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Introduction to GW Astronomy



What are Gravitational Waves (GWs)?

@ GWs are disturbances in the fabric of spacetime

@ In Einstein's GR, GWs are propagating tidal interactions that
travel with the speed of light

@ General Relativity requires us to describe the local geometry
of space-time

Suv = Nuv + h,uzz

Let i) h,o = 0 and ii) the curves (x*(t) = (ct,rp)) with
constant ry be geodesics

e If so, h,, is a superposition of GWs in the TT gauge



How are GWs directly detected?

@ GWs stretch and squeeze the space through which they
propagate as they are essentially traveling tidal interactions

\/

Fully

W eflective
mirror
£
<
£
<
Partially
reflective
Power = = — mirror Fully
recycling reflective
mirrors 4km (25mi)  miror
- i > ‘ 1
— ’ _> ST |
Laser . / /
Beamsplitter : —
H e
&1 Interference
Light Patterns  potential wave
detector A
* Not to scale

Figure: Basic diagram of the LIGO
detectors. Source: www.livingligo.org



How are GWs directly detected?

@ GWs stretch and squeeze the space through which they
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How are GWs directly detected?

GW Observatories measure GW amplitudes!!
For GW150914, M ~ 30 Mg, R ~ 250 — 550 Mpc and it lasted around
0.2 seconds in the LIGO’s frequency window
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How are GWs indirectly detected?

Rainer Weiss: Nobel Lecture: LIGO and the discovery of ...

Neutron Binary System — Hulse & Taylor Emission of gravitational waves
PSR 1913 + 16 -- Timing of pulsars {Comparisen between observations of the binary pulsar
PSRISIA1E and the prediction of .--I relativity based on
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Pulsar in binary system may test fundamental theories

A pulsar in orbit about & second com.-
pact star would form a very convenient
arrangement for studying gravitational
interactions and learning the elusive de-
tails of the physics of neutron stars. So
the announcement by Joseph Taylor
and Russell Hulse of the University of
Massachusetts, Amherst, that they have
observed such a system has been greet-
wd joyfully by general relativists and by
astrophysicists who have been longing
for a chance to test their models,
Studying changes in the pulsar period
us the rotating neutron star travels
about its companion in a close, highly
elliptical orbit should provide checks of
time dilatation, precession and perihe-
lion advance effects free of the compli-
cations that occur in the weaker gravi-
tational fields of the solar system, per-
haps settling the question of which
theary of gravitation is the correct one.
The changes in period may also yield
more details of the structure of pulsars
and perhaps even of the nature of the
pulsed radiation.

Taylor and Hulse discovered the bi-
nary pulsar during a systematic search
for new pulsars with the recently resur-
faced radio dish at Arecibo, Puerto
Rico. They used a multichannel receiv-
er together with a small computer and
achieved a sensitivity roughly twenty
times better than that of previeus pul-
sar surveys. The pulsar, PSR 1813+16,

was first detected this past July and
lrumt.ud all attempts to measure its
pulsation period (roughly 58 mullmec
onds) to within one microsecond:
period apparently changed by as much
as B0 % 10~ seconds from day to day
and sometimes by as much as 8 X 109
seconds within five minutes, whereas
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Vetocity curve for binary pulsar shows Doppler effect.  Points are experimental data over parts
of fen different orbital periods; curve is a theoretical calculation based on orbital parameters.

the previeusly known masimum secular
change for any pulsar was 1075 sec per
year. Then the astronomers realized
that these apparent changes in period
were actually a Doppler effect caused
by the orbital motion of the pulsar
about a companion, and by September
they had plotted a velocity curve for the
pulsar. To learn the orhital parame-
ters, they measured the pulsar period

directly during 200 separate five-min-
ute intervals over ten days and found
that it varied between 0.058687 sec and
0.068045 sec over a cyele of 0.3230 days
{about eight hours),

How did Taylor and Hulse realize
that the companion must be compact—
not a normal star? From their ohserva-
tions they determined the mass func-
tion ([Mz sin (Y/[M, + Ma]?, of the

continued on page 30




GW event lasted around 100 seconds & from 40 Mpc

(GW/EM170817)
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Multi-Band GW Astronomy

Is it possible to do Persient Multi-Messenger GW Astronomy in the

coming years?

