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Daejeon16

 Ab initio nuclear physics

• No-core shell model : all nucleons are treated as active degrees of freedom equally

• Ab initio  theory requires a realistic nucleon-nucleon interactions accurately describing, e.g. 

 NN scattering data

 deuteron properties

• Interaction could be suggested,

 phenomenologically

 from the first principles

and also combination of two ways above 



Daejeon16

 Historical evolution

• Fitting deuteron rms radius and quadrupole moment by PET : good 3H and 4He bindings

• Fitting p waves to 6Li spectrum : JISP6

• Additional fitting p waves to 16O binding : JISP16

• More accurate fit to light nuclei : JISP162010

• from SRG-evolved N3LO : Daejeon16

Almost taken from  [A.M.Shirokov’s talk at NTSE-2016 @ Khabarovsk
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 NNN interaction

• NNN force contribution to nuclear physics is small but can be essential

• However this requires more computing resources (especially memory)

• If we can avoid using 3N forces ?
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 NNN interaction

• W. Polyzou & W. Glöckle theorem    [Few-body Syst. 9, 97 (1990))]

H  =T +Vij H’ =T +V’ij +Vijk

where Vij and V’ij are phase-equivalent, H and H’ are isospectral.

Is it possible to transform as

H’ =T +V’ij +Vijk H  =T +Vij

with (approximately) isospectral H and H’ ?

In other words, intrinsic NNN interaction could be cancelled out by induced NNN interaction? 

• Calculation without NNN interaction requires so smaller computational resources that we can 

reach larger model spaces.
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 PET (phase-equivalent transformation)

• oscillator basis

• truncated potential energy matrix  V

• complete infinite kinetic energy matrix  T

 do not change scattering phase shifts and

bound state energies of two−body system

 but are supposed to modify two-body 

bound state observables such as the rms

radii and electromagnetic moments

�𝐻𝐻 = 𝑈𝑈† 𝐻𝐻 𝑈𝑈

e.g. JISP16  [A.M.Shirokov, J.P.Vary, A.I.Mazur and T.A.Weber, Phys.Lett.B 644, 33 (2007)]
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N3LO interaction

SRG-evolved N3LO

Daejeon16

SRG
(similarity renormalization group)

PET
(phase equivalent transformation)

Simplest PETs with continuous parameters are used 

to fit the B.E. of several light nuclei in NCSM 

calculations.
[A.M.Shirokov, I.J.Shin, Y.Kim, M.Sosonkina, P.Maris and J.P.Vary, 

“N3LO NN interaction adjusted to light nuclei in ab exitu approach,” 

Phys. Lett.B 761, 87 (2016)]

How to fit :

 using petsc (TAO)

ground : 3H, 4He, 6Li, 10B, 12C, 16O and 8He

 excited : 6Li [(3+,0), (0+,1)], 10B [(1+,0)], 12C [(2+,0)]

 target values are estimated from comparison 

between the results of NCSM calculation and 

experimental values

wave 1s 0
3sd 1

1p 1
3p 0

3p 1
3pf 2

3d 2

angle -2.997 4.461 5.507 1.785 4.299 -2.031 7.833

λ=1.5 fm-1

ħΩ=25 MeV



Daejeon16

• Good convergence on NCSM calculation

• Good description of binding energies and spectra

• Improved description of other observables, e.g. rms radii

[A.M.Shirokov, et al., Phys. Lett. B 761, 87 (2016)]



Daejeon16

Using Daejeon16,
the binding energies of 
many p-shell nuclei 
agree with experiments 
within error less than 3%
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over-bound around 16O !

Using Daejeon16,
the binding energies of 
many p-shell nuclei 
agree with experiments 
within error less than 3%
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[N.Smirnova, et al., Phys.Rev.C 100, 054329 (2019)]
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[N.Smirnova, et al., Phys.Rev.C 100, 054329 (2019)]

1s 1/2 0d 5/2 0d 3/2

-3.2079 -3.9257 2.1117

USDB single particle energies

• d 5/2 and s 1/2 orbitals are inverted

• the spin-orbit splitting between d 5/2 and d 3/2 is 

larger than the empirical value 
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N3LO interaction

SRG-evolved N3LO

new Daejeon16

SRG
(similarity renormalization group)

PET
(phase equivalent transformation)
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N3LO interaction

SRG-evolved N3LO

new Daejeon16

SRG
(similarity renormalization group)

PET
(phase equivalent transformation)

Daejeon16

new Daejeon16

PET
(phase equivalent transformation)
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New Daejeon16

wave 1s 0
3sd 1

1p 1
3p 0

3p 1
3pf 2

1d 2
3d 2

3dg 3

Daejeon16 -2.997 4.461 5.507 1.785 4.299 -2.031 - 7.833 -

wave 1s 0
3sd 1

1p 1
3p 0

3p 1
3pf 2

1d 2
3d 2

3dg 3

r22301 - - - -6.139 0.969 -0.446 -1.275 8.616 1.018

r23701 - 1.605 - -2.124 1.324 2.721 -3.644 -0.502 -11.538

Daejeon16 : from SRG evolved N3LO     with λ=1.5 fm-1 at ħΩ=25 MeV

New Daejeon16 : from Daejeon16     at ħΩ=25 MeV
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16O Nmax=8 extrapol. Nmax=10 extrapol.

