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Temperature

Physics targets:

« Simulation of quantum chromodynamics
« Hadronization
« Microscopic understanding of scattering events

Complete phase diagram of QCD
Post-collision thermalization
Roles of entanglement in HEP

+ more

Bauer, Davoudi et al. (2021) Snowmass report

How to make these predictions? Magnetic field
« Nonperturbative problems
> Numerically simulate ©XCD degrees of freedom

Conjectured phase diagram credit: G. Endrddi J.Phys.Conf.Ser. 503 (2014) 012009
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% p
T an « Defines a field theory nonperturbatively

T
Un+eu,u « Spacetime discretized with a lattice (e.g. square, cubic,
> hypercubic)

« Matter particles such as quarks “live” on the sites

U:L,u A A Un+eu,v « Gauge bosons live on oriented links joining sites
« Gauge fields belonging to some (Lie) group—the “gauge

- > group” G
€y L Un.u
Cpu
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I T : , :
L an Wilson’s gauge action, S,

T
Un n+tey,u “link operator” matrices in gauge group G
-

_ E : T T T

Un,l/ A A Un_|_e'u ,V

Ut O “plaquette” operator
n > for non-Abelian
ey Unhu’
L - In classical simulations, exp(-S,,) acts like a probably weight for the
€u configuration — Monte Carlo integration
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e Successes
— (light) hadron spectrum

— some scattering amplitudes (Luscher
formalism + generalizations)

- muon g-2: hadronic vacuum polarization | — s
« Drawbacks ; ; QP
- dynamical fermions dramatically raise
cost BMW collab., 2009
- (best for) static properties / thermal
equilibrium
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Limitations to Monte Carlo

— Wick rotation to imaginary time underlies Euclidean path integral
f[D¢] 1S [¢]A[P] f[D¢] —Se[p]Al¢]

A= TrDglasu@ . 7 [[Dgle s

/dt—>/

e”v191 - violently oscillatory,
c—5=l¢] : dominated by saddle points

- 1 Su — —Se may still be complex (theta term, chemical potential)

- Finite Minkowskian time intervals preclude simply rotating the
time-integration contour. Stuck with / Sy !
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Digital guantum computers: .

v

A

U

B

IR R

Jesse Stryker

Unitary gates: ¢—## with Hamiltonian of
interest

Want to simulate nonperturbative gauge theory
> Gauge theory on the lattice

» Hamiltonian lattice gauge theory

Has no apparent sign problems

General problem:
How to map a Hilbert
space 7‘[ , and I:] ,onto
qubits & quantum gates?
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Hamiltonian lattice gauge theory

« Temporal gauge, continuous-time limit — Kogut-Susskind Hamiltonian formulation
« Gauge fields on spatial links with on-link Hilbert spaces < oy
. Eg, SU(Z) Phys. Rev. D 11, 395 (1975)

Left and right electric
fields each have color-
charge components, in
addition to  spatial
components

| group- irrep
element basis
basis

Gauge transformations: (7 . O U, iQIL—I—e
« Rotations from the left (€2,) and right () are generated
by “left” and “right” electric fields

canonical commutation relations for a link

3-sphere graphic credit: © 2006 by Eugene Antipov Dual-licensed under the GFDL and CC BY-SA 3.0
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Lattice gauge theory Hilbert space structure
« Non-Abelian group, e.g. SU(2)

U adds representations Non-Abelian Hamiltonian

U ,m’ ‘]7 M, M/> = i g ZEa Ea
Cy(j,m,m', M, M")x
X |j+1/2, M +m, M +m') ) . )
+C_(j,m,m', M, M")x Hp = —Z @tf(Un,D + Uf,]:,m)
X7 —1/2,M +m, M +m’) "
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Plus Gauss law constraints
|—1) Al+D 0) Y
U(1 E_ = !
( ) V:E-p=0 ESH |—1) |—1)
/ ® > @ - @ - L
5 _ ot
On p=p UESTRN. JRSY 0) A
1)
A
f|+2> vi-n ooy
5 A
Gg. / p* = YT T%) 1) +1) +2)
o <o > o > ¢
, . gauge compact U(1
Gauss's law <«— INnvariance electricpeigené)a)sis

\ charge /

conservation
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Formulations & bases

SU(2) Schwinger boson formulation
SU(2) Loop-string-hadron formulation
Applications within quantum computing

* my working definition of formulation
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« Thanks to redundancy, Hamiltonian lattice gauge theories seem to enjoy lots of
different formulations

« Hamiltonian “formulation” meaning... *
- set of degrees of freedom - often local
— set of fields used to construct Hamiltonian/observables
- algebraic (commutation) relations
— constraints
— (optional truncation scheme)

* my working definition of formulation
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Formulation # basis !