Astrophysical GW Spectrum (nano to hecto-Hz)
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Pulsar Timing Arrays: |

The Astrophysics of Nanohertz Gravitational Waves
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Pulsar Timing Arrays: |l

Pulsar Timing Arrays for nano-hertz GW Astronomy

e SMBH binaries can provide nano
hertz GWs with amplitudes ~10**

200M\ 32 (1010 M
- -8 -1
m-leOs(RD)(M)

CW[200M\ [ M\ (10° Ity
A sxiors 7o) (o) (7 )-

Detweiler, S. (1979)

* We need highly accurate and stable
celestial clocks
Courtesy: Web
Employ MSPs!! ourtesy: We

$

11/40



Theoretical Arguments Behind
PTAs



General Relativity requires us to describe the local geometr
of space-time

Euv = Nuv + h,uu

Let i) hyo = 0 and ii) the curves (x*(t) = (ct, rp)) with
constant ry be geodesics

If so, h,, is a superposition of GWs in the TT gauge



How Does a PTA Work?: |

® guv = M + hyy with the above 2 restrictions!

o g dxtdx” = —c2dt? + djj dx’ dx/ + hij dx’ dx’
It turns out that the above t coincides with the proper time!!

@ We can identify frequencies with respect to the measured
proper time intervals either at the pulsar or at the earth

o If pulsar emits pulses at a fixed frequency v, & they arrive at
the Earth with a frequency ve(tg) that depends on the time
of arrival tg

@ Our Aim is to Determine vg(tg)



How Does PTA a Work?: Il

For a light ray from the pulsar to the Earth,
o 0=—c2dt?> + §; dx dx + hj dx’ dxI
o (&) =14 hy % & with dI? = §; dx’ dx/
@ If there are NO GWs, a light ray will travel from the Pulsar to

the Earth along a straightline
We may define 2¢ = n' + O(h)

pulsar



How Does a PTA Work?: Il

o Therefore, c (%) = \/1+ hj(x)n'n/ + O(h?)

o—>d/~c(1—”"f(x2)”'""+..>dt

Integrate over the path of the light ray

/tE (1 h;j(X)ninj)dt . é
tp 2 c

o Differentiate with respect to tp —
dt n'n/ . .
=P 1+ — hU(Ctp, rp) — /‘l,'j(ClLE7 I’E)
dte 2

@ Recall that we have identified the coordinate time with the

proper timel!! <>

— We can identify ‘time intervals‘ with ‘frequencies’!! [
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How Does a PTA Work?: IV

@ — the pulses, emitted at a constant frequency vp by the
Pulsar, arrive with a time dependent frequency /(. such that

Vitg) — VP dtp n'n/

vp de 2 (”U(“’” 7P) = hilete, FE’)

@ Propagating GWs induce frequency shifts in pulsar rotational
fewquencies & it depends on the projection onto n' of hj;
(both at the Pulsar and the Earth)

o If GWs are propagating along the x3 direction, n’ should have
non-vanishing components in the x* — x? plane !!
Such frequency shifts influence pulse times-of-arrivals (TOAs)

T
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How GWs affect TOASs?

@ If a GW propagates along the positive z direction

Cwvp—u(t)  o?— 2 af
z(t) = R 2(1+7)Ah+(t)+mAhX(t),

«, 3, and ~y provide a pulsar’s direction cosines w.r.t the x, y, and z
axes (Detweiler 1979)
Where Ahy « = hﬁ,x — hf:)x

@ The observed/measured TOAs are compared with their predictions,
based on an appropriate pulsar timing model
The resulting differences are usually referred to as the ‘Pulsar
Timing Residuals’

@ Observable timing residuals, induced by the GWs, are given by the
integral over time of the above Equation

R(t) = /0 Z/O_Vi:(t/)&/ <>



Pulsar Timing Array’s GW Sources

Observe a bunch of MSPs at
different locations in the sky
using the best radio
telescopes of our times.

Search for the correlated timing
residual for detecting nHz GWs.

