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Schrödinger equation:

– oscillator function

n=0,1,…

HORSE formalism

w.f. expansion

Hlul(k, r) = Eul(k, r)

ul(k, r) =
∞

∑
n=0

anl(k)φnl(r)

∞

∑
n′ =0

(Hl
nn′ 

− δnn′ 
E)an′ l(k) = 0

Radial Schrödinger equation 

φnl(r)

Hl
nn′ 

= ⟨φnl(r) |Hl |φn′ l(r)⟩



 Hamiltonian matrix 
elements:Hamiltonian 

structure:

Non-zero kinetic energy m. e. 

Truncated potential energy 
matrix

0

HORSE formalism

Vl
nn' =

Vl
nn' if n≤ N and n' ≤ N
0 if n> N or n' > N

⎧
⎨
⎪

⎩⎪

T+V

0 T

N

N

Tl
nn =

ℏω
2 (2n + l +

3
2 )

Tl
n+1,n = Tl

n,n+1 = −
ℏω
2

(n + 1)(n + l +
3
2 )

Hl
nn′ 

= Tl
nn′ 

+ Vl
nn′ 



 Hamiltonian matrix 
elements:Hamiltonian 

structure:

0

HORSE formalism

T+V

0 T

Hl
nn′ 

= Tl
nn′ 

+ Vl
nn′ 

Potential m. e. decrease 
with nn’ 
Kinetic energy m. e. 
increase with  nn’ 

— basis parametersN, ℏω

∞

∑
n′ 

(Hl
nn′ 

− δnn′ 
E)an′ l(k) = 0

N

N



HORSE formalism
When n, n’ > N

∞

∑
n′ 

(Hl
nn′ 

− δnn′ 
E)an′ l(k) = 0

aas
nl (k) = cos δlSnl(k) + sin δlCnl(k)

Tl
n,n−1a

as
n−1,l(k) + (Tl

n,n − E)aas
nl (k) + Tl

n,n+1a
as
n+1,l(k) = 0

When n, n’ ≤ N:  – eigenvalues,  – eigenvectorsEλ γλn

𝔊nn′ 
= −

N

∑
λ=0

γ*λnγλn′ 

Eλ − E tan δl = −
SNl(k) − 𝔊NNSN+1,l(k)
CNl(k) − 𝔊NNCN+1,l(k)

reduce to



HORSE formalism

ul(k, r) ∼ cos δl(k)Fl(η, kr) + sin δl(k)Gl(η, kr), r → ∞

Coulomb interaction

Fl(η, kr)
Gl(η, kr)

— regular Coulomb function

— irregular Coulomb function

V = VNucl + VCoul

η =
μZ1Z2e2

ℏ2k
— Sommerfeld parameter

VCoul(r) =
Z1Z2e2

r



HORSE formalism

T+V

T

Hl
nn′ 

= Tl
nn′ 

+ Vl
nn′ 

Coulomb interaction

Vl
nn′ 

= VNucl
nn′ 

+ VCoul
nn′ 

M

M

N

N

VCoul

 Hamiltonian matrix 
elements:

Nuclear potential m. e. decrease with nn’ 
Kinetic energy m. e. increase with  nn’  
Coulomb m. e. decrease slowly than 
nuclear potential m. e.



HORSE formalism

T+V

T

Coulomb interaction

N

N

VCoul

I. P. Okhrimenko, Nucl. Phys. A 424,121 (1984).

method of I. P. Okhrimenko:

M → ∞

2ηkr0

4n + 2l + 3



HORSE formalism
Coulomb interaction

Tl
n,n−1a

as
n−1,l(k) + (Tl

n,n − E)aas
n,l(k) + Tl

n,n+1a
as
n+1,l(k) +

2ηkr0

4n + 2l + 3
aas

n,l(k) = 0

I. P. Okhrimenko, Nucl. Phys. A 424,121 (1984).

T+V

N

VCoul

N

∑
n′ =0

(Hl
nn′ 

− δnn′ 
E)an′ l(k) +

∞

∑
n′ =N+1

Hl
nn′ 

an′ l = 0



HORSE formalism

T+V

Coulomb interaction

M

M

N

N

VCoul
Modified Okhrimenko method: 
use M>N, but Coulomb matrix 
is square.