exp. -127.619 -127.619
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17O Nmax=6 extrapol. Nmax=8 extrapol.

exp. -131.765 -131.765

Daejeon16 -130.347 -134.311 -133.133 -135.302

r22301 -126.280 -129.454 -128.689 -131.179

r23701 -127.215 -132.947 -130.075 -133.085

r22301
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r23701Daejeon16
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1+,0 0.718 1.693 1.756 2.019
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1+,0 2.154 3.401 3.467 3.644
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2+,1 5.164 5.879 5.763 5.968

exp.
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Results 4He Nm=16 extrapol. Nm=18 extrapol.

exp. -28.296 -28.296

Daejeon16 -28.372 -28.372 -28.372 -28.372

r22301 -28.498 -28.498

r23701 -28.356 -28.356

4He+4He extrapol. Nm=18 extrapol.

exp. -56.592 -56.592

Daejeon16 -56.744 -56.744

r22301 -56.996

r23701 -56.712

8Be Nm=12 extrapol. Nm=14 extrapol.

exp. -56.500 -56.500

Daejeon16 -56.470 -56.775 -56.629 -56.847

r22301 -55.940 -56.219

r23701 -56.044 -56.435

8Be - (4He+4He) ~ Nm=12 ~ Nm=14

exp. +0.092

Daejeon16 -0.031 -0.103

r22301 +0.777 ?

r23701 +0.277 ?



Results

11Be Nmax Daejeon16 r22301 r23701 exp.

1/2+

3~7 -64.6 -63.9 -64.6

-65.4835~9 -64.9(3) -64.2(3) -63.7(9)

7~11 -65.22(7) -64.4(2) -64.2(4)

1/2-

2~6 -64.0 -63.8 -63.8

-65.1634~8 -64.4(4) -64.4(5) -63.78(1)

6~10 -64.62(2) -64.40(5) -64.1(3)

1/2+

1/2-

[From Alessia Di Pietro, EURISOL-DF 2017]

• 1/2+ ground state of 11Be

 loosely bound by 0.5 MeV with 

respect to the 10Be+n threshold

 slightly separated by only 0.3 MeV 

from excited 1/2- state



Summary and Outlook

 beyond Daejeon16

• We have adopted additional PET to Daejeon16 in order to extend its application to the heavier 

region

• Two candidates for the new Daejeon16 interaction show the better description the p /sd -shell 

nuclei at least around 16O

• Further study

 More study various nuclei using the new candidate interactions

 To find appropriate partial waves and optimized angles



THANK YOU !

대전광역시 유성구 국제과학로 1
1, Gukjegwahak-ro, Yuseong-gu, Daejeon, Korea
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Daejeon16

 PET (phase-equivalent transformation)

Hamiltonian can be expressed as an infinite dimensional matrix 𝐻𝐻 in the oscillator basis {|𝑛𝑛〉}.

matrix elements of 𝐻𝐻 : 𝐻𝐻𝑛𝑛𝑛𝑛 = 〈n|𝐻𝐻|𝑚𝑚〉

PET is based on the unitary transformation as

�𝐻𝐻 = 𝑈𝑈† 𝐻𝐻 𝑈𝑈

with the help of the unitary matrix 𝑈𝑈 which is supposed to be of the form

𝑈𝑈 = 𝑈𝑈0 ⊕ 𝐼𝐼 = [𝑈𝑈0] 0
0 [𝐼𝐼]

where [𝐼𝐼] is the infinite dimensional unit matrix.
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 PET (phase-equivalent transformation)

Clearly the spectra of Hamiltonians 𝐻𝐻 and �𝐻𝐻 are identical. Corresponding eigenfunction can be 

written as 

�Ψ = 𝑈𝑈† Ψ

in the oscillator basis {|𝑛𝑛〉}. Then the difference is

∆ Ψ = �Ψ − Ψ = 𝑈𝑈† − 𝐼𝐼 Ψ = [𝑈𝑈0] 0
0 0

Ψ .

That is, the only difference is shown as a superposition of a finite number of functions. If we consider 

a simple 2 × 2 matrix 𝑈𝑈0 as 

𝑈𝑈0 = cos𝛽𝛽 sin𝛽𝛽
− sin𝛽𝛽 cos𝛽𝛽 ,

then only two oscillator basis 0 and |1〉 are related.
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 PET (phase-equivalent transformation)

The superposition of a finite number of ℒ2 functions cannot affect the asymptotics of scattering wave 

functions.

�Ψ = Ψ + �
𝑖𝑖

𝑁𝑁
𝑐𝑐𝑖𝑖 𝑖𝑖 ⇒ lim

𝑟𝑟→∞
�Ψ(𝑟𝑟) = lim

𝑟𝑟→∞
Ψ(𝑟𝑟) when 𝑖𝑖 ∈ ℒ2

Since the scattering phase shifts and the S - matrix are defined through the asymptotic behavior of 

the wave functions, the phase shifts δ associated with the Ψ and �Ψ are identical.