+— Tining residual (10s — 100s of ns|] —

Web

Stochastic background (binary ensemble)

T

Continuous wave (single binary)

SAVAVAVAV

Burst (merger event)

|

Timing data span (10 years) »

Courtesy:



Astrophysical Stochastic GW
Background



Stochastic GWB from massive BH binaries 7: |

Cosmological population of MBH binaries is expected to provide a
diffusive GW background for PTAs !!
We need to compute # of sources in a frequency interval Af =1/ T

dN dN [ df\ *
AN = (df) Af = (dt> Af (1)
° dN
an —5/3 (—11/3
AN o S (M f37°) af 2)

@ There are some 10! galaxies in our Universe and each galaxy is
likely to experience one merger with another galaxy in Hubble time
(1010 year)

dN
° — & ~ 10 mergers/year



Stochastic GWB from massive BH binaries 7: |

@ — a rough estimate for the number of binary BH sources in a
frequency interval Af = 1/T,ps

AN ~ 3 % 1012 M -3 fGW 1/ Tobs -
109 Mg 10-8 Hz 10 yr

v dN/dt
10merger/yr
@ Thisis clearly >>1

This ensures a diffuse GW background in the PTA GW frequency
window from merging massive BHs in the universe

@ It is NOT very difficult to show that its characteristic strain
spectrum is given by h.(f) = Aiyr X (f/yr_l)_2/3 :



hc(f) derivation : |

This derivation for h.(f) is essentially due to Phinney
@ Let &, be the total present day energy density in GWs

o Let Qg (f) be the RATIO between the present-day energy density
per logarithmic frequency interval, in GWs AND the rest-mass
energy density p.c? that would be required to close the universe

pc = 3H3 /(87 G)

® Egu = [y peC®Qeu(F) df/f....... (1)



hc(f) derivation : |

This derivation for h.(f) is essentially due to Phinney

Let &, be the total present day energy density in GWs

Let Qg (f) be the RATIO between the present-day energy density
per logarithmic frequency interval, in GWs AND the rest-mass
energy density p.c? that would be required to close the universe

pc = 3H3 /(87 G)

Eqw = [y peC®Qeu(F) df /F....... (1)

Let N(z)dz be the number of events in unit comoving volume
between redshifts z and z + dz

Eqw = [y N(2) 135 dEgu dz
Eqw must be equal to sum of the energy densities radiated at each
redshift, divided by (1 + z)

ngzfooofooo N(z) dngfrdff dz f=*F/(1+2) <>

1+z df,

[
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hc(f) derivation : I

1 dEgy dr’
o gw—fo fo 1+zf’ - dz

@ We have already argued that
Eqw = [y pec®Qeu(f) df /f........ (1)

@ Equating the above two equations —

h 1 dE,
C2wa:/ N(z)—— (f—2~ dz .
pec Qgu(f) | A7 Far z

fi=f(14z)

@ The energy density in GWs per log frequency interval is equal to the
comoving number density of event remnants, times the (redshifted)
energy each event produced per log frequency interval.



hc(f) derivation : III

@ It is fairly easy to compute d;’W associated with a massive BH
binary inspiraling along circular orbits

dEgq, ™1 (GM)5/3
= 5~ fy fmin fr fmax ’
af 3G ()13 or <f < (3)

® This leads to Qg (f) = 257 = (GM) P2 No((1 + 2)1/3)

fo N(z) dz is the present day comoving number density of
merged remnants

@ It is convenient to introduce h.: the characteristic amplitude of the
gravitational wave spectrum over a Iogarithmic frequency interval as
Eew = fOOO pcC®Qu () df /f = foo e th2 f)

@ For massive BH binaries,

-2
RN = s 5 CAE g1+ he o< 723 o
@ We require another observational evidence to detect nHz SGWB Il

24 /40



On the Hellings & Downs Curve: |

PTAs search for correlations among timing residuals!!

@ We write GW induced frequency shift for a Pulsar i as
51/,'/1/,' = h(t) + n,-(t)

o Cross-correlate such frequency variations from two Pulsars
(i,J)
ci(T) = ajaj < h* > +a; < hnj > +aj < hn; > + < njnj >

where < h? >= .,-Tj: h(t)h(t + 7)dt, T being time lag
between the 2 Pulsars



On the Hellings & Downs Curve: |

PTAs search for correlations among timing residuals!!
@ We write GW induced frequency shift for a Pulsar i as
51/,'/1/,' = h(t) + n,-(t)
o Cross-correlate such frequency variations from two Pulsars
(i,J)
ci(T) = ajaj < h* > +a; < hnj > +aj < hn; > + < njnj >

where < h? >= .,-Tj: h(t)h(t + 7)dt, T being time lag
between the 2 Pulsars

e For isotropic GWB, < h? > is direction independent &

1
Qjj = 4W/oz;ogdﬂ

e For sufficiently large data span, the noise from the two pulsars
n; & n; and the gravitational wave strain h(t) are uncorrelated<g>
to each other ( the last 3 terms — 0) [

