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Introduction



A brief history of machine learning (ML)

•  A computational system simulating human brain function (Hebb 1949).

Many underlying ideas for ML are known for a long time.

•  First simple one-layer neural network (``perceptron”) (Rosenblatt 1957)

•  Multi-layer (``deep”) neural networks (1960s)

•  Training via back-propagation (=chain rule) (1970s)



But only more recently has computing power and available data become 
sufficient to uncover the potential of ML. Software realisations of NNs

have lead to many new developments:

•  Deep NNs with increasingly sophisticated architecture, for image/pattern/ 
 speech recognition.

 ]=  → 2, → 8, → 4, → 8, → 3, → 1, → 9, → 3, → 0,

→ 0, → 8, → 7, → 5, → 7, → 2, → 1, → 9, → 7,

→ 3, → 0, → 5, → 2, → 0, → 8, → 3, → 9,

→ 0, → 1, → 1, → 5, → 4, → 1, → 0, → 2,

→ 8, → 0, → 6, → 8, → 7, → 6, → 4, → 3,

→ 3, → 1, → 1, → 9, → 8, → 9, → 9, → 6

MNIST data set:

•  Transformer architecture underlying large language models (GPT3/4).

``a cross section of a walnut”    -> (Dall-E website)

•  Reinforcement learning (RL) to explore large environments (AlphaGo).
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(Silver et al, DeepMind, Nature 2017)



ML is already used in many areas of physics, e.g.

•  Event selection at the LHC.

•  Image recognition in astronomy.

•  Solving differential equations in Fluid Dynamics and General Relativity.

•  Identifying promising physical models from data.

focus in this talk

ML will change our societies profoundly.

ML will have an enormous impact on how we pursue science.



Machine learning - a concise introduction



Neural networks - what are they?

Fθ

<latexit sha1_base64="PRXizAEywjo39Tnpn99fuMbNA8I=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0mkoseCIB4r2A9oQ9lsJ+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqOTR5LGPdCZgBKRQ0UaCETqKBRYGEdjC+mfntJ9BGxOoBJwn4ERsqEQrO0Eqd234PR4CsX664VXcOukq8nFRIjka//NUbxDyNQCGXzJiu5yboZ0yj4BKmpV5qIGF8zIbQtVSxCIyfze+d0jOrDGgYa1sK6Vz9PZGxyJhJFNjOiOHILHsz8T+vm2J47WdCJSmC4otFYSopxnT2PB0IDRzlxBLGtbC3Uj5imnG0EZVsCN7yy6ukdVH1atXL+1qlXs/jKJITckrOiUeuSJ3ckQZpEk4keSav5M15dF6cd+dj0Vpw8plj8gfO5w/uGo/n</latexit>

R
din

3 x

<latexit sha1_base64="2i8FU6goYI09u9Ao9vkcNJcFrzM=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUmkosuCG5dV7AOaGCaTSTt0MgkzE7GEbNz4K25cKOLWf3Dn3zhps9DWAxcO59zLvff4CaNSWda3UVlaXlldq67XNja3tnfM3b2ujFOBSQfHLBZ9H0nCKCcdRRUj/UQQFPmM9PzxZeH37omQNOa3apIQN0JDTkOKkdKSZx46EVIj389u8rss8DJHRJDyPHc4hQ+eWbca1hRwkdglqYMSbc/8coIYpxHhCjMk5cC2EuVmSCiKGclrTipJgvAYDclAU44iIt1s+kUOj7USwDAWuriCU/X3RIYiKSeRrzuLm+W8V4j/eYNUhRduRnmSKsLxbFGYMqhiWEQCAyoIVmyiCcKC6lshHiGBsNLB1XQI9vzLi6R72rCbjbPrZr3VKuOoggNwBE6ADc5BC1yBNugADB7BM3gFb8aT8WK8Gx+z1opRzuyDPzA+fwALzJjr</latexit>

Fθ(x) ∈ R
dout

<latexit sha1_base64="/on0x9reMUDnNxkwiz+mN+bt4ds=">AAACD3icbVDLSsNAFJ34rPUVdelmsCh1UxKp6LIgiMsq9gFNDZPptB06mYSZG7GE/IEbf8WNC0XcunXn3zh9LLT1wIXDOfdy7z1BLLgGx/m2FhaXlldWc2v59Y3NrW17Z7euo0RRVqORiFQzIJoJLlkNOAjWjBUjYSBYIxhcjPzGPVOaR/IWhjFrh6QneZdTAkby7aNL34M+A1J8OPa49EIC/SBIb7K7tOOnngpxlECW+XbBKTlj4HniTkkBTVH17S+vE9EkZBKoIFq3XCeGdkoUcCpYlvcSzWJCB6THWoZKEjLdTsf/ZPjQKB3cjZQpCXis/p5ISaj1MAxM5+hePeuNxP+8VgLd83bKZZwAk3SyqJsIDBEehYM7XDEKYmgIoYqbWzHtE0UomAjzJgR39uV5Uj8pueXS6XW5UKlM48ihfXSAishFZ6iCrlAV1RBFj+gZvaI368l6sd6tj0nrgjWd2UN/YH3+AK9MnRg=</latexit>

As a diagram:

A neural network (NN) is a family of functions

parametrised by          . θ ∈ R
n

<latexit sha1_base64="VmfSc7vYWduH+ufSovYlL6pKC6I=">AAAB/nicdVDLSgMxFM3UV62vqrhyEyyCqzKdPt0V3LisYh/QqSWTpm1oJjMkd4QyFPwVNy4Ucet3uPNvzLQVVPRA4HDOvdyT44WCa7DtDyu1srq2vpHezGxt7+zuZfcPWjqIFGVNGohAdTyimeCSNYGDYJ1QMeJ7grW9yUXit++Y0jyQNzANWc8nI8mHnBIwUj975MKYAXG5dH0CY8+Lr2e3Rs/Z+fNaxSk72M7bdtUpVhLiVEtOEReMkiCHlmj0s+/uIKCRzyRQQbTuFuwQejFRwKlgs4wbaRYSOiEj1jVUEp/pXjyPP8OnRhngYaDMk4Dn6veNmPhaT33PTCYZ9W8vEf/yuhEMa72YyzACJuni0DASGAKcdIEHXDEKYmoIoYqbrJiOiSIUTGMZU8LXT/H/pOXkC6V8+aqUq9eXdaTRMTpBZ6iAqqiOLlEDNRFFMXpAT+jZurcerRfrdTGaspY7h+gHrLdPMFqWTA==</latexit>

Fθ : R
din

→ R
dout

<latexit sha1_base64="TL4PeE+jgA2sQ0TFe6jcLlVhCF8="></latexit>

x → Fθ(x)

<latexit sha1_base64="rfkX66DevulitYVSxe+VI/rf43A="></latexit>

∈

<latexit sha1_base64="Xx9ftQz+0TEm/iaV5cUAqwdxyMI=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchSR9uiu4cVnRPqANZTKdtkMnkzAzEUroJ7hxoYhbv8idf+OkraCiBy4czrmXe+8JYs6UdpwPa219Y3NrO7eT393bPzgsHB23VZRIQlsk4pHsBlhRzgRtaaY57caS4jDgtBNMrzK/c0+lYpG407OY+iEeCzZiBGsj3faZGBSKjn1Zr3oVDzm249S8UjUjXq3slZBrlAxFWKE5KLz3hxFJQio04VipnuvE2k+x1IxwOs/3E0VjTKZ4THuGChxS5aeLU+fo3ChDNIqkKaHRQv0+keJQqVkYmM4Q64n67WXiX14v0aO6nzIRJ5oKslw0SjjSEcr+RkMmKdF8ZggmkplbEZlgiYk26eRNCF+fov9J27Pdsl25KRcbjVUcOTiFM7gAF2rQgGtoQgsIjOEBnuDZ4taj9WK9LlvXrNXMCfyA9fYJsZWOFQ==</latexit>

∈

<latexit sha1_base64="Xx9ftQz+0TEm/iaV5cUAqwdxyMI=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchSR9uiu4cVnRPqANZTKdtkMnkzAzEUroJ7hxoYhbv8idf+OkraCiBy4czrmXe+8JYs6UdpwPa219Y3NrO7eT393bPzgsHB23VZRIQlsk4pHsBlhRzgRtaaY57caS4jDgtBNMrzK/c0+lYpG407OY+iEeCzZiBGsj3faZGBSKjn1Zr3oVDzm249S8UjUjXq3slZBrlAxFWKE5KLz3hxFJQio04VipnuvE2k+x1IxwOs/3E0VjTKZ4THuGChxS5aeLU+fo3ChDNIqkKaHRQv0+keJQqVkYmM4Q64n67WXiX14v0aO6nzIRJ5oKslw0SjjSEcr+RkMmKdF8ZggmkplbEZlgiYk26eRNCF+fov9J27Pdsl25KRcbjVUcOTiFM7gAF2rQgGtoQgsIjOEBnuDZ4taj9WK9LlvXrNXMCfyA9fYJsZWOFQ==</latexit>



Usually, a neural network is formed from smaller building blocks

, where               ,f
(i)
θi

: R
di−1

→ R
di

<latexit sha1_base64="LOwaZx9eQAU6IYTxo/ySsUpHg/8="></latexit>

i = 1, . . . , δ

<latexit sha1_base64="7I7eOfT6SPaGGZ7mXe/xFr+eGDo=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwUEoiFb0IBS8eK9gPaELZbDbt0s0m7E7EEvpXvHhQxKt/xJv/xm2bg7Y+GHi8N8PMvCAVXIPjfFtr6xubW9ulnfLu3v7BoX1U6egkU5S1aSIS1QuIZoJL1gYOgvVSxUgcCNYNxrczv/vIlOaJfIBJyvyYDCWPOCVgpIFd4TduzRNhAhrXvJAJIAO76tSdOfAqcQtSRQVaA/vLCxOaxUwCFUTrvuuk4OdEAaeCTctepllK6JgMWd9QSWKm/Xx++xSfGSXEUaJMScBz9fdETmKtJ3FgOmMCI73szcT/vH4G0bWfc5lmwCRdLIoygSHBsyBwyBWjICaGEKq4uRXTEVGEgomrbEJwl19eJZ2LutuoX943qs1mEUcJnaBTdI5cdIWa6A61UBtR9ISe0St6s6bWi/VufSxa16xi5hj9gfX5A7yGk5w=</latexit>

As a diagram:

R
din

3 x

<latexit sha1_base64="2i8FU6goYI09u9Ao9vkcNJcFrzM=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUmkosuCG5dV7AOaGCaTSTt0MgkzE7GEbNz4K25cKOLWf3Dn3zhps9DWAxcO59zLvff4CaNSWda3UVlaXlldq67XNja3tnfM3b2ujFOBSQfHLBZ9H0nCKCcdRRUj/UQQFPmM9PzxZeH37omQNOa3apIQN0JDTkOKkdKSZx46EVIj389u8rss8DJHRJDyPHc4hQ+eWbca1hRwkdglqYMSbc/8coIYpxHhCjMk5cC2EuVmSCiKGclrTipJgvAYDclAU44iIt1s+kUOj7USwDAWuriCU/X3RIYiKSeRrzuLm+W8V4j/eYNUhRduRnmSKsLxbFGYMqhiWEQCAyoIVmyiCcKC6lshHiGBsNLB1XQI9vzLi6R72rCbjbPrZr3VKuOoggNwBE6ADc5BC1yBNugADB7BM3gFb8aT8WK8Gx+z1opRzuyDPzA+fwALzJjr</latexit>

. . . . f
(δ)
θδ

<latexit sha1_base64="IJdAa/DD7fLmztpTYUUymWtGIFk=">AAACBXicbVA9SwNBEN2LXzF+nVpqcRiE2IQ7iWgZsLGMYD4gOY+9zVyyZO+D3TkhHGls/Cs2ForY+h/s/Ddukis08cHA470ZZub5ieAKbfvbKKysrq1vFDdLW9s7u3vm/kFLxalk0GSxiGXHpwoEj6CJHAV0Egk09AW0/dH11G8/gFQ8ju5wnIAb0kHEA84oaskzj4P7rNLrg0B6NvGyHg4BqTcXJp5Ztqv2DNYycXJSJjkanvnV68csDSFCJqhSXcdO0M2oRM4ETEq9VEFC2YgOoKtpRENQbjb7YmKdaqVvBbHUFaE1U39PZDRUahz6ujOkOFSL3lT8z+umGFy5GY+SFCFi80VBKiyMrWkkVp9LYCjGmlAmub7VYkMqKUMdXEmH4Cy+vExa51WnVr24rZXr9TyOIjkiJ6RCHHJJ6uSGNEiTMPJInskreTOejBfj3fiYtxaMfOaQ/IHx+QPRiJjK</latexit>

f
(2)
θ2

<latexit sha1_base64="1IR1Wt/nn6eMq/h+oM2v34tN2L0=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSxCvZSkVPRY8OKxgv2AtobNdtMu3WzC7kQsIX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zM82PBNTjOt1XY2Nza3inulvb2Dw6P7ONyR0eJoqxNIxGpnk80E1yyNnAQrBcrRkJfsK4/vZn73UemNI/kPcxiNgzJWPKAUwJG8uxy8JBW6xeZlw5gwoB49cyzK07NWQCvEzcnFZSj5dlfg1FEk5BJoIJo3XedGIYpUcCpYFlpkGgWEzolY9Y3VJKQ6WG6uD3D50YZ4SBSpiTghfp7IiWh1rPQN50hgYle9ebif14/geB6mHIZJ8AkXS4KEoEhwvMg8IgrRkHMDCFUcXMrphOiCAUTV8mE4K6+vE469ZrbqF3eNSrNZh5HEZ2iM1RFLrpCTXSLWqiNKHpCz+gVvVmZ9WK9Wx/L1oKVz5ygP7A+fwBVhZP+</latexit>

f
(1)
θ1

<latexit sha1_base64="PsH4XF+BYRoWf6NczCv8kMkNl6M=">AAAB+3icbVBNS8NAEN34WetXrEcvi0Wol5JIRY8FLx4r2A9oY9hsN+3SzSbsTsQS8le8eFDEq3/Em//GbZuDtj4YeLw3w8y8IBFcg+N8W2vrG5tb26Wd8u7e/sGhfVTp6DhVlLVpLGLVC4hmgkvWBg6C9RLFSBQI1g0mNzO/+8iU5rG8h2nCvIiMJA85JWAk366ED1nNPc/9bABjBsR3c9+uOnVnDrxK3IJUUYGWb38NhjFNIyaBCqJ133US8DKigFPB8vIg1SwhdEJGrG+oJBHTXja/PcdnRhniMFamJOC5+nsiI5HW0ygwnRGBsV72ZuJ/Xj+F8NrLuExSYJIuFoWpwBDjWRB4yBWjIKaGEKq4uRXTMVGEgomrbEJwl19eJZ2LutuoX941qs1mEUcJnaBTVEMuukJNdItaqI0oekLP6BW9Wbn1Yr1bH4vWNauYOUZ/YH3+AFJvk/w=</latexit>

Fθ(x) ∈ R
dout

<latexit sha1_base64="/on0x9reMUDnNxkwiz+mN+bt4ds=">AAACD3icbVDLSsNAFJ34rPUVdelmsCh1UxKp6LIgiMsq9gFNDZPptB06mYSZG7GE/IEbf8WNC0XcunXn3zh9LLT1wIXDOfdy7z1BLLgGx/m2FhaXlldWc2v59Y3NrW17Z7euo0RRVqORiFQzIJoJLlkNOAjWjBUjYSBYIxhcjPzGPVOaR/IWhjFrh6QneZdTAkby7aNL34M+A1J8OPa49EIC/SBIb7K7tOOnngpxlECW+XbBKTlj4HniTkkBTVH17S+vE9EkZBKoIFq3XCeGdkoUcCpYlvcSzWJCB6THWoZKEjLdTsf/ZPjQKB3cjZQpCXis/p5ISaj1MAxM5+hePeuNxP+8VgLd83bKZZwAk3SyqJsIDBEehYM7XDEKYmgIoYqbWzHtE0UomAjzJgR39uV5Uj8pueXS6XW5UKlM48ihfXSAishFZ6iCrlAV1RBFj+gZvaI368l6sd6tj0nrgjWd2UN/YH3+AK9MnRg=</latexit>

R
d1

<latexit sha1_base64="KjtH0xWxvoYCNiX7arvgGIMJfyM=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCp5JIRY8FLx6r2FpoY9hsNu3SzSbsbgol9J948aCIV/+JN/+NmzYHbR1YGGbe481OkHKmtON8W5W19Y3Nrep2bWd3b//APjzqqiSThHZIwhPZC7CinAna0Uxz2kslxXHA6WMwvin8xwmViiXiQU9T6sV4KFjECNZG8m17EGM9CoL8fvaUh7478+2603DmQKvELUkdSrR9+2sQJiSLqdCEY6X6rpNqL8dSM8LprDbIFE0xGeMh7RsqcEyVl8+Tz9CZUUIUJdI8odFc/b2R41ipaRyYySKnWvYK8T+vn+no2suZSDNNBVkcijKOdIKKGlDIJCWaTw3BRDKTFZERlphoU1bNlOAuf3mVdC8abrNxedest1plHVU4gVM4BxeuoAW30IYOEJjAM7zCm5VbL9a79bEYrVjlzjH8gfX5A6vbk68=</latexit>