So the Hamiltonians 𝐻𝐻 and �𝐻𝐻 are phase-equivalent.
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 PET (phase-equivalent transformation)

Practically,

�𝑉𝑉 = 𝑉𝑉 + ∆𝑉𝑉

= 𝑉𝑉 + �𝐻𝐻 − 𝐻𝐻

= �𝐻𝐻 − 𝐻𝐻 − 𝑉𝑉

= 𝑈𝑈† 𝑉𝑉] + [𝑇𝑇 𝑈𝑈 − 𝑇𝑇

1. Add kinetic term to original potential in order to construct Hamiltonian

2. Take unitary transformation

3. Subtract kinetic term to obtain potential part 
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Nucleus Nature
r22301 r23701 Daejeon16 JISP16

Theory hw Theory hw Theory hw Nmax Theory hw Nmax

3H 8.482 8.472 12.5 8.439 12.5 8.442 12.5 16 8.370(3) 15 20

3He 7.718 7.773 12.5 7.742 12.5 7.744 12.5 16 7.667(5) 17.5 20

4He 28.296 28.498(0) 15 28.356(0) 17.5 28.372(0) 17.5 16 28.299(0) 22.5 18

6He 29.269 29.45(3) 12.5 29.183(1) 15 29.39(3) 12.5 14 28.80(5) 17.5 16

8He 31.409 31.75(2) 12.5 30.958(8) 15 31.28(1) 12.5 14 29.9(2) 20 14

6Li 31.995 32.04(1) 12.5 31.744(3) 15 31.98(2) 12.5 14 31.48(3) 20 16

10B 64.751 64.28(0) 17.5 64.6(1) 17.5 64.79(3) 17.5 10 63.9(1) 22.5 10

12C 92.162 91.0(3) 20 92.28(9) 20 92.9(1) 17.5 8 94.8(3) 27.5 10

16O 127.619 127.7(5) 20 129.57(9) 20 131.3(1) 17.5 10 145(8) 35 8

 Binding energies
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 Excitation energies

Nucleus,
level

Nature
r22301 r23701 Daejeon16 JISP16

Theory hw Theory hw Theory hw Nmax Theory hw Nmax

6He

(0+,1) 0 0 0 0 0

(2+,1) 1.797 1.81 12.5 1.78 12.5 1.91(5) 12.5 14 2.3(1) 17.5 16

6Li

(1+,0) 0 0 0 0 0

(3+,0) 2.186 1.98 12.5 1.72 15 1.91(1) 12.5 14 2.55(7) 20 16

(0+,1) 3.563 3.50 12.5 3.47 15 3.50(4) 12.5 14 3.65(6) 17.5 16

(2+,0) 4.312 4.81 12.5 4.44 15 4.4(3) 12.5 14 4.5(2) 20 16

(2+,1) 5.366 5.38 15 5.21 12.5 5.36(7) 12.5 14 5.9(1) 17.5 16

(1+,0) 5.65 5.0(4) 12.5 14 5.4(2) 17.5 16
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 Excitation energies (continued)

Nucleus,
level

Nature
r22301 r23701 Daejeon16 JISP16

Theory hw Theory hw Theory hw Nmax Theory hw Nmax

10B

(3+,0) 0 0 0 0 0

(1+,0) 0.718 0.82 17.5 1.01 17.5 0.5(1) 15 10 0.9(2.4) 22.5 10

(0+,1) 1.740 1.58 17.5 1.87 17.5 1.74(7) 17.5 10 1.8(1.4) 25 8

(1+,0) 2.154 2.88 17.5 2.95 17.5 2.8(2) 17.5 10 4.1(1.7) 30 10

(2+,0) 3.587 4.90 17.5 4.83 17.5 4.3(2) 15 10 3.8(2) 27.5 10

(3+,0) 4.774 5.72 17.5 5.71 17.5 5.1(7) 17.5 10 5.6(3) 22.5 10

(2+,1) 5.164 5.47 17.5 5.58 17.5 5.49(9) 17.5 10 4.6(3) 22.5 10

12C

(0+,0) 0 0 0 0 0

(2+,0) 4.439 5.16 17.5 4.61 20 4.57(15) 17.5 8 3.9(4) 27.5 10
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To take differences between 17F spectra and
16O g.s., then to adopt extrapolation
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 18F spectrum

state
r22301 r23701 Daejeon16

exp.
Nm=6 Nm=8 Nm=6 Nm=8 Nm=6 Nm=8

1+,0 0.000 0.000 0.000 0.000 0.000 0.000 0.000

3+,0 -0.115 0.175 -0.300 -0.311 0.589 0.595 0.937

0+,1 1.310 1.001 1.108 1.131 1.744 1.229 1.042

5+,0 1.639 1.455 1.520 1.385 2.839 2.158 1.121

Optimal HO basis  (for all states)

r22301 & r23701  :  20 MeV (Nm=6) / 18 MeV (Nm=8)

Daejeon16      :  18 MeV (Nm=6, 8)
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