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« Eliminating the flow of bad information in Bayesian
Networks

« Bias of nonparametric estimators

 Reduction of the bias
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Estimation of Information Contents and Decorrelation

Causality & Graph

Unknown useful
information for
classification

A bad variable!

A known variable with useful
information but a proxy of a
bad variable at the same time

New score we
want to construct!
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Estimation of Information Contents and Decorrelation

Causality & Graph

(Intentionally block the information flow)
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Estimation of Information Contents and Decorrelation

Causality & Graph
(Now after marginalizing X)
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Why is This Useful?

« We do not want to use gender or ethnicity information including their
proxy for classification because it is prohibited by law!

« In hospital H1, drug D1 is used for disease (X. A classifier is trained
using data from H1. We want to use the classifier for the patients in
hospital H2, which uses drug D2 (instead of D1) for the same disease.
We want D1 as well as its effect on other variables to be excluded in
the classifier for generalization in hospital H2.

« Data are not sufficient. We decided to use the simulated data. There are
some variables that we arbitrarily determined because we do not know
the true distribution for those variables. We need to make sure that our
classifier does not learn the patterns of those variables that we
arbitrarily set.
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Information-theoretic Measure Estimators

« Nonparametric estimators
— Plug-in estimators (Kernel estimator)
— Nearest neighbor estimator

* Hilbert Schmidt Independence Criterion (Maximum
mean discrepancy), distance correlation

— Zero values imply independences.
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Kernel Density Estimation (KDE)
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Kernel Density Estimation (KDE)

D = {X’L}'L 1~ p(x)

/|p x)|dx

Data space P{|g—Eg‘ 2€}§26 Ne* /2
Efron-Stein inequality bound
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KDE for Ratio Estimation
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Nearest Neighbor Estimation

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 68, NO. 6, JUNE 2022
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Nearest Neighbor Density Functional Estimation
From Inverse Laplace Transform

J. Jon Ryu

. Student Member, IEEE, Shouvik Ganguly™, Member, IEEE, Young-Han Kim™', Fellow, IEEE,

Yung-Kyun Noh™, Member, IEEE, and Daniel D. Lee, Fellow, IEEE

Abstract— A new approach to La-consistent estimation of a
general density functional using k-nearest neighbor distances is
proposed, where the functional under consideration is in the form
of the expectation of some function f of the densities at each
point. The estimator is designed to be asymptotically unbiased,
using the convergence of the normalized volume of a k-nearest
neighbor bhall to a Gamma distribution in the large-sample limit,
and naturally involves the inverse Laplace transform of a scaled
version of the function f. Some instantiations of the proposed
estimator recover existing k-nearest neighbor based estimators of
Shannon and Rényi entropies and Kullback-Leibler and Rényi
divergences, and discover new consistent estimators for many
other functionals such as logarithmic entropies and divergences.
The L-2-consistency of the proposed estimator is established
for a broad class of densities for general functionals, and the
convergence rate in mean squared error is established as a
function of the sample size for smooth, bounded densities.

Index Terms— Density functional estimation, information mea-
sure, nearest neighbor, inverse Laplace transform.

[. INTRODUCTION
HIS paper studies the problem of estimating an entropy
functional of the form
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where f: Ry — R is a given function and p is a probability
density over R?. Table I lists examples of f and the corre-
sponding functional T;. The goal is to estimate T;(p) based
on independent and identically distributed (i.i.d. ) samples
}"{1% = (X4,...,X,,) from p by forming an estimator
T (X1:m) that converges to T¢(p) in Ly as the sample size
m grows to infinity, that is,
Jim E[(T7(Xim) = T @)'] = 0.

More generally, let f: Ry x Ry — R and consider a

divergence functional

T¢(p,q) := Exwp[f(p(XM(X))]:/ F(p(x), q(x))p(x) dx

of a pair of probability densities p and g over R?. Table II lists
examples of f and the corresponding T'. In this case, the main
problem is to construct an estimator 'IA";”'“(Xl;m, Y1.,.) based
on i.i.d. samples X;.,,, from p and Y., from ¢, independent
of each other, such that
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Construction of the f~divergence Estimator in A Systematic Way

™~ X
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Systematic Methods of Constructing Estimators

,u/k‘*lvlfl (’LL,U) Skltl
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Systematic Methods of Constructing Estimators
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Optimization for Training

Data: D = {Xi, Y; ]\L

0* _argmm—Zl s(x:;0)), yi) +Af9(s;m|y)

:
Minimize the expected loss E[l (Z/J\ , Y )]

Maximize the decorrelation __ f 0 (5; m ‘ Y )

Use tradeoff constant )
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When 7Y 1s different in training
and testing
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Reconstruction of W-jet Decorrelation Experiment
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Reconstruction of decorrelation experiment in
Kasieczka, G., Shih, D. (2020) Robust Jet Classifiers through
Distance Correlation, Phys. Rev. Lett. Vol. 125, Iss. 12— 18
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Problems with Surrogate Decorrelation Objective