R
d2

<latexit sha1_base64="0Iue86cfJuD0ENKfYcvj7JOTBPU=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVZJS0WXBjcsq9gFtDJPJpB06mYSZSaGE/IkbF4q49U/c+TdO2iy09cDA4Zx7uWeOnzAqlW1/G5WNza3tnepubW//4PDIPD7pyTgVmHRxzGIx8JEkjHLSVVQxMkgEQZHPSN+f3hZ+f0aEpDF/VPOEuBEacxpSjJSWPNMcRUhNfD97yJ+ywGvmnlm3G/YC1jpxSlKHEh3P/BoFMU4jwhVmSMqhYyfKzZBQFDOS10apJAnCUzQmQ005ioh0s0Xy3LrQSmCFsdCPK2uh/t7IUCTlPPL1ZJFTrnqF+J83TFV442aUJ6kiHC8PhSmzVGwVNVgBFQQrNtcEYUF1VgtPkEBY6bJqugRn9cvrpNdsOK3G1X2r3m6XdVThDM7hEhy4hjbcQQe6gGEGz/AKb0ZmvBjvxsdytGKUO6fwB8bnD61gk7A=</latexit>

R
dδ−1

<latexit sha1_base64="lTo+WAdzi0Ms+uHbJkcGBoEmN+g=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEN5ZEKrosuHFZxT6giWEymbRDJ5MwMxFKCG78FTcuFHHrV7jzb5y0WWjrgQuHc+7l3nv8hFGpLOvbqCwtr6yuVddrG5tb2zvm7l5XxqnApINjFou+jyRhlJOOooqRfiIIinxGev74qvB7D0RIGvM7NUmIG6EhpyHFSGnJMw+cCKmR72e3+X0WeJkTEKbQqZ3nnlm3GtYUcJHYJamDEm3P/HKCGKcR4QozJOXAthLlZkgoihnJa04qSYLwGA3JQFOOIiLdbPpCDo+1EsAwFrq4glP190SGIiknka87i4PlvFeI/3mDVIWXbkZ5kirC8WxRmDKoYljkAQMqCFZsognCgupbIR4hgbDSqdV0CPb8y4uke9awm43zm2a91SrjqIJDcAROgA0uQAtcgzboAAwewTN4BW/Gk/FivBsfs9aKUc7sgz8wPn8AogOXlA==</latexit>

depth of NN

-> “deep learning”

layers of NN

width of NN

Building blocks of NNs

by function composition, so

Fθ = f
(δ)
θδ

� · · · � f
(2)
θ2

� f
(1)
θ1

: R
d0

! R
dδ

<latexit sha1_base64="HMgL02zwtuJDtH4XiuswWlhBgSw="></latexit>

θ = (θ1, . . . , θδ), din = d0, dout = dδ

<latexit sha1_base64="MnoeuxzTf1C8Kb6dGUcO9DWKKWw="></latexit>

where                                           .



Example of building block - affine layer and activation

x 7!

<latexit sha1_base64="h1YNK9mc+H/4yP+g43OUUxQ6xG4=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0mkouCl4MVjBfsBSSib7aZdupsNuxOxhP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0oFN+C6305pbX1jc6u8XdnZ3ds/qB4edYzKNGVtqoTSvYgYJnjC2sBBsF6qGZGRYN1ofDvzu49MG66SB5ikLJRkmPCYUwJW8p+CGxxIkhpQ/WrNrbtz4FXiFaSGCrT61a9goGgmWQJUEGN8z00hzIkGTgWbVoLMsJTQMRky39KESGbCfH7yFJ9ZZYBjpW0lgOfq74mcSGMmMrKdksDILHsz8T/PzyC+DnOepBmwhC4WxZnAoPDsfzzgmlEQE0sI1dzeiumIaELBplSxIXjLL6+SzkXda9Qv7xu1ZrOIo4xO0Ck6Rx66Qk10h1qojShS6Bm9ojcHnBfn3flYtJacYuYY/YHz+QP2GZEN</latexit>

A common layer is an affine transformation followed by a function which

acts in the same way on each vector component:

fW,b(x) = σ(Wx+ b)

<latexit sha1_base64="lz4PNSUU0n8NgmjkiiXQZ6zUdf4=">AAACAHicbVBNS8NAEN3Ur1q/oh48eAkWoUUpiVT0IhS8eKxgm0Ibwma7aZfubsLuRlpCLv4VLx4U8erP8Oa/cdvmoK0PBh7vzTAzL4gpkcq2v43Cyura+kZxs7S1vbO7Z+4ftGWUCIRbKKKR6ARQYko4bimiKO7EAkMWUOwGo9up7z5iIUnEH9Qkxh6DA05CgqDSkm8ehX7qngdZZVy96UkyYLDijs+Cqm+W7Zo9g7VMnJyUQY6mb371+hFKGOYKUShl17Fj5aVQKIIozkq9ROIYohEc4K6mHDIsvXT2QGadaqVvhZHQxZU1U39PpJBJOWGB7mRQDeWiNxX/87qJCq+9lPA4UZij+aIwoZaKrGkaVp8IjBSdaAKRIPpWCw2hgEjpzEo6BGfx5WXSvqg59drlfb3caORxFMExOAEV4IAr0AB3oAlaAIEMPINX8GY8GS/Gu/Exby0Y+cwh+APj8wf0FpVZ</latexit>

fW,b : R
d
→ R

d̃

<latexit sha1_base64="daKZ6ICeZt9y8960E4L+elDI+pg=">AAACHnicbVDLSsNAFJ34rPUVdekmWAQXUhJpUVwV3LisYh/QxDCZTNqhkwczN0oJ+RI3/oobF4oIrvRvnLRd1NYDFw7n3Mu993gJZxJM80dbWl5ZXVsvbZQ3t7Z3dvW9/baMU0Foi8Q8Fl0PS8pZRFvAgNNuIigOPU473vCq8DsPVEgWR3cwSqgT4n7EAkYwKMnV64GbdU69/NIOMQw8L7vN731bsP4AsBDx44yc2cC4TzM/z129YlbNMYxFYk1JBU3RdPUv249JGtIICMdS9iwzASfDAhjhNC/bqaQJJkPcpz1FIxxS6WTj93LjWCm+EcRCVQTGWJ2dyHAo5Sj0VGdxrZz3CvE/r5dCcOFkLEpSoBGZLApSbkBsFFkZPhOUAB8pgolg6laDDLDABFSiZRWCNf/yImmfVa1atX5TqzQa0zhK6BAdoRNkoXPUQNeoiVqIoCf0gt7Qu/asvWof2uekdUmbzhygP9C+fwEA5KRO</latexit>

θ = (W, b)

<latexit sha1_base64="9MJTDWKej4RsHIYpQYvNCPMGJb4=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQQcKuRPQiBLx4jGAekF3C7GQ2GTL7YKZXCEt+w4sHRbz6M978GyfJHjSxoKGo6qa7y0+k0Gjb31ZhbX1jc6u4XdrZ3ds/KB8etXWcKsZbLJax6vpUcyki3kKBkncTxWnoS97xx3czv/PElRZx9IiThHshHUYiEIyikVwXRxzpbbVz4Z/3yxW7Zs9BVomTkwrkaPbLX+4gZmnII2SSat1z7AS9jCoUTPJpyU01Tygb0yHvGRrRkGsvm988JWdGGZAgVqYiJHP190RGQ60noW86Q4ojvezNxP+8XorBjZeJKEmRR2yxKEglwZjMAiADoThDOTGEMiXMrYSNqKIMTUwlE4Kz/PIqaV/WnHrt6qFeaTTyOIpwAqdQBQeuoQH30IQWMEjgGV7hzUqtF+vd+li0Fqx85hj+wPr8AchckN0=</latexit>

weights,

      matrixd̃× d

<latexit sha1_base64="OxfsHQYQdX8Jz6iFym3+1JHbV6E=">AAAB+nicdVDLSsNAFJ3UV62vVJduBovgKiTp013BjcsKthbaUCaTSTt0MgkzE6XEfoobF4q49Uvc+TdO2goqeuDC4Zx7ufceP2FUKtv+MApr6xubW8Xt0s7u3v6BWT7syTgVmHRxzGLR95EkjHLSVVQx0k8EQZHPyI0/vcj9m1siJI35tZolxIvQmNOQYqS0NDLLQ0VZQLJgrklEJAxGZsW2zlsNt+5C27Ltpltt5MRt1twqdLSSowJW6IzM92EQ4zQiXGGGpBw4dqK8DAlFMSPz0jCVJEF4isZkoClHeo2XLU6fw1OtBDCMhS6u4EL9PpGhSMpZ5OvOCKmJ/O3l4l/eIFVhy8soT1JFOF4uClMGVQzzHGBABcGKzTRBWFB9K8QTJBBWOq2SDuHrU/g/6bmWU7PqV7VKu72KowiOwQk4Aw5ogja4BB3QBRjcgQfwBJ6Ne+PReDFel60FYzVzBH7AePsE4o+Uaw==</latexit>

biases,
∈ R

d̃

<latexit sha1_base64="rj35eL1W7m2T9QvJztm2EmDwNC0=">AAACAnicdVDLSsNAFJ34rPVVdSVuBovgKqTp013Bjcsq9gFNLZPJpB06mYSZiVBCcOOvuHGhiFu/wp1/46StoKIHLhzOuZd773EjRqWyrA9jaXlldW09t5Hf3Nre2S3s7XdkGAtM2jhkoei5SBJGOWkrqhjpRYKgwGWk607OM797S4SkIb9W04gMAjTi1KcYKS0NC4cO5U6A1Nh1k6v0JnEUZR5JvDQdFoqWedao2VUbWqZl1e1yLSN2vWKXYUkrGYpggdaw8O54IY4DwhVmSMp+yYrUIEFCUcxImndiSSKEJ2hE+ppyFBA5SGYvpPBEKx70Q6GLKzhTv08kKJByGri6M7tW/vYy8S+vHyu/MUgoj2JFOJ4v8mMGVQizPKBHBcGKTTVBWFB9K8RjJBBWOrW8DuHrU/g/6dhmqWJWLyvFZnMRRw4cgWNwCkqgDprgArRAG2BwBx7AE3g27o1H48V4nbcuGYuZA/ADxtsnxMiYVg==</latexit>

activation fct., e.g. logistic sigmoid: σ(z) =
1

1 + e
−z

<latexit sha1_base64="JMr4BfQn4Gn1qsq4cdTqG2kCq3U=">AAACBXicbVDLSgMxFM3UV62vUZe6CBahIpYZqehGKLhxWcE+oFNLJs3U0CQzJBmhHWbjxl9x40IRt/6DO//GtJ2Fth64cDjnXu69x48YVdpxvq3cwuLS8kp+tbC2vrG5ZW/vNFQYS0zqOGShbPlIEUYFqWuqGWlFkiDuM9L0B1djv/lApKKhuNXDiHQ46gsaUIy0kbr2vqdon6PS6OjSCyTCiZsm7jG5S05Gadq1i07ZmQDOEzcjRZCh1rW/vF6IY06Exgwp1XadSHcSJDXFjKQFL1YkQniA+qRtqECcqE4y+SKFh0bpwSCUpoSGE/X3RIK4UkPum06O9L2a9cbif1471sFFJ6EiijUReLooiBnUIRxHAntUEqzZ0BCEJTW3QnyPTBjaBFcwIbizL8+TxmnZrZTPbirFajWLIw/2wAEoARecgyq4BjVQBxg8gmfwCt6sJ+vFerc+pq05K5vZBX9gff4At7aYFQ==</latexit>
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σ(z)
``fully connected network”:

Fθ = fWδ,bδ � · · · � fW2,b2 � fW1,b1

<latexit sha1_base64="1mSDrd2KjxHyJzfKjUIUnYgv5/M="></latexit>



R
din

3 x

<latexit sha1_base64="2i8FU6goYI09u9Ao9vkcNJcFrzM=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUmkosuCG5dV7AOaGCaTSTt0MgkzE7GEbNz4K25cKOLWf3Dn3zhps9DWAxcO59zLvff4CaNSWda3UVlaXlldq67XNja3tnfM3b2ujFOBSQfHLBZ9H0nCKCcdRRUj/UQQFPmM9PzxZeH37omQNOa3apIQN0JDTkOKkdKSZx46EVIj389u8rss8DJHRJDyPHc4hQ+eWbca1hRwkdglqYMSbc/8coIYpxHhCjMk5cC2EuVmSCiKGclrTipJgvAYDclAU44iIt1s+kUOj7USwDAWuriCU/X3RIYiKSeRrzuLm+W8V4j/eYNUhRduRnmSKsLxbFGYMqhiWEQCAyoIVmyiCcKC6lshHiGBsNLB1XQI9vzLi6R72rCbjbPrZr3VKuOoggNwBE6ADc5BC1yBNugADB7BM3gFb8aT8WK8Gx+z1opRzuyDPzA+fwALzJjr</latexit>

Fθ(x) ∈ R
dout

<latexit sha1_base64="/on0x9reMUDnNxkwiz+mN+bt4ds=">AAACD3icbVDLSsNAFJ34rPUVdelmsCh1UxKp6LIgiMsq9gFNDZPptB06mYSZG7GE/IEbf8WNC0XcunXn3zh9LLT1wIXDOfdy7z1BLLgGx/m2FhaXlldWc2v59Y3NrW17Z7euo0RRVqORiFQzIJoJLlkNOAjWjBUjYSBYIxhcjPzGPVOaR/IWhjFrh6QneZdTAkby7aNL34M+A1J8OPa49EIC/SBIb7K7tOOnngpxlECW+XbBKTlj4HniTkkBTVH17S+vE9EkZBKoIFq3XCeGdkoUcCpYlvcSzWJCB6THWoZKEjLdTsf/ZPjQKB3cjZQpCXis/p5ISaj1MAxM5+hePeuNxP+8VgLd83bKZZwAk3SyqJsIDBEehYM7XDEKYmgIoYqbWzHtE0UomAjzJgR39uV5Uj8pueXS6XW5UKlM48ihfXSAishFZ6iCrlAV1RBFj+gZvaI368l6sd6tj0nrgjWd2UN/YH3+AK9MnRg=</latexit>

(W1, b1)

<latexit sha1_base64="JC3DJQToSK7zoJ8xKNAlHoLSz4k=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpRdqeix4MVjBfsh7bJk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2E49uZ33miSrNYPphJQn2Bh5JFjGBjpcdqJ/AuwsA7D8oVt+bOgVaJl5MK5GgG5a/+ICapoNIQjrXueW5i/Awrwwin01I/1TTBZIyHtGepxIJqP5sfPEVnVhmgKFa2pEFz9fdEhoXWExHaToHNSC97M/E/r5ea6MbPmExSQyVZLIpSjkyMZt+jAVOUGD6xBBPF7K2IjLDCxNiMSjYEb/nlVdK+rHn12tV9vdJo5HEU4QROoQoeXEMD7qAJLSAg4Ble4c1Rzovz7nwsWgtOPnMMf+B8/gDt2I8w</latexit>

(W2, b2)

<latexit sha1_base64="nHVxR+gz8LejBM0Q5EQYpj2Q+/w=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJUkLJbKnosePFYwX5IuyzZNNuGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzwoQzbVz321lb39jc2i7sFHf39g8OS0fHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbC8e3M7zxRpVksH8wkob7AQ8kiRrCx0mOlE9Quw6B2EZTKbtWdA60SLydlyNEMSl/9QUxSQaUhHGvd89zE+BlWhhFOp8V+qmmCyRgPac9SiQXVfjY/eIrOrTJAUaxsSYPm6u+JDAutJyK0nQKbkV72ZuJ/Xi810Y2fMZmkhkqyWBSlHJkYzb5HA6YoMXxiCSaK2VsRGWGFibEZFW0I3vLLq6Rdq3r16tV9vdxo5HEU4BTOoAIeXEMD7qAJLSAg4Ble4c1Rzovz7nwsWtecfOYE/sD5/AHw5o8y</latexit>

(W3, b3)

<latexit sha1_base64="FG/LFRyctz3SlmmmvoQnAHNM1hI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpRdW9FjwYvHCvZD2mXJptk2NMkuSVYopb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPOtHHdbye3tr6xuZXfLuzs7u0fFA+PWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2Ho9uZ336iSrNYPphxQn2BB5JFjGBjpcdyO6hehEH1PCiW3Io7B1olXkZKkKERFL96/ZikgkpDONa667mJ8SdYGUY4nRZ6qaYJJiM8oF1LJRZU+5P5wVN0ZpU+imJlSxo0V39PTLDQeixC2ymwGeplbyb+53VTE934EyaT1FBJFouilCMTo9n3qM8UJYaPLcFEMXsrIkOsMDE2o4INwVt+eZW0LiterXJ1XyvV61kceTiBUyiDB9dQhztoQBMICHiGV3hzlPPivDsfi9ack80cwx84nz/z9I80</latexit>

(W4, b4)

<latexit sha1_base64="l0QXwCgIfY8WqcPaHZpatc72UVU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpRdWdFjwYvHCvZD2mXJptk2NMkuSVYopb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMi1LOtHHdb6ewtr6xuVXcLu3s7u0flA+PWjrJFKFNkvBEdSKsKWeSNg0znHZSRbGIOG1Ho9uZ336iSrNEPphxSgOBB5LFjGBjpcdqO/QvotA/D8sVt+bOgVaJl5MK5GiE5a9ePyGZoNIQjrXuem5qgglWhhFOp6VepmmKyQgPaNdSiQXVwWR+8BSdWaWP4kTZkgbN1d8TEyy0HovIdgpshnrZm4n/ed3MxDfBhMk0M1SSxaI448gkaPY96jNFieFjSzBRzN6KyBArTIzNqGRD8JZfXiWty5rn167u/Uq9nsdRhBM4hSp4cA11uIMGNIGAgGd4hTdHOS/Ou/OxaC04+cwx/IHz+QP3Ao82</latexit>

A fully-connected network is often drawn as:

``A composition of affine transformations with mild non-linearities from

the activation function”. One layer -> perceptron.

