of the universe, ⌦r ! ⌦m ! ⌦�, in Figure 2 along
with the time evolution of dynamical variables; x, y, and ↵GB, associated with the kinetic
and potential energy contribution of the scalar field and the GB contribution, respectively.
Both kinetic and potential energies of the scalar field play the most important role in the
present day; particularly the potential energy, while the effect of the GB term is appreciated
at the beginning of the radiation-dominated epoch. However, the GB contribution decreases
in time and, eventually, it does not play many roles in the present universe.

The time evolution of the EoS parameter for different values of �, the potential param-
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The autonomous system equations can also be written as

dx

dN
= �3x+ 3y2�+ 2↵2

GBµ� 2↵2
GBµ✏+ x✏, (3.14)

dy

dN
= �3xy�+ y✏, (3.15)

d↵GB
dN

= �↵GB✏, (3.16)

d⌦r

dN
= �4⌦r + 2⌦r✏, (3.17)

dµ

dN
= xµ

2(1��), (3.18)

d�

dN
= 6x�2(1� �) , (3.19)

where it is worth noting that these equations are invariant under y ! �y. From second
Friedmann’s equation (2.12), we derive

✏ ⌘ � Ḣ

H2
=

1

2 + 4↵2
GB(�1 + 2xµ+ 2↵2

GBµ
2)

h
3� 3↵2

GB � 4x↵2
GBµ+ 8↵4

GBµ
2

+ 3y2(�1 + 4�↵2
GBµ) + 3x2 + 4x2↵2

GBµ
2(1��) + ⌦r

i
. (3.20)

Eq. (3.20) diverges for

x ⌘ xdiv =
�1 + 2↵2

GB � 4↵4
GBµ

2

4↵2
GBµ

, (3.21)

which is unphysical. To avoid from this unphysical divergence the denominator must not be
zero, i.e., x 6= xdiv. From Eqs. (2.17), (2.18) and (2.20), we derive the EoS parameters for
both the scalar field and the effective as

w� =
1

3(x2 + y2 + ↵
2
GB � 4x↵2

GBµ)(1 + 4↵4
GBµ

2 � 2↵2
GB + 4x↵2

GBµ)

⇥�
�3y2 + 12y2↵2

GB�µ
�

+ x
2
⇣
3 + 4↵2

GBµ
2(1��)

⌘
� 4x↵2

GBµ(4 + ⌦r) + ↵
2
GB

⇣
3 + 2⌦r � 4↵2

GBµ
2(1 + ⌦r)

⌘i
, (3.22)

weff ⌘ �1� 2Ḣ

3H2
= �1 +

2✏

3
. (3.23)

4 The Stability of Fixed Points and Numerical Results

In this section, we investigate the stability of the autonomous system described by Eqs. (3.14)–
(3.19) for the potential V (�) and the coupling function ⇠(�) are given as

V (�) = V0e
�
p
6��

, and ⇠(�) = ⇠0e
�µ�/

p
6
. (4.1)

where � and µ are arbitrary constants. It is straightforward to show that � = 1 and � = 1 by
substituting Eq. (4.1) into Eq. (3.13). Thus, the autonomous system equations Eqs. (3.14)–
(3.17) are sufficient for further study. We first obtain fixed points and, then, check the
stability of the system at those fixed points through the linear stability theory, which is based
on analyzing the eigenvalues of the Jacobian matrix for the autonomous system equations. In
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Table 11.

Sample ⌦m ⌦⇤ ⌦K H0

CMB+BAO 0.310± 0.008 0.689± 0.008 0.001± 0.003 67.900± 0.747

CMB+H0 0.266± 0.014 0.723± 0.012 0.010± 0.003 73.205± 1.788

CMB+BAO+H0 0.303± 0.007 0.694± 0.007 0.003± 0.002 68.723± 0.675

SN+CMB 0.299± 0.024 0.698± 0.019 0.003± 0.006 69.192± 2.815

SN+CMB+BAO 0.309± 0.007 0.690± 0.007 0.001± 0.002 67.985± 0.699

SN+CMB+H0 0.274± 0.012 0.717± 0.011 0.009± 0.003 72.236± 1.572

SN+CMB+BAO+H0 0.303± 0.007 0.695± 0.007 0.003± 0.002 68.745± 0.684

Notes: Cosmological constraints from di↵erent combinations of probes when assuming the oCDM model.

Table 12.

Sample w ⌦m H0

CMB+BAO �0.991± 0.074 0.312± 0.013 67.508± 1.633

CMB+H0 �1.188± 0.062 0.265± 0.013 73.332± 1.729

CMB+BAO+H0 �1.119± 0.068 0.289± 0.011 70.539± 1.425

SN+CMB �1.026± 0.041 0.307± 0.012 68.183± 1.114

SN+CMB+BAO �1.014± 0.040 0.307± 0.008 68.027± 0.859

SN+CMB+H0 �1.056± 0.038 0.293± 0.010 69.618± 0.969

SN+CMB+BAO+H0 �1.047± 0.038 0.299± 0.007 69.013± 0.791

Notes: Cosmological constraints from di↵erent combinations of probes when assuming the wCDM model. The value of w = �1
corresponds to the cosmological constant hypothesis.

uncertainties cause the best-fit parameters of this anal-
ysis to diverge from R14. One of the main reasons for
this is that compared to the analysis of S14, the system-
atics of the PS1 sample are smaller but the systematics
of the Low-z sample are larger, thereby e↵ectively down-
weighting the Low-z sample with respect to the PS1 sam-
ple.
There are no large di↵erences between the constraints

from our full Pantheon sample and that from the B14
analysis. The reason for this is shown in Fig. 19 - even
though our Low-z sample is much larger, our systematic
uncertainties on the Low-z bias correction are also much
larger. Furthermore, the addition of the PS1 sample does
not have much pull as it is consistent with SNLS and
SDSS. This subsample also occupies a redshift range in
between those the SNLS and SDSS subsamples. Still, we
note the 30% decrease in total uncertainties from B14
and our analysis.

7. DISCUSSION

Here we discuss specific areas of this analysis that re-
quire further analysis or future study.

7.1. Low-z Samples

Each aspect of the analysis from R14 and S14 has been
improved for the present analysis, though we find here
that the Low-z sample must be better modeled in order
to realize the significant gains from the larger statistics

Figure 21. Confidence contours at 68% and 95% (in-
cluding systematic uncertainty for SNe) for the w and
wa cosmological parameters for the w0waCDM model.
Constraints from BAO+CMB (blue), SN+CMB (red),
SN+CMB+BAO (yellow) and SN+CMB+BAO+HST (yel-
low) are shown.

and smaller systematics in the high-z SN samples. Since
there are ⇠ 180 Low-z SNe each with a distance mod-
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ω(z) = ω0 +
z

1 + z
ωaCPL: 

V(ϕ) = V0e− 6κλϕ & ξ(ϕ) = ξ0e−κμϕ/ 6 .



Conclusion and outlook

THANK YOU FOR YOUR KIND ATTENTION!

• We considered  EGB gravity with both the scaling constant and the non-
minimal coupling between the scalar field and GB term to obtain well-defined 
EoMs,

• There exist stable fixed points for the  EGB gravity for a preferred potential 
and coupling function, 

• No missing cosmological history, 

• We obtained the parameter space for non-minimal coupling function and 
potential in light of the observational data.

• As a further extension, we need to work on the perturbation analysis.
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