Loss + Decorrelation

Decorrelation

Loss

\
Independent
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Problems with Surrogate Decorrelation Objective

Loss + Surrogate

\\\\\ Surrogate

Loss

\
Independent
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Bias of KDE

Underestimation of Peaks

Overestimation of Tails
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Peter Hall (1992)

« How to alleviate bias of KDE?
— Undersmoothing L e
« Choose bandwidth h as small as possible

— Explicit bias correction

* Bias of symmetric kernels depends on the second
derivative of density function

 Calculate leading order bias and subtract the bias

Peter Hall (1992) Effect of Bias Estimation on Coverage Accuracy of
Bootstrap Confidence Intervals for a Probability Density, Annals of Statistics
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T S

Bias is a

Variance 1s

a problem

MSE
o0
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Bias in the “Ratio” Estimators

Overestimate
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Underestimate

=0 Overestimate
1 Ny 1 Ni+Ns
i) = Y ab)hxx;)  R00 =57 Y al)ki(xx)
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Variational Weighting for Kernel Density Ratios

Sangwoong Yoon Frank C. Park
Korea Institute for Advanced Study Seoul National University / Saige Research
swyoon@kias.re.kr fcp@snu.ac.kr
Gunsu Yun Iljung Kim
POSTECH Hanyang University
gunsu@postech.ac.kr iljung0810@hanyang.ac.kr

Yung-Kyun Noh
Hanyang University / Korea Institute for Advanced Study
nohyung@hanyang.ac.kr

Abstract

Kernel density estimation (KDE) is integral to a range of generative and discrimi-
native tasks in machine learning. Drawing upon tools from the multidimensional
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Perturbation and Bias

N Ni1+N
1 1 1 1 2

L) = D abghi(xxg)  Pax)=5- ), alg)ka(xx))
1 — — 2 . —
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Ep, [p1(x)] . .
E — — =
D1,D: [f (%) Ep 72 )] + 1Ep. 7100 & Perturb this equation
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Calculus of Variation

arg g&r)l/ ((V log arlx) " h(x) + g(x))2 r(x)dx

(Pointwise Bias)?

— V. [T((Vlog oe)T h+ g)f_z’,} =0

NeurlPS 2023
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Two 20-Dimensional Gaussians
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Two 20-Dimensional Gaussians
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Kullback Divergence Estimation

p1(x) ]

K L(p1]|p2) = Ex~p, [log
(p1]lp2) p pa ()

log
L(p1||p2) = N1 Z

Bias(x) =

Previously used Ba:p, ,p, (X)

Vp1|x V]92|X)
Bopy.pe(X) =V ' lo ax( -
,pl,pz( ) & | pl(X) p2( )
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NeurlPS 2023
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Log Probability Density Ratio (p,/p,)
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KL-Divergence Estimation
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N\

*Diffusion= \Aectl 1 Equation for Bias

-

i

=N

1 1 ‘
Bias [VT(loga % logp1> Vlogp: + §V2 108;]91‘

1 1
— [VT(loga + 5 logp2> Vlogps + §V2 108;172]

Figure credit: JOOINN
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Diffusion-Convection for Bias

1 1
Bias [VTOOQ; o + 5 Ing1) Vlogp; + §V2 108;]91]

1 1
— [VT<10gOé +3 10gp2) Vlog ps + §V2 logm]
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RKHS Representation of P.D. Kernels

N1+ No

yi =1 if x; ~p1(x)
o yik(X,x;) = 0
ZZ_; Yik(x,%i) 2 yi = —1 if Xx; ~ pa(x)

RKHS
@
@ T
k(x,xi) = ¢(x) ¢(x;)
Ex) «; canbe
optimized to produce
large margin in the
feature space.
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Correspondences

Probability density
estimation interpretation
N1+ N>

(x) — pa(x) = Z yikn(X,X;)

)

N1+ No

Z a;yik(X, X;)
i=1

A

P1

Y, — 1 if xX; ~ pl(x)
i = —1 if X3~ pa(x)
N1+ No

Z &@yi¢(X)T¢(X1)

Geometric interpretation
in RKHS
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RKHS Geometric Interpretation of KDE

« RKHS geometry

o ¢
X RK 9
Xl %
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RKHS Geometric Interpretation of KDE

 RKHS representation of comparing two probability
densities
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RKHS Representation

N1+No
Di(x) —pe(x) = D yikn(x,%;)
1=1

yi =1
yi = —1

if X; ~ p1(x)

if X; ~ pa(x)
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Summary

« 1. Decorrelation for eliminating undesired information
(for our safe classifier)

« 2. Construction of novel nonparametric estimators for f-
divergences

3. Elimination of high-dimensional bias in
nonparametric estimators
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1. For any questions, let me know.

T 2. Interested in PostDoc or Ph.D.
student position? let me know!

'.. nohyung@hanyang.ac.kr
Thank you

— —\
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