Universal approximation theorem: For non-polynomial   every continuous

function can be approximated to arbitrary accuracy by a fully-connected 
NN, for sufficiently large width. 

σ

<latexit sha1_base64="aMZZLRLNFFctfwuM4TLoQoOL8SE=">AAAB7XicdVDJSgNBEO2JW4xb1KOXxiB4GiZjNm8BLx4jmAWSIfR0epI2vQzdPUIY8g9ePCji1f/x5t/Yk0RQ0QcFj/eqqKoXxoxq43kfTm5tfWNzK79d2Nnd2z8oHh51tEwUJm0smVS9EGnCqCBtQw0jvVgRxENGuuH0KvO790RpKsWtmcUk4GgsaEQxMlbqDDQdczQsljz3slHzqz70XM+r+xe1jPj1in8By1bJUAIrtIbF98FI4oQTYTBDWvfLXmyCFClDMSPzwiDRJEZ4isakb6lAnOggXVw7h2dWGcFIKlvCwIX6fSJFXOsZD20nR2aif3uZ+JfXT0zUCFIq4sQQgZeLooRBI2H2OhxRRbBhM0sQVtTeCvEEKYSNDahgQ/j6FP5POr5brrjVm0qp2VzFkQcn4BScgzKogya4Bi3QBhjcgQfwBJ4d6Tw6L87rsjXnrGaOwQ84b58BVY9t</latexit>



Example of building block - transformer block

fθ : R
n×d

−→ R
n×d

<latexit sha1_base64="93LVBko3XJ3lzlw6xMnNPUKFmBk=">AAACLXicbVDLSgNBEJyNrxhfUY9eBoPgKexKRPEU0IPHKOYB2RhmJ7PJkNmZZaZXCUt+yIu/IoKHiHj1N5w8DpqkoKGo6qa7K4gFN+C6Iyezsrq2vpHdzG1t7+zu5fcPakYlmrIqVULpRkAME1yyKnAQrBFrRqJAsHrQvx779SemDVfyAQYxa0WkK3nIKQErtfM3YduHHgNy5UcEekGQ3g8fU+kDj5jBnaEvlOxq3u0B0Vo9L29q5wtu0Z0ALxJvRgpohko7/+53FE0iJoEKYkzTc2NopUQDp4INc35iWExon3RZ01JJ7J5WOvl2iE+s0sGh0rYk4In6dyIlkTGDKLCd42vNvDcWl3nNBMLLVsplnACTdLooTAQGhcfR4Q7XjIIYWEKo5vZWTHtEEwo24JwNwZt/eZHUzopeqXh+VyqUy7M4sugIHaNT5KELVEa3qIKqiKIX9IZG6NN5dT6cL+d72ppxZjOH6B+cn1+k3KrT</latexit>

(x1, . . . ,xn) 7! (z1, . . . , zn)

<latexit sha1_base64="hXbAVKz9hjoW2yXgVSBOwteW+QE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAgVSkmkosuiG5cV7AOaECbTSTt0MgkzE7EN/R83/ooLXfjArf/hpI2grQcGDuecy517/JhRqSzr3VhaXlldWy9sFDe3tnd2zb39lowSgUkTRywSHR9JwignTUUVI51YEBT6jLT94VXmt++IkDTit2oUEzdEfU4DipHSkmdellPHD+D9xLMrDutFSsLKj8JPnBDFUkVwFhovhMZZyDNLVtWaAi4SOyclkKPhmc9OL8JJSLjCDEnZta1YuSkSimJGJkUnkSRGeIj6pKspRyGRbjq9dQKPtdKDQST04wpO1d8TKQqlHIW+ToZIDeS8l4n/ed1EBRduSnmcKMLxbFGQMKjPz4qDPSoIVmykCcKC6r9CPEACYaXrLeoS7PmTF0nrtGrXqmc3tVK9ntdRAIfgCJSBDc5BHVyDBmgCDB7AE3gFb8aj8WJ8GJ+z6JKRzxyAPzC+vgE8sqZ5</latexit>

A transformer block is a family of functions

Q(h)(xi) = W T
h,qxi, K(h)(xi) = W T

h,kxi, V (h)(xi) = W T
h,vxi, Wh,q,Wh,k,Wh,v 2 R

d⇥k,

α
(h)
i,j = softmaxj

 

hQ(h)(xi),K
(h)(xj)ip

k

!

,

u
0

i =

H
X

h=1

W T
c,h

n
X

j=1

α
(h)
i,j V

(h)(xj), Wc,h 2 R
k⇥d,

ui = LayerNorm(xi + u
0

i; γ1,β1), γ1,β1 2 R
d,

z
0

i = W T
2 ReLU(W T

1 ui), W1 2 R
d⇥m,W2 2 R

m⇥d,

zi = LayerNorm(ui + z
0

i; γ2,β2), γ2,β2 2 R
d.

defined by

dot product

``attention”

Large language models, such as GPT3/4, consist of a composition of 

transformer blocks.

(From note by John Thickstun)



What are neural networks for?

A: To approximate functions                    . g : R
din

→ R
dout

<latexit sha1_base64="eqydGyG6xSuWE40yZd03pN8i7g4=">AAACJXicbVDLSgMxFM3UV62vqks3wSK4KjNSUcRFwY3LKvYBnVoyadqGZpIhuaOUYX7Gjb/ixoVFBFf+iuljoW0PBA7nnEvuPUEkuAHX/XYyK6tr6xvZzdzW9s7uXn7/oGZUrCmrUiWUbgTEMMElqwIHwRqRZiQMBKsHg5uxX39i2nAlH2AYsVZIepJ3OSVgpXb+unflhwT6QZDcp49Jp534OsRcpqmvea8PRGv1vCShYkjTdr7gFt0J8CLxZqSAZqi08yO/o2gcMglUEGOanhtBKyEaOBUszfmxYRGhA9JjTUslCZlpJZMrU3xilQ7uKm2fBDxR/04kJDRmGAY2Od7XzHtjcZnXjKF72Uq4jGJgkk4/6sYCg8LjynCHa0ZBDC0hVHO7K6Z9ogkFW2zOluDNn7xIamdFr1Q8vysVyuVZHVl0hI7RKfLQBSqjW1RBVUTRC3pDH2jkvDrvzqfzNY1mnNnMIfoH5+cXGUSnfg==</latexit>

θ

<latexit sha1_base64="djUw4O06OhMxVEpg5TP7Rzh9/2c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uzjkSHvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qmjCbTiZXzslZ07pk1gbVwrJXP09MaGJteMkcp0JxaFd9mbif14nw/gmnAiVZsgVWyyKM0lQk9nrpC8MZyjHjlBmhLuVsCE1lKELqORCCJZfXiXNi2pwWb26v6zUankcRTiBUziHAK6hBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyB9/kDpfWPLg==</latexit>

• Perform a gradient descent, i.e. iteratively change   by 

θ 7! θ � λrθLg(θ)

<latexit sha1_base64="PkZLjFEnj7pKQwFnBhfBziTb/ds=">AAACIHicbVBNSwMxEM36WetX1aOXYBEUtOxKRY8FLx48VLBV6C7LbJq2wWx2SWaFsvhTvPhXvHhQRG/6a0y7PWj1QeDlvZlJ5kWpFAZd99OZmZ2bX1gsLZWXV1bX1isbm22TZJrxFktkom8iMFwKxVsoUPKbVHOII8mvo9uzkX99x7URibrCYcqDGPpK9AQDtFJYOfFxwBH8GFKDCS1uh760E7rgH/gKIglhIdOLsL9X0P2wUnVr7hj0L/EmpEomaIaVD7+bsCzmCpkEYzqem2KQg0bBJL8v+5nhKbBb6POOpQpiboJ8vOA93bVKl/YSbY9COlZ/duQQGzOMI1sZAw7MtDcS//M6GfZOg1yoNEOuWPFQL5PURjFKi3aF5gzl0BJgWti/UjYADQxtpmUbgje98l/SPqp59drxZb3aaEziKJFtskP2iEdOSIOckyZpEUYeyBN5Ia/Oo/PsvDnvRemMM+nZIr/gfH0D2RCjXQ==</latexit>

learning rate

This is usually achieved by the following steps:

Lg(θ) ∈ R

<latexit sha1_base64="1EdOv7hdTg8WOEHbgWwVRlOflyw=">AAACAXicbVBNS8NAEN34WetX1IvgJViEeimJVPRY8OLBQxX7AU0Im+2mXbrZhN2JUEK9+Fe8eFDEq//Cm//GTZuDtj4YeLw3w8y8IOFMgW1/G0vLK6tr66WN8ubW9s6uubffVnEqCW2RmMeyG2BFORO0BQw47SaS4ijgtBOMrnK/80ClYrG4h3FCvQgPBAsZwaAl3zy88QdVF4YU8KnLhBthGAZBdjfxzYpds6ewFolTkAoq0PTNL7cfkzSiAgjHSvUcOwEvwxIY4XRSdlNFE0xGeEB7mgocUeVl0w8m1olW+lYYS10CrKn6eyLDkVLjKNCd+YVq3svF/7xeCuGllzGRpEAFmS0KU25BbOVxWH0mKQE+1gQTyfStFhliiQno0Mo6BGf+5UXSPqs59dr5bb3SaBRxlNAROkZV5KAL1EDXqIlaiKBH9Ixe0ZvxZLwY78bHrHXJKGYO0B8Ynz8xK5a9</latexit>

• Define a ``loss function”            . 

• Randomly initialise the parameters   of the NN    . θ

<latexit sha1_base64="djUw4O06OhMxVEpg5TP7Rzh9/2c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uzjkSHvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qmjCbTiZXzslZ07pk1gbVwrJXP09MaGJteMkcp0JxaFd9mbif14nw/gmnAiVZsgVWyyKM0lQk9nrpC8MZyjHjlBmhLuVsCE1lKELqORCCJZfXiXNi2pwWb26v6zUankcRTiBUziHAK6hBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyB9/kDpfWPLg==</latexit>

Fθ

<latexit sha1_base64="PRXizAEywjo39Tnpn99fuMbNA8I=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0mkoseCIB4r2A9oQ9lsJ+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqOTR5LGPdCZgBKRQ0UaCETqKBRYGEdjC+mfntJ9BGxOoBJwn4ERsqEQrO0Eqd234PR4CsX664VXcOukq8nFRIjka//NUbxDyNQCGXzJiu5yboZ0yj4BKmpV5qIGF8zIbQtVSxCIyfze+d0jOrDGgYa1sK6Vz9PZGxyJhJFNjOiOHILHsz8T+vm2J47WdCJSmC4otFYSopxnT2PB0IDRzlxBLGtbC3Uj5imnG0EZVsCN7yy6ukdVH1atXL+1qlXs/jKJITckrOiUeuSJ3ckQZpEk4keSav5M15dF6cd+dj0Vpw8plj8gfO5w/uGo/n</latexit>

• The values    obtained in this way lead to an approximation for   , i.e.   θ0

<latexit sha1_base64="CeLl0T6W2HNNUTr2cUcfUf2fMfU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHgxWMF+wFtKJvttF262cTdiVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJlIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbITMohcIGCZLYTjSyKJTYCse3M7/1hNqIWD3QJMEgYkMlBoIzslK7SyMk1vN65YpX9eZwV4mfkwrkqPfKX91+zNMIFXHJjOn4XkJBxjQJLnFa6qYGE8bHbIgdSxWL0ATZ/N6pe2aVvjuItS1F7lz9PZGxyJhJFNrOiNHILHsz8T+vk9LgJsiESlJCxReLBql0KXZnz7t9oZGTnFjCuBb2VpePmGacbEQlG4K//PIqaV5U/cvq1f1lpVbL4yjCCZzCOfhwDTW4gzo0gIOEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH83hj9E=</latexit>

g

<latexit sha1_base64="CZq9iwiq7P9tGzaBoZZzjHz1PPI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6tep1s1ap1/M4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDznOM8Q==</latexit>

g ∼ Fθ0

<latexit sha1_base64="e4O8J0l6+q+FZIT8FEUlrW10V2g=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIoseCIB4r2A9oQthsN+3SzSbsTsQS8le8eFDEq3/Em//GbZuDtj4YeLw3w8y8MBVcg+N8W5W19Y3Nrep2bWd3b//APqx3dZIpyjo0EYnqh0QzwSXrAAfB+qliJA4F64WTm5nfe2RK80Q+wDRlfkxGkkecEjBSYNdHnuYxvg1yD8YMSOAUgd1wms4ceJW4JWmgEu3A/vKGCc1iJoEKovXAdVLwc6KAU8GKmpdplhI6ISM2MFSSmGk/n99e4FOjDHGUKFMS8Fz9PZGTWOtpHJrOmMBYL3sz8T9vkEF07edcphkwSReLokxgSPAsCDzkilEQU0MIVdzciumYKELBxFUzIbjLL6+S7nnTvWhe3l80Wq0yjio6RifoDLnoCrXQHWqjDqLoCT2jV/RmFdaL9W59LForVjlzhP7A+vwBowSULw==</latexit>

``learning or training”



Supervised learning

• The function   is specified in terms of data                                      .  g

<latexit sha1_base64="CZq9iwiq7P9tGzaBoZZzjHz1PPI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6tep1s1ap1/M4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDznOM8Q==</latexit>

(xi, yi) ∈ R
din

× R
dout , i = 1, . . . , N

<latexit sha1_base64="ixT26XfI7zLDG803Zzl26ZT//NQ="></latexit>

• Define a loss, e.g. mean square loss L(θ) =
1

N

X

i

|Fθ(xi)− yi|
2

<latexit sha1_base64="F1oojRHkdeBjcOegFOy2mOecs2s=">AAACGXicbVDLSsNAFJ3UV62vqks3wSK0C0tSKroRCoK4EKlgH9DEMJlO2qGTBzM3Yoj9DTf+ihsXirjUlX/j9LHQ1gMXDufcy733uBFnEgzjW8ssLC4tr2RXc2vrG5tb+e2dpgxjQWiDhDwUbRdLyllAG8CA03YkKPZdTlvu4Gzkt+6okCwMbiCJqO3jXsA8RjAoyckbl0UL+hRw6dTyBCapOUyvhpaMfYc9nDsTr3jvsNJhopTbipMvGGVjDH2emFNSQFPUnfyn1Q1J7NMACMdSdkwjAjvFAhjhdJizYkkjTAa4RzuKBtin0k7Hnw31A6V0dS8UqgLQx+rviRT7Uia+qzp9DH05643E/7xODN6JnbIgioEGZLLIi7kOoT6KSe8yQQnwRBFMBFO36qSPVUCgwsypEMzZl+dJs1I2q+Wj62qhVpvGkUV7aB8VkYmOUQ1doDpqIIIe0TN6RW/ak/aivWsfk9aMNp3ZRX+gff0AFh+gWw==</latexit>

• Perform a (stochastic) gradient descent -> θ0

<latexit sha1_base64="CeLl0T6W2HNNUTr2cUcfUf2fMfU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHgxWMF+wFtKJvttF262cTdiVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJlIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbITMohcIGCZLYTjSyKJTYCse3M7/1hNqIWD3QJMEgYkMlBoIzslK7SyMk1vN65YpX9eZwV4mfkwrkqPfKX91+zNMIFXHJjOn4XkJBxjQJLnFa6qYGE8bHbIgdSxWL0ATZ/N6pe2aVvjuItS1F7lz9PZGxyJhJFNrOiNHILHsz8T+vk9LgJsiESlJCxReLBql0KXZnz7t9oZGTnFjCuBb2VpePmGacbEQlG4K//PIqaV5U/cvq1f1lpVbL4yjCCZzCOfhwDTW4gzo0gIOEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH83hj9E=</latexit>

• Test NN      on unseen data.  Fθ0

<latexit sha1_base64="F1jezIxZfq3DambD/PUMpSNsANQ=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WNBEI8V7Ac0IWy203bpZhN2J0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZelEph0HW/ndLa+sbmVnm7srO7t39QPTxqmyTTHFo8kYnuRsyAFApaKFBCN9XA4khCJxrfzvzOE2gjEvWIkxSCmA2VGAjO0Er+XZj7OAJkoTsNqzW37s5BV4lXkBop0AyrX34/4VkMCrlkxvQ8N8UgZxoFlzCt+JmBlPExG0LPUsViMEE+v3lKz6zSp4NE21JI5+rviZzFxkziyHbGDEdm2ZuJ/3m9DAc3QS5UmiEovlg0yCTFhM4CoH2hgaOcWMK4FvZWykdMM442pooNwVt+eZW0L+reZf3q4bLWaBRxlMkJOSXnxCPXpEHuSZO0CCcpeSav5M3JnBfn3flYtJacYuaY/IHz+QPh4pGW</latexit>