- But: Formulations are often associated with, or defined in terms of, a particular
basis

- Colloquially, different bases are at times called different “formulations” too...

A formulation isn't intrinsically tied to a particular Hamiltonian either — different
choices are possible!

- In practice, there usually is an implicit or explicit choice

—  We need at least one choice of Hamiltonian in order to do anything with the
formulation. Constraints descend from the Hamiltonian.

Basis choice is generally either electric or magnetic
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Formulations & bases: Examples

Kogut-Susskind formulation .
— lIrrep/”angular momentum” basis

Byrnes, Yamamoto, Zohar, Burrello, et al.

— Group-element basis Zohar, NuQS collab., et

al.

Gauge magnets/quantum link models *
Wiese, Chandrasekharan, et al. *
Tensor lattice field theory

Meurice, Sakai, Unmuth-Yockey, et al. .

Dual/rotor formulations  Kaplan, JRS, Haase,

Dellantonio, et al., Bauer, Grabowska, et al.
Casimir variables / “local-multiplet basis”

Klco, Savage, JRS, Ciavarella
Purely fermionic formulations (1+1D & OBC)
Muschik, Atas, Zhang, IQuS@UW group, Powell, et

al.
Prepotential/Schwinger boson formulations

Mathur, Anishetty, Raychowdhury, et al.

Loop-string-hadron formulation
Raychowdhury, JRS, Davoudi, Shaw,

Dasgupta, Kadam
Light-front formulation

Kreshchuk, Kirby, Love, Yao, et al.
Qubit models Chandrasekharan, Singh, et al.
g-deformed Kogut-Susskind
Zache, Gonzalez-Cuadra, Zoller
Scalar field theory...
Harmonic oscillator basis
Klco & Savage
- Single-particle basis
Barata, Mueller, Tarasov, Venugopalan
- Future gauge-field generalizations??
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Choice of basis

Most common basis choice: Electric/irrep

Electric-basis pros Electric-basis cons |

« States naturally discretized (for « Better-suited to strong coupling
compact Lie groups) (opposite of continuum QCD)

« Gauss’s law a function of electric « Many off-diagonal operators in
fields 3+1 Hamiltonian

o Natural “UV” truncation scheme

Jesse Stryker Expressing gauge-field dynamics in the quantum age KAIST 2023-11-15 15



« Lie group Hilbert spaces are locally infinite-dimensional
« Digital quantum simulation requires truncations
- Common choices: Finite subgroups, electric cutoff on irreps

Provably accurate simulation of gauge theories and bosonic

systems

Yu Tong!?, Victor V. Albert*, Jarrod R. McClean!, John Preskill*3, and Yuan Su®*

April 4th, 2022

« Tong et al., 22:

- formal analysis on error in time evolution operator
- U(1) and SU(2) LGTs considered in electric bases

- Find: For fixed error € and lattice parameters, required electric cutoff
grows at worst linearly in time T and polylog(1/¢)
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Choice of basis

Group-element basis pros Group-element basis cons

« Link operators are diagonalized « Limited number of regular

« No Clebsch-Gordon coefficients subgroups for SU(N)

« Naively good for weak-coupling limit « Limited “resolution” with
subgroups

« 120 elements for SU(2)
« 1080 for SU(3) [NuQS collab.]

» Subsets generally do not
preserve gauge symmetry
« Electric fields become tricky

Jesse Stryker Expressing gauge-field dynamics in the quantum age KAIST 2023-11-15
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E°E° is Laplace-Beltrami differential operator on the group manifold

How to define derivatives on a subgroup or discrete subset? How to
preserve gauge invariance?

Only recently has this question been taken up by some groups in the
context of quantum simulation

Fig. 1 Fibonacci lattices on 5>
Jakobs, Garofalo, et al. with 20 (blue), 100 (orange) and
2304.02322 500 (green) vertices
Mariani, Pradhan, and Ercolessi.
[2301.12224]
Ji, Lamm, and Ju.

Phys. Rev. D 102, 114513 (2020) Eigrtt'lrji gv Jakobs. Jansen.