25 /40



On the Hellings & Downs Curve: |l

@ The cross-correlation of GW induced rotaional frequency
variations between 2 Pulsars leads to

C,'_,'(T) =qj < h? > —HSC,'J', (4)

where d¢j; is an estimation error due to ‘finite’ T and due to
‘finite’ # of SMBH binaries in SGWB!!



On the Hellings & Downs Curve: |l

@ The cross-correlation of GW induced rotaional frequency
variations between 2 Pulsars leads to

C;J'(T) =qj < h? > —|—5C,'J', (4)

where d¢j; is an estimation error due to ‘finite’ T and due to
‘finite’ # of SMBH binaries in SGWB!!

@ The average of the angular factors

Qjj =

1 —cos b 1 — cosf;; 11—cosf; 1
iy iyt i+
2 ”( 2 ) 6 2 ;3 O

where 0;; gives the angle between two pulsars.

@ The plot of the above correlation function with angle is
commonly referred to as the Hellings and Downs curve <>



On the Hellings & Downs Curve: Il

i
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On the Hellings & Downs Curve: IV

EVIDENCE FOR A COMMON-SPECTRUM PROCESS

log,, A

Frequency [Hz|

(https://arxiv.org/abs/2107.12112)



On the Hellings & Downs Curve: V
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( https://arxiv.org/abs/2107.12112 ) <>
InPTA is part of the 3P+ efforts to substantiate these results [
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Introduction to GWs:

@ Aim is to provide an introduction to Gravitational Waves
(GWs) without using General Relativity

@ We use arguments from Special Theory & Electrodynamics
@ Rough estimates for GW amplitudes & Luminosity..

@ Bernard F. Schutz, Gravitational waves on the back of an
envelope; American Journal of Physics 52, 412 (1984);
https://doi.org/10.1119/1.13627



Theoretical Introduction to

GWs



General Relativity (GR) defines GWs as ripples in the curvature of
space-time that propagate with the speed of light !

It is possible to COMPUTE most of the crucial effects of GWs
using Newtonian Gravitational Theory, Classical Electrodynamics &
some elements of Special Relativity



General Relativity (GR) defines GWs as ripples in the curvature of
space-time that propagate with the speed of light !

It is possible to COMPUTE most of the crucial effects of GWs
using Newtonian Gravitational Theory, Classical Electrodynamics &
some elements of Special Relativity

e Newtonian gravity involves a scalar potential ¢n(x, t) such
that Von = 47 G p, such that

oty = =6 [ gy =poy (@)

A change in ¢n(x, t) due to a change in p(y, t) propagate
instantaneously

@ Special Relativity demands that no information should be able?

to propagate faster than c: the speed of light
32/40



GWs: I

To make ¢n consistent with Special Relativity, we modify it
e r
ply.t = ¢)

—< dy (7)

Pr(x t) = -G /

Dominant effects of GWs can be deducted from such a
retarded gravitational potential

This simple insertion will help us to define GWs in a
non-rigorous way



GWs: I

To make ¢n consistent with Special Relativity, we modify it

e r
ply,t—1%)

—< dy (7)

Pr(x t) = -G /

Dominant effects of GWs can be deducted from such a
retarded gravitational potential

This simple insertion will help us to define GWs in a
non-rigorous way
@ ¢R satifies the scalar wave equation

Oor = (VZ—CZB—{;t) pr=4mGp
@ Take the spatial gradient of ¢Rr

Vo= [(1-5) o (B)<>

r cot




GWs: I

o If x| > |y,«|, we have r ~ |x| & can negelct 1/r term in the
previous Eq.
OPr
N Von ~ SO =/l )
Pr/A~1/cx or/T
o If we are far away from a GW source, the typical length scale

over which ¢R varies is ¢ X the typical time scale over which
¢r changes



GWs: I

o If x| > |y,«|, we have r ~ |x| & can negelct 1/r term in the
previous Eq.
PR

n- Vg ~ “or "= x/[x| (9)
Pr/A~1/cx ¢pr/T

o If we are far away from a GW source, the typical length scale
over which ¢R varies is ¢ X the typical time scale over which
¢r changes