-> examples

NN input,

``feature”

desired NN output,

``label”



Self-supervised learning

•  We have no labels but only features                           .  (xi) ∈ R
din , i = 1, . . . , N

<latexit sha1_base64="OQvvFxEOxURBCcHt1e3JuY3w5Qo=">AAACGXicbVDLSsNAFJ3UV62vqks3g0WoUEoiFQURCm5cSRX7gCaGyWTSDp1MwsxELCG/4cZfceNCEZe68m+cPhbaeuDC4Zx7ufceL2ZUKtP8NnILi0vLK/nVwtr6xuZWcXunJaNEYNLEEYtEx0OSMMpJU1HFSCcWBIUeI21vcDHy2/dESBrxWzWMiROiHqcBxUhpyS2a5QeXHtqU2yFSfc9Lb7K71HdTW4SQ8iyr2GeQnlsVm/mRkrBy5RZLZtUcA84Ta0pKYIqGW/y0/QgnIeEKMyRl1zJj5aRIKIoZyQp2IkmM8AD1SFdTjkIinXT8WQYPtOLDIBK6uIJj9fdEikIph6GnO0f3y1lvJP7ndRMVnDop5XGiCMeTRUHCoIrgKCboU0GwYkNNEBZU3wpxHwmElQ6zoEOwZl+eJ62jqlWrHl/XSvX6NI482AP7oAwscALq4BI0QBNg8AiewSt4M56MF+Pd+Ji05ozpzC74A+PrBxDhn64=</latexit>

g

<latexit sha1_base64="CZq9iwiq7P9tGzaBoZZzjHz1PPI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6tep1s1ap1/M4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDznOM8Q==</latexit>

•  In addition, we know the function   must have a certain property          .  P (g) = 0

<latexit sha1_base64="gj1ypS0jmIi/6znQOC5dWLR9LfU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquVPQiLHjxWMF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0U1tY3NreK26Wd3b39g/LhUUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN/O/PYTVZpJ8WAmCQ1iPBQsYgQbK7Ua1eH5jdsvV9yaOwdaJV5OKpCj0S9/9QaSpDEVhnCsdddzExNkWBlGOJ2WeqmmCSZjPKRdSwWOqQ6y+bVTdGaVAYqksiUMmqu/JzIcaz2JQ9sZYzPSy95M/M/rpia6DjImktRQQRaLopQjI9HsdTRgihLDJ5Zgopi9FZERVpgYG1DJhuAtv7xKWhc1r167vK9XfD+PowgncApV8OAKfLiDBjSBwCM8wyu8OdJ5cd6dj0VrwclnjuEPnM8fJFSOMQ==</latexit>

•  Define a loss function                             , otherwise proceed as before. L(θ) =
1

N

X

i

|P (g(xi))|
2

<latexit sha1_base64="anWN+LVZJWN4LKHJk8G+imi1lHU=">AAACEXicbVDLSsNAFJ34rPVVdekmWIR0U5JS0Y1QcONCpIJ9QBPDZDpph04ezNyIJc0vuPFX3LhQxK07d/6N08dCWw9cOJxzL/fe48WcSTDNb21peWV1bT23kd/c2t7ZLeztN2WUCEIbJOKRaHtYUs5C2gAGnLZjQXHgcdryBhdjv3VPhWRReAvDmDoB7oXMZwSDktyCcWXY0KeAS+e2LzBJrSy9zmyZBC4b1Y2e8eCyUml0V3ELRbNsTqAvEmtGimiGulv4srsRSQIaAuFYyo5lxuCkWAAjnGZ5O5E0xmSAe7SjaIgDKp108lGmHyulq/uRUBWCPlF/T6Q4kHIYeKozwNCX895Y/M/rJOCfOSkL4wRoSKaL/ITrEOnjePQuE5QAHyqCiWDqVp30sQoGVIh5FYI1//IiaVbKVrV8clMt1mqzOHLoEB0hA1noFNXQJaqjBiLoET2jV/SmPWkv2rv2MW1d0mYzB+gPtM8fGz2cjg==</latexit>



Reinforcement learning (RL)
environment

states

sequence of actions from policy

= episode -> rewards

agent

terminal state

batches of

(state, action, reward)


from episodes

neural policy network

state action

updated

policy



Genetic algorithms



Basic ingredients of GAs

genotypes
genotype/

phenotype map

environment=

phenotypes

fitness

function

probability

distribution

(2) Evolve    by combining (i) selection, (ii) cross-over and (iii) mutation:P0

<latexit sha1_base64="OpdhH3FvMYpqUTENrl7Sy12dSRY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTlwB+WKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbSvql6tWr+vVRqNPI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gDPK419</latexit>

P0 −→ P1 −→ P2 −→ · · · −→ Pngen

<latexit sha1_base64="KTH6ZAwze+tnVD/xNt0Mh4bvTLs=">AAACRnicbZBLSwMxFIXv1Fetr6pLN8EiuCozouiy4MZlBatCZxgyaToNZpIhuaOUob/OjWt3/gQ3LhRxa1q70NYDgcN37iXJSXIpLPr+i1dZWFxaXqmu1tbWNza36ts711YXhvEO01Kb24RaLoXiHRQo+W1uOM0SyW+Su/NxfnPPjRVaXeEw51FGUyX6glF0KK5H7dgPpVapEekAqTH6gbTjYB4dzaCQ9TTa+blSxWVoMpJyNRrF9Ybf9Cci8yaYmgZM1Y7rz2FPsyLjCpmk1nYDP8eopAYFk3xUCwvLc8ruaMq7ziqacRuVkxpG5MCRHulr445CMqG/N0qaWTvMEjeZURzY2WwM/8u6BfbPolKovECu2M9F/UIS1GTcKekJwxnKoTOUGeHeStiAGsrQNV9zJQSzX54310fN4Lh5cnncaLWmdVRhD/bhEAI4hRZcQBs6wOARXuEdPrwn78379L5+RivedGcX/qgC32d2tCI=</latexit>

(3) Select all            with                  .                  

    These are the terminal states   which lead to ``good models”       .  

f � ϕ(b) � fterm

<latexit sha1_base64="iA+oSh108rguAdql9LEA90Mh+3U=">AAACDXicbVBNS8NAEN34WetX1KOXxSrUS0mkoseCF48V7Ac0oWy2k3bpbhJ3N4US+ge8+Fe8eFDEq3dv/hu3bQ7a+mDg8d4MM/OChDOlHefbWlldW9/YLGwVt3d29/btg8OmilNJoUFjHst2QBRwFkFDM82hnUggIuDQCoY3U781AqlYHN3rcQK+IP2IhYwSbaSufRp6lEnqjYhMBgyXg3OvDw847GaZJwXWIMVk0rVLTsWZAS8TNycllKPetb+8XkxTAZGmnCjVcZ1E+xmRmlEOk6KXKkgIHZI+dAyNiADlZ7NvJvjMKD0cxtJUpPFM/T2REaHUWASmUxA9UIveVPzP66Q6vPYzFiWphojOF4UpxzrG02hwj0mgmo8NIVQycyumAyIJNSmoognBXXx5mTQvKm61cnlXLdVqeRwFdIxOUBm56ArV0C2qowai6BE9o1f0Zj1ZL9a79TFvXbHymSP0B9bnD0onm7Y=</latexit>

b

<latexit sha1_base64="DiEcU0pwADHWzGD6fQ5ehFg7sv4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9WvW6WavU63kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBxt+M7A==</latexit>

ϕ(b)

<latexit sha1_base64="KcvCajPlPglzEax0DTH5flmdVBk=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXInoMePEYwTwwWULvZDYZMju7zMwGQshfePGgiFf/xpt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6G7ut8ZMaR7LRzNJmB/hQPKQUzRWeuqOUSVDXg4ue8WSW3EXIOvEy0gJMtR7xa9uP6ZpxKShArXueG5i/Ckqw6lgs0I31SxBOsIB61gqMWLany4unpELq/RJGCtb0pCF+ntiipHWkyiwnRGaoV715uJ/Xic14a0/5TJJDZN0uShMBTExmb9P+lwxasTEEqSK21sJHaJCamxIBRuCt/ryOmleVbxq5fqhWqrVsjjycAbnUAYPbqAG91CHBlCQ8Ayv8OZo58V5dz6WrTknmzmFP3A+fwAE7JB9</latexit>

b ∈
S

i
Pi

<latexit sha1_base64="IeAjrVX3UOP0utK1HyHNtkfiwiM=">AAAB+nicbVC7TsNAEDzzDOHlQElzwkKiCjYCQWmJhjJI5CEllnW+bJIj57N1dwZFJiWfQUMBQrTUFHwCHX/D5VFAwkgrjWZ2tbsTpZwp7brf1sLi0vLKamGtuL6xubVtl3ZqKskkhSpNeCIbEVHAmYCqZppDI5VA4ohDPepfjPz6LUjFEnGtBykEMekK1mGUaCOFdilqMdGKWJdmachwJWSh7bhldww8T7wpcXzn4egTbj4qof3Vaic0i0FoyolSTc9NdZATqRnlMCy2MgUpoX3ShaahgsSggnx8+hAfGKWNO4k0JTQeq78nchIrNYgj0xkT3VOz3kj8z2tmunMe5EykmQZBJ4s6Gcc6waMccJtJoJoPDCFUMnMrpj0iCdUmraIJwZt9eZ7UjsveSfn0ynN8H01QQHtoHx0iD50hH12iCqoiiu7QI3pGL9a99WS9Wm+T1gVrOrOL/sB6/wF41Jcp</latexit>

F
nbits

2

<latexit sha1_base64="XXLcfmGY6B2N8G8DWzgnlZ4wNjQ=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiSlosuCIC4r2Ae0MUymk3bozCTMTIQSsnDjr7hxoYhbP8Kdf+OkzUJbD1w4nHMv994TxIwq7TjfVmltfWNzq7xd2dnd2z+wD4+6KkokJh0csUj2A6QIo4J0NNWM9GNJEA8Y6QXTq9zvPRCpaCTu9CwmHkdjQUOKkTaSb1eHHOlJEKTXmd+4T4WfDiWHAdUqy3y75tSdOeAqcQtSAwXavv01HEU44URozJBSA9eJtZciqSlmJKsME0VihKdoTAaGCsSJ8tL5Exk8NcoIhpE0JTScq78nUsSVmvHAdOYnq2UvF//zBokOL72UijjRRODFojBhUEcwTwSOqCRYs5khCEtqboV4giTC2uRWMSG4yy+vkm6j7jbr57fNWqtVxFEGVXACzoALLkAL3IA26AAMHsEzeAVv1pP1Yr1bH4vWklXMHIM/sD5/AESOmIA=</latexit>

E

<latexit sha1_base64="IEPViLz9L3q/0nzpFQADhWxJKsY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKzdt+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7YuqV6teNmuVej2PowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/muuMzw==</latexit>

ϕ

<latexit sha1_base64="KDMhXPdX2CxWQu58D9BLD+wdPNI=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF48RzAOSJcxOZpMhs7PDTG8ghHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXpKWw6PvfXmFjc2t7p7hb2ts/ODwqH580bZoZxhsslalpR9RyKRRvoEDJ29pwmkSSt6LR/dxvjbmxIlVPONE8TOhAiVgwik5qdcfU6KHolSt+1V+ArJMgJxXIUe+Vv7r9lGUJV8gktbYT+BrDKTUomOSzUjezXFM2ogPecVTRhNtwujh3Ri6c0idxalwpJAv198SUJtZOksh1JhSHdtWbi/95nQzju3AqlM6QK7ZcFGeSYErmv5O+MJyhnDhCmRHuVsKG1FCGLqGSCyFYfXmdNK+qwXX15vG6UqvlcRThDM7hEgK4hRo8QB0awGAEz/AKb572Xrx372PZWvDymVP4A+/zB31Ij6w=</latexit>

f

<latexit sha1_base64="z3g3kMoGjRKB8EsAMT71TCyekkE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9WvW6WavU63kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBzO+M8A==</latexit>

R

<latexit sha1_base64="dJisnwWXS/6kRTYemVw2u8pW6eA=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZcFNy6r2Ae2Q8mkt21oJjMkGaEM/Qs3LhRx69+482/MtLPQ1gOBwzn3knNPEAuujet+O4W19Y3NreJ2aWd3b/+gfHjU0lGiGDZZJCLVCahGwSU2DTcCO7FCGgYC28HkJvPbT6g0j+SDmcboh3Qk+ZAzaqz02AupGQdBej/rlytu1Z2DrBIvJxXI0eiXv3qDiCUhSsME1brrubHxU6oMZwJnpV6iMaZsQkfYtVTSELWfzhPPyJlVBmQYKfukIXP190ZKQ62nYWAns4R62cvE/7xuYobXfsplnBiUbPHRMBHERCQ7nwy4QmbE1BLKFLdZCRtTRZmxJZVsCd7yyaukdVH1atXLu1qlXs/rKMIJnMI5eHAFdbiFBjSBgYRneIU3RzsvzrvzsRgtOPnOMfyB8/kDv12Q+A==</latexit>

[0, 1]

<latexit sha1_base64="fpO7zeFEinbbtKXkU7Xs4az69cM=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIRY8FLx4rmLaQhrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5USaFQdf9dtbWNza3tks75d29/YPDytFxy6S5ZtxnqUx1J6KGS6G4jwIl72Sa0ySSvB2N7mZ++4lrI1L1iOOMhwkdKBELRtFKfuBeemGvUnVr7hxklXgFqUKBZq/y1e2nLE+4QiapMYHnZhhOqEbBJJ+Wu7nhGWUjOuCBpYom3IST+bFTcm6VPolTbUshmau/JyY0MWacRLYzoTg0y95M/M8Lcoxvw4lQWY5cscWiOJcEUzL7nPSF5gzl2BLKtLC3EjakmjK0+ZRtCN7yy6ukdVXz6rXrh3q10SjiKMEpnMEFeHADDbiHJvjAQMAzvMKbo5wX5935WLSuOcXMCfyB8/kDtSqN9w==</latexit>

pin

<latexit sha1_base64="pycOQjp1D5MUleEVDXRiR308F28=">AAAB8XicbZDLSgMxFIbPeK31VnUlLgwWwVWZEUWXA25cVrAXbIchk2ba0EwyJBmhDF37Am5cKOLWt+nO5/AFTC8Lbf0h8PH/55BzTpRypo3rfjlLyyura+uFjeLm1vbObmlvv65lpgitEcmlakZYU84ErRlmOG2miuIk4rQR9W/GeeORKs2kuDeDlAYJ7goWM4KNtR7SMG+rBDExDEtlt+JOhBbBm0HZP3wK5ej4uxqWRu2OJFlChSEca93y3NQEOVaGEU6HxXamaYpJH3dpy6LACdVBPpl4iE6t00GxVPYJgybu744cJ1oPkshWJtj09Hw2Nv/LWpmJr4OciTQzVJDpR3HGkZFovD7qMEWJ4QMLmChmZ0WkhxUmxh6paI/gza+8CPXzindRubzzyr4PUxXgCE7gDDy4Ah9uoQo1ICDgGV7hzdHOi/PufExLl5xZzwH8kfP5A2DFlGw=</latexit>

Genetic evolution

(1) Sample with    to get initial population              with size              .   P0 ⊂ F
nbits

2

<latexit sha1_base64="xh1I683c6K/ilaVtTMgWq0/UdqQ=">AAACDnicbVDLSgNBEJyNrxhfUY9eBkPAU9gNET0GBPEYwTwgG5eZySQZMju7zPQKYdkv8OKvePGgiFfP3vwbJ4+DJhY0FFXddHfRWAoDrvvt5NbWNza38tuFnd29/YPi4VHLRIlmvMkiGekOJYZLoXgTBEjeiTUnIZW8TcdXU7/9wLURkbqDScx7IRkqMRCMgJWCYrkRuL5JqOHghwRGlKbXWVC9T1WQ+jrEVIDJsqBYcivuDHiVeAtSQgs0guKX349YEnIFTBJjup4bQy8lGgSTPCv4ieExYWMy5F1LFQm56aWzdzJctkofDyJtSwGeqb8nUhIaMwmp7ZyebJa9qfif101gcNlLhYoT4IrNFw0SiSHC02xwX2jOQE4sIUwLeytmI6IJA5tgwYbgLb+8SlrVilernN/WSvX6Io48OkGn6Ax56ALV0Q1qoCZi6BE9o1f05jw5L8678zFvzTmLmWP0B87nD/kKnLU=</latexit>

npop = |P0|

<latexit sha1_base64="CZ0fc7usSYqCWNkhVOV6ogbpuq0=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Aril6EgBePEcwDkmWZnUySIfNiZlYJm3yKFw+KePVLvPk3TpI9aGJBQ1HVTXdXohg1Ngi+vcLa+sbmVnG7tLO7t3/glw+bRqYakwaWTOp2ggxhVJCGpZaRttIE8YSRVjK6nfmtR6INleLBjhWJOBoI2qcYWSfFflnEWVdzqKSa3kzqcTCJ/UpQDeaAqyTMSQXkqMf+V7cnccqJsJghYzphoGyUIW0pZmRa6qaGKIRHaEA6jgrEiYmy+elTeOqUHuxL7UpYOFd/T2SIGzPmievkyA7NsjcT//M6qe1fRxkVKrVE4MWifsqglXCWA+xRTbBlY0cQ1tTdCvEQaYStS6vkQgiXX14lzfNqeFG9vL+o1Gp5HEVwDE7AGQjBFaiBO1AHDYDBE3gGr+DNm3gv3rv3sWgtePnMEfgD7/MHDkyT3g==</latexit>

pin

<latexit sha1_base64="pycOQjp1D5MUleEVDXRiR308F28=">AAAB8XicbZDLSgMxFIbPeK31VnUlLgwWwVWZEUWXA25cVrAXbIchk2ba0EwyJBmhDF37Am5cKOLWt+nO5/AFTC8Lbf0h8PH/55BzTpRypo3rfjlLyyura+uFjeLm1vbObmlvv65lpgitEcmlakZYU84ErRlmOG2miuIk4rQR9W/GeeORKs2kuDeDlAYJ7goWM4KNtR7SMG+rBDExDEtlt+JOhBbBm0HZP3wK5ej4uxqWRu2OJFlChSEca93y3NQEOVaGEU6HxXamaYpJH3dpy6LACdVBPpl4iE6t00GxVPYJgybu744cJ1oPkshWJtj09Hw2Nv/LWpmJr4OciTQzVJDpR3HGkZFovD7qMEWJ4QMLmChmZ0WkhxUmxh6paI/gza+8CPXzindRubzzyr4PUxXgCE7gDDy4Ah9uoQo1ICDgGV7hzdHOi/PufExLl5xZzwH8kfP5A2DFlGw=</latexit>