Ostmeyer, and Urbach.
Eur. Phys. J. C (2022) 82:237
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https://arxiv.org/abs/2301.12224
https://doi.org/10.1103/PhysRevD.102.114513
https://doi.org/10.1140/epjc/s10052-022-10192-5

« Prototype non-Abelian gauge theory:
SU(2), 1+1

« Matter: fundamental ‘quarks’

« Goal: Examine Schwinger-boson and its
derivative loop-string-hadron formulation
as simulation candidates

© 2006 by Eugene Antipov / Dual-licensed
under the GFDL and CC BY-SA 3.0
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Step 1: Start with Schwinger boson

(“prepotential”) formulation.

« Represents gauge field operators using many
simple harmonic oscillators *

o
nL1,nL,2,MR1,NR,2)
nri1+nr2=2jr

ngr1+nNgr2=2jr

L R a(L) — Q(z)a(L)
- One bosonic doublet per end, per link a(R) — Qz + €;)a(R)
> Four total oscillators per link
. Gauge Hilbert space — tensor product of SHOs Q(x), Uz +e;) € SU(2)

* Papers by Anishetty, Mathur, Raychowdhury, Sharatchandra
Jesse Stryker Expressing gauge-field dynamics in the quantum age KAIST 2023-11-15 20



Step 2: Add staggered fermions
« Two-color doublet

« One fermionic doublet per
site
e it k| « Fock space to characterize

N\ : A~ ! C . |lattice
( @ :@" >E i Qb/ 0 i’ z v 0
i{ a1(R) }{ (I ” a1 (L) ]i P(z) = Q) ()
L a2(R) [ ¥ ][ a2(D) ] O(z) € SU(2)
i o _____. |

Jesse Stryker
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Step 3a: Represent E, U algebra 3b: Impose “Abelian Gauss law”

B} = 6l (L)Ta(L) Ny = a'(L/R) - a(L/R)

N (z,1) |phys) = Nr(xz + e;,1) |phys)

U ) ) = U 1)
(2,9) p(@)Ur(z +ei) Supplementary constraint from
. 1 A;(L) i1 (L) introducing extra dof’s
Ur(x,i) = Ik R
VNI —al(L) (L) /|,

Jesse Stryker Expressing gauge-field dynamics in the quantum age KAIST 2023-11-15 22



Pictorial summary of Schwinger boson DOFs

On-site non-Abelian Gauss’s An on-link Abelian Gauss’s law
laws need to be satisfied. needs to hold.

o
EY — qf . —
L a 9 a
U _ 1 ( —&1b2 —+ a;bi a1b1 —+ a;b; )
\ at - a +1 —CLQbQ — CLIbJ{ CLle — aib;

Jesse Stryker Expressing gauge-field dynamics in the quantum age
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Going further: Exploit doublets to make SU(2) singlets | 4. way we can form

Notice: 17 bilinears that are
otice: f—Q-f exactly invariant under

Q
(ef") = Q- (ef7)

These special operators

f=a(l),a(R), do not “know” a way to
: : violate color charge
So use the doublets and their duals from a site to make conservation J
manifestly Q-invariant bilinears (have Qf and Q cancel)
Examples:
|. Raychowdhury & JRS
CL(L/R)Jr -a(L/R) = a]ial + agag PRD 101, 114505 (2020)

PRResearch 2, 033039 (2020)

Wt = iy + plapy
(ea(L)*)" - a(R) = a1(R)as(L) — az(R)ai (L)
(™)1 - 1h = —(P1eha — Yoth1) = 290ty

Jesse Stryker Expressing gauge-field dynamics in the quantum age KAIST 2023-11-15 24
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L = a(R)ja(L)jeqy

L7 = a(R)aa(L){)’Eaﬁ - (£++)“L

£+_ = a(R)::a(L)ﬂaaﬁ

£ = a(R),a(L)j, = (£77)

81;+ = a(R)Z«V/;€rxﬁ
S;._ = a(R)aWﬁeﬂ;‘} = (81_;+)T
S = a(R)wpdap

St = a(R) gy ydup = (Si7)'

l .l"‘ .|.
H++ = —al’(fﬂlflﬁﬁ'aﬂ
- . ++\F
H™ = Ewaiﬁﬁ%ﬁ = (H*)

= Lttt e =L

—_ =Lt e — =Lt
.............. o =8 e = S
S =8 O = Siw
.............. 8 — i;+ A = So._u-i‘;_
—o =§'" o—— = Sout
C;C) =M 3 =