@ This is true for a wave traveling at speed ¢
This is our Gravitational Wave

@ Recall that ¢r ~ v2. Therefore, the amplitude of GW should
be ~

<time — dependent part of gbR) S

h ~

(10) I

34/40
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An estimate for the dominate contribution to h: |

Consider a region |x| > |y|b & we have far-zone expansion
o

_ 1 _
1r=x-yl 1~m+y-n\><| ’ (11)

This leads to (if we neglect O(|x|~2) terms )
G r
= —— tr d3 5 tr =t— - 12
R == /p(y, )dy c (12)

o Let tg = t—% & this leads to t, ~ tg —y-n/c
e Expand p(t,) about ty

OR = T)(f{/[p(to)?n-waziz (n~y)2+...] d3y} (13)



An estimate for the dominate contribution to h: I

@ First term

[ o)y = m (14)

o Letv= %; the second term involves

n,-/py,-d3y:n,-/pv,-d3y:n-P (15)

where P is the conserved momentum of the source



An estimate for the dominate contribution to h: I

@ First term

[ o)y = m (14)

o Letv= %; the second term involves

n,-/py,-d3y:n,-/pv,-d3y:n-P (15)

where P is the conserved momentum of the source
@ Third term contains

/ﬁy,-yjd3y:'i,-j (16)

where [;;(t) = [ p(t) YiYi d3y is the quadrupole moment of
gravitating source & I; = [ pv;vj dy
@ Retarded potential becomes

GM Gn-P G ljnin i
- 17)<>
X clx| o 2c2 x| 4 I

36/40
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An estimate for the dominate contribution to h: Il

@ This leads to .
G Iij n; nj
T2
e Note that h depends only on the components of /;; along n,
the direction of propagation of the wave & this is due to the
fact that we are dealing with scalar waves

(18)



An estimate for the dominate contribution to h: Il

@ This leads to .
G Iij nin;
T2

e Note that h depends only on the components of /;; along n,
the direction of propagation of the wave & this is due to the
fact that we are dealing with scalar waves

o In GR, GWs are ripples in the curvature of space-time &
space-time & its disturbances are described by tensors

@ [;; — transverse components of trace-free tensor

Ojj
I,'j = /,'J' — ?J Ikk

@ In GR, we have

(18)

2G -

This implies that spherically symmetric motion WILL NOT
produce GWs. Any spherically symmetric tensor o< 0;; & hence<>
Zjj vanishes

37 /40



An estimate for GW luminosity :I

@ In classical ED, the dominant order multipole radiation fron a
charge distribution is the dipole radiation. The vector
potential A; in the wave-zone

1 .
A= —d(t, 2
= = d(t) (20)
The 1/r EM fields E & B depend only on the components of

d transverse to n; djT = Pjcdi, Pjx=djx — njng

@ The Larmor formula provides the expression for EM luminosity

Lem did;, dj=ey (21)

- 3¢3
o For gravitating systems, linear & angular momenta provide
electric & magnetic type dipole moments & they are conserved

p= 22,y xd =10y xm? = 10,10 T
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An estimate for GW luminosity :II

Law 53) 53) & dimensional consideration require us to have
it

G/cd
@ Explicit calculations in GR provides

G 3),03)



An estimate for GW luminosity :II

3) (3 . . . . )
Law 5,,) S_) & dimensional consideration require us to have
it

G/cd
@ Explicit calculations in GR provides

_ G 3,03

o O ~MR2/T3 ~ MV3/R
G
Low ~ = (M/R)? V® ~ Lgy (rsen/R)? (V/c)®,  (23)
g 52 2
where Lo = & ~ 3.6 x 10°°J/s & rsau = G M/c

@ Lgw is maximal if R~ rgep & V ~ ¢

Compact objects, having time-dependent quadrupole ,

. . oy . 1
moment, moving with velocities ~ c are copious sources <w>
of GWs [
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e We provided i) Introduction to GW Astronomy
@ How PTAs should detect GWs

@ Why we expected SGWB from an ensmeble of spiarling in
SMBH binaries

@ Rough estimates for GW amplitudes & Luminosity..