(1, 0, 0, 1, · · · , 0, 1)

<latexit sha1_base64="D8Dt3BbhFhKuteo17Xpeq4Oa+/U=">AAAB/XicbZDLSgMxFIbPeK31Nl52bgaLUKGUGanosuDGZQV7gXYomUzahmaSIckIdSi+ihsXirj1Pdz5NmbaWWjrCYGP/z+HnPxBzKjSrvttrayurW9sFraK2zu7e/v2wWFLiURi0sSCCdkJkCKMctLUVDPSiSVBUcBIOxjfZH77gUhFBb/Xk5j4ERpyOqAYaSP17eOyV3HN8So9HAqtMjzv2yW36s7KWQYvhxLk1ejbX71Q4CQiXGOGlOp6bqz9FElNMSPTYi9RJEZ4jIaka5CjiCg/nW0/dc6MEjoDIc3l2pmpvydSFCk1iQLTGSE9UoteJv7ndRM9uPZTyuNEE47nDw0S5mjhZFE4IZUEazYxgLCkZlcHj5BEWJvAiiYEb/HLy9C6qHq16uVdrVSv53EU4AROoQweXEEdbqEBTcDwCM/wCm/Wk/VivVsf89YVK585gj9lff4AGNSSbg==</latexit>

∈

<latexit sha1_base64="x9tI2cjy9Jv2z5+lHUieX3xb8/s=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD32hBuWKW3UXIOvEy0kFcjQH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNny1OnZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieONnQiUpcsWWi8JUEozJ/G8yFJozlFNLKNPC3krYmGrK0KZTsiF4qy+vk/ZV1atV6/e1SqORx1GEMziHS/DgGhpwB01oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPH06sjdE=</latexit>

∈

<latexit sha1_base64="x9tI2cjy9Jv2z5+lHUieX3xb8/s=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD32hBuWKW3UXIOvEy0kFcjQH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNny1OnZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieONnQiUpcsWWi8JUEozJ/G8yFJozlFNLKNPC3krYmGrK0KZTsiF4qy+vk/ZV1atV6/e1SqORx1GEMziHS/DgGhpwB01oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPH06sjdE=</latexit>

``quality” of

model

physics

models



Evolving              Pk → Pk+1

<latexit sha1_base64="yHC7NNIW+/4UZeH3oj7UcZt940I="></latexit>

(i) selection:

Pk

<latexit sha1_base64="mFZcJ6Vu5i9sOVU1B7MSCmdMcvI=">AAAB6nicbZC7SgNBFIbPxFuMt2hKm8EgWEjYFUXLBRvLiOYCyRJmJ7PJkNnZZWZWCEsaexsLRWx9IgvBN/AZrJxcCk38YeDj/89hzjlBIrg2jvOJckvLK6tr+fXCxubW9k5xd6+u41RRVqOxiFUzIJoJLlnNcCNYM1GMRIFgjWBwOc4bd0xpHstbM0yYH5Ge5CGnxFjrptoZdIplp+JMhBfBnUHZK31833+Njqud4nu7G9M0YtJQQbRuuU5i/Iwow6lgo0I71SwhdEB6rGVRkohpP5uMOsKH1uniMFb2SYMn7u+OjERaD6PAVkbE9PV8Njb/y1qpCS/8jMskNUzS6UdhKrCJ8Xhv3OWKUSOGFghV3M6KaZ8oQo29TsEewZ1feRHqJxX3tHJ27ZY9D6bKwz4cwBG4cA4eXEEVakChBw/wBM9IoEf0gl6npTk06ynBH6G3H9IKkes=</latexit>

- based on    , select         pairs of individuals from  npop/2

<latexit sha1_base64="YsDJFKB6n8QKnm67s9kjy9kT7DM=">AAAB9HicbVC7SgNBFJ2NrxhfUUtBhgTBKu4GRcsFG8sI5gHJEmZnZ5Mh81hnZgNhSeVH2FgYxNaPsfNT7Jw8Ck08cOFwzr3ce0+YMKqN6345ubX1jc2t/HZhZ3dv/6B4eNTQMlWY1LFkUrVCpAmjgtQNNYy0EkUQDxlphoPbqd8cEqWpFA9mlJCAo56gMcXIWCkQ3ayjOExkMr6odotlt+LOAFeJtyBlvzR5+j6NZK1b/OxEEqecCIMZ0rrtuYkJMqQMxYyMC51UkwThAeqRtqUCcaKDbHb0GJ5ZJYKxVLaEgTP190SGuNYjHtpOjkxfL3tT8T+vnZr4JsioSFJDBJ4vilMGjYTTBGBEFcGGjSxBWFF7K8R9pBA2NqeCDcFbfnmVNKoV77Jyde+VfR/MkQcnoATOgQeugQ/uQA3UAQaP4Bm8gokzdF6cN+d93ppzFjPH4A+cjx/3DZU/</latexit>

pk

<latexit sha1_base64="OySK2nqKJEB2m1QBFC4rsN2N+xM=">AAAB6nicbZDLSgMxFIbPeK31VnUlLgwWwVWZEUWXA25cVrQXaIchk2ba0EwyJBmhDF27cuNCEbc+UXc+hy9gello6w+Bj/8/h5xzopQzbVz3y1laXlldWy9sFDe3tnd2S3v7dS0zRWiNSC5VM8KaciZozTDDaTNVFCcRp42ofzPOG49UaSbFgxmkNEhwV7CYEWysdZ+G/bBUdivuRGgRvBmU/cOnUI6Ov6thadTuSJIlVBjCsdYtz01NkGNlGOF0WGxnmqaY9HGXtiwKnFAd5JNRh+jUOh0US2WfMGji/u7IcaL1IIlsZYJNT89nY/O/rJWZ+DrImUgzQwWZfhRnHBmJxnujDlOUGD6wgIlidlZEelhhYux1ivYI3vzKi1A/r3gXlcs7r+z7MFUBjuAEzsCDK/DhFqpQAwJdeIZXeHO48+K8Ox/T0iVn1nMAf+R8/gAjwJFn</latexit>

(ii) cross-over:

- for each pair from (i), pick a random position

- swap tails of two individuals:  

k ∈ {1, . . . , nbits}

<latexit sha1_base64="koL2RPfUETiSxRgnZvv3hA3Cvsc=">AAACB3icbVBNS8NAEN34WetX1KMgi0XwUEoiFT0WvHisYD+gCWWz3bRLN5uwOxFKyM2Lf8WLB0W8+he8+W/ctjlo64OBx3szzMwLEsE1OM63tbK6tr6xWdoqb+/s7u3bB4dtHaeKshaNRay6AdFMcMlawEGwbqIYiQLBOsH4Zup3HpjSPJb3MEmYH5Gh5CGnBIzUt0/GHpde5lY9MYhB46rsZ56KcMBB517etytOzZkBLxO3IBVUoNm3v7xBTNOISaCCaN1znQT8jCjgVLC87KWaJYSOyZD1DJUkYtrPZn/k+MwoAxzGypQEPFN/T2Qk0noSBaYzIjDSi95U/M/rpRBe+xmXSQpM0vmiMBUYYjwNBQ+4YhTExBBCFTe3YjoiilAw0ZVNCO7iy8ukfVFz67XLu3ql0SjiKKFjdIrOkYuuUAPdoiZqIYoe0TN6RW/Wk/VivVsf89YVq5g5Qn9gff4Am2OZKA==</latexit>

b1 = (1, 0, . . . , 1, 0, 1, 1, 1, 0, . . . , 1, 1, 0, 0)

<latexit sha1_base64="3VnxRoH2ukfN4739IWxGqJ2n6F0=">AAACFXicbVBNS8MwGE7n15xfVY9egkOYMEYrE70IAy8eJ7gP2EpJ03QLS5uSpMIo+xNe/CtePCjiVfDmvzHtKujmEwJPnud9efM+XsyoVJb1ZZRWVtfWN8qbla3tnd09c/+gK3kiMOlgzrjoe0gSRiPSUVQx0o8FQaHHSM+bXGd+754ISXl0p6YxcUI0imhAMVJacs2659pXNbtu1YfM50rWM2rn50eCxcs6dc2q1bBywGViF6QKCrRd83Poc5yEJFKYISkHthUrJ0VCUczIrDJMJIkRnqARGWgaoZBIJ823msETrfgw4ELfSMFc/d2RolDKaejpyhCpsVz0MvE/b5Co4NJJaRQnikR4PihIGFQcZhFBnwqCFZtqgrCg+q8Qj5FAWOkgKzoEe3HlZdI9a9jNxvlts9pqFXGUwRE4BjVggwvQAjegDToAgwfwBF7Aq/FoPBtvxvu8tGQUPYfgD4yPb8pImZA=</latexit>

b2 = (0, 0, . . . , 0, 1, 0, 0, 1, 0, . . . , 0, 1, 0, 1)

<latexit sha1_base64="TrfaXn8HlqvPN0nzWM0PeYSq9GU=">AAACFXicbVDLSgMxFM3UV62vUZdugkWoUMpMqehGKLhxWcE+oB2GTCbThmaSIckIZehPuPFX3LhQxK3gzr8xbWehrQcSTs65l5t7goRRpR3n2yqsrW9sbhW3Szu7e/sH9uFRR4lUYtLGggnZC5AijHLS1lQz0kskQXHASDcY38z87gORigp+rycJ8WI05DSiGGkj+XY18OvXFafqVAcsFFoZ4lad/F5IMH+5575ddmrOHHCVuDkpgxwt3/4ahAKnMeEaM6RU33US7WVIaooZmZYGqSIJwmM0JH1DOYqJ8rL5VlN4ZpQQRkKawzWcq787MhQrNYkDUxkjPVLL3kz8z+unOrryMsqTVBOOF4OilEEt4CwiGFJJsGYTQxCW1PwV4hGSCGsTZMmE4C6vvEo69ZrbqF3cNcrNZh5HEZyAU1ABLrgETXALWqANMHgEz+AVvFlP1ov1bn0sSgtW3nMM/sD6/AHHD5mO</latexit>

k
th

<latexit sha1_base64="lY6lnYmtAGXCQcjzdnXF58YpsKs=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GmamT3cFNy4r2Ae2Y8mkmTY0yQxJRihD/8KNC0Xc+jfu/BszbQUVPXDhcM693HtPEDOqtON8WLm19Y3Nrfx2YWd3b/+geHjUUVEiMWnjiEWyFyBFGBWkralmpBdLgnjASDeYXmZ+955IRSNxo2cx8TkaCxpSjLSRbqd36UByqCfzYbHk2BeNmlf1oGM7Tt0r1zLi1SteGbpGyVACK7SGxffBKMIJJ0JjhpTqu06s/RRJTTEj88IgUSRGeIrGpG+oQJwoP11cPIdnRhnBMJKmhIYL9ftEirhSMx6YTo70RP32MvEvr5/osOGnVMSJJgIvF4UJgzqC2ftwRCXBms0MQVhScyvEEyQR1iakggnh61P4P+l4tluxq9eVUrO5iiMPTsApOAcuqIMmuAIt0AYYCPAAnsCzpaxH68V6XbbmrNXMMfgB6+0T96uRIA==</latexit>

b̃1 = (1, 0, . . . , 1, 0, 0, 0, 1, 0, . . . , 0, 1, 0, 1)

<latexit sha1_base64="yQq0DVHG1yD9KqF6266J3A7fp0A=">AAACHHicbVDLSsNAFJ34rPUVdekmWIQKpSRa0Y1QcOOygn1AE8JkMmmHTh7M3Agl9EPc+CtuXCjixoXg3zhps6itZxg4c8693LnHSziTYJo/2srq2vrGZmmrvL2zu7evHxx2ZJwKQtsk5rHoeVhSziLaBgac9hJBcehx2vVGt7nffaRCsjh6gHFCnRAPIhYwgkFJrn5hA+M+zbyJa91UrZpZs7kfg6zlND9z0uxhnbl6xaybUxjLxCpIBRVoufqX7cckDWkEhGMp+5aZgJNhAYxwOinbqaQJJiM8oH1FIxxS6WTT5SbGqVJ8I4iFuhEYU3W+I8OhlOPQU5UhhqFc9HLxP6+fQnDtZCxKUqARmQ0KUm5AbORJGT4TlAAfK4KJYOqvBhligQmoPMsqBGtx5WXSOa9bjfrlfaPSbBZxlNAxOkFVZKEr1ER3qIXaiKAn9ILe0Lv2rL1qH9rnrHRFK3qO0B9o379WD50a</latexit>

b̃2 = (0, 0, . . . , 0, 1, 1, 1, 1, 0, . . . , 1, 1, 0, 0)

<latexit sha1_base64="G6Re9mKW5WeUYWTVWotD7fvx20M=">AAACHHicbVDLSsNAFJ3UV62vqEs3wSJUKCWpFd0IBTcuK9gHNCFMJpN26OTBzI1QQj/Ejb/ixoUiblwI/o3TNoi2nmHgzDn3cuceL+FMgml+aYWV1bX1jeJmaWt7Z3dP3z/oyDgVhLZJzGPR87CknEW0DQw47SWC4tDjtOuNrqd+954KyeLoDsYJdUI8iFjACAYlufqZDYz7NPMmbv2qYlbNqs39GKQiVn5+pPnDPHX1slkzZzCWiZWTMsrRcvUP249JGtIICMdS9i0zASfDAhjhdFKyU0kTTEZ4QPuKRjik0slmy02ME6X4RhALdSMwZurvjgyHUo5DT1WGGIZy0ZuK/3n9FIJLJ2NRkgKNyHxQkHIDYmOalOEzQQnwsSKYCKb+apAhFpiAyrOkQrAWV14mnXrNatTObxvlZjOPo4iO0DGqIAtdoCa6QS3URgQ9oCf0gl61R+1Ze9Pe56UFLe85RH+gfX4DWUidHA==</latexit>

- the       new individuals obtained in the way form a population npop

<latexit sha1_base64="Y8JMG/MDZGT2aHzIZ9c5Lz5eDgQ=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexKRI8BLx4jmAdsljA7mU2GzGOZ6RXCks/w4kERr36NN//GSbIHTSxoKKq66e6KU8Et+P63V9rY3NreKe9W9vYPDo+qxycdqzNDWZtqoU0vJpYJrlgbOAjWSw0jMhasG0/u5n73iRnLtXqEacoiSUaKJ5wScFKoBnnfSJzqdDao1vy6vwBeJ0FBaqhAa1D96g81zSRTQAWxNgz8FKKcGOBUsFmln1mWEjohIxY6qohkNsoXJ8/whVOGONHGlQK8UH9P5ERaO5Wx65QExnbVm4v/eWEGyW2Uc5VmwBRdLkoygUHj+f94yA2jIKaOEGq4uxXTMTGEgkup4kIIVl9eJ52retCoXz80as1mEUcZnaFzdIkCdIOa6B61UBtRpNEzekVvHngv3rv3sWwtecXMKfoD7/MHcjeRXQ==</latexit>

P̃k+1

<latexit sha1_base64="pmky124SDrJ0xArNdnSoKTAkNro=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIglASqeix4MVjBVsLbQibzaZdutmE3Y1QQ36JFw+KePWnePPfuG1z0NYHA4/3ZpiZF6ScKe0431ZlbX1jc6u6XdvZ3duv2weHPZVkktAuSXgi+wFWlDNBu5ppTvuppDgOOH0IJjcz/+GRSsUSca+nKfViPBIsYgRrI/l2fagZD2neKfx8cu4Wvt1wms4caJW4JWlAiY5vfw3DhGQxFZpwrNTAdVLt5VhqRjgtasNM0RSTCR7RgaECx1R5+fzwAp0aJURRIk0Jjebq74kcx0pN48B0xliP1bI3E//zBpmOrr2ciTTTVJDFoijjSCdolgIKmaRE86khmEhmbkVkjCUm2mRVMyG4yy+vkt5F0201L+9ajXa7jKMKx3ACZ+DCFbThFjrQBQIZPMMrvFlP1ov1bn0sWitWOXMEf2B9/gCvpZMb</latexit>