4 ‘loop’ + 4 ‘in string’ + 4 ‘out
string’ + 2 ‘hadron’ operators

In this way we can form
17 bilinears that are
exactly invariant under
Q

These special operators
do not “know” a way to
violate color charge
conservation

|. Raychowdhury & JRS
PRD 101, 114502 (2020)
PRResearch 2, 033039 (2020)

, “LSH’

( + 3 number operators)

Jesse Stryker Expressing gauge-field dynamics in the quantum age
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Physical, SU(2)-invariant interpretations

LT (x) = ; Create unit of gauge flux.
L @) = Destroy unit o gauge flux
L7 (2) = _; ....... Change matter-sourc:"i;;c direction. (d > 1)
L7 ()= " Change matter-sou;;-c.l; direction. (d > 1)
M@= OO oot n e
H™ " (z) = ;;' DestrO;:‘a::lEladron‘
... string (S) operators are more involved ...
Jesse Stryker Expressing gauge-field dynamics in the quantum age

This is the physical
intuition for interacting
SU(2) excitations

SU(2) = pseudoreal
flux = unoriented

VS

U(1) = complex
flux = oriented

KAIST 2023-11-15
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|dentified the loop-string-hadron (LSH) operators
« Manifestly SU(2)-invariant

« Transparent physical interpretations

« Can construct Hamiltonian in terms of them

)

o
Hy — m(}z Ny \/NR(x + e
: JOZMM)@ 0 +1) 000 = W(s&m, S5 ).
ein(00)] (S0

Jesse Stryker Expressing gauge-field dynamics in the quantum age
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LSH operators also define an SU(2)-singlet basis
« Take a reference state, e.g., 0 flux & 0 fermions
« Act locally with any product of LSH operators

« Result is SU(2)-invariant

ln;, n; = 0,n, = 0) = (L£L)"|0) E— —
I ng I ny
[, n; = 0,n, = 1) = (L) SEE|0) — Ny =Ni+ N,
n;, =0,n,=0 n, =0,n, =1 N, =N, +N,(1=N))
H”:‘* ng = 1*”() - 0) = (£++)m8i—g+|0>
NR:NJ+NE(I_NrJ)
|, n; =1,n,=1)=(LT")"H"|0) E— —
_— n; —_—_— ny This is an
e —o electric basis
ni=1,n,=0 ni=1n,=1
KAIST 2023-11-15 28
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Can Compute LSH—Opera‘tor matrlx Loop-string-hadron operator factorizations

elements using the orthonormal basis g;j N \\// f\}( ’,E B(f\i Z\f{; <::j§ No))
« All operators ‘factorized’ into £ =z,
diagonal matrices and ‘normalized o Zﬁ?—’ij’\ N —
ladder operators’ (one-sparse, binary S — AW N T A=)

i ++ _ 7 AN ; I3 — ry
matrices Sit =bWWN T2-N,
) Soit = Xo(A Wi/ N +2(1 = N)

8;‘ — ,}’:{A_)l_'\" \.-"."'\I'rf + 2_.!'\-'1:

Si7 =y (AN

an =21 (A)Ne /N + 2N,
Sout = xi(AT)' /N +1+ N,

H = 4l
‘H__ = —XiXo

’ ! (] + — S
(”f- n;, "?n[A |”.f* nj, ”u) - 6::;,::,::I:lbn:.n;{suﬁ,.n,,

{Xq"Xq} - {X;,*Xt}} =0

{Xq’n;{/.(:} — {Sqrq (q e f. 0)

Jesse Stryker Expressing gauge-field dynamics in the quantum age KAIST 2023-11-15
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Hamiltonian in operator-factorized form is the input for developing simulation algorithms

Advantages

> Simultaneously diagonalizable

> LSH basis states are individually definitely allowed or definitely unallowed, unlike
other formulations

Hilbert space is structure is far simpler than [jmm’> states

Hamiltonian structure looks more similar to U(1)

Clebsch-Gordons recast as SHO scaling factors

Jesse Stryker Expressing gauge-field dynamics in the quantum age KAIST 2023-11-15
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o Circuits for LSH constraints, in
any number of dimensions, are
worked out in detalil

« Speedups likely needed to
make possible in NISQ era

LSH potential drawbacks:

e Hgin d>1 has many terms
« Can cost more qubits in D>1+1

1

0) [r2e),

0)

Jesse Stryker

PHYSICAL REVIEW RESEARCH 2, 033039 (2020)