HORSE formalism

T+V

T

Hl
nn′ 

= Tl
nn′ 

+ Vl
nn′ 

Both components of 
interaction are cutted with 
the same N

Coulomb interaction

Vl
nn′ 

= VNucl
nn′ 

+ VCoul
nn′ 

N

N

 Hamiltonian matrix 
elements:



ul(k, r) ∼ cos δl(k)Fl(η, kr) + sin δl(k)Gl(η, kr), r → ∞

aas
nl (k) = cos δl(k)Snl(k) + sin δl(k)Cnl(k)

Fl(η, kr) =
∞

∑
n=0

Snl(k)φnl(r)

G̃ l(η, kr) =
∞

∑
n=0

Cnl(k)φnl(r)
r→∞

Gl(η, kr)

ul(k, r) =
∞

∑
n=0

anl(k)φnl(r)

HORSE formalism
Coulomb interaction



Snl(k) =
1

v ∫ Fl(η, kr)φnl(r)dr
n→∞

1

v

2r0

ν
Fl(η, νkr0)

Cnl(k)
r→∞

1

v ∫ Gl(η, kr)φnl(r)dr
n→∞

1

v

2r0

ν
Gl(η, νkr0)

φnl(r)
n→∞

2r0

ν
δ(r − νr0)

Near to the classical turning point :rturn = r0 4n + 2l + 3

v = ℏk/μ

HORSE formalism
Coulomb interaction



Ways to calculate : 

• Numerical integration at n  

• Asymptotic relation  

• Calculation at large n and use the TRR for going down to small n

Snl(k)
1

v ∫ Fl(η, kr)φl
n(r)dr

1

v

2r0

ν
Fl(η, νkr0)

HORSE formalism
Coulomb interaction
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Casorati determinant:

𝒦nl(C, S) = Cn+1,l(k)Snl(k) − Sn+1,l(k)Cnl(k)

Tl
n,n+1𝒦nl(C, S) =

ℏ
2

This combination doesn’t depend on n, we could use it for calculation starting from large 
n and going down with TRR:

HORSE formalism
Coulomb interaction
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N s
ta

rt

N=10, Tn,n+1𝒦n(C, S)



tan δl = −
SNl(k) − 𝔊NNSN+1,l(k)
CNl(k) − 𝔊NNCN+1,l(k)

HORSE formalism
Coulomb interaction



• Woods–Saxon potential:

Model problem

VWS(r) =
V0

1 + exp ( r − R0

α0 )
+ (l ⋅ s)

1
r

d
dr

Vls

1 + exp( r − R1

α1 )

VCoul(r) =
Z1Z2e2

r

• with Coulomb interaction:



Smoothing of potential energy m. e.

σ n
N =
1− exp{−[α (n− N −1) / (N +1)]2}

1− exp{−α 2}

α = 5

J. Révai, M. Sotona, and J. Žofka, J. Phys. G 11, 745 (1985).



δ 1
,d

eg

N = 10



δ 1
,d

eg

N = 10



0 0.5 1 1.5 2 2.5
E/hw

0

50

100

150

200

250

300

n
st

ar
t

N=10
N=15
N=20
N=30

Z1*Z2=2, A1=1, A2=4
hw=20 MeV, l=0, j=1/2

N s
ta

rt



0 3 6 9 12 15 18 21 24 27 30
E, MeV

200

250

300

350

δ,
 d

eg
Okhrimenko N=8, M=70
Numerov
Mod Okhr N=8, M=70
HORSE

p-
15

N
N

WS
=8, M

Coul
=70

δ 0
,d

eg



Summary
• We modified the method of I. P. Okhrimenko, there is no need in different 

dimension for Coulomb matrix 

• We checked the proposed TRR, comparing the expansion  coefficients obtained 
from it with the exact values, it turns out that the asymptotic formula works in a 
wide range of n 

• This approach is further compatible with the Efros method, which allows the use 
of an even smaller potential matrix



Thank you for your attention!