(iii) mutation:
- randomly flip a small fraction          of bits in       to obtain  r ∼ 0.01

<latexit sha1_base64="+mwDbIRuAZFEfv0hAg6HScf4ynE=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVRY8FLx4r2A9pl5JNs21okl2SWaGU/govHhTx6s/x5r8xbfegrQ9CHu/NMDMvSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcJzyUNGBFrFgFJ30aLpWKL/qB71yxX1zkFUS5KQCOeq98le3n7BMcY1MUms7gZ9iOKEGBZN8WupmlqeUjeiAdxzVVHEbTuYLT8mZU/okTox7Gslc/d0xocrasYpcpaI4tMveTPzP62QY34QTodMMuWaLQXEmCSZkdj3pC8MZyrEjlBnhdiVsSA1l6DIquRCC5ZNXSfOiGlxWr+4vK7VaHkcRTuAUziGAa6jBHdShAQwUPMMrvHnGe/HevY9FacHLe47hD7zPH7P1j7A=</latexit>

P̃k+1

<latexit sha1_base64="pmky124SDrJ0xArNdnSoKTAkNro=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIglASqeix4MVjBVsLbQibzaZdutmE3Y1QQ36JFw+KePWnePPfuG1z0NYHA4/3ZpiZF6ScKe0431ZlbX1jc6u6XdvZ3duv2weHPZVkktAuSXgi+wFWlDNBu5ppTvuppDgOOH0IJjcz/+GRSsUSca+nKfViPBIsYgRrI/l2fagZD2neKfx8cu4Wvt1wms4caJW4JWlAiY5vfw3DhGQxFZpwrNTAdVLt5VhqRjgtasNM0RSTCR7RgaECx1R5+fzwAp0aJURRIk0Jjebq74kcx0pN48B0xliP1bI3E//zBpmOrr2ciTTTVJDFoijjSCdolgIKmaRE86khmEhmbkVkjCUm2mRVMyG4yy+vkt5F0201L+9ajXa7jKMKx3ACZ+DCFbThFjrQBQIZPMMrvFlP1ov1bn0sWitWOXMEf2B9/gCvpZMb</latexit>

Pk+1

<latexit sha1_base64="c7Tp+6jLc0eyYdByFN8Zj37iaJE=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkoseCF48V7Ae0oWy2m3bJZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEph0HW/nbX1jc2t7dJOeXdv/+CwcnTcNkmmGW+xRCa6G1DDpVC8hQIl76aa0ziQvBNEdzO/88S1EYl6xEnK/ZiOlAgFo2ilTnOQR5fedFCpujV3DrJKvIJUoUBzUPnqDxOWxVwhk9SYnuem6OdUo2CST8v9zPCUsoiOeM9SRWNu/Hx+7pScW2VIwkTbUkjm6u+JnMbGTOLAdsYUx2bZm4n/eb0Mw1s/FyrNkCu2WBRmkmBCZr+TodCcoZxYQpkW9lbCxlRThjahsg3BW355lbSval69dv1QrzYaRRwlOIUzuAAPbqAB99CEFjCI4Ble4c1JnRfn3flYtK45xcwJ/IHz+QPGMI80</latexit>

- define probability distribution                      by (roulette selection)  pk : Fnbits

2
→ [0, 1]

<latexit sha1_base64="K8/7hUEDdHpeiAwTnA0LFZBx3iM=">AAACGXicbVDLSgMxFM34rPVVdekmWAQXUmZKRREXBUFcVrAP6IxDJk3b0ExmSO4oZZjfcOOvuHGhiEtd+Temj4W2HggczrmXm3OCWHANtv1tLSwuLa+s5tby6xubW9uFnd2GjhJFWZ1GIlKtgGgmuGR14CBYK1aMhIFgzWBwOfKb90xpHslbGMbMC0lP8i6nBIzkF+zYH5y7IYF+EKRXmV++S6WfuirEAQedZa7ivT4QpaIH3LaPHc8vFO2SPQaeJ86UFNEUNb/w6XYimoRMAhVE67Zjx+ClRAGngmV5N9EsJnRAeqxtqCQh0146TpbhQ6N0cDdS5knAY/X3RkpCrYdhYCZHGfSsNxL/89oJdM+8lMs4ASbp5FA3ERgiPKoJd7hiFMTQEEIVN3/FtE8UoWDKzJsSnNnI86RRLjmV0slNpVi9mNaRQ/voAB0hB52iKrpGNVRHFD2iZ/SK3qwn68V6tz4mowvWdGcP/YH19QPdK6DM</latexit>

pk(b) =
1

npop

(α− 1)(f(ϕ(b))− f̄) + fmax − f̄

fmax − f̄

<latexit sha1_base64="NwJh2IRfAXdnkybyDTnWhP9IRlo="></latexit>

α ∈ [2, 5]

<latexit sha1_base64="njlvVx3yAHaCBH9iPC5WmcvyKt0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEIHqQkpUUPHgpePFawH9CEMtlu2qWbTdjdCDX0l3jxoIhXf4o3/43bNgdtfTDweG+GmXlBwpnSjvNtFTY2t7Z3irulvf2Dw7J9dNxRcSoJbZOYx7IXgKKcCdrWTHPaSySFKOC0G0xu5373kUrFYvGgpwn1IxgJFjIC2kgDu+wBT8bgMYH7tcuGP7ArTtVZAK8TNycVlKM1sL+8YUzSiApNOCjVd51E+xlIzQins5KXKpoAmcCI9g0VEFHlZ4vDZ/jcKEMcxtKU0Hih/p7IIFJqGgWmMwI9VqveXPzP66c6vPYzJpJUU0GWi8KUYx3jeQp4yCQlmk8NASKZuRWTMUgg2mRVMiG4qy+vk06t6tarjft6pXmTx1FEp+gMXSAXXaEmukMt1EYEpegZvaI368l6sd6tj2VrwcpnTtAfWJ8/aWySQw==</latexit>



Differential equations



Basic idea

Suppose we have a differential equation for a function    of the form

p(D2g(x), Dg(x), g(x), x) = 0

<latexit sha1_base64="vbiNd+wk+40kLhj/CEJZMujJaZQ=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEFqTMlIpuhIJduKxgH9COJZNm2tBMZkgy0jIUN/6KGxeKuPUr3Pk3ptNZaOuBXA7n3MvNPW7IqFSW9W1kVlbX1jeym7mt7Z3dPXP/oCmDSGDSwAELRNtFkjDKSUNRxUg7FAT5LiMtd3Q981sPREga8Ds1CYnjowGnHsVIaalnHoWF2n15UBgXz2pJTcq4eGX1zLxVshLAZWKnJA9S1HvmV7cf4MgnXGGGpOzYVqicGAlFMSPTXDeSJER4hAakoylHPpFOnJwwhada6UMvEPpxBRP190SMfCknvqs7faSGctGbif95nUh5l05MeRgpwvF8kRcxqAI4ywP2qSBYsYkmCAuq/wrxEAmElU4tp0OwF09eJs1yya6Uzm8r+Wo1jSMLjsEJKAAbXIAquAF10AAYPIJn8ArejCfjxXg3PuatGSOdOQR/YHz+AM64lH0=</latexit>

g

<latexit sha1_base64="CZq9iwiq7P9tGzaBoZZzjHz1PPI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6tep1s1ap1/M4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDznOM8Q==</latexit>

We would like to solve this equation with self-supervised ML.

•  Select a training set of points                    . (xi), i = 1, . . . , N

<latexit sha1_base64="zPzS3v+gcrrkmwA27ngCjXpPDvM=">AAAB/XicbVDLSsNAFJ34rPUVHzs3wSJUKCWRioIIBTeupIJ9QBPCZDJph05mwsxErKH4K25cKOLW/3Dn3zhts9DWAxcO59zLvfcECSVS2fa3sbC4tLyyWlgrrm9sbm2bO7styVOBcBNxykUngBJTwnBTEUVxJxEYxgHF7WBwNfbb91hIwtmdGibYi2GPkYggqLTkm/vlB58cV9wLculUXBpyJSs3vlmyq/YE1jxxclICORq++eWGHKUxZgpRKGXXsRPlZVAogigeFd1U4gSiAezhrqYMxlh62eT6kXWkldCKuNDFlDVRf09kMJZyGAe6M4aqL2e9sfif101VdO5lhCWpwgxNF0UptRS3xlFYIREYKTrUBCJB9K0W6kMBkdKBFXUIzuzL86R1UnVq1dPbWqlez+MogANwCMrAAWegDq5BAzQBAo/gGbyCN+PJeDHejY9p64KRz+yBPzA+fwA5JpPM</latexit>

•  Select a NN      - this represents the prospective solutions Fθ

<latexit sha1_base64="PRXizAEywjo39Tnpn99fuMbNA8I=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0mkoseCIB4r2A9oQ9lsJ+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqOTR5LGPdCZgBKRQ0UaCETqKBRYGEdjC+mfntJ9BGxOoBJwn4ERsqEQrO0Eqd234PR4CsX664VXcOukq8nFRIjka//NUbxDyNQCGXzJiu5yboZ0yj4BKmpV5qIGF8zIbQtVSxCIyfze+d0jOrDGgYa1sK6Vz9PZGxyJhJFNjOiOHILHsz8T+vm2J47WdCJSmC4otFYSopxnT2PB0IDRzlxBLGtbC3Uj5imnG0EZVsCN7yy6ukdVH1atXL+1qlXs/jKJITckrOiUeuSJ3ckQZpEk4keSav5M15dF6cd+dj0Vpw8plj8gfO5w/uGo/n</latexit>

g

<latexit sha1_base64="CZq9iwiq7P9tGzaBoZZzjHz1PPI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6tep1s1ap1/M4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDznOM8Q==</latexit>

•  Perform a gradient descent with this loss function ->          .g ∼ Fθ0

<latexit sha1_base64="e4O8J0l6+q+FZIT8FEUlrW10V2g=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIoseCIB4r2A9oQthsN+3SzSbsTsQS8le8eFDEq3/Em//GbZuDtj4YeLw3w8y8MBVcg+N8W5W19Y3Nrep2bWd3b//APqx3dZIpyjo0EYnqh0QzwSXrAAfB+qliJA4F64WTm5nfe2RK80Q+wDRlfkxGkkecEjBSYNdHnuYxvg1yD8YMSOAUgd1wms4ceJW4JWmgEu3A/vKGCc1iJoEKovXAdVLwc6KAU8GKmpdplhI6ISM2MFSSmGk/n99e4FOjDHGUKFMS8Fz9PZGTWOtpHJrOmMBYL3sz8T9vkEF07edcphkwSReLokxgSPAsCDzkilEQU0MIVdzciumYKELBxFUzIbjLL6+S7nnTvWhe3l80Wq0yjio6RifoDLnoCrXQHWqjDqLoCT2jV/RmFdaL9W59LForVjlzhP7A+vwBowSULw==</latexit>

•  Define a loss function L(θ) =
1

N

X

i

|p(D2Fθ(xi), DFθ(xi), Fθ(xi), xi)|
2 + · · ·

<latexit sha1_base64="Jxozb8hOQ5heKezSTBXQfE+ICag="></latexit>

efficient tools to 

differentiate NNs exist



How does this compare to lattice methods?

Suppose we are working in   (space-time) dimensions, so  d

<latexit sha1_base64="Fa4aY7SmKYcmsg+11YU/OQtZ/U0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2A9oQ9lsJu3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dgobm1vbO8Xd0t7+weFR+fikrZNMMWyxRCSqG1CNgktsGW4EdlOFNA4EdoLx3dzvPKHSPJEPZpKiH9Oh5BFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/TBhWYzSMEG17nluavwpVYYzgbNSP9OYUjamQ+xZKmmM2p8uDp2RC6uEJEqULWnIQv09MaWx1pM4sJ0xNSO96s3F/7xeZqJbf8plmhmUbLkoygQxCZl/TUKukBkxsYQyxe2thI2ooszYbEo2BG/15XXSvqp6tep1s1ap1/M4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDyeeM7g==</latexit>

x ∈ R
d

<latexit sha1_base64="rDVx7XDpnCetBnGPXNdA8PRWBB4=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFhUSU5WgIhgrsTAWRB9SUyrHcVurjhPZDlCFfgoLAwix8iVs/A1OmwFajmTp6Jx7dY+PH3OmtON8W4WV1bX1jeJmaWt7Z3fPLu+3VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2PLzO/fU+lYpG41ZOY9kI8FGzACNZG6tvlR48J5IVYj3w/vZneBX274lSdGdAycXNSgRyNvv3lBRFJQio04VipruvEupdiqRnhdFryEkVjTMZ4SLuGChxS1Utn0afo2CgBGkTSPKHRTP29keJQqUnom8kso1r0MvE/r5vowUUvZSJONBVkfmiQcKQjlPWAAiYp0XxiCCaSmayIjLDERJu2SqYEd/HLy6R1WnVr1bPrWqVez+sowiEcwQm4cA51uIIGNIHAAzzDK7xZT9aL9W59zEcLVr5zAH9gff4AOoCT/A==</latexit>

lattice

N ∼ (#points/dim)d

<latexit sha1_base64="zpGKiobgRm8VoJqKDUMWE0tyjyc=">AAACBXicbVDLSsNAFJ3UV62vqEtdBINQNzWRii4LblxJBfuAJpbJZNoOnUeYmYgldOPGX3HjQhG3/oM7/8Zpm4VWD1w4nHMv994TJZQo7XlfVmFhcWl5pbhaWlvf2Nyyt3eaSqQS4QYSVMh2BBWmhOOGJpridiIxZBHFrWh4MfFbd1gqIviNHiU4ZLDPSY8gqI3UtfevAkVYOXADFon7LBGEa3UcEzY+uo27tutVvCmcv8TPiQty1Lv2ZxALlDLMNaJQqY7vJTrMoNQEUTwuBanCCURD2McdQzlkWIXZ9Iuxc2iU2OkJaYprZ6r+nMggU2rEItPJoB6oeW8i/ud1Ut07DzPCk1RjjmaLeil1tHAmkTgxkRhpOjIEIknMrQ4aQAmRNsGVTAj+/Mt/SfOk4lcrp9dVt1bL4yiCPXAAysAHZ6AGLkEdNAACD+AJvIBX69F6tt6s91lrwcpndsEvWB/fKjqYXg==</latexit>

solve N coupled eqs.

<latexit sha1_base64="dt+TTFPfdqRPZ2Eliuwz3LeLHhc=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgqiSi6LLgxpVUsA9oQ5lMbtuhk0ycmRRLyN6Nv+LGhSJu/QF3/o3TNgttPXDhzDn3MvceP+ZMacf5tgorq2vrG8XN0tb2zu6evX/QVCKRFBpUcCHbPlHAWQQNzTSHdiyBhD6Hlj+6mvqtMUjFRHSnJzF4IRlErM8o0Ubq2eVu6IuHVAk+BpzdzF+YiiTmEGC4V9WsZ1ecqjMDXiZuTiooR71nf3UDQZMQIk05UarjOrH2UiI1oxyyUjdREBM6IgPoGBqREJSXzm7J8LFRAtwX0lSk8Uz9PZGSUKlJ6JvOkOihWvSm4n9eJ9H9Sy9lUZxoiOj8o37CsRZ4GgwOmASq+cQQQiUzu2I6JJJQbeIrmRDcxZOXSfO06p5Vz2/PKrVaHkcRHaEyOkEuukA1dI3qqIEoekTP6BW9WU/Wi/VufcxbC1Y+c4j+wPr8AX6Fm1M=</latexit>

solution on lattice pts. xi

<latexit sha1_base64="2OmG6vxRW0RB0STxrOexxCGziZc=">AAACDXicbVC7TsMwFHV4lvIKMLJYFCSmKkFFMFZiYSwSfUhtFDmu01p14si+Qa2i/gALv8LCAEKs7Gz8DU6bAVqObOnonHuvfU+QCK7Bcb6tldW19Y3N0lZ5e2d3b98+OGxpmSrKmlQKqToB0UzwmDWBg2CdRDESBYK1g9FN7rcfmNJcxvcwSZgXkUHMQ04JGMm3T3tRIMeZliLNBWyOIACcMpyAruIpHvvctytO1ZkBLxO3IBVUoOHbX72+pGnEYqCCaN11nQS8jCgzWLBpuZdqlhA6IgPWNTQmEdNeNttmis+M0sehVObGgGfq746MRFpPosBURgSGetHLxf+8bgrhtZfxOEmBxXT+UJgKDBLn0eA+V4yCmBhCqOLmr5gOiSIUTIBlE4K7uPIyaV1U3Vr18q5WqdeLOEroGJ2gc+SiK1RHt6iBmoiiR/SMXtGb9WS9WO/Wx7x0xSp6jtAfWJ8/dnibyA==</latexit>

``curse of dimension”

What does this mean in practice?

NN

N =?