Indrakshi

A

oy
e

7

_1 XEN+2 H cN+(z) H XEN+2 '_

Expressing gauge-field dynamics in the quantum age

Solving Gauss’s law on digital quantum computers with loop-string-hadron digitization

7o)y i1
|”:}, 1
[0}

[0} [ne), .y

[no),

[},

[0)

+2 .
|0} |ree)

|F)
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Z. Davoudi, A.F. Shaw, & JRS, arXiv:2212.14030 (accepted to Quantum)
- Complete Trotterized time-evolution circuits for Schwinger boson and LSH formulations.
- Far-term- and near-term-inspired circuits

Schwinger bosons

LSH

Jesse Stryker

Expressing gauge-field dynamics in the quantum age

r n L tlags A Qmvoet. ONewt. | Qubits T gates | Qubits T gates
1 4 100 1 001 90% 9% [ 2626 8.19713 x 1011] 1319 3.91817 x 101°
1 4 100 1 0.001 90% 9% | 2704 3.09951 x 10'2| 1397  1.5172 x 10!
1 4 100 10 0.01 90% 9% | 2704  3.0993 x 10'3| 1397 1.51643 x 10'2
1 4 100 10 0.001 90% 9% | 2808  1.2146 x 10| 1475 5.76229 x 102
1 41000 1 0.01 90% 9% | 18904 3.12769 x 10'3| 6797 1.53099 x 102
1 41000 1 0.001 90% 9% | 19008 1.22564 x 10'*| 6875 5.81562 x 102
1 4 1000 10 0.01 90% 9% | 19008 1.22564 x 10'°| 6875 5.81468 x 103
1 4 1000 10 0.001 90% 9% | 19086 4.48657 x 10'°| 6979 2.29217 x 10'*
1 8 100 1 0.01 90% 9% | 4398 5.79224 x 10'2| 1807 2.72735 x 10!
1 8 100 1 0.001 90% 9% | 4476  2.1482 x 10'?| 1885 1.03709 x 10'2
1 8 100 10 0.001 90% 9% | 4476 2.14816 x 10'*| 1885 1.03705 x 103
1 8 100 10 0.001 90% 9% | 4580 8.22615 x 10'*| 1963 3.87886 x 10'*
1 81000 1 0.01 90% 9% | 35076 2.16773 x 10'*| 10885 1.04652 x 103
1 8 1000 1 0.001 90% 9% | 35180 8.30098 x 10'4| 10963 3.91414 x 103
1 8 1000 10 0.01 90% 9% | 35180 8.30094 x 10'°| 10963 3.91412 x 104
1 8 1000 10 0.001 90% 9% | 35258 2.99214 x 10'¢| 11067 1.5154 x 10'°

log,(T count) at A = 1072 (SB) (LSH)

log (T count) at A = 10 2

13
13

T-gate costs at fixed m/g=1. Other simulation parameters not explicitly
shown are n= 81 t/as = 1, trot. = 900/0, OlNewt. = 90/0, and Olsynth. = 1%.

~20x T gate reduction with LSH

KAIST 2023-11-15
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Still in early days of quantum-assisted lattice QFT/QCD

 “What would you do today with a perfect quantum computer, gates,
and lots of qubits?”

- Until recently, we had no real answers relevant for lattice QCD
Much theoretical development remains to be done
« LSH recently generalized to SU(3) in 1+1D
(Kadam, Raychowdhury, JRS 2022)
Much to learn about pros and cons of different formulations

This field is vibrant and rapidly expanding &\}i
S\
P
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Thank you for your attention!
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Extra slides
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1+1D Hilbert space
construction

S. Kadam, JS, & I. Raychowdhury, Phys. Rev. D
107, 094513 (2023)

np,ng) x |np,ng;0,0,0) —

W B'(1) |np,ng) « |np,ng;0,0,1) —

BY(1) |np,no)  |np,ng;1,0,0) —

Wi AT(1 )AAT(l) np,ng) < |np,ng;0,1,0) —
ot BH W)yt BI(1) |np,ng) o [np,ng; 1,0,1) —
IR /\AT(l) np,ng) x |np,ng;0,1,1) —

W IDT/\AT( )Inp,ng) x |np,ng;1,1,0) —
it Ayt np,ng) X |np,ng;1,1,1) —

.oA v...v

Vl Vo 1

@é@$%$$

}np

—

nQ

D>1+1
in
progress!
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