<latexit sha1_base64="Ybztorck1EPeDLySMES8wlXIyFk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKRC9iwIsniWgekCxhdtJJhszOLjOzQljyCV48KOLVL/Lm3zhJ9qCJBQ1FVTfdXUEsuDau++3kVlbX1jfym4Wt7Z3dveL+QUNHiWJYZ5GIVCugGgWXWDfcCGzFCmkYCGwGo5up33xCpXkkH804Rj+kA8n7nFFjpYe7q+tuseSW3RnIMvEyUoIMtW7xq9OLWBKiNExQrdueGxs/pcpwJnBS6CQaY8pGdIBtSyUNUfvp7NQJObFKj/QjZUsaMlN/T6Q01HocBrYzpGaoF72p+J/XTkz/0k+5jBODks0X9RNBTESmf5MeV8iMGFtCmeL2VsKGVFFmbDoFG4K3+PIyaZyVvUr5/L5SqlazOPJwBMdwCh5cQBVuoQZ1YDCAZ3iFN0c4L8678zFvzTnZzCH8gfP5A68xjWg=</latexit>

NN Fθ0
is solution, everywhere

<latexit sha1_base64="41raKbfZQc3vMfmiECvFheEbBXY=">AAACHnicbVDLSgMxFM34rPVVdekmWAQXUmakRZcFQVyVCrYKbRky6W0bmpkMyR21DPMlbvwVNy4UEVzp35g+Fr4OBA7nnJvkniCWwqDrfjpz8wuLS8u5lfzq2vrGZmFru2lUojk0uJJKXwfMgBQRNFCghOtYAwsDCVfB8HTsX92ANkJFlziKoROyfiR6gjO0kl+otMNA3aW1Gs3O/LSNA0Dmu9lUpcJQo2Qyjh5SsPeMbgegIfMLRbfkTkD/Em9GimSGul94b3cVT0KIkEtmTMtzY+ykTKPgErJ8OzEQMz5kfWhZGrEQTCedrJfRfat0aU9peyKkE/X7RMpCY0ZhYJMhw4H57Y3F/7xWgr2TTiqiOEGI+PShXiIpKjruinaFBo5yZAnjWti/Uj5gmnG0jeZtCd7vlf+S5lHJK5cqF+VitTqrI0d2yR45IB45JlVyTuqkQTi5J4/kmbw4D86T8+q8TaNzzmxmh/yA8/EFgZ6jXA==</latexit>

gradient of L for each batch

<latexit sha1_base64="bWIlraZdR1rylRIbg3RvhJOOY0g=">AAACE3icbVC7TsMwFHXKq5RXgZHFokJCDFWCimBgqMTCwFAk+pDaqLpxnNaqE0e2g6ii/AMLv8LCAEKsLGz8DW6bAVrOdHTOvfa5x4s5U9q2v63C0vLK6lpxvbSxubW9U97daymRSEKbRHAhOx4oyllEm5ppTjuxpBB6nLa90dXEb99TqZiI7vQ4pm4Ig4gFjIA2Ur980gs98ZAOJPiMRhqLAGc3Mw0HQmIKZIg90GSY9csVu2pPgReJk5MKytHol796viBJaN4lHJTqOnas3RSkZoTTrNRLFI2BjGBAu4ZGEFLlptObMnxkFH8aIRAm11T9vZFCqNQ49MxkCHqo5r2J+J/XTXRw4aYsihNNIzL7KEg41gJPCsI+k5RoPjYEiGQmKyZDkEC0qbFkSnDmT14krdOqU6ue3dYq9cu8jiI6QIfoGDnoHNXRNWqgJiLoET2jV/RmPVkv1rv1MRstWPnOPvoD6/MHJheeTg==</latexit>



Example: Metric on Calabi-Yau (CY) manifolds in string theory

Why string theory and why CY manifolds?

•  String theory is a consistent theory which contains gauge theories 
 and (quantum) gravity.

•  But it is defined in 10 space-time dimensions.

•  To make contact with physics we need to compactify (``curl up”) 6 
 dimensions.

10d string theory

4d QFT

compactify on

6d manifold X



But we need to satisfy the (10d) Einstein equations, so X needs to carry

a metric with vanishing Ricci tensor.

The 10d theory is (basically) unique, but the 4d theory depends on X.

=  bi-cubic

Yau’s theorem: ``Ricci-flat metrics exist (and are unique under certain 
extra conditions) on CY manifolds.”



How does the 4d theory depend on X?

main focus so far -> example later

to tackle this we need the Ricci-flat

metric g on X <-> shape

topology :                            or                    ? 

-> determines structure of 4d theory: forces, matter content, . . . 
   (Maths: Algebraic Geometry)

   Many compactification of string theory known which lead to the forces

   and particle content of the standard model (SM) of particle physics!

shape :                            or                         ? 

-> determines couplings/particle masses in 4d theory 
   (Maths: Differential Geometry)
   Can string theory also explain the couplings and masses in the SM?

   ``Can string theory explain the electron mass?”



(M. Larfors, AL, F. Ruehle, R. Schneider, 2211.010436, 2205.13408)

Ricci-flat CY metrics from ML

ML approach:

•  Generate point sample                    , on CY  (xi), i = 1, . . . , N

<latexit sha1_base64="X6kcjwV1Ps1m3/6WLDsBZcKBCU0=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iECqUkUlEQoeDGlVSwD2hCmEwm7dBJJsxMxBIK/oobF4q49Tvc+TdO2yy09cCFwzn3cu89fsKoVJb1bRSWlldW14rrpY3Nre0dc3evLXkqMGlhzrjo+kgSRmPSUlQx0k0EQZHPSMcfXk/8zgMRkvL4Xo0S4kaoH9OQYqS05JkHlUePnlSdS3plVx0WcCVh9dYzy1bNmgIuEjsnZZCj6ZlfTsBxGpFYYYak7NlWotwMCUUxI+OSk0qSIDxEfdLTNEYRkW42PX8Mj7USwJALXbGCU/X3RIYiKUeRrzsjpAZy3puI/3m9VIUXbkbjJFUkxrNFYcqg4nCSBQyoIFixkSYIC6pvhXiABMJKJ1bSIdjzLy+S9mnNrtfO7urlRiOPowgOwRGoABucgwa4AU3QAhhk4Bm8gjfjyXgx3o2PWWvByGf2wR8Ynz+U6JP2</latexit>

X

<latexit sha1_base64="GjYFSp1MPd6BbJ8k56Hr5olv3Fk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6tep1s1ap1/M4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDt7eM4g==</latexit>

•  Use fully-connected NN Fθ

<latexit sha1_base64="PRXizAEywjo39Tnpn99fuMbNA8I=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0mkoseCIB4r2A9oQ9lsJ+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqOTR5LGPdCZgBKRQ0UaCETqKBRYGEdjC+mfntJ9BGxOoBJwn4ERsqEQrO0Eqd234PR4CsX664VXcOukq8nFRIjka//NUbxDyNQCGXzJiu5yboZ0yj4BKmpV5qIGF8zIbQtVSxCIyfze+d0jOrDGgYa1sK6Vz9PZGxyJhJFNjOiOHILHsz8T+vm2J47WdCJSmC4otFYSopxnT2PB0IDRzlxBLGtbC3Uj5imnG0EZVsCN7yy6ukdVH1atXL+1qlXs/jKJITckrOiUeuSJ3ckQZpEk4keSav5M15dF6cd+dj0Vpw8plj8gfO5w/uGo/n</latexit>

•  Loss function L(θ) =
1

N

X

i

|Ricci(g(xi))|
2 + · · ·

<latexit sha1_base64="wlXKz6x07WFTfuYNfXQmkTTjkNg="></latexit>

•  Perform gradient descent

Not a single Ricci-flat CY metric known analytically -> numerical methods

First consider lattice methods: (20 points/dim)6 = 6.4× 107 points

<latexit sha1_base64="/MvKarURG0WxNhVI0SzKyBq1jdQ=">AAACHnicbVDJSgNBFOxxjXGLevTSGIR4iTMSEy9CwIvHCGaBbPR0OrGxl6H7jRiGfIkXf8WLB0UET/o3dpaDUQsaiqp6vH4VRoJb8P0vb2FxaXllNbWWXt/Y3NrO7OzWrI4NZVWqhTaNkFgmuGJV4CBYIzKMyFCwenh7Mfbrd8xYrtU1DCPWlmSgeJ9TAk7qZk5zJ35Lhvo+wZHmCuxxj8vRUad4XswXWsAlszjwO6W5zKibyfp5fwL8lwQzkkUzVLqZj1ZP01gyBVQQa5uBH0E7IQY4FWyUbsWWRYTekgFrOqqI29tOJueN8KFTerivjXsK8ET9OZEQae1Qhi4pCdzY395Y/M9rxtA/aydcRTEwRaeL+rHAoPG4K9zjhlEQQ0cINdz9FdMbYggF12jalRD8PvkvqZ3kg0L+9KqQLZdndaTQPjpAORSgEiqjS1RBVUTRA3pCL+jVe/SevTfvfRpd8GYze2gO3uc3U8mhag==</latexit>



(3 hidden layer, width 64, GELU activation, 100000 points each, Adam optimiser)

Training
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Final loss versus asymmetry

Figure 2: Bi-cubic training curves for the seven choices of Kähler parameters in Table 2. The last plot
represents the final loss, obtained by averaging over the last 10 epochs, as a function of t2/t1

(orange: LKclass, blue: 4× LMA, both on training data, light-blue: 4× σ measure on validation data).

!!!!



Check: compute volume of CY manifold

Vint =
1

6
dαβγt

αtβtγ , VFS =
1

N

NX

i=1

w̃i det(gFS(pi)) , VCY =
1

N

NX

i=1

w̃i det(gCY(pi))

case 1 2 3 4 5 6 7

Vint 8.49 4.97 2.93 2.02 6.87 7.59 6.16

VFS 8.49 4.50 2.94 2.03 6.91 7.58 6.26
error < 1% < 1% < 1% < 1% < 1% < 1% ∼ 2%

VCY 8.56 5.03 2.96 2.03 6.86 7.58 6.28
error < 1% ∼ 1% < 1% < 1% < 1% < 1% ∼ 2%

Table 3: Exact volume from intersection form (row 2), and volume from numerical integration with gFS
(row 3) and gCY (row 4), for the seven choices of Kähler parameters in Table 2.

•  accurate CY volume -> Ricci-flat metric accurate

This provides a crucial tools for computing particle masses from string theory!



Model building



Basic idea

experimental

data

space of

possible models,

typically large

top down

model selection

bottom-up

often impossible

environment, value/fitness of model measures how well it fits data

couple to 

search algorithm:

reinforcement learning (RL), genetic algorithm (GA)



Example 1: heterotic CY models with flux (=bundles)

Consider bi-cubic CY    with flux = vector bundle    defined by X

<latexit sha1_base64="bTdZ/jDld7s6uXskiWOfQuRENVU=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSs1Ov1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7olJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jUZcIXMiIkllClubyVsRBVlxmZTsiF4yy+vkvZF1atVL5u1Sv0mj6MIJ3AK5+DBFdThDhrQAgYIz/AKb86j8+K8Ox+L1oKTzxzDHzifP7aDjN4=</latexit>

V

<latexit sha1_base64="RO0kMb+uHGKVm2h7nFCsZYAL0Rg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSs12v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7olJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jUZcIXMiIkllClubyVsRBVlxmZTsiF4yy+vkvZF1atVL5u1Sv0mj6MIJ3AK5+DBFdThDhrQAgYIz/AKb86j8+K8Ox+L1oKTzxzDHzifP7N7jNw=</latexit>

0 → V → B
f
→ C → 0

<latexit sha1_base64="Peo7LYJN3ZsjaKvOb+pZqvJvQTY=">AAACLHicbVDLSsNAFJ3UV62vqEs3g0VwVRJRdCXFblxWsA9oQplMJ+3QyYOZG6WEfJAbf0UQFxZx63c4bbOIrQcGzj3nXu7c48WCK7CsqVFaW9/Y3CpvV3Z29/YPzMOjtooSSVmLRiKSXY8oJnjIWsBBsG4sGQk8wTreuDHzO09MKh6FjzCJmRuQYch9TgloqW82LEfy4QiIlNEzbheLO0cBoWPJROpnacHJcKPYZ/XNqlWz5sCrxM5JFeVo9s13ZxDRJGAhUEGU6tlWDG5KJHAqWFZxEsVivZoMWU/TkARMuen82AyfaWWA/UjqFwKeq8WJlARKTQJPdwYERmrZm4n/eb0E/Bs35WGcAAvpYpGfCAwRniWHB1wyCmKiCaGS679iOiKSUND5VnQI9vLJq6R9UbMva1cPl9X6bR5HGZ2gU3SObHSN6ugeNVELUfSC3tAnmhqvxofxZXwvWktGPnOM/sD4+QWecqmn</latexit>

V ∼= Ker(f)

<latexit sha1_base64="bDHPxI2QiuMtVCKAwAdOqmtQsxE=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQNyWRiq6k4EZwU8E+oCllMp20Q+cRZiZiCfkVNy4UceuPuPNvnLZZaOuBC4dz7uXee8KYUW0879sprK1vbG4Vt0s7u3v7B+5hua1lojBpYcmk6oZIE0YFaRlqGOnGiiAeMtIJJzczv/NIlKZSPJhpTPocjQSNKEbGSgO33A6wFKM0UBzeEZVVo7OBW/Fq3hxwlfg5qYAczYH7FQwlTjgRBjOkdc/3YtNPkTIUM5KVgkSTGOEJGpGepQJxovvp/PYMnlplCCOpbAkD5+rviRRxrac8tJ0cmbFe9mbif14vMdFVP6UiTgwReLEoShg0Es6CgEOqCDZsagnCitpbIR4jhbCxcZVsCP7yy6ukfV7z67WL+3qlcZ3HUQTH4ARUgQ8uQQPcgiZoAQyewDN4BW9O5rw4787HorXg5DNH4A+czx869JPo</latexit>

C =

rCM

α=1

OX(cα)

<latexit sha1_base64="XdNDnj824M+3F6Yt0NAuTjY8tQE=">AAACH3icbVDJSgNBFOxxjXEb9eilMQjxEmYkLpdIIBdvRjALZOLwptOTNOlZ6O4RwjB/4sVf8eJBEfGWv7GzHDSxoKGoqsfrV17MmVSWNTZWVtfWNzZzW/ntnd29ffPgsCmjRBDaIBGPRNsDSTkLaUMxxWk7FhQCj9OWN6xN/NYTFZJF4YMaxbQbQD9kPiOgtOSal7WK47F+FPNEuqkDPB5Axc4eU+HWstQhwPFd5raLqeP5mGTuLHHmmgWrZE2Bl4k9JwU0R901v51eRJKAhopwkLJjW7HqpiAUI5xmeSeRNAYyhD7taBpCQGU3nd6X4VOt9LAfCf1Chafq74kUAilHgaeTAaiBXPQm4n9eJ1H+dTdlYZwoGpLZIj/hWEV4UhbuMUGJ4iNNgAim/4rJAAQQpSvN6xLsxZOXSfO8ZJdLF/flQvVmXkcOHaMTVEQ2ukJVdIvqqIEIekav6B19GC/Gm/FpfM2iK8Z85gj9gTH+ARIhovg=</latexit>

B =

rBM

a=1

OX(ba)

<latexit sha1_base64="Wq4XPndsbdeq5LmKOF4kGEaSv4Q=">AAACFXicbVDJSgNBEO2JW4xb1KOXxiBEkDAjEb1EQrx4M4JZIBOHmk5P0qRnobtHCMP8hBd/xYsHRbwK3vwbO8tBEx8UPN6roqqeG3EmlWl+G5ml5ZXVtex6bmNza3snv7vXlGEsCG2QkIei7YKknAW0oZjitB0JCr7LacsdXo391gMVkoXBnRpFtOtDP2AeI6C05ORPahXbZf0w4rF0EqhY6X0inFqa2AQ4vkmddjGxXQ+7qQPHTr5glswJ8CKxZqSAZqg7+S+7F5LYp4EiHKTsWGakugkIxQinac6OJY2ADKFPO5oG4FPZTSZfpfhIKz3shUJXoPBE/T2RgC/lyHd1pw9qIOe9sfif14mVd9FNWBDFigZkusiLOVYhHkeEe0xQovhIEyCC6VsxGYAAonSQOR2CNf/yImmelqxy6ey2XKhezuLIogN0iIrIQueoiq5RHTUQQY/oGb2iN+PJeDHejY9pa8aYzeyjPzA+fwDIZZ6P</latexit>

``monad”

2d integer vectors

(b1, . . . ,brB
, c1, . . . , crC )

<latexit sha1_base64="o20oWMxEbQb7cwyhl4AJ5KRVlh8="></latexit>

A model is described by a                 integer matrix 2× (rB + rC)

<latexit sha1_base64="TZpgYRyYOwrBybQXUaqZE4uCXDI=">AAAB+nicdVDLSsNAFJ34rPWV6tLNYBEqQkjTp+Ci2I3LCvYBbQiT6aQdOnkwM1FK7Ke4caGIW7/EnX/jpK2gogcuHM65l3vvcSNGhTTND21ldW19YzOzld3e2d3b13MHHRHGHJM2DlnIey4ShNGAtCWVjPQiTpDvMtJ1J83U794SLmgY3MhpRGwfjQLqUYykkhw9Zw0k9YmABe5cnnGneeroedM4r1etigVNwzRrVqmaEqtWtkqwqJQUebBEy9HfB8MQxz4JJGZIiH7RjKSdIC4pZmSWHcSCRAhP0Ij0FQ2QWmcn89Nn8EQpQ+iFXFUg4Vz9PpEgX4ip76pOH8mx+O2l4l9eP5Ze3U5oEMWSBHixyIsZlCFMc4BDygmWbKoIwpyqWyEeI46wVGllVQhfn8L/SccyimWjcl3ONy6WcWTAETgGBVAENdAAV6AF2gCDO/AAnsCzdq89ai/a66J1RVvOHIIf0N4+AcxHkw4=</latexit>

{

<latexit sha1_base64="M7cZFA6vRXutu4qdI1jahN0E+jg=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoPgadlsnoKHgBePEYwJZNcwO5lNhsw+mOlVwpL/8OJBEa/+izf/xtkkgooWNBRV3XR3ebHgCizrw8itrK6tb+Q3C1vbO7t7xf2DGxUlkrIOjUQkex5RTPCQdYCDYL1YMhJ4gnW9yUXmd++YVDwKr2EaMzcgo5D7nBLQ0q0jmA9O6kg+GoM5KJYs86xZt2s2tkzLatiVekbsRtWu4LJWMpTQEu1B8d0ZRjQJWAhUEKX6ZSsGNyUSOBVsVnASxWJCJ2TE+pqGJGDKTedXz/CJVobYj6SuEPBc/T6RkkCpaeDpzoDAWP32MvEvr5+A33RTHsYJsJAuFvmJwBDhLAI85JJREFNNCJVc34rpmEhCQQdV0CF8fYr/Jze2Wa6atatqqXW+jCOPjtAxOkVl1EAtdInaqIMokugBPaFn4954NF6M10VrzljOHKIfMN4+AfjJktI=</latexit>

}

<latexit sha1_base64="IWWyutRcepumGEbnYgCsng/Qra4=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoPgadlsnoKHgBePEYwJZNcwO5lNhsw+mOlVwpL/8OJBEa/+izf/xtkkgooWNBRV3XR3ebHgCizrw8itrK6tb+Q3C1vbO7t7xf2DGxUlkrIOjUQkex5RTPCQdYCDYL1YMhJ4gnW9yUXmd++YVDwKr2EaMzcgo5D7nBLQ0q0jmA+mI/loDM5sUCxZ5lmzbtdsbJmW1bAr9YzYjapdwWWtZCihJdqD4rszjGgSsBCoIEr1y1YMbkokcCrYrOAkisWETsiI9TUNScCUm86vnuETrQyxH0ldIeC5+n0iJYFS08DTnQGBsfrtZeJfXj8Bv+mmPIwTYCFdLPITgSHCWQR4yCWjIKaaECq5vhXTMZGEgg6qoEP4+hT/T25ss1w1a1fVUut8GUceHaFjdIrKqIFa6BK1UQdRJNEDekLPxr3xaLwYr4vWnLGcOUQ/YLx9AvnaktQ=</latexit>

= environment

<latexit sha1_base64="l5eemUtl7/TCp/hdBAQ2O4xV7v8=">AAAB/nicdVDLSgMxFM3UV62vqrhyEyyCqzKdPkWFghuXFWwtdIaSSdM2NJMMSaZYhoK/4saFIm79Dnf+jZm2gooeCBzOuYd7c/yQUaVt+8NKLS2vrK6l1zMbm1vbO9ndvZYSkcSkiQUTsu0jRRjlpKmpZqQdSoICn5Fbf3SZ+LdjIhUV/EZPQuIFaMBpn2KkjdTNHly4Z27gi7uY8DGVggeE62k3m7Pzp7WKU3agnbftqlOsJMSplpwiLBglQQ4s0Ohm392ewFESxgwp1SnYofZiJDXFjEwzbqRIiPAIDUjHUI4Corx4dv4UHhulB/tCmsc1nKnfEzEKlJoEvpkMkB6q314i/uV1It2veTHlYaQJx/NF/YhBLWDSBexRSbBmE0MQltTcCvEQSYS1aSxjSvj6KfyftJx8oZQvX5dy9fNFHWlwCI7ACSiAKqiDK9AATYBBDB7AE3i27q1H68V6nY+mrEVmH/yA9fYJQAqWVg==</latexit>

The particle content of a 4d model can be computed from this matrix. 
(But it’s complicated!)

Goal: Find models which lead to a SM spectrum.

rB − rC = 4

<latexit sha1_base64="RUEzgoHP28fwCYXjMBqQ8o80uk8=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgxbArET0oBHPxGME8JFmW2clsMmRmdpmZFcKSr/DiQRGvfo43/8bJ46CJBQ1FVTfdXWHCmTau++3kVlbX1jfym4Wt7Z3dveL+QVPHqSK0QWIeq3aINeVM0oZhhtN2oigWIaetcFib+K0nqjSL5YMZJdQXuC9ZxAg2VnpUwe2ZCmo3laBYcsvuFGiZeHNSgjnqQfGr24tJKqg0hGOtO56bGD/DyjDC6bjQTTVNMBniPu1YKrGg2s+mB4/RiVV6KIqVLWnQVP09kWGh9UiEtlNgM9CL3kT8z+ukJrryMyaT1FBJZouilCMTo8n3qMcUJYaPLMFEMXsrIgOsMDE2o4INwVt8eZk0z8tepXxxXylVr+dx5OEIjuEUPLiEKtxBHRpAQMAzvMKbo5wX5935mLXmnPnMIfyB8/kDl5iPmw==</latexit>

rB = 5, rC = 1

<latexit sha1_base64="KbHtyTkPmUArVU6KYoJytKUfc34=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuJChoIJiLxwjmAcm6zE5mkyGzs8vMrBKW/IcXD4p49V+8+TdOHgdNLGgoqrrp7vJjzpS27W8rs7K6tr6R3cxtbe/s7uX3D5oqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8oe1id96pFKxSNzrUUzdEPcFCxjB2kgP0ruplM+6V0h6tYrj5Qt20Z4CLRNnTgowR93Lf3V7EUlCKjThWKmOY8faTbHUjHA6znUTRWNMhrhPO4YKHFLlptOrx+jEKD0URNKU0Giq/p5IcajUKPRNZ4j1QC16E/E/r5Po4NJNmYgTTQWZLQoSjnSEJhGgHpOUaD4yBBPJzK2IDLDERJugciYEZ/HlZdI8LzqlYvmuVKhez+PIwhEcwyk4cAFVuIU6NICAhGd4hTfryXqx3q2PWWvGms8cwh9Ynz8bVJDy</latexit>

size of environment: ∼ 10
2(rB+rC)

= 10
12

<latexit sha1_base64="XtC2pueyJ0oaEVSPc8q0H6NZxTo=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQEUpSKrpQKHbjsoJ9QBvDZDpth04mYWYilJCVG3/FjQtF3PoN7vwbp2kW2nrgwuGce7n3Hi9kVCrL+jZyS8srq2v59cLG5tb2jrm715JBJDBp4oAFouMhSRjlpKmoYqQTCoJ8j5G2N65P/fYDEZIG/E5NQuL4aMjpgGKktOSahz1JfWhb93GlJNzrU+HWT5KrVLAriWsWrbKVAi4SOyNFkKHhml+9foAjn3CFGZKya1uhcmIkFMWMJIVeJEmI8BgNSVdTjnwinTh9I4HHWunDQSB0cQVT9fdEjHwpJ76nO32kRnLem4r/ed1IDS6cmPIwUoTj2aJBxKAK4DQT2KeCYMUmmiAsqL4V4hESCCudXEGHYM+/vEhalbJdLZ/dVou1yyyOPDgAR6AEbHAOauAGNEATYPAInsEreDOejBfj3fiYteaMbGYf/IHx+QOErpaX</latexit>

(A, Constantin, AL, T. Harvey, 2108.07316)



Example RL run for bi-cubic (actor-critic): rB = 6, rC = 2 → #states ∼ 1016

<latexit sha1_base64="CyCGGWcOU7jbMa4GD+QtFvAWag0="></latexit>
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Figure 6: Training metrics for the bicubic monad environment with (rB, rC) = (6, 2).

Training: about 1h on a single CPU

Results: O(500) candidate models -> 18 new models with SM spectrum



Example 2: search for inflationary models

H
2 :=

✓

ȧ

a

◆2

=
1

2
φ̇2 + V (φ)

<latexit sha1_base64="PbK+dRq1bWZUUzMsFsrB/eIei6w="></latexit>

Standard cosmology suggests there may have been an early epoch in the

universe dominated by potential energy of a scalar field     -> inflationφ

<latexit sha1_base64="+59WrxmsuIeBTDeSc4hWLhVpKpE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRQ8eCl48VrAf0Iay2W6apbubsLsRSuhf8OJBEa/+IW/+GzdtDtr6YODx3gwz84KEM21c99spbWxube+Udyt7+weHR9Xjk66OU0Voh8Q8Vv0Aa8qZpB3DDKf9RFEsAk57wfQu93tPVGkWy0czS6gv8ESykBFscmmYRGxUrbl1dwG0TryC1KBAe1T9Go5jkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEIHlkosqPazxa1zdGGVMQpjZUsatFB/T2RYaD0Tge0U2ER61cvF/7xBasIbP2MySQ2VZLkoTDkyMcofR2OmKDF8ZgkmitlbEYmwwsTYeCo2BG/15XXSvap7jXrzoVFr3RZxlOEMzuESPLiGFtxDGzpAIIJneIU3RzgvzrvzsWwtOcXMKfyB8/kDFFKOQQ==</latexit>

If             (``slow-roll”) then                -> exponential expansion  φ̇2/2 ⌧ V

<latexit sha1_base64="d0OE8d/4DInFncJsBXfzSbHCr3U=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVU1KRRcuCm5cVrAPaGKZTKft0MkkzEyEEOqvuHGhiFs/xJ1/47TNQlsPXDicc+/MvSeIOVPacb6twtr6xuZWcbu0s7u3f2AfHrVVlEhCWyTikewGWFHOBG1ppjntxpLiMOC0E0xuZn7nkUrFInGv05j6IR4JNmQEayP17bI3iHTmxWM2faid1zzOUbtvV5yqMwdaJW5OKpCj2be/zCskCanQhGOleq4Taz/DUjPC6bTkJYrGmEzwiPYMFTikys/my0/RqVEGaBhJU0Kjufp7IsOhUmkYmM4Q67Fa9mbif14v0cMrP2MiTjQVZPHRMOFIR2iWBBowSYnmqSGYSGZ2RWSMJSba5FUyIbjLJ6+Sdq3q1qsXd/VK4zqPowjHcAJn4MIlNOAWmtACAik8wyu8WU/Wi/VufSxaC1Y+U4Y/sD5/AN2glD4=</latexit>

a ' a0e

√

V t

<latexit sha1_base64="2UUGpA5mzJjTXBERWqm65lgoWSk=">AAACAXicbVA9SwNBEN3zM8avUxvBZjEIVuFOIlpYBGwsI5gPyMWwt5kkS/Y+sjsnhCM2/hUbC0Vs/Rd2/hs3yRWa+GDg8d4MM/P8WAqNjvNtLS2vrK6t5zbym1vbO7v23n5NR4niUOWRjFTDZxqkCKGKAiU0YgUs8CXU/cH1xK8/gNIiCu9wFEMrYL1QdAVnaKS2fcg8LQIYUtZ24D719FBhWhvjuG0XnKIzBV0kbkYKJEOlbX95nYgnAYTIJdO66ToxtlKmUHAJ47yXaIgZH7AeNA0NWQC6lU4/GNMTo3RoN1KmQqRT9fdEygKtR4FvOgOGfT3vTcT/vGaC3ctWKsI4QQj5bFE3kRQjOomDdoQCjnJkCONKmFsp7zPFOJrQ8iYEd/7lRVI7K7ql4vltqVC+yuLIkSNyTE6JSy5ImdyQCqkSTh7JM3klb9aT9WK9Wx+z1iUrmzkgf2B9/gDjP5cs</latexit>
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A viable inflationary potential   needs to satisfy a number of requirements: V

<latexit sha1_base64="/TTxTOYazxkF+G3eYkIsskYeU9s=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARPw8xkFTwEvHhMwCyQDKGnU5O06Vno7hHCkC/w4kERr36SN//GniSCij4oeLxXRVU9L+ZMKsv6MNbWNza3tnM7+d29/YPDwtFxR0aJoNCmEY9EzyMSOAuhrZji0IsFkMDj0PWm15nfvQchWRTeqlkMbkDGIfMZJUpLrc6wULTMy3rVqTjYMi2r5pSqGXFqZaeEba1kKKIVmsPC+2AU0SSAUFFOpOzbVqzclAjFKId5fpBIiAmdkjH0NQ1JANJNF4fO8blWRtiPhK5Q4YX6fSIlgZSzwNOdAVET+dvLxL+8fqL8upuyME4UhHS5yE84VhHOvsYjJoAqPtOEUMH0rZhOiCBU6WzyOoSvT/H/pOOYdtmstMrFxtUqjhw6RWfoAtmohhroBjVRG1EE6AE9oWfjzng0XozXZeuasZo5QT9gvH0CFnONIA==</latexit>

correct scale

has a minimum
{

<latexit sha1_base64="M7cZFA6vRXutu4qdI1jahN0E+jg=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoPgadlsnoKHgBePEYwJZNcwO5lNhsw+mOlVwpL/8OJBEa/+izf/xtkkgooWNBRV3XR3ebHgCizrw8itrK6tb+Q3C1vbO7t7xf2DGxUlkrIOjUQkex5RTPCQdYCDYL1YMhJ4gnW9yUXmd++YVDwKr2EaMzcgo5D7nBLQ0q0jmA9O6kg+GoM5KJYs86xZt2s2tkzLatiVekbsRtWu4LJWMpTQEu1B8d0ZRjQJWAhUEKX6ZSsGNyUSOBVsVnASxWJCJ2TE+pqGJGDKTedXz/CJVobYj6SuEPBc/T6RkkCpaeDpzoDAWP32MvEvr5+A33RTHsYJsJAuFvmJwBDhLAI85JJREFNNCJVc34rpmEhCQQdV0CF8fYr/Jze2Wa6atatqqXW+jCOPjtAxOkVl1EAtdInaqIMokugBPaFn4954NF6M10VrzljOHKIfMN4+AfjJktI=</latexit>

flat enough, enough inflation, right tilt

Determine value/fitness of a model by how well it satisfies these.

(S. Abel, A. Constantin, T. Harvey, AL, 2208.13804)



An example environment: polynomial potentials

V (�) = c0+c1�+c2�
2+c3�

3+c4�
4+c5�

5+c6�
6.

coefficient range no. of partitions

c1 (�10�8, 10�8) 64

c2 (�10�9, 10�9) 64

c3 (�10�10, 10�10) 64

c4, c5, c6 (�10�11, 10�11) 64 (III.2)

RL does not work well on this environment but GAs do!

#states = 236 ' 1011

<latexit sha1_base64="r8KymZC7doil05lvBvo+XXpaaxg=">AAACDXicbVA9SwNBEN2L3/ErammzGAWrcBfjR6Eg2FhGMEbIxbC3meiS3btzd04Mx/0BG/+KjYUitvZ2/hs3H4VGHww83pthZl4QS2HQdb+c3MTk1PTM7Fx+fmFxabmwsnphokRzqPFIRvoyYAakCKGGAiVcxhqYCiTUg+5J36/fgTYiCs+xF0NTsetQdARnaKVWYdMv+iqI7lODDMFkR+WrdGcv841QcEs99yr1vKxVKLoldwD6l3gjUiQjVFuFT78d8URBiFwyYxqeG2MzZRoFl5Dl/cRAzHiXXUPD0pApMM108E1Gt6zSpp1I2wqRDtSfEylTxvRUYDsVwxsz7vXF/7xGgp2DZirCOEEI+XBRJ5EUI9qPhraFBo6yZwnjWthbKb9hmnG0AeZtCN74y3/JRbnkVUq7Z5Xi8eEojlmyTjbINvHIPjkmp6RKaoSTB/JEXsir8+g8O2/O+7A154xm1sgvOB/fXB6bFA==</latexit>
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Figure 1. Evolution of the fraction of viable models.
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Figure 2. Number of distinct viable models found vs. the
number of iterations of GA. Each iteration consisting of 50
generations with a population of 100.



Example models:
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Figure 3. The polynomial potential of degree 6 from
Eq. (III.3): large field inflation.
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Figure 4. The polynomial potential of degree 6 from
Eq. (III.4): small field inflation.

Statistical results:
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Figure 5. Minimum field excursions during inflation, nor-
malised as a probability distribution (i.e. the sum of all the
bars in the histogram is unity).
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Figure 7. Histogram for the tensor-to-scalar ratio r∗.



Conclusions



•  Artificial intelligence/machine learning will dramatically change the way 
 we pursue science.

•  There are already many areas of physics where ML has a profound impact.

•  I have talked about two: (i) solving differential equations 
                               (ii) building physical models 

•  As scientists - working for the common good - we have to forge the way 
 in which these new tools are used, at least in our own field.

감사합니다


